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Bias errors for two-dimensional active acoustic intensity using multi-microphone probes have been

previously calculated for both the traditional cross-spectral and the Phase and Amplitude Gradient

Estimator (PAGE) methods [Whiting, Lawrence, Gee, Neilsen, and Sommerfeldt, J. Acoust. Soc.

Am. 142, 2208–2218 (2017)]. Here, these calculations are expanded to include errors due to con-

taminating noise, as well as probe orientation. The noise can either be uncorrelated at each micro-

phone location or self-correlated; the self-correlated noise is modeled as a plane-wave with a

varying angle of incidence. The intensity errors in both magnitude and direction are dependent on

the signal-to-noise ratio (SNR), frequency, source properties, incidence angles, probe configuration,

and processing method. The PAGE method is generally found to give more accurate results, espe-

cially in direction; however, uncorrelated noise with a low SNR (below 10–15 dB) and low fre-

quency (wavelengths more than 1/4 the microphone spacing) can yield larger errors in magnitude

than the traditional method—though a correction for this is possible. Additionally, contaminating

noise does not necessarily impact the possibility of using the PAGE method for broadband signals

beyond a probe’s spatial Nyquist frequency. VC 2019 Acoustical Society of America.

https://doi.org/10.1121/1.5084046

[KGS] Pages: 173–184

I. INTRODUCTION

Intensity is an important acoustic measure and is useful

for applications such as source characterization and localiza-

tion. Acoustic source characterization in real-world environ-

ments can be subject to inaccuracies caused by contaminating

noise, whether acoustic, fluid mechanical (e.g., wind) or elec-

trical. These inaccuracies extend to vector acoustic intensity

calculations made from pressure measurements obtained with

multiple-microphone probes. Intensity, or more specifically

active acoustic intensity, is the time-averaged energy flux den-

sity. For a given frequency and location, it is a vector-valued

quantity that describes the magnitude and direction of the

propagating acoustic energy. Accurate estimates of both com-

plex pressure and particle velocity are necessary because

intensity is calculated with their product.1

Traditionally, acoustic intensity has been calculated

using a multi-microphone processing method developed in

the 1970s known as the p-p method or finite difference

method.1–4 This method—which is referred to here as the

traditional method—estimates the pressure gradient by tak-

ing finite sums and differences of the real and imaginary

components of the frequency domain complex pressures.

The intensity is therefore calculated by using cross-spectral

values from the microphones on the intensity probe. Another

processing method available is the phase and amplitude gra-

dient estimator (PAGE) method.2,5 Instead of using the real

and imaginary components of the complex pressures, it uses

the magnitude and phase components. The intensity in this

case is calculated using auto-spectral values and the

arguments of cross-spectral values.5–8 Because of differ-

ences between the traditional and PAGE methods, the calcu-

lated intensity can vary depending on which method is used.

In order to compare the effectiveness of these two meth-

ods, calculated intensity can be compared to the known ana-

lytical intensity to find the bias errors. A bias error gives a

measure of the difference between analytical solutions and

the values obtained by using a specific processing method.

These errors can depend on many different factors. Previous

work has shown how different bias errors are obtained for

various probe geometries for both methods using either a

plane-wave source or a monopole source.8–10

These previous studies are now expanded to investigate

the effects contaminating noise and probe rotation have on

the bias errors. The effects of both correlated and uncorre-

lated contaminating noise are investigated for single probe

geometry, followed by a summary of the effects of using dif-

ferent probe geometries. In general, the PAGE method has

lower bias errors in the calculated intensity direction than

the traditional method, and in most cases the intensity mag-

nitude bias errors are lower as well. However, for low-level

signals at low frequencies, the traditional method may yield

a better intensity calculation. In general, the traditional

method has larger bias errors than the PAGE method at

higher frequencies (wavelengths less than 1/4 the micro-

phone spacing), and also when self-correlated noise is

present.

II. METHODOLOGY

The active acoustic intensity I at a point is calculated in

the frequency domain asa)Electronic mail: mylan.cook@gmail.com.
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I ¼ 1

2
Re pu�f g; (1)

where p is the complex pressure, u is the vector complex

particle velocity, and Re indicates the real part. (Bold letters

indicate vector quantities and * indicates complex conjuga-

tion.) By using Euler’s equation, the complex particle veloc-

ity can be obtained from the gradient of the complex

pressure as

u ¼ j

xq0

rp; (2)

where j is the imaginary unit, x is the angular frequency,

and q0 is the fluid density. Accurate calculation of the inten-

sity therefore depends upon an accurate calculation of the

pressure gradient, as well as the pressure. The two process-

ing methods calculate the pressure gradient differently,

which leads to different bias errors.

For probe configurations where the intensity is calcu-

lated in two dimensions, the bias errors—the difference

between the analytical intensity, I, and the calculated inten-

sity, Icalc—consist of a magnitude error and an angular error,

defined, respectively, as

L�;I ¼ 10 log10

jIcalcj
jIj

� �
dB; (3)

h�;I ¼ hcalc � h; (4)

where h and hcalc are the directions of I and Icalc as polar

angle in the plane of the probe, respectively. Perfect calcula-

tion would yield L�;I ¼ 0 dB and h�;I ¼ 0�. Previous stud-

ies6 have shown how these bias errors differ in an ideal,

noiseless field where the source is located at a specific angu-

lar location relative to the probes investigated. Expanding

upon this work, the effects of both probe orientation and

contaminating noise present in the sound field are taken into

consideration.

When trying to localize or characterize acoustic sources

of interest, the presence of contaminating noise introduces

several additional variables to bias error calculations.

Though independent of the source of interest, the contami-

nating noise can either be uncorrelated or self-correlated at

the microphone probe location, e.g., an extraneous acoustic

signal that arrives at a specified angle relative to the probe,

yielding a specific phase relationship for the noise itself. In

practice, it is possible for the contaminating noise to fall

between these two extremes, being partially self-correlated.

Both the degree of correlation and the relative amplitude of

the signal to the contaminating noise amplitude, or the sig-

nal-to-noise ratio (SNR), will further affect the bias errors.

The bias errors vary with frequency. The traditional

method has an upper frequency limit—known as the spatial

Nyquist frequency fN , which is the frequency at which the

microphone spacing is equal to 1/2 of a wavelength—above

which intensity results are not considered valid.9 The PAGE

method can be used above fN for broadband signals with the

use of phase unwrapping.11 Though frequencies above fN are

not discussed in this paper, the equations for the bias errors

for the PAGE method—with a broadband source and broad-

band noise—remain valid up to frequencies at which probe

scattering effects must be taken into account, so long as

phase unwrapping can be performed correctly. When phase

values do not exhibit jumps of more than p radians between

frequency bins, phase unwrapping is trivial. For narrowband

sources, low-level additive broadband noise can actually

improve estimation of intensity above fN with the PAGE

method, so long as certain conditions are met; these results

will be presented in a forthcoming paper, as only frequencies

below fN are investigated herein.

The remainder of this paper addresses the effects of

extraneous noise on the bias errors from the calculation of

active intensity using the traditional and PAGE methods.

Section III of this paper deals with uncorrelated noise using

a five-microphone orthogonal probe, pictured in Fig. 1. This

probe was chosen as it has a center microphone to directly

measure the pressure, as well as two pairs of orthogonally

positioned microphones, which can be used to test for sym-

metry. For this probe, fN is reached when ka ¼ p, where k is

the wavenumber and a is the microphone probe radius.

Section IV deals with self-correlated or plane-wave-like

(directional constant-amplitude) noise with the same probe

geometry. Different probe geometries are discussed in Sec.

V with regard to both correlated and uncorrelated noise. The

reason for using a as the probe radius rather than simply the

microphone spacing is for comparison of different probe

geometries with the same overall probe dimensions.

Equations for all of the cases described can be found in

Tables V–IX in the Appendix.

III. BIAS ERRORS CAUSED BY UNCORRELATED
CONTAMINATING NOISE

In the frequency domain, the total complex pressure at

microphone l is obtained by summing the pressure due to

the source and the pressure due to the contaminating noise,

pl ¼ psl þ pnl ¼ Asle�jk/sl þ Anle�jk/nl ; (5)

where A is the pressure amplitude, / is the phase, and the

subscripts s and n indicate source and contaminating noise,

respectively. If the complex pressure due to the contaminat-

ing noise exhibits a position-dependent relationship in phase

and magnitude, e.g., equal amplitude at each position and

phase differences proportional to the distance between

FIG. 1. A five-microphone orthogonal probe. The microphones are num-

bered 1 to 5, and in the x-y plane of the probe—where x̂ goes from 1 to 3

and ŷ goes from 1 to 4—have positions (0,0), (-a,0), (a,0), (0,a), and (0,-a),

respectively.
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microphones, the noise is said to be correlated. When no

such relationship exists, the noise is uncorrelated.12 Some

examples of uncorrelated noise are electrical noise in the

microphone and data acquisition system or pressures at the

level of the noise floor.

Using the pressure measurements from the microphones,

the auto- and cross-spectral values—needed to calculate the

intensity—can be obtained using the procedure laid out in

Sec. 6.1.3 of Bendat and Piersol12 as, respectively,

Gll ¼ Gslsl þ Gslnl þ Gnlsl þ Gnlnl ; (6)

Gl� ¼ Gsls� þ Gsln� þ Gnls� þ Gnln� : (7)

Using the ensemble average, the individual terms are

given by

Gl�¼
plp�� for correlated signals l and �
0 for uncorrelated signals l and �:

�
(8)

Because the contaminating noise is uncorrelated with the

source, all cross terms between the source and contaminating

noise are zero. For the cross spectrum, because the noise is

itself uncorrelated at different locations, Gnln� is also zero

using ensemble averaging. Though uncorrelated noise does not

necessarily exhibit any specific amplitude relationship, it is rea-

sonable to assume—especially for relatively compact probes

and well-matched microphones—that the SNR is equal at each

microphone position, so Anl ¼ An� � An. The auto-spectral

and cross-spectral values can then be simplified to give

Gll ¼ A2
sl
þ A2

n; (9)

Gl� ¼ AslAs�e
�jkð/sl�/s� Þ: (10)

A. Plane-wave source

The first source considered is a plane-wave, for which

the amplitude at each microphone location is the same, so

Asl ¼ As� � As. The plane-wave propagates with an angle hs

with respect to the positive x axis or x̂, as the probe coordi-

nates in Fig. 1 have been defined. This results in auto- and

cross-spectral values such as

G11 ¼ � � � ¼ G55 ¼ A2
s þ A2

n; (11)

G12 ¼ A2
s ejka cos hs : (12)

The analytical result for the intensity caused by a plane-wave

of amplitude As in the absence of contaminating noise is

I ¼ A2
s

2q0c
cos hsx̂ þ

A2
s

2q0c
sin hsŷ ¼

A2
s

2q0c
ĥs ; (13)

where c ¼ x=k is the sound speed.

Using Eq. (13), the formulas for calculating the orthogo-

nal components of the intensity bias, Ix̂ and Iŷ , can be found

in Table V in the Appendix (which also includes other probe

configurations, discussed further on). The total bias errors

are then given by

L�;I ¼ 10 log10

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2
x̂ þ I2

ŷ

q
Þ ¼ 5 log10ðI2

x̂ þ I2
ŷ

�
; (14)

h�;I ¼ tan�1 Iŷ

Ix̂

� �
� hs: (15)

All equations given are complete, but are dependent upon

several independent variables. Therefore, in order to present

and interpret the results in a concise manner, the absolute

value of the bias errors is averaged across all angles of

incidence hs, and this average bias error is used for the

following figures. This averaging allows results to be

presented as only a function of ka and SNR, where

SNR ¼ 10 log10ðA2
s=A2

nÞ. In many cases this averaging does

not have a large effect, though for complete results the equa-

tions in the tables in the appendix should be used, rather than

just looking at the figures—most notably this averaging can

obscure the effect of probe rotation very near a monopole

source. It should be noted that for the traditional method, as

ka approaches fN the intensity magnitude is usually underes-

timated rather than overestimated,8 so—since the absolute

value is used—the bias errors give how much the traditional

method under-calculates the intensity. Conversely, contami-

nating noise usually causes the PAGE method to calculate a

larger value for the intensity than the analytic solution, so

the bias errors give this over-calculated value.

Since the traditional method calculates the intensity using

weighted cross-spectra, and since uncorrelated noise terms

cancel out in cross-spectral values, the bias errors for the tra-

ditional method here are independent of SNR (see Table I).

As such—and due to the averaging across all angles of inci-

dence—the magnitude and bias errors are plotted as only a

function of ka in Fig. 2. Though uncorrelated noise does not

affect the bias errors for the traditional method, larger errors

are seen for large values of ka (above 0.5), which illustrate

the bandwidth limitation of the traditional method.

Unlike the traditional method, the PAGE method calcu-

lates intensity using weighted auto-spectra and the argu-

ments of cross-spectra. Because of this, the bias errors depend

heavily on the SNR, but are independent of ka when the phase

can be unwrapped correctly (see Table I). Note also that the

magnitude and angular portions of the bias errors are entirely

separable—the magnitude bias depends on the auto-spectral

values, while the angular bias depends on cross-spectral val-

ues, and the total bias is the product of the two. Additionally,

for this case the bias errors are independent of the angle of

incidence, so the averaging is redundant. The results are seen

in Fig. 3, and are plotted as a function of SNR.

Interestingly, for an incident plane-wave and uncorrelated

contaminating noise there is no angular bias incurred by using

the PAGE method, as seen in Fig. 3(b). This accuracy is

because the intensity is computed by using the arguments of

cross-spectra, for which uncorrelated noise cancels out, and due

to the separable nature of the magnitude and angle errors. For a

plane-wave source with uncorrelated contaminating noise, the

PAGE method computes the direction perfectly regardless of

frequency, microphone spacing, SNR, or angle of incidence.

The magnitude bias errors for the PAGE method are very

predictable, and depend solely upon SNR, as seen in Fig. 3(a).
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The increase in sound pressure level, and therefore the bias, is

singularly dependent on the additional squared pressure due

to the contaminating noise. Because of this, there is a dou-

bling of pressure from the noiseless case, or a rise of 3 dB,

when the SNR approaches zero.16 For large SNR values, the

magnitude error asymptotically approaches zero as expected.

Because the magnitude bias is so predictable and inde-

pendent of (the zero-valued) angular bias, a simple correc-

tion can be used to scale the PAGE intensity magnitude

appropriately using the SNR or the coherence. The coher-

ence between microphone pairs can be calculated using the

auto-spectral and cross-spectral values; for the plane-wave

source, it is identical for each microphone pair and is

c2
l� ¼

jGl�j2

GllG��
¼ 1

1þ A2
n

A2
s

 !2
¼ 1

1þ 10–SNR=10ð Þ2
: (16)

The square root of the coherence is the correction factor

needed to account for the presence of the uncorrelated noise,

ffiffiffiffiffiffi
c2
l�

q
¼ 1

1þ 10–SNR=10
: (17)

If this scaling factor is multiplied by the computed intensity

before it is converted to a decibel value—or equivalently a cor-

responding dB value can be subtracted from the computed

intensity level—then L�;I for the PAGE method would be zero

for any SNR. Since the magnitude and angular parts are separa-

ble, this scaling factor would have no adverse effects on the cal-

culation of the angle. This correction works perfectly for a

plane-wave source with contaminating uncorrelated noise, and

may be useful for other source and contaminating noise situa-

tions;13–15,17,18 this correction will be explored in connection

with a forthcoming coherence-based PAGE calculation method.

With or without correction, the PAGE method computes

the correct intensity angle for a plane-wave source with

uncorrelated noise, regardless of the values for ka, SNR, or

angle of incidence. For low SNR values and very low ka val-

ues, the traditional method can better estimate the intensity

level; however, the magnitude obtained by the PAGE

method can be corrected to obtain zero magnitude error. It is

also useful to note that for broadband sources, the results for

the PAGE method are the same for frequencies above fN ,

with phase unwrapping of the transfer function applied.11

B. Monopole source

For a monopole sound source, the pressure amplitude is

inversely proportional to the distance r between the source

and the position of interest. By representing the monopole

amplitude with the complex magnitude ~A, and letting

A2
s ¼ j ~Aj

2=r2, the analytical solution is

I ¼ j ~Aj2

2q0cr2
ĥs ¼

A2
s

2q0c
ĥs : (18)

The auto-spectral value for microphone 1 and the cross-

spectral value between microphones 1 and 2 due to the mono-

pole source with uncorrelated contaminating noise are then

TABLE I. Orthogonal intensity bias components and bias errors for a plane-

wave source and uncorrelated noise. Similar equations for other probe

geometries are given in Table VI.

Plane-wave source uncorrelated noise

Traditional PAGE

Ix̂
sin ka cos hsð Þ

ka
ð1þ 10ð�SNR=10ÞÞ cos hs

Iŷ
sin ka sin hsð Þ

ka
ð1þ 10ð�SNR=10ÞÞ sin hs

L�;I 5log10

sin kacoshsð Þ
ka

� �2

þ sin kasinhsð Þ
ka

� �2
 �

10 log10ð1þ 10ð�SNR=10ÞÞ

h�;I tan�1 sin ka sin hsð Þ
sin ka cos hsð Þ

� �
� hs

0

FIG. 2. Traditional method bias errors in (a) the magnitude and (b) the

direction of the active intensity calculated for a plane-wave source with

uncorrelated contaminating noise using a five-microphone orthogonal probe.

The bias errors are plotted as a function of only ka because the results are

independent of SNR and are averaged across all possible angles of incidence.

FIG. 3. PAGE method bias errors in (a) the magnitude and (b) the direction

of the active intensity calculated for a plane-wave source with uncorrelated

contaminating noise. This method is dependent on SNR but independent of

ka. Note the horizontal axis is different than that in Fig. 2. Traditional

method bias errors in (a) the magnitude and (b) the direction of the active

intensity calculated for a plane-wave source with uncorrelated contaminat-

ing noise using a five-microphone orthogonal probe. The bias errors are

plotted as a function of only ka because the results are independent of SNR

and are averaged across all possible angles of incidence.
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G11 ¼
j ~Aj2

r2
þ A2

n ¼ A2
s þ A2

n; (19)

G12¼
j ~Aj2ejkacoshs

r2�racoshs
¼ A2

s ejkacoshs

1� a
r coshs

� A2
s ejkacoshs

1�bcoshs
: (20)

Similar auto- and cross-spectral expressions can be given for

the other microphone pairs. To simplify the results, the vari-

able b is defined such that b � a=r ¼ ka=kr, which can take

on any value between zero and one. In the near field of the

monopole, as b! 1, the bias errors are very different from

the far field, where b! 0 and the solutions converge to

those of a plane-wave source. The resulting intensity compo-

nents are found in Table II.

The meaning of the SNR for a monopole source is

slightly different than that for a plane-wave source, since the

SNR depends on the distance between a monopole source

and the probe. This means that the SNR for the monopole

source is the SNR at the probe location. For the monopole

source, SNR ¼ 10 log10ðA2
s=A2

nÞ ¼ 10 log10ðj ~Aj
2=r2A2

nÞ;

which is dependent on r. This means that if the probe were

to physically be moved away from the source, the source

amplitude would have to be increased—or the noise ampli-

tude would need to be decreased—to maintain the same

SNR. In practice since the source amplitude is rarely known,

the SNR is usually defined at a given location.

For the monopole source with uncorrelated noise, the

traditional method is still independent of SNR, and therefore

identical to the noiseless case presented previously by

Ref. 8. As the value of b decreases, the bias errors no longer

increase monotonically, which can be seen in Fig. 4. The

magnitude bias is greater for small values of ka (below about

0.5), beyond even 3 dB when b! 1. Interestingly, the

increase caused by larger ka values appears later than for

the plane-wave source; for some intermediate values of ka
the total bias actually decreases. The trends for the angular

bias are the same, with an angular bias of nearly 10� for

small ka values (below 0.5) as b! 1; see Fig. 4(b).

For the PAGE method, the bias errors for the monopole

source are still independent of ka but must be averaged

across the angle of incidence as is done with the traditional

TABLE II. Intensity bias error components for a monopole source with uncorrelated noise. The bias errors L�;I ¼ 5 log10ðI2
x̂ þ I2

ŷ Þ and h�;I ¼ tan�1ðIŷ=Ix̂ Þ
�hs are not given explicitly here since they do not easily simplify. Equations for other probe geometries are given in Table VII.

Monopole source uncorrelated noise

Traditional PAGE

Ix̂
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

p �
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

p 1þ 10ð�SNR=10Þð Þ 1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

q
� 1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

q� �

Iŷ
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b sin hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b sin hs þ b2

p �
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b sin hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b sin hs þ b2

p 1þ 10ð�SNR=10Þð Þ 1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b sin hs þ b2

q
� 1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b sin hs þ b2

q� �

FIG. 4. (Color online) Traditional method bias errors in (a) the magnitude

and (b) the direction of the active intensity calculated for a monopole source

with uncorrelated contaminating noise using a five-microphone orthogonal

probe. Results are averaged across angle of incidence. In (a) the bias errors

for b ¼ 1 are greater than 3 dB for all values of ka.

FIG. 5. (Color online) PAGE method bias errors in (a) the magnitude and

(b) the direction of the active intensity calculated for a monopole source

with uncorrelated contaminating noise using a five-microphone orthogonal

probe, averaged across angle of incidence.
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method. The angular error is constant over SNR as in the

plane-wave case, though non-zero; as b! 1 the angular

error approaches approximately 2�, as seen in Fig. 5(b). For

small SNR values (less than about 10 dB), the PAGE method

intensity magnitude errors are actually decreased slightly as

b increases, seen in Fig. 5(a). For higher SNR values (above

10 dB), however, these errors are increased slightly—this is

a product of averaging across all angle of incidence. As

b! 1, the actual bias errors can show a large variance

across angle of incidence. For a more complete representa-

tion, the equations in Table VII should be used. Generally,

biases are larger for hs � 0� than for hs � 45�.
Moving close to a monopole source has a greater effect

on the traditional method than it does on the PAGE method.

The PAGE method is again better for computing the inten-

sity angle, though is not perfect and can be offset by about

2�. The magnitude offset from the plane-wave case is within

about 0.7 dB for all SNR values. For the traditional method

at low ka values, the magnitude can be offset by more than

3 dB, and the angular offset can be near 10�.

IV. BIAS ERRORS CAUSED BY SELF-CORRELATED
CONTAMINATING NOISE

Turning now to self-correlated noise, which is still

assumed to be uncorrelated with the source, the problem

becomes more complicated. Assuming the contaminating noise

source is not close to the probe (within a few wavelengths), the

noise can be assumed to be plane-wave-like (directional, ampli-

tude-constant) in nature. However, this plane-wave noise

comes from a specific direction, hn, and can have a very large

impact on bias errors. This additional variable is not a problem

when dealing with equations, though it does create additional

difficulties when trying to illustrate results. Objectively averag-

ing across possible noise directions is not possible. Instead, an

angular separation hsep between the source and noise directions

can be defined such that hsep ¼ jhs � hnj � 180�. Results can

then be averaged across the angle of incidence to obtain the

bias errors as a function of ka, SNR, and angular separation.

As now shown for both plane-wave and monopole sour-

ces, the traditional method is most sensitive to the value of

ka and the PAGE method is most dependent on the SNR.

However, neither is completely independent of the other var-

iable, and both depend heavily on the separation angle.

A. Plane-wave source

For an incident plane-wave source of interest and contami-

nating plane-wave noise—uncorrelated with the source—the

more complicated impact of correlated noise is immediately

apparent from the equations in Table III. There are more inde-

pendent variables, and the angular and magnitude portions are

now entangled for both methods. Figures for the bias errors are

presented, but can only capture a portion of the big picture.

The traditional method is not very adept at dealing with

correlated noise. Figure 6(a) shows the bias errors as a func-

tion of separation angle, hsep, and ka value for a few repre-

sentative SNR values. With a large SNR, the expected errors

for large ka values are easily seen. With lower SNR values,

there is a trade-off between magnitude and angular accuracy

as the separation angle changes. For hsep � 0� there is no

angular error—again for small ka values (less than 0.5)

only—but a large magnitude error. For larger separation

angles, the magnitude is more accurately calculated, while

the angular error is larger. For large values of ka both the

magnitude and angular errors are extreme.

The PAGE method does not cause any bias error when-

ever the SNR exceeds about 20 dB, as shown in Fig. 6(b). For

lower SNR values the direction can still be computed fairly

accurately, most especially when there is enough phase infor-

mation to obtain the correct phase gradient, i.e., for larger val-

ues of ka. The magnitude errors are a bit more complicated.

For low values of ka there is more dependence on the separa-

tion angle than there is for larger values of ka. For any

given separation angle, the magnitude and angular calcula-

tion is better for a larger SNR value, as seen in Fig. 6(b).

TABLE III. Intensity components for a plane-wave source with correlated noise. The total bias errors for magnitude and direction are L�;I ¼ 5 log10ðI2
x̂ þ I2

ŷ Þ
and h�;I ¼ tan�1ðIŷ=Ix̂ Þ � hs. Equations for other probe geometries are given in Table VIII.

Plane-wave source correlated noise

Traditional PAGE

Ix̂
sin ka cos hsð Þ

ka
þ 10ð�SNR=10Þ sin ka cos hnð Þ

ka
1þ 10ð�SNR=10Þð Þ 1

2ka
arg e2jka cos hs þ 10ð�SNR=10Þe2jka cos hn

� 	
Iŷ

sin ka sin hsð Þ
ka

þ 10ð�SNR=10Þ sin ka sin hnð Þ
ka

1þ 10ð�SNR=10Þð Þ 1

2ka
arg e2jka sin hs þ 10ð�SNR=10Þe2jka sin hn

� 	

FIG. 6. (Color online) Bias errors for a plane-wave source with contaminat-

ing correlated noise using (a) the traditional method and (b) the PAGE

method.
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The PAGE method is less dependent on separation angle

than the traditional method. For low ka values and low SNR

values (SNR near zero), both methods show similar errors.

However, for the plane-wave source with plane-wave noise,

the PAGE method outperforms the traditional method as

either ka increases or, most especially, as the SNR increases.

B. Monopole source

Results are again separated for the monopole source

based upon the value of b, as done in Sec. III. For the sake

of brevity, results for only two values of b are portrayed—

one near the source and the other as close to the monopole

source as possible—in Figs. 7 and 8, while the intensity val-

ues are given in Table IV. As b! 0, the monopole source

errors approach those of the plane-wave source.

Both methods are seen to exhibit significant errors in the

near field (as b! 1) of a monopole with plane-wave noise.

The PAGE method is better at computing the magnitude for

all but the lowest SNR values, below a value of around

10 dB, depending on the separation angle. As b! 1, the

PAGE method clearly outperforms the traditional method

for positive SNR values.

In terms of angular error, both methods behave similarly

for small values of ka (below 0.5) and small SNR values.

For an SNR above about 10 dB the bias errors for the PAGE

method are much smaller than those for the traditional

method, regardless of the value of ka. The PAGE method

can perform better at higher ka values because the phase gra-

dient can be calculated more accurately—even with noise

present. For small values of ka, even small amounts of noise

can lead to inaccurate phase gradient calculation.

V. THE EFFECTS OF PROBE GEOMETRY

Previous results were given for specific five-microphone

orthogonal probe geometry, since the probe symmetry with

orthogonal pairs made the equations for the bias errors relatively

simple. However, different probes can be used to calculate

intensity, and each probe can estimate the pressure gradient—or

the central pressure when there is no microphone in the cen-

ter—differently, leading to different bias errors. Two other two-

FIG. 7. (Color online) Bias errors for a monopole source located a distance

r ¼ 2a½b ¼ ðka=krÞ ¼ 0:5	 from the probe center with contaminating corre-

lated noise using (a) the traditional method and (b) the PAGE method.

FIG. 8. (Color online) Bias errors for a monopole source located a distance

r ¼ a ½b ¼ ðka=krÞ ¼ 1	 from the probe center with contaminating corre-

lated noise using (a) the traditional method and (b) the PAGE method.

TABLE IV. Intensity components for a monopole source with uncorrelated noise. The total bias errors are L�;I ¼ 10 log10ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2
x̂ þ I2

ŷ

q
Þ and

h�;I ¼ tan�1ðIŷ=Ix̂ Þ � hs. Equations for other probe geometries are given in Table IX.

Monopole source correlated noise

Traditional PAGE

Ix̂
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

p �
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

p 1þ 10ð�SNR=10Þ

 � 1

2ka
� argfejkrð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2b cos hsþb2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�2b cos hsþb2
p

Þ

þ 10ð�SNR=10Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b2 cos 2hs þ b4

q
e2jka cos hng

þ10ð�SNR=10Þ sin ka cos hnð Þ
ka

Iŷ
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b sin hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b sin hs þ b2

p �
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b sin hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b sin hs þ b2

p 1þ 10ð�SNR=10Þ

 � 1

2ka
� argfejkrð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2b sin hsþb2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�2b sin hsþb2
p

Þ

þ 10ð�SNR=10Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b2 cos 2hs þ b4

q
e2jka sin hng

þ10ð�SNR=10Þ sin ka sin hnð Þ
ka
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dimensional probe geometries, for which noiseless bias errors

were previously investigated,6 are considered herein.

By removing the center microphone from the probe seen in

Fig. 1, the four-microphone orthogonal probe seen in Fig. 9(a)

can be obtained. The bias errors obtained can differ largely

from the results seen in Secs. III and IV, while in other cases

are exactly the same. The main reason for the differences is that

instead of obtaining the pressure at the center microphone

directly, an average must be computed to obtain the approxi-

mate pressure at the probe center. When the pressure does not

vary rapidly, this averaging does not cause significant adverse

effects, but near a monopole sources the differences can be dras-

tic. Additionally, when using the traditional method, the effec-

tive microphone spacing is now twice what it was for the five

microphone probe, so fN is now reached at ka ¼ p=2 instead of

ka ¼ p. Note that the effective doubling in microphone spacing

for this probe is simply a result of not having a center micro-

phone—the probe radius is still the same.

The third probe of interest consists of a center microphone

surrounded by three microphones in an equilateral triangle con-

figuration, each separated from the center microphone by a dis-

tance a. Since there is a center microphone, this probe generally

works better than the four microphone orthogonal probe. For the

sake of brevity, only the most significant differences caused by

probe geometry are presented. The five microphone probe will

hereafter be referred to as 5O, the four microphone orthogonal

probe as 4O, and the four microphone triangular probe as 4T.

A. Uncorrelated noise

For the traditional method, 4O and 5O perform similarly

with two noted differences (which can be seen in Fig. 10).

First, since 4O has effectively double the microphone spac-

ing of 5O, the bias errors are reached at 1/2 the value of ka.

Second, very near a monopole source, 4O must estimate the

center pressure, yielding larger errors.

Using the traditional method with a plane-wave source,

4T is identical to 5O in calculating the magnitude, but can

better calculate the intensity direction, seen in Fig. 10(a).

Near a monopole source, 4T is worse at calculating both the

direction and magnitude of the intensity, seen in Figs. 10(b)

and 10(c). This is due to the effective microphone spacing in

orthogonal directions being 3a=2 and
ffiffiffi
3
p

a=2, so the random

incidence average shows great variability. As b ¼ 1, when

the probe is as close to the source as possible, the bias errors

all exceed 3 dB with large angular errors.

For the PAGE method, the results for each probe config-

uration are exactly the same for a plane-wave source with

uncorrelated noise, and so are not shown. In the near field of

a monopole ( b � 1), however, the probes give noticeably

different results. Probe 5O is much better at estimating the

angle. This improvement results from having four micro-

phones to calculate the angle with another mic at the center,

while 4T has only three for the angle. Probe 4O has to esti-

mate the center pressure, making it the least effective of the

three probe geometries at calculating the intensity direction.

With regard to magnitude, 4O is very inaccurate, again due

to the lack of a direct center pressure measurement. Whether

the bias errors for 4T are less than or greater than those for

5O depends on the value of b and the SNR. These results can

be seen in Fig. 11. Again note that for b � 1, averaging

across angle of incidence provides an incomplete representa-

tion. Biases are larger for hs � 0� than for hs � 45�.

FIG. 9. Two alternate probe geometries that can be used to calculate intensity.

The four-microphone orthogonal probe (a) is referred to as 4O and the four-

microphone triangular probe (b) is referred to as 4T. The five-microphone

orthogonal probe in Fig. 1 is referred to as 5O. Note there is no microphone 1

for 4O, and are numbered 2 through 5 to match the numbering for 5O.

FIG. 10. (Color online) Bias errors for different probe geometries with con-

taminating uncorrelated noise using the traditional method. Only cases

where the different probe geometries exhibit marked differences are pic-

tured. The angular error for a plane-wave source with uncorrelated noise is

given in (a), while (b) shows the magnitude error and (c) shows the angular

error for a monopole source.
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B. Correlated noise

To avoid using a large number of two-dimensional plots

to compare probe geometries, figures are not presented in

this section; rather, simple conclusions are stated. See the

tables in the appendix for further comparison of bias errors

for the different probe geometries.

With the traditional method, 4O and 5O have essentially

identical bias errors except for very near the monopole

source, when the difference in microphone spacing is

accounted for. 4T is worse at calculating the angle for large

values of hsep, though the errors caused by high values of ka
appear later than for the other probes, and the magnitude

estimation can be slightly better. Near a monopole source,

all probes exhibit large magnitude errors, while the angular

error varies rapidly with SNR and ka for each probe

configuration.

For the PAGE method, the same general trends hold for

correlated noise as for uncorrelated noise. For a plane-wave

source, each probe performs the same. Near a monopole

source, 4O exhibits greater errors than those for 5O, which

again is a result of estimating the center pressure. With

regard to the effects of separation angle, larger values of ka
are again less affected while lower values can show marked

differences. For SNR values greater than 20 dB the bias

errors are extremely low, though some errors are obtained in

the extreme monopole near field, most notably for 4O, in

which case either 4T or 5O performs better, depending on b
and the SNR.

VI. CONCLUSIONS

Contaminating noise can have a great impact on the cal-

culation of active acoustic intensity. The differences in how

the traditional method and the PAGE method calculate the

intensity lead to different intensity results. The PAGE

method is nearly always better at computing the intensity

direction, regardless of the source properties or noise type.

This is because it uses the phase values of cross-spectra, and

the magnitude and phase portions are separable for plane-

wave signals, while for monopole sources the magnitude and

phase portions are somewhat loosely intertwined. Any time

the SNR exceeds about 20 dB, the bias errors using the

PAGE method are small in comparison to the traditional

method. With regard to magnitude, it is possible to correct

for the extra measured pressure caused by uncorrelated con-

taminating noise; this will be investigated in future work.

Near a monopole source, 5O is the probe with the least bias

in most cases, though for some situations 4T can work better,

FIG. 11. (Color online) Probe compari-

son of bias errors for a monopole source

at two distances ðb ¼ 0:5 and b ¼ 1Þ
with contaminating uncorrelated noise

using the PAGE method. Both magni-

tude and direction errors are shown for

both cases. In (c) the bias errors for 4O

are greater than 3 dB for all SNR values

below 30 dB.

TABLE V. The analytical expressions for intensity bias given in orthogonal

directions. Note the arguments of cross-spectra are used, though the argu-

ments of the transfer functions are equivalent (since they differ by a factor

of auto-spectra, which are always real and so do not alter the argument).

Calculated intensity bias error components

4O Ix̂ Trad � Im G23f g
2kaA2

s

PAGE �
ffiffiffiffiffiffiffiffi
G22

p
þ

ffiffiffiffiffiffiffiffi
G33

p
 �2
arg G23f g

8kaA2
s

Iŷ Trad
Im G45f g

2kaA2
s

PAGE
ffiffiffiffiffiffiffiffi
G44

p
þ

ffiffiffiffiffiffiffiffi
G55

p
 �2
arg G45f g

8kaA2
s

5O Ix̂ Trad
Im G12f g � Im G13f g

2kaA2
s

PAGE �G11arg G23f g
2kaA2

s

Iŷ Trad � Im G14f g � Im G15f g
2kaA2

s

PAGE
G11arg G45f g

2kaA2
s

4T Ix̂ Trad � Im G13t þ G14t � 2G12f g
3kaA2

s

PAGE �G11 arg G24tf g þ arg G23tf gð Þ
3kaA2

s

Iŷ Trad
Im G14t � G13tf gffiffiffi

3
p

kaA2
s

PAGE
G11arg G3t4tf gffiffiffi

3
p

kaA2
s
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depending on the exact values of b and the SNR. For

plane-wave sources, each probe configuration is essentially

the same.

The main problem with the traditional method is its

bandwidth limitation. For any large values of ka (above

0.5) the bias errors are never insignificant. The magnitude

and angular biases are invariably intertwined. In some

cases, the magnitude and angular inaccuracies can cancel to

cause smaller biases, though this is a complicated interac-

tion. For small values of ka (less than 0.5) with small SNR

values (below 10–15 dB), the traditional method can some-

times better calculate the intensity magnitude. The probe

that performs most consistently is 5O, though depending

on the situation, either of the other probes can be more

efficient.

Small SNR values (below 10 dB) can have adverse

effects on the calculation of the PAGE method, though it is

possible to correct for this, especially when the contaminat-

ing noise is uncorrelated. Angularly separated signals do not

impact the PAGE method as much as the traditional method,

especially for higher ka values. Whenever large values of ka
are of interest (above 0.5), or when the SNR exceeds about

20 dB, the PAGE method gives more reliable results than the

traditional method.

TABLE VII. Intensity bias error components for a monopole source with contaminating uncorrelated noise.

Monopole Source, Uncorrelated Noise

4O Ix̂ Trad
sin kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

p
� kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b2 cos 2hs þ b4

p

PAGE
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� 2b cos hs þ b2
þ 10ð�SNR=10Þ

s
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1þ 2b cos hs þ b2
þ 10ð�SNR=10Þ

s0
@

1
A2

1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

q
� 1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

q� �

Iŷ Trad
sin kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b sin hs þ b2

p
� kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b sin hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b2 cos 2hs þ b4

p

PAGE
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� 2b sin hs þ b2
þ 10ð�SNR=10Þ

s
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1þ 2b sin hs þ b2
þ 10ð�SNR=10Þ

s0
@

1
A

2

1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b sin hs þ b2

q
� 1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b sin hs þ b2

q� �

5O Ix̂ Trad
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

p �
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

p
PAGE

1þ 10ð�SNR=10Þð Þ 1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

q
� 1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

q� �

Iŷ Trad
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b sin hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b sin hs þ b2

p �
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b sin hs þ b2

p� �
2ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b sin hs þ b2

p
PAGE

1þ 10ð�SNR=10Þð Þ 1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b sin hs þ b2

q
� 1

2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b sin hs þ b2

q� �

4T Ix̂ Trad
sin kr � kr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2b cos hs þ b2

p� �
3

2
ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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3
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3
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3
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3
p

2
ka sin hs

� �
PAGE

1þ 10ð�SNR=10Þð Þ 1

3
cos hs þ

2
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3
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3
p

b
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3
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2
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TABLE VI. Intensity bias error components for a plane-wave source with

contaminating uncorrelated noise.

Plane-wave Source, Uncorrelated Noise

4O Ix̂ Trad
sin 2ka cos hsð Þ

2ka
PAGE ð1þ 10ð�SNR=10ÞÞ cos hs

Iŷ Trad
sin 2ka sin hsð Þ

2ka
PAGE ð1þ 10ð�SNR=10ÞÞ sin hs

5O Ix̂ Trad
sin ka cos hsð Þ

ka
PAGE ð1þ 10ð�SNR=10ÞÞ cos hs

Iŷ Trad
sin ka sin hsð Þ

ka
PAGE ð1þ 10ð�SNR=10ÞÞ sin hs

4T Ix̂ Trad
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1

2
ka cos hs

� �
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3
p

2
ka sin hs

� �
þ sin ka cos hsð Þ

3

2
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Iŷ Trad
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1

2
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3
p

2
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3
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2
ka
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APPENDIX

Equation tables are included herein. Table V gives

the equations for how the orthogonal components of the

intensity bias errors, Ix̂ and Iŷ , are calculated for the dif-

ferent probe configurations, using the auto- and cross-

spectral values. Tables VI–IX give the simplified intensity

bias components for plane-wave and monopole sources

with uncorrelated and self-correlated contaminating noise.

In each case, perfect calculation would yield Ix̂ ¼ cos hs

and Iŷ ¼ sin hs. The magnitude and angular biases are

given by L�;I¼10log10

� ffiffiffiffiffiffiffiffiffiffiffiffi
I2
x̂þI2

ŷ

q �
¼5log10ðI2

x̂þI2
ŷ Þ and

h�;I¼ tan�1ðIŷ=Ix̂Þ�hs.

TABLE VIII. Intensity bias error components for a plane-wave source with contaminating plane-wave noise.

Plane-wave Source, Plane-wave Noise

4O Ix̂ Trad
sin 2ka cos hsð Þ

2ka
þ 10ð�SNR=10Þ sin 2ka cos hnð Þ

2ka

PAGE 1þ 10ð�SNR=10Þð Þ 1

2ka
arg e2jka cos hs þ 10ð�SNR=10Þe2jka cos hn

� 	
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arg e2jka sin hs þ 10ð�SNR=10Þe2jka sin hn

� 	
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sin ka cos hsð Þ
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2ka
arg e2jka cos hs þ 10ð�SNR=10Þe2jka cos hn

� 	
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sin ka sin hsð Þ
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þ 10ð�SNR=10Þ sin ka sin hnð Þ
ka
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2ka
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1
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3
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3
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2
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arg e
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3
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TABLE IX. Intensity bias error components for a monopole source with contaminating plane-wave noise.

Monopole Source, Plane-wave Noise

4O Ix̂ Trad sin kr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b cos hs þ b2

p
� kr
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TABLE IX. (Continued)

Monopole Source, Plane-wave Noise

5O Ix̂ Trad
sin kr � kr
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