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Nonlinear Thomson scattering: velocity
asymmetry inherent in electron figure-8 motion
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Abstract: The individual polarization components of nonlinear Thomson scattering arise from
the separate dimensions of electron figure-8 motion caused by a linearly polarized laser field. We
present the first measurements of nonlinear Thomson scattering in both emission hemispheres.
In the electron average rest frame, the shape of the electron figure-8 path is symmetric about the
laser polarization dimension. However, the periodic electron velocity is intrinsically asymmetric.
The full scattering emission pattern reveals this asymmetry and the direction that electrons move
around the figure-8 path.
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1. Introduction

Much theoretical effort has been devoted to understanding nonlinear Thomson scattering [1–19],
while comparatively few experimental observations have been made of the phenomenon. Most
measurements employ energetic electron beams that collide with intense laser pulses [20–27],
which maps the Thomson scattering into a highly-directional beam of blueshifted x-rays. Only a
handful of experimental measurements have been made in a frame of reference that does not
differ strongly from the electron average rest frame [28–32]. Experiments are hampered by
the low cross section of electron-photon interactions and the associated challenge of reaching
sufficient density of free electrons without confounding effects of interactions between electrons
and ions present. Prior to our recent work [33,34], only one experimental study, Chen et al.
[29], measured the spatial structure of nonlinear Thomson emission. They observed second
and third harmonic light scattering patterns in the plane perpendicular to laser propagation and
compared the measured data with a theoretical prediction for a single polarization component of
the scattered light.

Landau and Liftshitz pointed out in 1951 that electrons should execute figure-8 motion in a
linearly polarized plane wave when there is sufficient amplitude to drive relativistic motion [1],
as illustrated in Fig. 1. In 1962, Vachaspati showed that electrons experiencing such motion
should scatter both odd and even harmonics, referred to as nonlinear Thomson scattering [2]. In
1968, Eberly and Sleeper showed that the rising edge of the laser pulse causes electrons that are
initially at rest to acquire a forward drift as they oscillate in the laser field, responding to both the
electric and magnetic parts of the Lorentz force [3]. In 1970, Sarachik and Shappert published a
comprehensive theoretical treatment of nonlinear Thomson scattering in a frame that drifts along
with the electron [4].

We recently published the first polarization-resolved measurements of nonlinear Thomson
scattering, for fundamental, second-harmonic, and third-harmonic scattered photons [33,34].
We used single-photon counting to measure light scattered from free electrons in an intense
laser focus (800 nm wavelength with peak intensity 2 × 1018 W/cm2). However, like the Chen
measurements, those observations were restricted to a plane perpendicular to laser propagation.
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Fig. 1. Animation of an electron trajectory in a linearly polarized plane wave with α = 1 in
the electron average-center-of-mass frame (see Visualization 1). The electron trajectory is to
scale with the wavelength of the plotted laser field (shown with arrows and shading). The
inset shows the velocity and the acceleration of the electron, where the radius of the circle
corresponds to the speed of light c for velocity and 1.25ωc for acceleration, where ω is the
angular frequency of the driving field.

In our previous analysis, we demonstrated that the x-dimension of the figure-8 electron motion
(parallel to linear polarization, see Fig. 1) gives rise to scattered photons with one polarization,
while the z-dimension gives rise to scattered photons with an orthogonal polarization, as measured
in a plane perpendicular to the laser propagation. By measuring both polarizations, we confirmed
the two-dimensional nature of the figure-8 motion. Previous observations, while consistent with
the electron figure-8 motion, were also consistent with hypothetical electron motion constrained
to oscillate in only a single dimension.

Here we report on scattered fundamental, second, and third harmonic light measured over
nearly the full emission sphere. At each angle in the emission sphere, we resolve the scattered
light into orthogonal polarization components corresponding to azimuthal and longitudinal
lines. By measuring the entire sphere, as opposed to the previous measurements made only the
directions perpendicular to the laser, we are able to more fully characterize the motion of the
electrons scattering the light and definitively confirm the predicted figure-8 motion.

Figure 2 shows calculated far-field emission patterns fundamental, 2nd harmonic, and 3rd
harmonic over the entire emission sphere. The calculations are based on the theoretical analysis
of Sarachick and Shappert [4], as outlined in our previous publication (see Eq. (8) in [33]). The
scattered light is computed in the average rest frame of an individual electron that experiences
a plane wave traveling in the +z direction (the laser propagation direction, shown as ‘north’ in
Fig. 2) and polarized along the x direction. In our experiment, we measure light around ‘latitude’
lines defined by θ = 30◦, 45◦, 60◦, 75◦, 90◦, 105◦, 120◦, and 135◦, where ‘north’ corresponds
to θ = 0◦ and the equatorial plane corresponds to θ = 90◦. The left column of Fig. 2 shows
emission of light that is polarized along ‘latitude’ lines and the right column shows light polarized
in the ‘longitude’ lines of the emission sphere.

https://doi.org/10.6084/m9.figshare.25537894
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Polarizer

Fig. 2. Animation showing the far-field emission pattern for fundamental (top), 2nd
harmonic (middle), and 3rd harmonic (bottom) scattered light (see Visualization 2). The
left column shows the azimuthal polarization component of the scattered light, while the
right column shows the longitudinal component. The intensity of the driving plane-wave
field is set to 2 × 1018 W/cm2. The laser propagation direction is indicated by the arrow at
the ‘north’ pole, while laser polarization direction is indicated by arrows coming out the
‘equator’.

The visualization associated with Fig. 2 shows an animation of the emission spheres rotated to
show emission in all directions and in both hemispheres. Examination of the animation shows a
strong asymmetry between the emission patterns of the ‘northern’ and ‘southern’ hemispheres of
the emission sphere. Specifically, note that there is significantly more emission in the southern
hemisphere than the northern hemisphere for longitudinally-polarized 2nd and 3rd harmonic
emission. This asymmetry arises because electrons move in the same direction at both ends of
the figure-8 trajectory, opposite laser propagation as indicated by the yellow arrows in Fig. 1.
The acceleration of the electron is greater on the outside edges of the figure-8, so that emission
is stronger during this portion of the trajectory. Radiation is directed more in the direction of
this motion so that this asymmetry causes electrons to emit much more longitudinally polarized
light into the southern hemisphere. We report here the first measurements of this asymmetry.
This not only confirms the unique midpoint-crossing geometry of the figure-8 motion, but it also
demonstrates the direction of travel that the electron takes around the figure-8 trajectory.

2. Formalism

We summarize here the classical electromagnetic theory that we use to model nonlinear Thomson
scattering from individual free electrons in a tight laser focus. We start with the classical equation

https://doi.org/10.6084/m9.figshare.25537897


Research Article Vol. 32, No. 19 / 9 Sep 2024 / Optics Express 33953

of motion for a point charge. Under the influence of electric and magnetic fields, E and B, an
electron responds to the Lorentz force

dp
dt
= q

(︃
E + p

mγ
× B

)︃
, (1)

where m, q, and p denote the electron mass, charge, and momentum, respectively, and the Lorentz
factor is γ =

√︁
1 + p2/(mc)2. Radiation reaction is neglected. The dimensionless parameter

α = qE /ωmc specifies the field strength.
The vector field of an idealized laser focus is given by

E = Re
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2
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}︄
, (2)

where z0 is the Rayleigh range, ρ the axial radius, τ the pulse duration, Z = z0 + iz, and
φ̃ = kz[1 + ρ2/(2|Z|2)] − ωt [35,36]. The associated magnetic field is cB = x̂Ey + ŷEx + ẑyEz/x.
In the limit z0 → ∞ and τ → ∞, this expression reduces to a plane wave like that used to generate
Figs. 1 and 2.

A randomly placed electron is assumed to break free from an atom or ion when the local intensity
of the rising edge of the laser pulse exceeds the ionization threshold, with initial momentum
p0 = 0. The electron’s subsequent trajectory is then calculated using Eqs. (1) and 2. Once position
r (t) and momentum p (t) are numerically obtained for the trajectory, ordinary electron velocity
and acceleration are obtained from u (t) = p/(mγ) and a (t) = q

γm
[︁
E + u × B − u (u · E) /c2]︁

[37].
With the electron trajectory in hand, the far-field scattered radiation is computed using [37]

Erad =
q

4πϵ0c2R

R̂ ×

(︂
(R̂ − u/c) × a

)︂
(︂
1 − R̂ · u/c

)︂3 , (3)

where R is the distance to the detector, and R̂ = x̂ sin θ cos ϕ+ ŷ sin θ sin ϕ+ ẑ cos θ is a unit vector
specifying the direction to the detector, expressed in terms of the usual spherical coordinates.
The right-hand side of (3) is evaluated at (retarded) time t, whereas the left-hand is a function of
detector time t′ = t + R

c − R̂ · r
c .

We resolve the far-field radiation into orthogonal polarization components, either along
unit vector θ̂ = x̂ cos θ cos ϕ + ŷ cos θ sin ϕ − ẑ sin θ or ϕ̂ = −x̂ sin ϕ + ŷ cos ϕ. The total
energy per steradian (angular fluence) is Φθ + Φφ where Φθ = ϵ0cR2

∫ ∞

−∞
|θ̂ · Erad |

2dt′ and
Φφ = ϵ0cR2

∫ ∞

−∞
|ϕ̂ · Erad |

2dt′. Experimentally, we employ a polarizer aligned with either θ̂ or ϕ̂
to measure Φφ and Φθ . The laser propagates along ẑ in accordance with (2). Finally, we apply a
spectral window to the Fourier transform of Erad to restrict to a specific harmonic. This process
is repeated for representative electrons distributed throughout the collection volume and the total
radiated signal is found by summing the contributions from each spatial location. Dividing total
signal by the corresponding photon energy gives the expected photon counts per steradian at our
detector.

3. Experimental setup

Figure 3 gives an overview of the experimental setup. An off-axis parabola focuses 800 nm
Ti:sapphire laser pulses to a radius of w0 = 3.2 µm, corresponding theoretically to z0 = 40 µm.
The pulse duration is measured to be τ = 40 fs (FWHM = 38 fs) and pulse energy 50 mJ. The
peak intensity at the center of the focus is estimated to reach 2×1018 W/cm2. Note that 2.1×1018

W/cm2 corresponds to α = 1.



Research Article Vol. 32, No. 19 / 9 Sep 2024 / Optics Express 33954

Half Wave Plate

Laser
Pulse

Rota�on

Bandpass
Filter

105 μm Fiber

Photon
Counter

Polarizer

Fig. 3. Experimental setup inside vacuum. An off-axis parabola focuses the laser pulses. A
half wave plate rotates the linear polarization of the beam before focusing. Scattered photons
traverse a wire-grid polarizer and are imaged into an optical fiber. The photon collection
assembly rotates longitudinally.

The goal of this experiment is to measure nonlinear Thomson scattering over much of the
emission sphere. Azimuthal rotation of the scattered light is accomplished via rotation of the
laser polarization using a half wave plate, with the laser polarization remaining close to linear
after reflection from the off-axis parabola. Longitudinal rotation is accomplished by rotating the
collection lens setup about a vertical axis that intersects the laser focus. We optimize alignment
for maximum signal at each different value of θ.

A 1:1 collection lens (accepting 0.15 steradians) images the interaction region onto the end
of a 105 µm fiber optic that leads to the detector. A wire-grid polarizer is placed in front of
the collection lens to select the polarization component of the detected light. A 40-nm-wide
bandpass filter centered at 900 nm is installed before the detector to measure the (redshifted)
fundamental, a 25-nm bandpass filter centered at 450 nm to measure the 2nd harmonic, and
a 10-nm bandpass filter centered at 310 nm to measure the 3rd harmonic. The fiber coupling
efficiency C, filter transmission T , and detector quantum efficiency η combine for an overall
detection efficiency of CTη = 6%, 1%, and 0.6% for 1st, 2nd, and 3rd harmonics, respectively.

We use photon counting to measure the scattered light. The laser fires at 10 Hz and individual
photons are collected from Ns = 600 laser shots at each angle. Our detectors cannot distinguish
single photon detection events from multiphoton detections. To correct for this, we assume a
Poisson distribution for photons per shot and then correct for multi-photon events using

Nph = −Ns ln
(︃
1 −

Ndet
Ns

)︃
,

where Nph is the corrected number of detected photons given Ndet detector clicks. The fundamental
and second harmonic photons are detected using an avalanche photodiode and the third harmonic
using a photomultiplier tube.

Electrons are donated from helium backfilled in the interaction chamber at 5 × 10−4 Torr,
2 × 10−2 Torr, and 1.5 Torr for the 1st, 2nd, and 3rd harmonic, respectively. Helium’s two
electrons become ionized early during the pulse throughout a large focal region. Compared to the
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ionization region, a relatively small volume in the focus reaches sufficient intensity for nonlinear
Thomson scattering, which occurs near the temporal peak of the pulse.

The Lorentz force causes electrons to acquire a forward drift during the rising edge of the laser
pulse [3]. This forward drift causes scattered photons to be redshifted when viewed from the
side. The bandpass filters described above are redshifted by 12% from the nominal harmonic
wavelengths, to account for this effect. This mild redshift is convenient for discriminating against
laser light and possible incidental (non redshifted) harmonics but not sufficiently strong to make
scattered light viewed in the lab frame qualitatively different from that in the average electron
rest frame.

Electron motion can become highly irregular as electrons are propelled radially from the tight
laser focus by the ponderomotive force while oscillating during the pulse. This can grossly distort
the emission patterns from individual electrons, depending on their initial positions in the focal
volume and subsequent unique trajectory [16]. Nevertheless, when the emission is averaged from
many electrons randomly distributed through the focus and over many laser shots, the emission
converges to a pattern remarkably similar to those shown in Fig. 2. The theoretical curves in the
next section are computed averages of photon emission from several thousand representative
electron with initial positions distributed within the collection volume of our imaging system.

4. Measurements

Figure 4 shows measured Thomson scattering of the (redshifted) fundamental at various latitudes
around the emission sphere. The scattered light is resolved into longitudinal and azimuthal
polarization components. The angular emission pattern follows the expected dipole radiation
distribution, which naturally exhibits both polarization components well away from the equatorial
plane. This pattern is qualitatively similar to expected scattering angular profile for linear
Thomson scattering observed at low intensity.

The measurements are compared with the simulated number of photons (from 600 laser shots)
detected from the ensemble of electrons randomly distributed throughout the focal volume,
summed incoherently. The simulations for Figs. 4–6 are performed as outlined in section 2,
taking into account gas pressure, photon collection geometry, and detection efficiency as outlined
in the preceding section. The simulation was conducted using representative values for the photon
collection efficiency, but this collection efficiency varies due to alignment at each collection
location. To account for these differences and to aid in comparing the measurements to theory
the theoretical curves are scaled by a different factor at each location, reported as the “scaling”
on each individual graph.

Figure 5 shows measured nonlinear Thomson scattering of the (red-shifted) second harmonic
at various latitudes around the emission sphere. As before, the scattered light is resolved into
longitudinal and azimuthal polarization components. As described in Ref. [33], the very different
angular patterns for the two polarizations seen in Fig. 5 are associated with different dimensions
of the figure-8 motion executed by the relativistic free electrons. In the equatorial plane (θ = 90◦),
the θ̂ component of the scattered light is exclusively associated with the x̂ component of electron
motion, while the ϕ̂ component is exclusively associated with the ẑ component of motion.

A dramatic difference can be seen in the emission patterns measured above and below the
equatorial plane, which is the primary focus of this paper. For example, comparing second-
harmonic emission at latitudes 45◦ and 135◦, we see that the θ̂ component of the scattered light
is about five times stronger in the southern hemisphere than in the northern. We interpret this as
being due to the asymmetry in the z-component of the velocity as electrons execute the figure-8
motion. The relative strengths of the two polarization components also vary between the two
hemispheres. The good match between theory and experiment in both the pattern and the relative
strength of the two polarizations at each θ gives evidence that the differences in signal strength
are not due to misalignments of the detection system.



Research Article Vol. 32, No. 19 / 9 Sep 2024 / Optics Express 33956

0° 0°

0° 0°

0° 0°

0° 0°

Scaling: 2.89

Scaling: 0.92

Scaling: 1.04

Scaling: 1.02 Scaling: 0.74

Scaling: 0.99 Scaling: 1.25

Scaling: 1.11

Fig. 4. Photon counts per 100 s for the fundamental (transmitted through a 900 nm filter) as a
function of longitudinal angle. Open squares correspond to measured azimuthal polarization
and filled circles to longitudinal polarization. Computationally modeled data are shown with
dashed and solid curves, respectively. Scans are repeated at various latitudes referenced to
the direction of laser propagation (at θ = 0◦). The computational model is first calculated
using measured parameters (gas pressure, laser intensity, etc.) with no fitting parameters,
and then multiplied by a scaling factor (reported in each frame) chosen to minimize the
difference between measurement and computational model. The variation in scaling between
frames likely results from variation in collection efficiency from our measured value due to
the challenge of aligning the collection lenses at each angular position.
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Fig. 5. Plots similar to those in Fig. 4 for second harmonic (transmitted through a 450 nm
filter).

Figure 6 shows measured nonlinear Thomson scattering of the (redshifted) third harmonic at
various latitudes around the emission sphere. Both polarization components of the scattered light
are displayed as before. The asymmetry between the two hemispheres is also evident for this
harmonic. For θ = 30◦ and θ = 45◦ we were unable to experimentally measure signal above the
noise threshold. This measurement is in keeping with the calculated prediction of less than one
photon in 600 shots as shown in theoretical curves for these angles.
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Fig. 6. Plots similar to those in Fig. 4 for third harmonic (transmitted through a 310 nm
filter). No measured values were possible at θ = 30◦ or θ = 45◦ due to the very low signal
level.

5. Conclusions

In a previous publication [33], we demonstrated the two-dimensional nature of the electron
motion responsible for nonlinear Thomson scattering, consistent with the figure-8 trajectory
in the case of linearly polarized laser field. In that work, we noted that mere one-dimensional
motion (along the laser polarization) is sufficient to produce the ϕ̂ polarization component of the
scattered light (i.e. the clover or butterfly patterns in Figs. 5 and 6). To explain the emission
with polarization along θ̂ (i.e. the oblong patterns), the electron motion must also include a
component along the direction of laser propagation.

In this work, we have demonstrated that the two-dimensional trajectory of the electron includes
an asymmetry in the velocity component along the direction of laser propagation, giving rise to
markedly different emission in the two hemispheres. The asymmetry is inherent to the figure-8
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shape. As seen in Fig. 1, an electron travels opposite the direction of laser propagation on both
ends of the figure-8, while it possesses a forward component of velocity for either path where they
cross in the middle. The motion at the ends of the figure-8 involve greater acceleration, which is
associated with brighter emission, whereas the acceleration in the middle is smaller and even
momentarily zero. The velocity and acceleration are displayed in the animation of Fig. 1. The
electron whips around both ends of the figure-8 while traveling opposite to the laser propagation.

If instead of following the crossing figure-8 trajectory, the electron followed, say, an oval path
as depicted by a dashed line in Fig. 7(c), it would travel in opposite directions on the two ends
of the trajectory. This hypothetical oval-shaped electron path is chosen to have similar velocity
and acceleration to the actual figure-8 motion, but with the crossing in the middle removed.
Figures 7(a) and (b) compare calculated emission between this hypothetical trajectory (dashed
lines) and the actual trajectory (solid lines) for second harmonic emission in the ‘northern’ and
‘southern’ hemispheres at ±30◦ from the equator. The emission from the hypothetical oval is
seen to be identical for both scattered polarizations. On the other hand, the figure-8 path shows
the significant difference between the two hemispheres as shown in our measurements.

(a)

(b) (c)

Fig. 7. (a) The actual figure-8 trajectory (solid) and a hypothetical electron trajectory
(dashed) for which z-acceleration is artificially switched off between the upper and lower
sets of indicated points, resulting in an oval-shape trajectory. Second harmonic emission
calculated for the actual figure-8 motion at θ = 60◦ and θ = 120◦ is shown in (b) and
(c) for azimuthal and longitudinal emission polarization, respectively (in units of eV per
steradian).The emissions for the altered trajectory are also shown in (b) and (c), again for
θ = 60◦ and θ = 120◦. Note that the altered trajectory does not exhibit asymmetry in
emission between the northern and southern hemisphere of emission.

Finally, we can verify the directional sense that the electron travels around its figure-8 race
track. The extra emission in the southern hemisphere indicates that the electron travels opposite
to the laser propagation as it undergoes the acceleration on the ends of the figure-8. On the other
hand, in the middle of the figure-8, the z component of electron motion moves with the laser
propagation, as the electron oscillates primarily in the direction of laser polarization.
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