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The TiC1−xNx system has long been prized in industry because of its desirable thermodynamic and hardness
characteristics. Previous studies have not produced comprehensive results describing the ordering tendencies of
TiC1−xNx at any temperature. We apply the mixed-basis cluster expansion and Monte Carlo methods to the
problem and find a fascinating array of ground-state structures occurring at precise nitrogen-concentration
intervals of �x=1/16 and related to each other by simple �201� quasisuperlattice motifs. Thermodynamic
Monte Carlo results indicate that the critical ordering temperatures at all concentrations are well below room
temperature. Short-range ordering develops at T�800 K and exhibits the characteristic motifs of the predicted
ground-state structures. Bulk modulus optimization is not feasible since this quantity shows little sensitivity to
atomic configuration.
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I. INTRODUCTION

The computational power of first-principles-based model
Hamiltonians is revolutionizing our understanding of the
�T=0� ground states of many binary alloys. A recent Physical
Review Letter1 discussed the discovery of a rich sequence of
ground states hitherto unknown in the FeCo system. Intrigu-
ingly, these ground states appear at regular Fe concentration
intervals of �x=1/16 �on 1/2�x�1� and exhibit an inter-
esting ordering motif. The authors of Ref. 1 speculate that
the existence of many ground states is more common in in-
termetallic binary systems than previously thought. This
viewpoint is corroborated by the recent discoveries of com-
plex sequences of ground-state structures in the MoTa,2

CuAu,3 and NiPt �Ref. 3� systems using a similar computa-
tional approach.

We report here a similar discovery made in the TiC1−xNx
system. This alloy is important industrially because of its
desirable properties �high melting point, corrosion and wear
resistance, and high hardness� and is widely used as a
coating for high-impact machine parts such as drill bits
and other cutting tools. Using the mixed-basis cluster
expansion �MBCE� technique4–8 we have uncovered a rich
collection of ground states occurring at nitrogen-
concentration intervals of precisely �x=1/16, in the nitrogen
concentration range 0�x�1/2. Further, the atomic configu-
ration of these ground-state structures follows a systematic
progression; each structure can be thought of as a �201�
quasisuperlattice44 possessing eight-plane periodicity. Previ-
ous works9,10 have overlooked this behavior because they
focused on only a few select structures and not on an exhaus-
tive, direct enumeration approach as applied here.

Few experiments have been performed on TiC1−xNx to
detect long- or short-range order on the nonmetal sublattice,
either with or without nonmetal vacancies. X-ray11 and
neutron12 diffraction experiments have produced results re-
jecting particular atomic configurations, but have not ruled
out the possibility of other ordering schemes or the existence
of short-range order. Ordering of structural vacancies is
known to exist in both substoichiometric TiC �Refs. 11 and

13� and TiN.14 We present in this paper the predicted
�T=0� ground-state structures as well as the results of ther-
modynamic Monte Carlo simulations and their implications
toward the presence of short-range ordering in the stoichio-
metric TiC1−xNx system.

II. APPROACH

The cluster expansion is a generalized Ising model, which
produces a model Hamiltonian capable of rapid calculation
of target material properties as a function of atomic configu-
ration. A brief description of the method and its application
herein is given below. A more detailed discussion may be
found in Refs. 4–8.

It can be shown15 that, for a binary alloy, any property Z
that is a function of atomic configuration � may be expressed
as

Z��� = J0 + �
i

JiŜi + �
i,j

JijŜiŜj + �
i,j,k

JijkŜiŜjŜk + . . . �1�

where Ŝi= ±1 describes the occupation at site i and the J’s
are expansion coefficients.

Equation �1� taken over all lattice-site interactions pro-
duces an exact representation of the property Z���, but its
primary usefulness is as an approximation scheme. A small
number of terms chosen judiciously16,17 from Eq. �1� give an
accurate approximation to the exact value of Z. The trun-
cated form of Eq. �1� can be evaluated very quickly and
provides a rapid means of calculating physical quantities for
any atomic configuration. The expansion coefficients must be
chosen such that the model both reproduces known data and
provides accurate predictions. This is accomplished by fur-
nishing a sizable input set of first-principles data and testing
the predictive accuracy of the model.

In the present study, first-principles calculations were per-
formed using the Vienna ab-initio simulation package �VASP�
pseudopotential code operating within the local density
approximation.18,19 These calculations were performed using
an equivalent k-point division scheme20 to effect systematic
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cancellation of discretization errors. Full atomic relaxations
were performed using a conjugate gradient algorithm. Total
energies were converged to within 0.1 meV/atom. All calcu-
lations treated titanium 3p semicore electrons in the valence.
Because of the large antisite defect energies in this system, it
is extremely unlikely for a titanium atom to be found on the
C/N sublattice, meaning that titanium does not represent a
configurational degree of freedom.

Sixty-one relatively low-energy input structures, each
with unit cells of up to 8 C/N atoms �16 atoms total� were
calculated as input to the cluster expansion. Predictions were
calculated for all atomic configurations with unit cells of up
to 20 C/N atoms ��3�106 structures�. The predictive accu-
racy of the model was tested with a leave-many-out cross
validation approach5,21–23 and by direct calculation of select
predictions. The average prediction error of the model is
2.7 meV/atom. Monte Carlo simulations were used to deter-
mine critical ordering temperatures �16�16�16 atom cell
with 1000 spin flips/site/annealing step� and short-range or-
der �20�20�20 atom cell with 1500 flips/site/step�. Crystal
orbital Hamilton population24 �COHP� calculations were per-
formed using the tight-binding linear muffin-tin orbital �TB-
LMTO� code version 47 operating under the atomic-sphere
approximation.25,26

III. RESULTS AND DISCUSSION

A. Ground-state determination

Formation enthalpies for all TiC1−xNx structures with 20
C/N sites or less calculated via the MBCE method are
shown in Fig. 1�a�. These results are consistent with previous
findings, which showed complete miscibility of the TiC/TiN
systems.9 However, our results indicate an energy minimum
at x=1/2 in contrast with Refs. 9 and 10, which place the
minimum at x=1/4. Test calculations performed with param-

eters similar to those used in these references produced re-
sults consistent with those presented here. In addition, calcu-
lations using more accurate projector augmented wave
�PAW� potentials27,28 were performed and, again, results
were consistent with those presented here. Further tests indi-
cate that the discrepancies between our results and those in
Refs. 9 and 10 are largely a result of their failure to consider
Ti 3p electrons in the valence and by differences in pseudo-
potentials and cutoff energies. As a secondary check to our
calculations, a cluster expansion was constructed for lattice
constants. The results showed nearly Vegard-like behavior
over the entire range of concentration �as measured experi-
mentally� with all values lying �1.3% below experimental
values,29,30 a feature typical of density functional theory cal-
culations.

The first thing to note about Fig. 1 is that all the calcu-
lated formation energies are negative. The reason for this can
be understood by investigating band-filling via COHP �Ref.
24� calculations for the TiC and TiN end points. These cal-
culations show that the TiC Fermi level falls in a slightly
bonding region. Any extra electrons added to the system
would populate these states and improve Ti-C bonding. The
situation is reversed in TiN, where antibonding states are
populated by electrons near the Fermi level. Removal of
electrons from the TiN system would enhance the Ti-N
bonding. TiC1−xNx is stable because electrons can vacate
some of the TiN antibonding states and populate the TiC
bonding states leading to an overall improvement in bonding.
This analysis parallels the band-filling arguments discussed
in previous works.31–33

The TiC1−xNx convex hull exhibits several fascinating
characteristics. The existence of numerous breaking points—
thermodynamically stable structures represented by the dark
circles in Fig. 1�a�—is a feature often absent in intermetallic
binary alloys. Many binaries have only a handful of breaking
points, in sharp contrast to the 13 found in the TiC1−xNx

FIG. 1. �Color online� �a� For-
mation enthalpy calculations for
all structures up to 20 C/N atoms/
unit cell. Breaking point structures
are indicated by the dark circles
along the convex hull. Note the
minimum energy at x=1/2. Also
pictured is the formation enthalpy
of the random alloy, which may
be calculated via the cluster ex-
pansion since, for a random con-
figuration, Eq. �1� reduces to
Erand=�iJi�2x−1�n where n is the
order of the interaction �i.e., pair,
triplet, etc.� �Ti atoms not shown�.
�b� The three types of C/N �201�
planes found in TiC1−xNx ground
states. Also shown are several im-
portant nearest-neighbor �NN� ge-
ometries within the �201� planes.
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system. Even more intriguing is the regular spacing of these
breaking points. In the concentration range 0�x�1/2, the
breaking points occur at concentration intervals of precisely
�x=1/16, a feature similar to the one observed in the FeCo
system1 �as mentioned in the Introduction�. Further, although
the breaking-point structures need not look alike, the TiCN
ground states, up to x=1/2, certainly do show a systematic
progression. Each ground state in this concentration range
can be described as a �201� quasisuperlattice with a stacking
period of 8 C/N planes. All such �201� planes are comprised
of either pure nitrogen, pure carbon, or a 50% mixture of
each, hereafter denoted A, B, and Z, respectively �see Fig.
1�b��.

Table I gives the observed �201�-plane stacking sequences
for all ground-state structures up to x=1/2. These sequences
may be understood by thinking in terms of adding nitrogen
atoms to a 16 atom unit cell �easily visualized as eight layers
of two atoms each�. The first nitrogen added to the cell forms
50% planes separated by seven pure carbon planes �ZB7�.
Addition of a second nitrogen again forms 50% planes, with
the position bisecting the distance between the previous 50%
planes �ZB3ZB3�. A third nitrogen is added to one of the 50%
planes, converting it to a plane of pure nitrogen �ZB3AB3�
and a fourth adds to the remaining 50% plane, forming an-
other pure nitrogen plane. At this point, the system is in the
D022 structure, an AB3 superlattice.

The progression from D022 to NbP �an A2B2 superlattice�
follows a similar pathway. The first nitrogen is added to D022
to form a 50% nitrogen plane adjacent to a pure nitrogen
plane and separated from the next 50% nitrogen plane by
seven interstitial planes �AZB2AB3�. The next nitrogen again
adds adjacent to a pure nitrogen plane �AZB2AZB2�. The next
two successive nitrogens fill in these two 50% planes in turn,
forming NbP.

The breaking-point structure at x=2/3 is a �110� qausisu-
perlattice with a BZ2 stacking sequence �Fig. 2�. The remain-
ing breaking points do not exhibit such simple ordering mo-
tifs. The breaking point at x=7/9 can best be described as a
�110� quasisuperlattice with a pure plane followed by two
planes at a 2 /3 concentration. The final breaking- point at
x=13/15 is a true �12,12,1� superlattice with a BA7BA6

stacking sequence. These three breaking points are shown in
Fig. 2.

The observed arrangement in the 50% �201� planes �see
Fig. 1�b�� for structures with x�1/2 can be understood by
looking at the cluster expansion. Figure 3 shows the coeffi-
cients corresponding to the many-body figures used in this
expansion. The only pair figure energetically favoring a like-
atom interaction is the eighth nearest-neighbor pair. Al-
though the third nearest-neighbor pair interactions favor un-
like atoms, the small magnitude of this term means that the
energetic costs of a like-atom third nearest neighbor arrange-
ment are small compared to like atoms at other distances.
When �201� planes are arranged as shown in Fig. 1�b�, all
second nearest-neighbor pairs are of unlike atoms. This is a
favorable arrangement as indicated by the positive value of
the P2 expansion coefficient. Considering both third and sev-
enth nearest-neighbor interactions, half are of like atoms and
half are of unlike atoms so the P3 and P7 interactions within
these planes do not contribute to the total energy. All eighth
nearest-neighbor pairs are of like atoms. No other pair inter-
action less than eighth nearest neighbor �the longest pair
term used in the expansion� exist within �201� planes. Thus,
forming 50% planes as illustrated in Fig. 1�b� lowers the
total energy and such planes are preferentially formed.

This description for the ordering of TiC1−xNx in terms of
pair interactions does not account for why the ground-state
line for x�1/2 looks different than that for x�1/2. Clearly,
pair interactions alone cannot account for this since their
effects are symmetric about x=1/2. The large positive J1

TABLE I. Observed stacking sequences of �201� planes in
TiC1−xNx ground states. Here, A is a pure nitrogen plane, B is a pure
carbon plane, and Z is a plane consisting of 50% nitrogen and 50%
carbon. In each case there are 8 C/N planes comprising the stacking
sequence.

Concentration �201�-layering Archetype

1/16 Z B B B B B B B

2/16 Z B B B Z B B B

3/16 Z B B B A B B B

4/16 A B B B A B B B D022

5 /16 A Z B B A B B B

6/16 A Z B B A Z B

7/16 A A B B A Z B B

8/16 A A B B A A B B NbP

FIG. 2. �Color online� The three breaking point structures on
x�1/2.

FIG. 3. �Color online� Coefficients corresponding to the many-
body interactions �figures� used in the cluster expansion. Here, Pn

refers to the nth pair. Also shown are the geometries of the higher
order interactions used �i.e., three-body and four-body� for the C/N
fcc sublattice. The figures are placed in order of increasing longest-
vertex distance �not to scale�.
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term tends to raise the energy of the TiN-rich structures off
of the convex-hull leaving fewer breaking points on that
side. To understand why the TiN-rich breaking points exhibit
different motifs than the TiC-rich ones, we must look at
higher-order terms. Since the effect of three-body terms is
antisymmetric about x=1/2, such terms will tend to reorder
the structures on the right-hand side. Three-body terms that
stabilize structures where x�1/2 will have the opposite ef-
fect on structures where x�1/2. Thus, the chemical effects
governing structural stability on the right half of Fig. 1 are
not necessarily the same as those on the left half.

Of the breaking point structures, the two true �201� super-
lattices, D022 and NbP �AB3 and A2B2, respectively�, are par-
ticularly stable. Most of the breaking points evident in Fig.
1�a� are relatively shallow but those at x=1/4 and x=1/2
are especially deep. In addition, the energy differences be-
tween these structures and those immediately above them in
energy are much larger than the differences for the other
breaking points. These two observations indicate special sta-
bility in these breaking points. This stability stems largely
from the fact that all eighth nearest-neighbor pairs in these
structures are of like atoms. It is interesting to note that, for
both x=1/4 and x=1/2, the difference between the ground-
state structures and their immediate, higher-energy neighbors
�at the same concentration� are simple �001� stacking faults,
which break the superlattice symmetry by introducing im-
pure �201� planes.

B. The physical origins of the (201) stacking motif

There are two major players in determining the ordering
behavior of any alloy: strain energy and chemical energy.
Strain energy typically arises from lattice mismatch between
the constituent species, and is generally different for distor-
tions in different crystallographic directions. In view of this,
we may ask what role strain plays in determining the pre-
ferred superlattice direction for this system. The small lattice
mismatch between TiC and TiN ��2% � hints that strain en-
ergies are likely to be small. Full strain calculations �see Fig.
4� for the TiCN system confirm that strain energies are, in-
deed, small. Figure 4 illustrates the directional dependence
of the constituent strain energy. The largest strain energies
for this system arise from distortions in the �111� direction,
particularly at higher nitrogen concentration. Strain energies
associated with distortions in directions other than �111� are
not only considerably smaller, but are all comparable in mag-
nitude, indicating that strain effects are relatively indepen-
dent of superlattice direction.

Since, with the possible exception of the �111� direction,
strain plays essentially no role in determining ordering be-
havior for this system, we look to chemical effects to find
why �201� superlattices are preferred. Although we have dis-
cussed the ground-state structures in terms of C-N interac-
tions, the stability of particular C/N atomic configurations
has more to do with producing a favorable chemical environ-
ment around the interstitial Ti atoms. The bonding in crys-
talline TiC1−xNx is dominated by the Ti-C and Ti-N first-
nearest-neighbor bonds. Other bonds, most notably Ti-Ti
second-nearest-neighbor bonds, play only a minor role in

determining the alloy stability. As already mentioned, band-
filling arguments place the optimum bonding interaction at a
valence electron count �VEC� intermediate between that of
TiC �8.0� and TiN �9.0�. The preference toward forming
�201� superlattices arises from the fact that this arrangement
is a very efficient way to obtain optimum VECs around the
titanium atoms. For example, in the lowest-energy structure
�NbP� every titanium atom has a first-nearest-neighbor coor-
dination shell containing three carbon and three nitrogen
sites for a VEC of 8.5. Similarly sized superlattices in the
�001� and �011� directions contain several symmetry-
inequivalent titanium atoms which have much poorer VECs.
Superlattices in the �111� direction are unlikely because of
the increased strain associated with that direction. This result
that chemical energy is minimized for a VEC of �8.5 is not
unlike recent reports that transition metal alloys adopting the
rock-salt structure have optimum hardness for a VEC of 8.4
electrons/cell.34 It should be pointed out that this sequence of
structures and the �201� ordering motif can be interpreted in
terms of special-point concentration waves.35

C. TiC1−xNx at finite temperature

Since our model Hamiltonian can be quickly evaluated for
any atomic configuration, it may be used in conjunction with
Monte Carlo simulations to model the effects of finite tem-
perature on the ordering tendencies of TiC1−xNx. These cal-

FIG. 4. �Color online� �Top� Constituent strain energies as a
function of concentration for several important crystallographic di-
rections. �Bottom� Plot illustrating the directional dependence of
strain energy for both the x=1/4 and x=1/2 concentrations. The
arrows and black circles indicate some important crystallographic
directions. The radius from the center of the cube to the surface at a
given point gives the relative magnitude of the strain energy in that
direction. In all cases, the strain energy is less than 15 meV/atom.
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culations show that the critical ordering temperatures are
well below room temperature at all concentrations. Such low
transition temperatures are a direct result of the small order-
ing enthalpy �the difference between the random alloy en-
thalpy and that of the ground-state configuration at a given
temperature, see Fig. 1�a��. At finite temperatures, the en-
tropic contribution to the free energy has little competition
from chemical interactions and a moderate increase in en-
tropy improves the thermodynamic stability of the solid so-
lution. Diffusion is likely to be extremely limited at tempera-
tures sufficiently low to allow the chemical energy
contribution to dominate the free energy, making ordered-
phase formation unlikely in TiC1−xNx solid solutions.

The sign of the ordering enthalpy, however, indicates that
ordering is chemically favorable and suggests the possibility
of short-range ordering, an assertion that is corroborated by
Monte Carlo simulations, which show short-range order at
temperatures �800 K. The nature of this ordering can be
ascertained by extracting from Monte Carlo simulations per-
formed above the order-disorder transition temperatures the
Fourier-transformed Warren–Cowley36–38 short-range order
parameters, given by

��k,x� = �
k

�i,j
ŜiŜj − �2x − 1�2

1 − �2x − 1�2 eik·R, �2�

where the inner sum is taken over all pair figures up to some
practical limit.39

The significance of � lies in its ability to enumerate pair
correlations of a particular atomic configuration and, hence,
the degree of ordering. The value of � will only be nonzero
at reciprocal-space points corresponding to nonrandom pair
figures. Thus, a reciprocal-space plot of ��k�� exhibits peaks
at only those points corresponding to the periodicity of the
structure. The degree of ordering is correlated to the peak
width, with peaks narrowing as pair correlations become
more long ranged.

In the case of TiC1−xNx, the fully ordered structures at
both x=1/4 and x=1/2 give peaks at �0,1 ,1 /2�, �1,0 ,1 /2�,
�1,2 ,1 /2�, and �2,1 ,1 /2�, corresponding to the �201� super-
lattice ground-states. Figure 5 shows plots of ��k� ,x� in �002�
slices through the reciprocal lattice at several temperatures
for the x=1/4 and x=1/2 concentrations. As is evident by
the peaks at the aforementioned positions, at temperatures of
�800 K the system shows ordering with motifs similar to
those of respective ground-state structures. The broadness of
the peaks indicates that this ordering is prevalent over rela-
tively short distance scales, but the peaks are clearly narrow-
ing as the temperature is decreased, indicating that ordering
patterns are becoming more long ranged. The ordering be-
comes significant at temperatures nearing room temperature.

For both the D022 and NbP structures �the breaking points
at x=1/4 and x=1/2, respectively�, internal and external
relaxations are minimal. In fact, the c /a ratio in both cases
is �0.1% different from the ideal value. We, therefore, ex-
pect diffraction spectra to show minimal diffuse scattering
signal due to displacements off the ideal atomic sites. At both

x=1/4 and x=1/2 the spectra should be dominated by the
signal due to atomic configuration.

D. Bulk modulus

The hardness of a material is a complex quantity that is
intimately connected with the formation and movement of
dislocations through the lattice. There are many measures of
hardness and while bulk modulus alone does not give a de-
finitive measure of material hardness it does serve as a guide-
post to the structural stability and is readily calculated within
the framework of ab initio methods. A plot of bulk modulus
versus nitrogen concentration is shown in Fig. 6. It is appar-
ent from the small spread of bulk moduli at each concentra-
tion that this quantity expresses a lesser sensitivity to atomic
configuration than does the formation enthalpy. The largest
spread of values observed at any concentration is less than
10 GPa. The random-alloy bulk modulus extends in a
roughly linear fashion from its minimum at TiC �276 GPa� to

FIG. 5. Plots of � showing short–range ordering as a function of
concentration and temperature. The fully ordered structures at both
concentrations would have peaks at �011

2
�, �101

2
�, �121

2
�, and �211

2
�.

FIG. 6. �Color online� Bulk modulus predictions for all struc-
tures up to 20 C/N atoms/unit cell. Also indicated is the bulk modu-
lus of the random alloy �dashed line�.
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its maximum value �314 GPa� at TiN in good agreement
with experiment and previous calculations.9,40–43 Because of
the comparatively small spread in bulk moduli, any degree of
short-range ordering is unlikely to cause a significant devia-
tion from the bulk modulus of the random alloy.

IV. CONCLUSION

We have used the mixed-basis cluster expansion method
to determine the structure and energetics of the TiC1−xNx
system and have found the minimum energy to be that of
the NbP structure. Further, we have discovered a rich
ground-state line, characterized by �201� quasisuperlattice
breaking points occurring at regular concentration intervals
of �x=1/16. These structures show a systematic progression
from one to the next as the nitrogen concentration is in-
creased through the range 0�x�1/2. The stacking se-
quences found in these breaking points can be described in
terms of the cluster expansion interaction figures, specifically
the preference of forming like-atom eighth nearest neighbor
configurations. These results bear a striking, conceptual re-
semblance to those recently found in the FeCo system.1 Be-
cause of increased filling of Ti-C bonding states and reduced
filling of Ti-N antibonding states, Ti-C and Ti-N bonds are
strongest when the average valence electron count around
each titanium is �8.5. This feature of the TiCN system is
responsible for its preferential formation of �201� superlat-
tices �or quasisuperlattices�.

Monte Carlo calculations indicate that the critical order-
ing temperatures are below room temperature for all concen-
trations. Since diffusion is limited at such low temperatures,
it is extremely unlikely that the system will exhibit long-
range ordering. The negative ordering enthalpy suggests that
short-range order is favorable, and Monte Carlo simulations
confirm that short-range order at finite temperature does in-
deed reflect the characteristic long-range ordering of the pre-
dicted ground-state structures.

Bulk modulus calculations were consistent with experi-
mental bulk moduli and showed only mild sensitivity to
atomic configuration. The minimal reaction of bulk moduli
to changing atomic configuration means that any degree of
short-range order will not cause a significant deviation of the
bulk modulus from that of the random alloy, which runs
almost linearly from TiC up to TiN. The random alloy bulk
modulus curve exhibits some bowing, especially at low-
nitrogen concentrations. This bowing is slight, however, and
there exists no intermediate concentration at which the bulk
modulus exceeds that of TiN.
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