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Intensity-dependent atomic-phase effects in high-order harmonic generation
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The far-field angular distributions of high-order harmonics of a 1054-nm laser, with orders ranging from the
lower teens to the upper thirties, have been measured in thin, low-density Ar, Kr, and Xe targets. The 1.25-
times-diffraction-limited, 1.4-ps-duration, Gaussian laser pulses were focused to intensities ranging from
3X 10" to 3 10" W/cm?, using /70 optics. A gas target localized the gas distribution near the laser focus
to a thickness of about 1 mm at pressures as low as 0.3 Torr. The weak focusing geometry and the low gas
pressures created experimental conditions for which the harmonics could be thought of as emerging from a
plane at the laser focus rather than a three-dimensional volume. The far-field distributions of nearly all of the
harmonics exhibit narrow central peaks surrounded by broad wings of about the same angular divergence as
the emerging laser beam. The spatial wings are due to an intensity-dependent phase variation among the dipole
moments of the individual target atoms. This phase variation gives rise to broad spatial interferences in the
scattered light due to the radial and temporal variation of the laser intensity.

PACS number(s): 32.80 Rm, 42.65 Ky
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L. INTRODUCTION

Investigations of laser high-harmonic generation in the
noble gases have so far focused almost exclusively on the
dependence of the harmonics on laser intensity and on propa-
gation effects [1,2]. The extent of harmonic orders has been
explored and photon energies in excess of 100 eV have been
observed by a number of groups [2—6]. More recently, the
dependence of harmonic generation on laser polarization has
been explored [7]. Work carried out, principally by L’ Huillier
and co-workers [1,2,8—11], has shown that high-harmonic
generation in an atomic medium can be influenced by several
factors: the single-atom response to the laser field, propaga-
tion effects (phase mismatches, etc.) due to the wavelength-
dependent index of refraction of both the neutral atomic and
ionized media, and the geometrical propagation effects inher-
ent to the diffraction associated with a laser focus. We report
on experiments that highlight the single-atom response to the
laser, via a study of the far-field profile of the emitted har-
monics.

To investigate the atomic response of the medium, it is
essential to characterize and minimize the propagation ef-
fects. When harmonic signals emitted from different loca-
tions in the interaction region have mismatched phases, the
destructive interference not only affects the overall signal but
can strongly influence the far-field distribution of the emis-
sion. This is especially true if the intensity of the driving
field is above the ionization threshold of the medium. This
article reports observations of high-order harmonic genera-
tion under conditions where propagation effects within the
medium are unimportant, even when strong ionization oc-
curs.

Many experiments have measured the angularly inte-
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grated harmonic emission. Angular structure can provide ad-
ditional information about the harmonic-emission process.
Augst et al. [12] observed the far-field angular distributions
of high-order harmonics in Xe and Kr [12]. In these and, to
our knowledge, all other experimental observations, the gas
target pressure was at least a few torr and typically much
higher. At these pressures the effects of phase mismatches
caused by ionized electrons cannot be ignored. In addition,
for the experiments of Augst et al. [12], the thickness of the
atomic medium was on the same order as the laser confocal
parameter, so that geometric propagation effects were very
important to the result. It is likely that the broad, featureless
forms of the far-field patterns that they observed were domi-
nated by the effects of free electrons and the tight focusing
geometry (f/20 optics, 1-mm gas jet). Sali€res et al. [13]
recently measured far-field patterns over a much wider range
of harmonics using a focusing geometry similar to that of
Augst et al. [12], the results are qualitatively similar.

Tisch et al. [6] have observed the angular distribution of
high-order harmonics in a few torr of He with a weaker
focusing geometry (f/50). They have observed more sharply
defined patterns, but for the very-high-order harmonics ob-
served (up to the 91st), they report that phase mismatches
from ionized free electrons play an important role in deter-
mining the harmonic far-field profile.

In contrast, we present measurements of the angular dis-
tributions of high harmonics of intermediate orders (11-41)
produced with gas target pressures of less than 1 Torr. We
have also employed a very weak focusing geometry (f/70).
For our conditions and for the harmonic orders we observe,
propagation effects from free electrons and from focusing
geometry have a negligible effect on the harmonic far-field
profiles. Thus the interpretation of the data is greatly simpli-
fied because the harmonics can be thought of as emerging
from atoms lying in a plane at the laser focus rather than
from a three-dimensional distribution.

The results presented in this paper are a more complete
version of those presented in Ref. [14], which showed the
effect of atomic dipole phase on the harmonic far-field pro-
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file. More recently, Salieres, L’Huillier, and Lewenstein [15]
have shown that the interplay between target position relative
to the laser best focus and the atomic dipole phases allows a
“coherence control” of the far-field profiles of the harmon-
ics. Calculations of the effects of atomic dipole phase on the
far-field profile have recently been made by Peatross, Fe-
dorov, and Kulander [16], using dipole moments calculated
for Xe from the single active electron approximation [11].
The calculations using the anharmonic oscillator model (Sec.
IV B) show a very similar structure.

We produced high harmonics with a 1054-nm, 1.4-ps la-
ser focused in Ar, Kr, and Xe. The highest observed har-
monic in each gas was the 41st, 35th, and 29th, respectively.
All of the harmonics had a narrow forward peak with width
about one-third or less that of the laser. In addition, many of
the harmonics showed broad wings surrounding the central
peaks, which had an angular divergence approximately the
same as the laser. The generation of the wings is attributed to
an intensity-dependent phase variation in the dipole moments
of the individual target atoms. Such a phase variation gives
rise to broad spatial interferences in the harmonics.

This article is outlined as follows. Section II describes the
experimental setup, as well as the characteristics of the laser
and gas target and the capabilities and limitations of the
spectrometer. Section IIl presents our measurements of the
far-field profiles of high-order harmonics. We describe and
illustrate the harmonics’ dependence on the gas-target posi-
tion, thickness, and pressure; on the laser intensity, polariza-
tion, and frequency; and on the atomic species. Broad wings
observed in the far-field profiles of the harmonics are found
to be directly connected with the atomic response to the laser
field.

Section IV gives a theoretical analysis of high-order har-
monic generation in a laser focus. Even though, under our
conditions, the harmonics can be thought of as emerging
from a plane, the analysis of Sec. IV involves a full three-
dimensional picture of harmonic propagation in the focus so
that our conclusions can be more strongly justified. We show
that the broad wings observed in the harmonic far-field pro-
files can be explained by an intensity-dependent phase varia-
tion among the atomic dipoles. This is illustrated using a
classical anharmonic oscillator model.

Appendix A addresses the issue of geometric propagation
effects in the absence of an intensity-dependent phase varia-
tion. Our focusing parameters minimize these effects so that
the far-field pattern is expected to be narrow, which is in
contrast to the parameters used in other experiments
[6,12,13]. Appendix B investigates the effects of ionization
of the harmonic far-field patterns for our experimental con-
ditions. We show that for our observed gas pressures and
harmonic orders, ionization can play only a minor role in
determining the far-field pattern.

II. EXPERIMENTAL SETUP AND CONDITIONS

An important goal of this work is to reduce propagation
effects within the atomic medium so that the harmonic far-
field patterns are more directly associated with the strong-
field response of individual atoms. The geometrical effects of
field propagation in an extended target volume and the dis-
persive effects of an ionized medium have been reduced as
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FIG. 1. Plot of the measured laser-beam waist as a function of
axial position along the focus, showing that the beam is 1.25 times
diffraction limited with f/70 optics. The solid line shows the theo-
retical diffraction limit.

much as possible. In addition, the laser focus was well char-
acterized and nearly diffraction limited. Since the production
of high-order harmonics can be very sensitive to the laser
intensity, small aberrations in the laser beam may cause un-
desired distortions in the harmonic far-field pattern.

A. Laser characteristics

The laser used in these -experiments is a Nd-glass,
chirped-pulse amplification system, which has been de-
scribed in detail elsewhere [17,18]. The wavelength of the
light is 1054 nm and the pulse duration, which was moni-
tored by autocorrelation on each shot, was 1.4 ps full width
at half maximum with about 25% fluctuation. The peak laser
intensities for these experiments ranged from 3Xx10' to
3x 10 W/cm? with a measured focal area of 5500 pm?.
The laser fired a shot every 20 s. The absolute uncertainty for
the laser intensity was about 50% with a relative uncertainty
of 25%.

Figure 1 shows a comparison between the measured beam
radius and the diffraction-limited radius of an f/70 beam
(150-cm lens). The measured beam waist is approximately
1.25 times larger than the theoretical diffraction limit. The
radius of the beam was determined by integrating over the
intensity to find the effective area and then calculating the
radius (to the 1/e? intensity point) assuming a Gaussian dis-
tribution. The measured focal spots were nearly Gaussian
and circularly symmetric. The confocal parameter of the fo-
cus as defined by the diffraction-limited curve is 13 mm.

B. Gas target

The laser intersected with a thin gas target near the focus.
The target, which has been describzd in detail elsewhere,
provided a low-density, 1-mm gas distribution [19]. The tar-
get consists of two thin metal plates separated by a small gap
where gas flows. A 500-um-diam hole drilled in the plates
allows the laser to pass through and interact with the gas.
The density of the gas within the hole remains relatively
high, while outside the hole it disperses quickly. The gas
density falls off by more than a factor of 10 at a distance of
1 mm from the hole openings. The target has been charac-
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FIG. 2. Imaged laser focus as a function of intensity and gas-
target pressure. The first row shows images with 0.6 Torr of Xe in
the target and the second row shows the same scan for approxi-
mately 3 Torr.

terized experimentally [19] and the gas distribution is found
to be in good agreement with Monte Carlo calculations based
on free molecular flow.

A laser propagating through an ionized medium can un-
dergo refraction due to the radial profile of the free-electron
density [20]. To determine under what conditions ionization
in the laser focus significantly alters the beam propagation,
the laser was focused into the gas target and imaged onto a
charge coupled device (CCD) camera with various pressures
of Xe and various peak laser intensities. Figures 2(a)-2(c),
first row, show the imaged focal spot as a function of laser
intensity, where the gas pressure is 0.6 Torr for increasing
laser intensity. At the highest intensity the xenon is two- and
possibly three-times ionized at the center of the focus. At this
low pressure, the imaged focal spot is virtually identical to
that observed with no gas in the target, independent of the
laser intensity. When the pressure is increased to 3 Torr [sec-
ond row of Figs. 2(d)-2(f)], a decrease in the imaged focal
area is observed as the laser intensity increases. This is due
to refraction, which increases the cone angle of the laser as it
leaves the gas target. The larger emerging beam images to a
smaller spot. The position of the virtual focus was deter-
mined to confirm that the laser pulse was defocusing. To
avoid this distortion, the experiments presented here were
performed under conditions where no significant refraction
occurs. It should be pointed out that, to our knowledge, all
other high-order harmonic-generation experiments have been
carried out with pressures of 3 Torr or greater.

Gas
nozzle
1 mm thick cCcD
P =<2 Torr camera

Laser [
beam Glass
1ps,1um Transmission
1.2 % dife limit slit grating Phosphorous
@ /70 screen
b=12cm

FIG. 3. Schematic of the experimental setup, including the gas
target and the angularly resolved spectrometer.
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FIG. 4. Average of 20 CCD images of the angular profiles of the
11th to 35th harmonics generated in 2 Torr of Kr at 1.5x10"
W/cm?,

C. Spectrometer

The harmonics produced in the gas target emerge col-
linearly with the laser beam. The harmonics must be spec-
trally resolved without the incident laser pulse damaging the
spectrometer. Figure 3 shows a schematic of the spectrom-
eter with a cutaway view of the gas target at the laser focus.
Augst et al. [12] used this basic spectrometer design to ob-
serve high-harmonic far-field profiles. In our current setup, a
slit is positioned approximately 30 cm behind the gas target,
sampling a one-dimensional cut through the center of the
laser beam (and harmonic beams). After the slit, the light
passes through a gold transmission grating (either 1-um or
0.2-pm spacing). The grating lines are oriented parallel to
the slit so that the first-order diffraction of the individual
harmonics is resolved after a short propagation distance.

The slit is made from two pieces of uncoated glass held at
an acute angle to reduce the laser intensity on the surfaces.
Glass is used rather than metal because of its higher damage
threshold. The slit can be made narrow enough to cause the
laser to strongly diffract, thereby reducing the energy density
on the grating. There is no significant diffraction to the high
harmonics because of their much shorter wavelengths. De-
pending on the requirements of the experiment, the slit width
was varied in the range from 100 to 500 wm.

The harmonics are detected by a microchannel plate
coupled to a phosphor screen (Galileo model 8081). The mi-
crochannel plate is not uv enhanced, so it cannot detect har-
monics less than the ninth (177 nm). Each harmonic appears
on the detector as a distinct line that reveals the harmonic
angular distribution along its length. The relative energies of
the different harmonic orders can also be observed. The im-
ages are recorded electronically with a CCD camera. Figure
4 shows an average of 20 images of harmonics generated in
Kr as they appear at the detector. The harmonics were pro-
duced with a pressure 2 Torr and a laser intensity of
1.5X 10" W/cm?. For comparison, the emerging laser beam
has a 1/e? radius of 7 mrad. To the sides of the lower har-
monics, the second-order diffraction lines of some of the
higher harmonics appear.

The spectrometer is not absolutely calibrated so that only
relative levels of harmonic emission can be measured. The
dynamic range (not the gain) of the detector is approximately
one order of magnitude, so care must be taken to avoid satu-
ration. The dynamic range was determined by taking advan-
tage of a 4-um periodic substructure running perpendicular
to the line son our 0.2-um transmission grating [21]. The
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FIG. 5. Measured far-field pattern of the 11th to 17th harmonics
generated in 0.3 Torr of Xe at 7X 10'> W/cm?. Each curve was
derived from an average of 20 laser shots.

substructure causes weak ghost images of the harmonic lines
to appear (~ 1 mrad above and below center in Fig. 4). Ro-
tating the transmission grating caused the faint ghost images
to appear distinctly to the sides of the principle harmonic
lines. The ratio between the strength of the ghost images and
the principle images is fixed and we used this to determine
when the detector saturates. From this it is known that the
centers of the harmonics in Fig. 4 are strongly saturated. This
was done intentionally so that the wings on the harmonics
could be seen easily and more harmonics would be visible.
A comparison between harmonic data taken with the 1-
pm and 0.2-um gratings revealed that our 0.2-um grating
attenuates the 11th-harmonic signal relative to the highest
ones by about a factor of 4. This attenuation gradually de-
creases with increasing harmonic order until the harmonic
orders reach the mid twenties, after which the relative effi-
ciency is roughly constant. The fact that the 0.2-um grating
attenuates the lower harmonics is sometimes advantageous
because it allows a larger number of harmonics to be seen
simultaneously within the dynamic range of the detector.

III. MEASUREMENT OF HARMONIC FAR-FIELD
PROFILES

We have characterized the dependences of the harmonics
on various experimental parameters such as gas pressure,
target position, and laser intensity. The measurements are
consistent with our previous statement that, for our condi-
tions, propagation effects within the medium play a minimal
role in determining the far-field angular distribution of the
harmonics.

Figure 5 shows the measured angular profiles of the 11th
through 17th harmonics produced in 0.3 Torr of Xe at an
intensity of 7 X 10'3> W/cm?. The curves show the harmonic
far-field intensity as a function of angle. The data were ob-
tained with the 1-um grating with no distortions due to ghost
images. Detector saturation was avoided for these data. The
laser profile is depicted for comparison. The harmonics all
show a narrow central peak that diminishes in width as the
harmonic order increases. Each harmonic also shows broad
wings, the strongest occurring on the 13th harmonic.

In principle, the harmonic far-field patterns should be cy-
lindrically symmetric since the experimental setup is sym-

metric. Therefore, any feature in the harmonic profile that
does not appear on both sides of the center must be due to
distortions in the laser or gas distribution, from scattered
light or particles hitting the detector, or from nonuniformities
in the detector itself. Figure 6 shows the 13th harmonic from
Fig. 5 plotted on top of a reflected version of itself [ f(x) and
f(—x)]. The noise in the data is readily apparent where the
curves do not agree. However, there is good agreement be-
tween the curves for the central peak and a two-tier wing
structure.

A. Dependence on gas-target parameters

The far-field angular profiles of the harmonics were inves-
tigated as a function of gas-target position relative to the
laser focus. In contrast to experiments by L’Huillier and co-
workers [1,2,10], who saw dramatic changes in the harmonic
production with changes in gas-target position, the changes
observed in these experiments were primarily due to the de-
crease in intensity associated with moving away from the
focus. This is expected since in our case the gas distribution
was much narrower than the laser confocal parameter
(I=>b/13). With the target positioned * 1.7z, away from the
focus, where z; is the Rayleigh range, the far-field pattern of
the harmonic profiles were qualitatively similar to those at
the focus when the peak laser intensity was the same.

The relative energy & for a given harmonic can be found
by integrating the harmonic far-field distribution, taking into
account the azimuthal symmetry,
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FIG. 7. Relative harmonic energy plotted as a function of target
pressure of Xe at 5.3% 10'> W/cm?.
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FIG. 8. Relative harmonic energy for the 11th through 27th
harmonics in Xe as a function of laser intensity. The pressure has
been varied to avoid detector saturation.

where 6 is the angle of divergence from the z axis. The total
harmonic energy is plotted in Fig. 7 as a function of target
pressure in the range of our experiments. Each point is an
average of 20 shots. As expected, the harmonic signal fol-
lows the square of the pressure, indicating that at these pres-
sures, the optical index of the medium does not strongly
influence the collective characteristics of the harmonic emis-
sion.

B. Dependence on laser parameters

The harmonic emission increases rapidly with laser inten-
sity until a species-dependent saturation (not detector satura-
tion), above which the signal increases only gradually. The
harmonic saturation intensity is about 5X10'* W/cm? for
Xe, 8X 103 W/cm? for Kr, and 1.5X10'* W/cm? for Ar.
These intensities are roughly a factor of 2 below those where
these gases strongly ionize [22,23].

Figure 8 shows the relative energy in the 11th through
27th harmonics generated in Xe as a function of laser inten-
sity. Each point along the curve is a 20-shot average. Higher
gas pressures were used to determine the points of weaker
emission. The pressure dependence was assumed to be qua-
dratic, as shown in Fig. 7. The development of a plateau and
the saturation intensity of the harmonics at the higher laser
intensities are clearly evident.

Figure 9 shows far-field images of harmonics produced in
Xe as a function of laser intensity. Each picture is an average
of 20 images. The pressure is reduced as indicated with in-
creasing laser intensity to avoid detector saturation (compare
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FIG. 9. Images of the angular distributions of harmonics gener-
ated in Xe as a function of laser intensity. The pressure is varied so
that the signal on the detector remained roughly constant.
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FIG. 10. Harmonic production in Xe at 7X 10'> W/cm? laser
intensity as a function of laser ellipticity.

with Fig. 4). The 0.2-um grating was used to obtain this
data, so the apparent intensity of the lower harmonics (orders
in the teens) is reduced by approximately a factor of 4, as
explained in Sec. II C. With increasing intensity, more har-
monics become visible and a broad intensity-dependent wing
structure becomes apparent on most harmonics. At the lower
intensities, the 13th harmonic shows little if any sign of hav-
ing the wing structure, while neighboring harmonics exhibit
wings. However, at higher intensities, the situation reverses
and the 13th harmonic shows some of the strongest wings,
while the wings on the neighboring harmonics are not as
strong. Similar behavior was observed in Kr and Ar.

Although the wings are typically much less intense than
the central peaks, they often carry a large fraction of the total
harmonic energy. Investigation of harmonic farfield profiles
produced from Xe and Kr showed that the wings can contain
about three times the energy as the center peaks. Clearly, the
process responsible for the wings play a major role in deter-
mining the overall spatial coherence of the harmonics.

Rotating the direction of linear polarization did not affect
the harmonic far-field patterns. We also studied the harmon-
ics as a function of laser-polarization ellipticity. A quarter-
wave plate placed in the laser beam introduced varying de-
grees of ellipticity depending on its orientation. Figure 10
shows energy of harmonics produced in Xe at 7X10'3
W/em? as a function of beam ellipticity , where the ellipticity
is defined as the ratio of the peak field along the minor po-
larization axis to the peak field along the major polarization
axis (E,/E,). Each point in Fig. 10 represents an average of
about 20 shots. The pressure was varied to prevent detector
saturation. These data are similar to that obtained by Budil
etal. [7].

For the points of strongest ellipticity, we found that the
harmonic production decreased more rapidly than can be ex-
plained by the simple reduction in the strength of the linear
(versus circular) component of the filed. For example, the
harmonic production with an ellipticity of 0.3 remained less
than the production with an ellipticity of 0.2, even when the
laser intensity was increased by a factor of 1.4 in the former
case. We found that the details of the harmonic far-field pro-
files varied with ellipticity as well as with laser intensity.
This is in slight disagreement with the results obtained in
Ref. [7].

The laser light was frequency doubled and the resulting
527-nm beam was used to generate harmonics in Xe. The
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FIG. 11. Far-field image of the harmonics of green light (527
nm) produced at 1xX10'* W/cm? in 0.85 Torr of Xe.

unconverted 1054-nm light was blocked with a KG3 filter.
The focal-spot area of the green light was measured to be a
factor of 2 smaller than that of the 1054-nm beam. For our
doubling crystal, the temporal envelope of the green beam
remains about the same in duration as the 1054-nm beam.
Figure 11 shows the far-field pattern of the harmonics of the
green light generated in Xe at 0.85 Torr at 1X 10 W/cm?.
The image is an average of several shots. Harmonic orders
up to the 13th are clearly visible. This corresponds to the
26th harmonic of the ir laser light, which is close to the
highest harmonic order seen with the ir. The harmonics of
green light exhibit a wing structure similar to that from ir
light.

C. Atomic species dependence

The far-field angular profiles of harmonics generated in
Kr and Ar have similar behaviors to that in Xe. The devel-
opment of broad wings in the far-field pattern is common to
all of the gases. The detailed structure of the wings is a
function of atomic species as well as harmonic order and
intensity. A striking difference between the atomic species
can be seen in the wing structure of the lower-order harmon-
ics. The far-field emission for Xe, Kr, and Ar is shown in Fig.
12. Each curve is an average of four shots. For these data, the
1-um grating was used to avoid distortions due to ghost
images, though, some of the central peaks are slightly satu-
rated. For Xe, Kr, and Ar, a prominent set of wings appears
on the 13th, 15th, and 17th harmonics, respectively. These
wings appear on the harmonic that is one order higher
(2w;) than the first harmonic with photon energy greater
than the field-free atomic ionization potential. The shift of
the pattern with atomic species is evidence that the wings are

T T T T T T T T TTTT

Energy
(arbitrary units)

10 -10

10 -10 V]
Far-field distribution (mrad)

FIG. 12. The 13th, 15th, and 17th harmonics of Ar (dashed line),
Kr (thin line), and Xe (thick line). The peak laser intensities were
2.1X10", 1.2x10', and 810" W/cm?, respectively, and the
pressures were 2, 1.2, and 0.5 Torr, respectively.
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FIG. 13. Schematic depicting the propagation of laser harmonics
into the far field.

a direct manifestation of atomic physics and not simply an
artifact of propagation in the medium or due to phase aber-
rations associated with the laser focus.

IV. CALCULATIONS OF HARMONIC FAR-FIELD
PROFILES EMITTED FROM A FOCUSED LASER

In this section we show calculated far-field angular pro-
files of harmonics emitted from a Gaussian laser focus. It is
not our intention to give predictions based on accurate
atomic models but rather to illustrate how various effects
influence the harmonic far-field patterns. Figure 13 shows a
schematic of the cylindrical coordinate system used for these
calculations. In the interaction region, the spatial and tempo-
ral profile of the laser field, as well as the density distribution
of the atomic medium, determines the spatial and temporal
distribution of the emitted harmonic light. As the light for a
given harmonic propagates to the far field, the emission from
different locations combines to create the far-field angular
pattern of the field. The angular pattern evolves in time ac-
cording to the temporal envelope of the laser field. For these
calculations, the harmonic emission is assumed to depend
adiabatically on the laser-field envelope.

The harmonic field emission from each location within
the interaction region must be summed to find the net con-
tribution to each point in the far field. We assume that the
emitted harmonic light does not influence the behavior of the
atoms. At position 7 and time ¢ in the far field, the compo-
nent of the electric field that oscillates with the frequency of
the gth harmonic in the Fraunhofer approximation is
[1,2,11,24].

eq2w2 ik,r—iqwt ' ! ’ ro_r
Togc?r & p'dp'dz'Ny(p',z',1)

E (r,t)=
XxEolt— rlc]f(p’,z")elaatr’ 2 ivy

Xexp| —i fz dz"A(p',7",1)

+iqu'p2/222>Jo(kqpp'/z)-i—c.c., 2)

where r2=p?+z2. The integrals of p’ and z’ are over the
interaction region near the laser focus. The integration over
the azimuthal coordinate gives rise to the Bessel function
Jo. Ny is the atomic density, which depends not only on
position but also on time if ionization causes significant
depletion during the interaction.
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The harmonic dipole moment x, is the spatial amplitude
of the component of the atomic electron motion that oscil-
lates with the frequency of the gth harmonic. The argument
of x, is the amplitude of the laser field at the position and
time of harmonic emission, where f(p’,z') is given by
[wo/w(z")]exp[ — p'2/w*(z')]. The phase of the harmonic
at the point of production is g times the local phase of the
laser plus an additional phase v, determined by the atomic
response to the laser. The argument for v, is the same as that
for x,. The local phase of the laser is given by
kiz'—owt+a(p',z'), where a(p'.z )=k wip'?z'/
Zz%wz(z')— tan"'(z'/zp). The width of the Gaussian laser
beam is w(z')=wgyy/1 +z’2/z(2], where wo=2\ f*/r is the
beam waist and zo=mwg/\ is the Rayleigh length [25]. The
f* is the ratio of the focal length of the focusing lens divided
by the beam diameter at the lens [25].

The phase term gk;z’ associated with harmonic produc-
tion is not apparent in the integral because it has been can-
celed by a term k,z' associated with the propagation of the
harmonic light. The cancellation is approximate because, in
general, the optical index of the atomic medium is different
for the fundamental than for the harmonic light. The phase
mismatch Ak=k,— gk, depends on position through N, and
also on time if free electrons are produced during the inter-
action. Hence the phase mismatch must be integrated over
the focus through the position and time of harmonic produc-
tion. The assumption that the propagation of the laser is un-
affected by the presence of free electrons is implicit. The
term k,z’ p*/2z” is the phase mismatch that occurs due to the
thickness of the medium for off-axis harmonic light in the far
field.

The far-field pattern will evolve in time due to the tem-
poral dependence of Eq. (2). Experimentally, we observe the
total energy deposited during the entire pulse as a function of
angle. Thus the profile of interest is that of the time-
integrated intensity

55(’(0)=7Tcs0r2f dt|E,(6,1)|*. 3)

Appendix A illustrates how the thickness of the gas target
relative to the laser focus can strongly influence the har-
monic far-field distribution for no atomic-phase dependence
(v,=0). For the illustration, a simple power law of arbitrary
order is used to model the harmonic emission of the qth
harmonic. It is shown that a thicker gas target can strongly
broaden the far-field profiles. However, for our thin target,
the harmonic far-field profiles are predicted to be much nar-
rower than the laser and can be thought of as emerging from
a plane at the focus. Appendix B examines the effect of
strong ionization on the model used in Appendix A. For our
gas-target pressures and for the harmonic orders that we ob-
serve, the far-field profiles are only slightly affected by ion-
ization and they are predicted to be much narrower than the
laser when the atomic phases are neglected v,=0.

A. Effects of an intensity-dependent phase

As stated previously and demonstrated in Appendixes A
and B, we have chosen experimental conditions for which
propagation effects within the atomic medium are unimpor-

5x1073

5
§1.2><10 Sign change '

[at 0.9-X peak .
intensity [\
/ \

No sign
E change

Harmonic energy
(arbitrary units)

20f# 20f#

—Eq~EP.q=13,p=13 ---- Laser profile

FIG. 14. Far-field pattern for the 13th harmonic where (a) v,
does not change with laser intensity and (b) v, changes by 7 when
the laser intensity goes above 90% of its peak value. The far-field
pattern is plotted versus 20 f, where f= (focal length/diameter) of
the input laser pulse.

tant in determining the harmonic far-field angular distribu-
tion. Nevertheless, our experimental data of the harmonic
far-field profiles exhibit broad wings that have about the
same width as the laser profile (see Fig. 5, for example). To
explain the wings, we have found it necessary to postulate
that the phase of the atomic dipole depends on the laser
intensity through v,. Thus, because the laser intensity has a
radial dependence, the harmonic emission from different ra-
dial positions of the interaction region can strongly interfere
in the far field, creating the broad patterns we observe.

As a simple test of this idea, a harmonic far-field profile
for E i3=Ez3 was calculated with the harmonic dipole mo-
ment multiplied by a minus sign whenever the laser intensity
was above 90% of its peak value. [In Eq. (2), v, was
changed from O to 7.] Other than the sign change, the emis-
sion was assumed to follow a power law according to the
model of Appendix A [in Eq. (Al), g=13 and p=13].
Though our conditions are similar to that of harmonic emis-
sion from a plane, a full three-dimensional calculation was
carried out. The calculation included the integration over the
temporal evolution of the pulse, as in Eq. (3). Ionization
effects were not included in this calculation. Figure 14(a)
shows the emission pattern when the sign change is not in-
cluded: Fig. 14(b) shows the emission pattern when this
single sign change is included. That strong wings are caused
by a phase shift is evident. This result is not sensitive quali-
tatively to the exact power-law order used in the calculation.
For example, a similar effect can be seen by imposing a
phase shift on the power law E 13=E2.

B. Classical anharmonic oscillator

A strong intensity-dependent phase variation is a feature
common to many high-harmonic generation models
[1,4,11,26,27]. Ab initio calculations [11] of harmonic gen-
eration in a single xenon atom have shown strong intensity-
dependent phase variations between the phase of the laser
field and the phases of the emitted harmonics. Recent phase-
matching calculations based on the data have demonstrated
that the phase variations can scatter the harmonic light into
wide angles, similar to those observed in our experiments
[16]. In this section, the calculated harmonic response of an
anharmonic oscillator model [28] was employed to represent
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the atomic behavior for phase-matching calculations. The
phase variations in the harmonic-oscillator model give re-
sults that are qualitatively similar to those of the more exact
calculations [16].

The equation of motion for the anharmonic oscillation
model is

¥+Tx+ wix=F cosw t— Bx>, @)

where B parametrizes the anharmonicity, F=e¢E,/m, is a
measure of the strength of the driving field, and w, is the
natural frequency of the oscillator when the anharmonicity is
neglected. A small damping term I'" is included for conve-
nience in the numerical calculation. The motion of the oscil-
lator in steady state can be approximated as

x= x,c08(qupt+v,), 5)
q

where x, is the amplitude of the qth harmonic component of
the motion. The oscillator is parametrized as a function of F
by the values of w, and . It is appropriate to choose values
for these parameters that are plausible for an atom. We chose
fw, to be the binding potential of the atom and B to fit our
measurement of the third-harmonic emission as follows: For
a laser intensity of 4 X 103 W/cm?, the values for X3 were
measured to be 5X107* A in Ar, 2% 1072 A in Kr, and
4x 1073 A in Xe. Based on experimental uncertainties, we
estimate the uncertainty to be a factor of 2 within the frame-
work of the model. The parameter 8 is determined by requir-
ing the solution of Eq. (4) agree with the measurement of
x3. The values for B were calculated to be 2X10%° (A
$)"2 in Ar, 2% 10% (A s)™? in Kr, and 1x10% (A s)7 2 in
Xe.

To analyze Eq. (4), it is convenient to make the substitu-
tions x' =x\3B/w; and f=F @/Zwi and to rewrite the
equation as

2
Wq
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iquyt
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where x' =37 _a,e'?“L". The coefficients x, in Eq. (5) are
related to a, by xq=2wL|aq|/\/ﬁ and the intensity-
dependent phase is found from a,=|a,|e’"s. Also, note that
a,=a* . Equation (6) can be solved under the assumption
that the term a, is much larger than a,., and that a, goes to
zero for large a. This type of perturbative assumption is
similar to treatments given in many nonlinear optics texts
[29,30]. However, this analysis is more general than the tra-
ditional one because it allows higher-order harmonics to in-
fluence lower-order ones, which leads to the creation of a
harmonic plateau. For example, after cubing the summation
in Eq. (6), the non-negligible terms multiplying e’?“L’ are
3ata,_,+6la;|*a,+3a¥?a, ., for g>3. The solution of
Eq. (4) under this assumption is mathematically similar tot
he solution to the strongly driven, two-level atom [26].
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FIG. 15. Harmonic-emission curves for different harmonic or-
ders given by an anharmonic oscillator model parametrized to Xe.

Figure 15 shows the strength (absolute value) of the har-
monic emission (proportional to the oscillator acceleration)
calculated by the anharmonic oscillator model with the val-
ues of wy and B determined previously for Xe. The intensity
range of the calculated harmonic plateau coincides with the
intensity range observed experimentally. The phase of the
emission (not shown in Fig. 15 slips by a factor of 7r around
each resonance peak [ v, of Eq. (5) changes by 7].

This strong phase variation as a function of laser intensity
is qualitatively similar to that seen in many models that de-
scribe high-harmonic emission [1,4,11,16,26,27]. It should
be pointed out, however, that the slope of the third harmonic
as calculated by the oscillator model is distinctly less than
the perturbative slope, which we observed experimentally for
the third harmonic at intensities in the range of the high-
harmonic plateau.

The calculations involving an anharmonic oscillator are
shown to illustrate the kind of behavior observed in the ex-
periments. In particular, the phase of the dipole has a strong
intensity dependence in the region of the harmonic plateau.
This phase variation is sufficient to cause the broad wings
observed in the far-field pattern. Figure 16 shows the far-
field angular profiles of the harmonics predicted by the an-
harmonic oscillator for Xe. The far-field pattern is calculated
using Eqgs. (2) and (3). The peak laser intensity was
8.6X 10! W/cm?, the value predicted by classical over-the-
barrier ionization [22,23]. The effects of ionization were not
included in this calculation. The calculations were performed

Harmonic energy
(arbitrary units)

Far-field distribution

FIG. 16. Far-field harmonic angular profiles calculated with an
anharmonic oscillator model for Xe (solid line). The dashed lines
are calculated for the identical conditions except that the intensity-
dependent phase is removed (v,=0).
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for a three-dimensional focal volume with the target thick-
ness chosen to match our experimental conditions
(I=b/13).

To show that the broad wings seen in Fig. 16 are caused
primarily by the intensity-dependent phase, the far-field pro-
files were calculated again using the absolute value of the
dipole response (v,=0). The dashed lines in Fig. 16 show
the result of this calculation. The wings are significantly re-
duced when the intensity-dependent phase of the oscillator is
ignored. The small amount of structure that remains in the
wings is caused by the strong amplitude variation associated
with the sharp peaks in Fig. 15.

C. Effects of a nondiffraction limited laser beam

In the previous sections the broad wings on the harmonic
far-field profile have been attributed to the intensity-
dependent phase of the atomic dipole response. As shown in
Fig. 1, the laser focal spot was about 25% wider than the
theoretical diffraction limit. It is possible that the phase er-
rors associated with the non ideal focusing may have an ef-
fect on the far-field profile. It seems unlikely that this is an
important aspect of these experiments. As mentioned above,
the harmonic wing structure depends on the atomic species,
on the laser intensity, and on the harmonic order (see Fig.
12). The focal characteristics of the laser are independent of
these parameters and so are likely to play a minor role in the
observed structure.

The far-field structure of the harmonics is related to the
emission from the target medium by a Hankel transform
[24]. The occurrence of broad wings in the far-field requires
fine-scale structure in the near field. Images of the laser focus
are shown in Fig. 2 and show little fine-scale structure. If one
were to imagine that the broad wings in Fig. 6 arise from
enhanced 13th harmonic emission due to a distortion in the
laser focal spot, such a distortion would need to be spatially
narrow (for example, ~13 times narrower than the laser
spot). This seems unlikely for two reasons.

First, the wings in the harmonic far-field pattern contain
~3 times more energy than the central peak and so the emis-
sion from the distortion in the focus would have to be ex-
tremely bright given that it is of small spatial extent. Even
assuming a very extreme dependence of the harmonic emis-
sion laser intensity (for example, E;3~E%, where p>13),
the small structure in the laser profile would need to have
several tens of percent higher laser intensity than the sur-
rounding region, which is inconsistent with Fig. 2.

Second, in order for structures of small spatial dimension
to exist in the laser focus, whether the structure be an inten-
sity fluctuation or a phase distortion, the laser energy respon-
sible for its occurrence must have a focusing characteristic of
much smaller f number than the rest of the beam (for ex-
ample, ~ 13 times lower f number). Finite apertures in the
laser system, including the finite size of the focusing lens,
limit the smallest scale size in the focus.

The fine structure in the harmonic patterns that are not
symmetric as seen in Fig. 6 may arise from distortions in the
laser beam or from imperfections in the spectrometer. The
fact that this nonsymmetric structure is of high spatial fre-
quency implies that the distortions in the laser focus respon-
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sible for it are of relatively large dimension and this in agree-
ment with the smooth laser focal spots seen in Fig. 2.

V. CONCLUSION

The experiments presented in this work are the first ob-
servation of high-order harmonics in a regime where propa-
gation effects within the medium are unimportant. Under our
conditions, the geometric effects of the depth of focus of the
laser and the phase matching due to ionized free electrons
does significantly affect the harmonic far-field emission pat-
terns. The far-field pattern is expected to be narrow for our
conditions if the phase of the dipole emission is independent
of laser intensity. The most important finding of this work is
the occurrence of broad wings in the far-field pattern of
nearly every high harmonic. The wings vary markedly with
harmonic order, atomic species, laser intensity, and laser el-
lipticity. These dependences are strong evidence that the
wings are manifestations of atomic physics and not simply
artifacts of propagation effects within the medium. Because
the wings cannot be attributed to propagation effects within
the medium, we conclude that the phase of the dipole re-
sponse has a strong laser-intensity dependence. The radial
variation of the laser intensity leads to a radial variation for
phase of the dipole emission. Such a phase variation can
cause the harmonic light to interfere in the far field, leading
to broad wings in the angular profile. A strong intensity-
dependent phase of the atomic dipole response is a feature
common to many high-harmonic-generation models.
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APPENDIX A

For low intensities, the production of the gth harmonic
depends on the gth power of the laser field intensity. In this
regime, it is known that the harmonics emerge as Gaussian
beams that are \/E times narrower than the laser profile [10],
provided the atomic density N, is a function only of z'. As
the laser field strength increases and the plateau regime,
where many harmonic orders are produced with approxi-
mately the same conversion efficiency, is reached, the pro-
duction of the gth harmonic increases only gradually with
the laser intensity [11]. This change can dramatically alter
the far-field pattern. This appendix investigates how the far-
field pattern under this scenario depends on position and
thickness of the atomic medium relative to the laser focus.

To simplify the problem, the emission of the gth harmonic
is assumed to follow a power law of the order of p, where
p<gq. Also, the phase of the harmonic at the point of pro-
duction is assumed to be exactly g times the local phase of
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the laser (v,=0). L’Huillier’ et al. [10,11] performed calcu-

lations based on this model to study how the harmonics
propagate within the interaction region [10,11]; however,
they did not show the far-field harmonic profiles.
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The atomic distribution N, is assumed to be independent

of radius p'. Also, the possibility of ionization is not consid-
ered, so the integration becomes free of any temporal depen-
dence. For these assumptions, Eq. (2) can be written as
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For this model, the angular distribution of the harmonics is constant in time even though their amplitude varies. The radial
integration of Eq. (A1) can be performed analytically [31] to yield
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where n=\[1+(z'/20)*)/[1+(gz'/pz¢)?] and p/z has
been replaced by sin #= 6. In the case of p =g (lowest-order
perturbation), 7 is equal to 1 and all terms involving 6 in Eq.
(A2) can be removed from the integral. This gives an angular
dependence of the form exp[ — ¢(2 f*)?], which is a Gauss-
ian +/g times narrower than the laser field as expected. A
remarkable feature of this case is that the far-field harmonic
profile is independent of the thickness of the gas distribution,
though the amplitude of the harmonic emission is affected by
the thickness.

For the case where p # g, the far-field angular profile can
be understood analytically for a very thin target where the
limits of integration are close enough to each other that the
terms containing @ in Eq. (A2) do not significantly vary over
the region of integration. For a thin target positioned at the
focus, 7 is approximately 1, and for a target positioned far
outside the Rayleigh range, 7 can be approximated as p/q.
These yield far-field profiles that are, respectively, g/ Jp and
\/; times narrower than the laser profile. For target positions
between the two limits, the thin-target approximation yields
Gaussian profiles with widths that lie between the two limits.

The thin-gas-target approximation is valid near the focus
when ql/pb<1 and ¢(26f")2(1—q?/p®)l/b<, where [ is
the target thickness and b=2z is the laser confocal param-
eter. Figure 17 shows harmonic far-field patterns calculated
for a target of thickness /= b/10 positioned at the laser focus
(typical of our experimental conditions). The square modulus
of the integral in Eq. (A2) is calculated while leaving off the
factors in front. The harmonic power-law dependence p is
chosen to be 5 and the far-field pattern is calculated for dif-
ferent values of g. The laser profile and the prediction for a
thin-target are shown for comparison. The thin-target ap-
proximation holds for g=15 but begins to deviate for

i tan"lqz'/pzo—iq tanz'/zo—ifz dz"Ak(z”))

Z1

(A2)

g=231. The cases for g=63 and 125 are repeated in Fig. 17
with a magnified scale so that the non-Gaussian structure can
be clearly seen. It is important to note that for higher values
of g, as the structure becomes more complex, the angular
broadening relative to the thin-target prediction is still nar-
row.
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FIG. 17. Far-field profile for a thin target, /=>5/10 for several
values of g (solid line). The dashed line is the laser profile; dotted
line is the prediction for the thin-target limit. For all figures
p=5, Ak=0, and the target is positioned at the origin z=0. The
cases for g=63 and 125 are repeated using a different scale.
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FIG. 18. Far-field profile for several target thicknesses (solid
line). The dashed line is the laser profile, the dotted line is the laser
profile to the pth power, and the dot-dashed line is the laser profile
to the p2/q power. For all figures g=31, p=5, Ak=0, and the
target is positioned at the origin z=0.

Figure 18 shows the effect of target thickness on harmon-
ics emitted from a gas target positioned at the laser focus.
The harmonics become broader and a more complicated far-
field profile results. The 31st harmonic is plotted for the case
of p=35 for target thicknesses ranging from /=5/10to b. In
the most extreme case the curve is no wider than a Gaussian
that is \/; times narrower than the laser profile. Figure 18
makes it apparent why we have chosen to prefer our experi-
ments in a weak focusing geometry (f/70 optics). In this
appendix we see that geometric-propagation effects within
the gas medium cannot explain the broad features observed
in our data.

APPENDIX B

We investigated the effects of ionization for our experi-
mental conditions using the power-law model described in
Appendix A (g=25, p=5). As the medium ionizes, the
number of atoms N, diminishes and the value of Ak varies
as the number of free electrons increases. As a result, the
radial integration in Eq. (A1) cannot be performed analyti-
cally since both N, and Ak maintain a dependence on p’.
We chose the ionization rate to follow a simple intensity
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FIG. 19. Far-field pattern of the 25th harmonic calculated by
Egs. (2) and (4) for peak laser intensities below and above the
ionization saturation intensity /,. The gas density was taken at 1
Torr with a thickness of 1 mm.

power law of the order of n=11, as in lowest-order pertur-
bation theory [32,33]. However, the results were not sensi-
tive to the exact nature of the ionization rate.

Figure 19 shows far-field patterns of the 25th harmonic
calculated by Eq. (A1) together with Eq. (3) for peak laser
intensities at and above the ionization saturation intensity
I,. All of the factors in front of the integrals have been left
off. The electron-induced phase mismatch was calculated for
the typical experimental pressure of 1 Torr at 300 K with a
thickness of 1 mm. The phase mismatch was taken to be
Ak=0 in the neutral medium and Ak=0.37g cm™! in the
fully ionized medium (one electron per atom). For the higher
intensities, the atoms at the center of the focus are strongly
depleted during the pulse. As this occurs, the far-field pattern
narrows somewhat and small wings appear. This effect is
primarily due to the diffraction caused from the absence of
harmonic generation in the center of the interaction region
and not to phase mismatches induced by the free electrons.
This can be understood when it is considered that the maxi-
mum phase mismatch of the 25th harmonic traveling 1 mm
through 1 Torr of an ionized medium is only 0.77r. This is in
contrast to the conditions of Tisch et al. [6], where the maxi-
mum phase mismatch for the 91st harmonic traveling 1 mm
through 3 Torr of an ionized medium is 8.
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FIG. 11. Far-field image of the harmonics of green light (527
nm) produced at 1x10™ W/em? in 0.85 Torr of Xe.
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FIG. 4. Average of 20 CCD images of the angular profiles of the
I1th to 35th harmonics generated in 2 Torr of Kr at 1.5x 10"
W/em?.
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FIG. 9. Images of the angular distributions of harmonics gener-
ated in Xe as a function of laser intensity. The pressure is varied so
that the signal on the detector remained roughly constant.



