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This paper examines the connection of convectiveMach number definitions to maximum noise radiation angle for

a T-7A-installed GE F404 jet engine. Definitions include those corresponding to Kelvin–Helmholtz (K-H) and

supersonic instability (SI) Mach waves, and an empirical formulation. Under convectively supersonic conditions

without an afterburner (AB), only K-H waves are present. At AB, SI Mach waves may exist, but at shallow angles

outside the main radiation lobe. Evidence suggests that Mach wave radiation from faster-than-ordinary K-H waves

could stem from shock-cell velocity fluctuations. The empirical convective Mach number indicates decreasing

effective convective velocity from ∼80 to ∼60% of fully expanded velocity as engine power increases to AB. This

convective velocity decreaseswith frequency, especially for thosewhosemaximum source locations occur between the

potential and supersonic core tips. Additionally, a new definition of supersonic-jet convective Mach number,

dependent solely on the jet acoustic Mach number, ∼
����������

Mac
p

, has been derived from wide-ranging jet data. This

definition describes the F404 maximum noise radiation angle from intermediate thrust through AB within 2°.

Relating this expression to K-H Mach waves for an isothermal jet indicates the relative unimportance of

temperature in determining maximum radiation angle for heated supersonic jets, including military jet aircraft

and rockets.

Nomenclature

ca = ambient sound speed, m/s
cj = fully expanded sound speed, m/s

Dj = fully expanded diameter, m

f = frequency, Hz
M = convective Mach number (generic)
Mac = jet acoustic Mach number, Uj∕ca
Mc = convective Mach number for the second family of

instability waves; see Eqs. (3), (9), and (11)
M 0

c = convectiveMach number for the first family of insta-
bility waves; see Eqs. (2), (8), and (10)

M′′
c = convective Mach number for the third family of

instability waves; see Eq. (4)
Mj = fully expanded Mach number, Uj∕cj
MO = Oertel convective Mach number
MOα = convective amplification modification toMO

OASPL = overall sound pressure level, dB re 20 μPa
Sr = Strouhal number, fDj∕Uj

Uc = convective velocity, m/s
Uj = fully expanded jet velocity, m/s

w = velocity of the second (“supersonic instability”) fam-
ily of instability waves, m/s

w 0 = velocity of the first (“Kelvin–Helmholtz”) family of
instability waves, m/s

w′′ = velocity of the third (“subsonic instability”) family of
instability waves, m/s

α = turbulent time to longitudinal scale ratio; see Eq. (14)
θ = angle relative to jet axis, deg
θM = maximum directivity angle derived from convective

Mach numberM, deg; see Eq. (1)
θmax = maximum observed noise directivity angle, deg

κ = convective velocity coefficient, Uc∕Uj

κ�f� = frequency-dependent derived convective velocity
coefficient

κOA = overall derived convective velocity coefficient

I. Introduction

S UPERSONIC jet noise is relevant to assessing impacts (e.g.,
hearing loss, annoyance, structural fatigue) from tactical aircraft,

potential future commercial supersonic aircraft, and launch vehicles
[1]. A detailed study of noise source and radiation characteristics
across supersonic jet conditions improves physical understanding,
resulting in better models of operational impacts and frameworks for
noise reduction strategies. Important early studies involving super-
sonic jet noise included experiment reports by Westley and Lilley
[2], Chobotov and Powell [3], Cole et al. [4], and Laufer [5] and
analytical studies by Phillips [6] and Ffowcs Williams [7]. From
these early studies came an understanding that supersonic jet noise
radiation differed substantially from that of subsonic jets, including
sound power increase with velocity, angle of maximum radiation,
and spectral scaling. These early investigations spawned studies of
supersonic jet noise radiation phenomena that continue today.
Review papers on supersonic jet noise by Tam [8] and by Bailly
and Fujii [9] elucidate several key findings, and Bailly and Fujii’s
paper includes application to rockets, a topic reviewed in depth by
Lubert et al. [10].
An important supersonic jet noise phenomenon is the relationship

between the convection velocity Uc of large-scale turbulent struc-
tures and radiation angle. Beginning with Ffowcs Williams [7], who
described an “eddy convective Mach number,” a convective Mach
number has been used to describe the directivity of Mach wave
radiation (MWR), typically seen as the dominant noise source in
supersonic jets [11–15]. However, the calculation and interpretation
of the convective Mach number have varied between researchers,
with no one definition seeming to accurately predict the maximum
radiation angle of all supersonic jets.
Using acoustic data and jet parameters from a T-7A-installed

GE F404 engine, as well as from other sources, this paper discusses
and compares physics-based and empirical definitions of the con-
vective Mach number against measured far-field maximum directiv-
ity angles. The investigation significantly expands upon preliminary
work by Christian and Gee [16]. First, different convective Mach
numbers used previously to describeMWRare discussed in Sec. II. A
description of the T-7A measurement is provided in Sec. III, along
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with key results needed for this paper’s analysis and discussion: overall
and frequency-dependent directivities and a holography-based source
characterization. Using the definitions discussed in Sec. II, Sec. IV
discusses the T-7A’s physics-based and empirical convective Mach
numbers for four engine conditions and compares predicted MWR
angles with measurement. A frequency-dependent definition of con-
vectiveMach number for twoT-7A engine powers is obtained from the
frequency-dependent directivity curves. These results are placed in
context with other supersonic jets, from laboratory-scale experiments
through rockets. Using several laboratory-scale and rocket measure-
ments, the relationship between convective velocity and jet acoustic
Mach number is explored. This investigation results in a newdefinition
for convective Mach number that appears to explain the maximum
overall directivity angle across applicable supersonic jet conditions
and agrees favorablywith the T-7A data used as a validation. This new,
data-derived convective Mach number is then analytically connected
to a definition for Kelvin–Helmholtz (K-H) instability waves.

II. Convective Mach Number Definitions

To the extent that a jet’s directional radiation lobe is controlled by
MWR, its maximum angle θM is determined by the convectiveMach
number, referred to generically asM:

θM � cos−1
1

M
(1)

Although inlet angle is typically used for full-scale tactical jet noise
descriptions, jet angle, which is measured from the jet centerline
instead of from the aircraft’s nose, is used in this paper given its topic
and reference to laboratory, numerical, and tactical jets, as well as
rocket plumes. Figure 1 describes the relevant anatomy of a super-
sonic jet with fully expanded jet exit velocityUj and the Mach wave

angle θM.

A. Oertel’s Mach Numbers

ConvectiveMach numbers have typically been either physics-based
or empirically derived. The physics-based definitions discussed here
stem from thework of Oertel [17,18], who experimentally determined
that Mach waves from a supersonic jet favor three distinct velocities,
w 0 > w > w′′. ThoughOertel’sworkwas initially empirical, Tamand
Hu [19] followed up his work with analytical models that provided
significant physical insight and suggested that these velocities are each
associatedwith a type of instabilitywave. The first,w 0, are the familiar
K-H instability waves and have been associated with a strong acoustic
field [19]. The second class of instability waves, w, are referred to by
Tam and Hu as “supersonic instability waves.” These waves have
slower propagation speeds than the K-H instabilities, radiate at shal-
lower angles, and may be related to Mach waves in supersonic,

turbulent shear layers. [20] The third family, w′′, was referred to as
subsonic instability waves by Tam and Hu [19] and decays rapidly in
amplitude outside the jet. The physics of this family of waves has been
studied in detail by Towne et al. [21] and by Nogueira et al. [22] in the
context of potential core resonances and guided jet waves. They have
shown that these instability waves are actually acoustic waves that see
the shear layer of the jet as either a soft- or hard-walled duct, depending
on frequency.
Oertel [17,18] expressed the convective Mach numbers for the

three families of Mach waves as

M 0
c �

w 0

ca
� Mj � 1

1� ca∕cj
(2)

Mc �
w

ca
� Mj

1� ca∕cj
(3)

and

M′′
c �

w′′

ca
� Mj − 1

1� ca∕cj
(4)

whereMj and cj represent fully expanded Mach number and sound
speed, respectively, and ca represents the ambient sound speed.
Correspondingly, thresholds for their existence as radiated Mach
waves may be written as

w 0 > ca for Mj > ca∕cj (5)

w > ca for Mj > 1� ca∕cj (6)

and

w′′ > ca for Mj > 2� ca∕cj (7)

Equations (5) and (6) say that the K-H w 0 and supersonic instability
(SI) w Mach waves are convectively supersonic when the fully
expanded Mach number exceeds thresholds based on the ratio of
the ambient and fully expanded jet sound speeds, ca∕cj. This is also
true ofw′′ (subsonic instability waves) in Eq. (7); however, their rapid
amplitude decay outside the jet boundary indicates that they are
unlikely to contribute significantly [23] to the noise, even when
convectively supersonic. Because this class of waves does not result
in strong MWR, the K-H and SI waves are the focus of this paper.
Before proceeding, however, we note that Oertel et al. [24] proposed
an alternate physical interpretation than Tam and Hu [19] for the
Mach wave families. The theory describes the creation of paired
vortices by the rolling up of K-H waves, but the convective Mach
number expressions do not match those previously shown by Oertel
[17,18] to agree remarkably well with the experiment. Because this
later paper has begun to be cited in place of Oertel’s earlier works,
we caution against its quantitative use without further, corroborative
investigations.
Oertel’s convective Mach number expressions in Eqs. (2–4) are

expressed in terms of Mj and the ratio ca∕cj, whereas Seiner et al.
[23] andmany authors since have opted towrite them simply in terms
of velocities. These alternative expressions for the K-H and SI wave
families of convective Mach numbers are written as

M 0
c �

Uj � cj
cj � ca

(8)

and

Mc �
Uj

cj � ca
(9)

One possible advantage with Eqs. (8) and (9) over Eqs. (2) and (3) is
that it is simpler to understand when these Mach waves radiate. For

Fig. 1 Anatomy of a supersonic jet, with potential (Lc) and supersonic
(Ls) core tips and Mach wave radiation.
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example, the SIMachwaves radiate noisewhenever the jet velocity is
greater than the sum of the jet and ambient sound speeds [23]. They
are also intermediate to a third form of these expressions that is useful
to later discussion in this paper and which can be found by multiply-
ing the numerator and denominator of Eqs. (8) and (9) by 1∕ca. This
operation results in

M 0
c �

Mac � cj∕ca
1� cj∕ca

(10)

and

Mc �
Mac

1� cj∕ca
(11)

whereMac is the jet acousticMach number,Uj∕ca. These latter forms

of the convectiveMach numbers for the K-H and SI waves are useful
for two reasons. First, by using Mac they can be directly connected
to empirical definitions of convective Mach number. Second, they
invert the ca∕cj relationship employed in Oertel’s works and by

Tam and Hu [19], resulting in the ratio cj∕ca as the parameter that

describes the role of temperature in determining convective Mach
number. Although rewriting the thresholds for MWR in Eqs. (5) and
(6) in terms of cj∕ca is analytically inelegant, we prefer the use of this
ratio becausewith increasingmilitary jet engine power (like the T-7A
case considered here) and in the transition from jet to rocket noise,
cj∕ca and Mac jointly increase.

It is instructive to observe the predicted Mach wave angle stem-
ming from M 0

c and Mc as a function of Mj for different values of
cj∕ca. Figure 2a shows the Mach wave angle θM (see Fig. 1 for its

definition) forM 0
c (solid lines) andMc (dashed lines) as a function of

Mj over a range of values from 1 to 4, which contains typical fully

expandedMach numbers of tactical jet aircraft and rockets. Different
cases of cj∕ca are shown, including for the T-7A at military (MIL)

and afterburner (AB) engine powers and a typical value for a rocket.
Note first that a nonzero θM 0

c
atMj � 1 shows that K-HMach waves

can exist for highly heated, subsonic jets. Second, as cj∕ca increases,
theMj at whichMc becomes supersonic lessens. Because the theory

of Tam and Hu indicates an eventual merger of the K-H and SI Mach
waves asMj and cj∕ca increase, Fig. 2b shows the difference in the
radiation angles of the two classes ofMachwaves. At AB and rocket-
like sound-speed conditions, the two waves are separated by 10° at
slightly more thanMj � 2:5, with likely significant overlap between
radiation lobes. ByMj � 4, the radiation angle difference is only∼5°
for any heated jet.
Despite the work of Oertel, the impact of the K-H and SI waves on

the radiated far-field acoustics has been left unclear.Many supersonic
jets studied do not reach sufficient velocities and temperatures to have
SI waves present. Furthermore, they may radiate at shallow angles,
where distinguishing them from the “large-scale” noise present for
both subsonic and supersonic jets in that region can be difficult. A
literature search for cases with sufficiently large K-H and SI ampli-
tudes and clear separation has uncovered two illustrative examples,
which have been digitized [25] from plots in their respective papers.
They are shown here to illustrate the differences in K-H and SI
radiation efficiency and angles. First, in Seiner et al.’s [23] classic
study of Mach wave phenomena, they kept their ideally expanded jet
at Mj � 2:0 and increased temperature, i.e., cj∕ca. The far-field
overall sound pressure levels (OASPL) for their highest temperature
condition (cj � 591 m∕s) are shown in Fig. 3a. The graph is anno-

tatedwith the calculated angles for bothK-H and SIMachwaves, and
there are clear maxima around these regions. Evidence of the SI wave
in theOASPL for the lesser temperature jets measured by Seiner et al.
is less clear. The second example, in Fig. 3b, is theMach 3.0 unheated
(cj � 204 m∕s) jet studied by Baars [26] and Baars et al. [27]. In this
case, theOASPL contour plot was digitized to create a surface used to
extract levels along the 100 Dj arc centered at a microphone array

reference point (MARP) located at 17.5Dj downstream of the nozzle

exit. The data again show twomaxima in the vicinity of the twoMach
angles. This assertion is strengthened by examination of a large-
eddy simulation by Pineau and Bogey [28] at the same conditions
of the Baars et al.’s jet. Their Fig. 1 shows Mach waves radiating
around both the angles indicated in Fig. 3b, although a slight peak in
the OASPL pattern around 27° in their Fig. 4 is not as pronounced
as in Fig. 3b. Nonetheless, these two supersonic jet measurement

Fig. 2 a) Predicted radiation angle forM 0
c andMc as a function ofMj.

Different cj∕ca are shown, including those of theT-7Aatmilitary andAB

engine powers and a typical rocket value. b) Difference in M 0
c and Mc

radiation angle.

a)

b)

Fig. 3 Overall sound pressure level (OASPL) as a function of jet angle
for two supersonic jets, annotated with the calculated M 0

c and Mc.
a) Seiner et al.’s Mj � 2:0, cj∕ca � 1:74 jet at a common corrected

distance of 40 Dj [23]. b) Baars et al.’s Mj � 3:0, cj∕ca � 0:594 jet at

100 Dj [26,27].
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examples help to elucidate the overall level directivity patterns

expected from the Oertel [17,18] and Tam and Hu [19] convective

Mach number theory in the regimewhere bothK-H and SIwaves are

present for non-rocket-like conditions.

B. Oertel Convective Mach Number

Oertel’s physics-based investigations spawned related semi-

empirical formulations for the convective Mach number. In studies

of jet noise radiation across different conditions, from laboratory-

scale jets through rockets, Greska [29] and Greska et al. [30] linked

the maximum overall noise radiation to the K-H and SI waves,

Eqs. (8) and (9), by taking their arithmeticmean. This new parameter,

dubbed the “Oertel convective Mach number” MO, in honor of

Oertel, is typically written as

MO � M 0
c �Mc

2
� Uj � �1∕2�cj

cj � ca
(12)

(To clarify any potential for confusion, some authors, e.g., the authors

of Refs. [29–32], have previously called M 0
c in Eq. (8) the Oertel

convective Mach number or the maximum Oertel convective Mach

number.) Aside from being motivated by better data collapse in

Ref. [29], a physical basis for averaging these two Mach numbers

stems from Greska noting that two conditions seemed to occur

concurrently for the jets studied. First, Mach waves are described

as fully developed and readily identified in the jet noise for

M 0
c > 1:25, [13,31], although Kearney-Fischer et al. [12] suggest

that this threshold should be treated as only a rough guide based on

the limited range of jet conditions originally studied [31]. Second, the

normalized shear layer growth becomes constant for Mc > 0:8.
Justification for the use of MO as a physics-based convective Mach

number definition fro rocket-like jet conditions (where M 0
c and Mc

are both well above their onset thresholds; see Fig. 2) has been

provided by Langenais et al. [35], who found that a large-eddy

simulation produced structures that propagated at the average of

Mc and M 0
c). At this jet condition, however, the two Mach wave

angles are only separated by about 8°, suggesting the possibility of

significant overlap in radiation from the K-H and SI waves. None-

theless, this work by Langenais et al. helps to explain the success of

the Oertel convectiveMach number as defined in Eq. (12) in predict-
ing maximum directivity angles from rocket static firing and launch
measurements. James et al. [36], Hart et al. [37], Bassett et al. [38],
and Lubert et al. [10] each showed that MO predicted the far-field
θmax of different rockets within just a couple of degrees.
AlthoughMO works to predict the maximum directivity angle for

rocket-like conditions because of the convergence of M 0
c and Mc

radiation angles (see Fig. 2b), it does not work for all jet conditions.
Greska [29] discussed how neitherM 0

c norMO as defined in Eq. (12)
predicted the measured θmax for the jets studied. He turned to Ffowcs
Williams’s [7] theory of convective amplification to propose a modi-
fication to MO, which we refer to as MOα. This modified Oertel
convective Mach number is expressed as

MOα � MO�1� α2 − �αϵ�2� (13)

where α is the ratio of the turbulent time to longitudinal scales,
defined by Greska after investigation of his data as

α � −0:4Mj � 1:1 (14)

and ϵ is the ratio of the turbulent longitudinal to lateral scales,
assumed by Greska as fixed at ϵ � 0:33. Note that α becomes
negative for Mj > 2:75 in Eq. (14), meaning that this expression

cannot be physical for rockets, despite the fact that Eq. (13) only

involves the use of α2. Thus, this convective amplification-modified
form ofMO at present is an empirical correction derived from a range
of laboratory jet conditions.

C. Empirically Derived Convective Velocity

Stepping aside from the theoretical models used to predict con-
vective velocities, many jet aeroacoustics studies have used an
empirical definition for the convective Mach number based on Uc

being some fraction of the fully expanded centerline velocityUj. This

ratio, defined here as κ � Uc∕Uj, results in the following definition

of convective Mach number:

Mκ �
Uc

ca
� κUj

ca
� κMac (15)

Determining κ has been the goal of some studies, while others have
assumed a value for κ in modeling and related work without explicit
rationale, other than it falls within a “typical” range. In actuality,
values for κ vary with jet conditions. For example, several studies
have shown a reduction in convective velocity for increased tem-
perature [39–42]. Additionally, for a range of laboratory-scale and
simulated supersonic jets, researchers have suggested κ values asso-
ciated with the peak overall radiation (hereafter explicitly referred to
as κOA) between 0.6 and 0.85 for various jet parameters [23,26,
42–45], while rocket noise research has shown values closer to 0.3
are more appropriate [10,37,38,46]. However, there does not seem to
be an explicit relation for κOA, empirical or otherwise, that spans all
heated supersonic jet conditions and describes the far-fieldmaximum
directivity angle.
Furthermore, κ should vary across frequency [hereafter explicitly

denoting frequency-dependence as κ�f�], given its dependence on
Uj, the slowing of the convectively supersonic jet after the end of

potential core tip, and downstream shift of noise source location with
decreasing frequency. However, there are relatively few studies that
have investigated this phenomenon. Of note are Morris [47], Neilsen
et al. [48], and Baars et al. [49]. Morris and Neilsen et al. both used
similarity-spectrum-educed wavepacket models to obtain wavenum-
ber spectra and determine an effectiveUc.WhileMorris found a 15%
increase in κ�f� with frequency across 0:05 < Sr < 0:4 for a Mach
1.8 jet with a temperature ratio of 1.65 and an average value of
κOA ≈ 0:6, Neilsen et al. found that an unheatedMach 1.8 jet resulted
in a relatively constant κ�f� ≈ 0:8 from 0:2 < Sr < 2, but only after a
frequency-dependent source origin was considered. Baars et al. [49]
also considered a frequency-dependent source origin in their study of
a Mach 1.55 jet with a temperature ratio of 3.47, and they found that

Fig. 4 a)Tied-downT-7A facing the jet blast deflector,withmicrophone
stands in the foreground. b) Schematic of aircraft and 76 m microphone
array with MARP 4 m downstream of the nozzle.
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κ�f� was greater than 0.65 for Sr>0:2 but then decreased to 0.5 at
Sr ≈ 0:05, with an additional bump in κ�f� at Sr ≈ 0:6. Both a
broadly applicable relationship for κOA and an exploration of its
frequency dependence κ�f� using T-7A data are explored in Sec. IV.

III. T-7A Measurement

A. Measurement Setup

The Boeing/Saab T-7A “Red Hawk” supersonic trainer aircraft is
powered by a single F404-GE-103 jet engine. The F404 engine has
previously been the subject of noise characterization and reduction
studies [50–57]. As described in Ref. [58], acoustical measurements
were made of a T-7A-installed F404 engine at Holloman Air Force
Base in 2019 at the same run-up pad used previously for F-22
measurements [59]. However, as seen in Fig. 4, the tied-down aircraft
was uniquely oriented with the nose toward the closest jet blast
deflector to have an undeflected jet over a greater distance (∼60 m)
than otherwise possible. The aircraft was then cycled through six
engine powers from idle to AB, with the aircraft held at each con-
dition for 30 s. Jet parameters were obtained at each of these con-
ditions using the Numerical Propulsion System Simulation (NPSS®)
software [60] run for themeasurement ambient conditions.While the
uncertainty between actual measured exhaust conditions and those
estimated via NPSS is not presently able to be evaluated, the code
was run in excess of 100 times for each engine condition, and the
standard deviation for the parameters was less than 2% for all engine
conditions. This paper includes analyses of the four highest engine
powers measured: 38% thrust, 55% thrust, military power (MIL),
and AB. (Note that the 38 and 55% thrust conditions are the same
as slightly different values reported by Christian et al. [61].) For
38% thrust,Mj < 1, whereas it is supersonic for the other conditions.

Although the run-up cycle was completed six times, the far-field data
for the first two run-ups varied because of a predawn temperature
inversion [62]. Consequently, the levels and spectra for the last four
run-ups, obtained fromHann-windowed 1 s blockswith 50%overlap
over the 30 s recording, are averaged and used in this study.
As described in Refs. [50,58], the measurement consisted of over

200 microphones arranged in both the geometric near and far fields.
This paper focuses on just the far-field arc at 76 m (250 ft), which
had 22¼′′GRAS 46BDmicrophones sampled at 96 kHz using 24-bit
NI® PXI-4496 data acquisition cards. Per the relevant ANSI standard
[63], microphones were placed relative to the MARP, located 4 m
(13 ft) downstream of the nozzle or approximately 7–8 nozzle
diameters. Although inlet angles are typically used with full-scale
jet noise studies, this paper uses jet or laboratory angles because
of their natural tie to Mach waves and easy comparison against
laboratory-scale and rocket data. As seen in Fig. 4, the 76-m-arc
microphones were located from 20 to 150° in 5° increments from 20
to 70° and from 120 to 150°, and a 10° resolution elsewhere; the

uncertainty in microphone placement is�0:25°. A loose cable con-
nection resulted in unusable data at 50°; they are excluded from
analysis.
The 76 m microphones were located at a height of 1.5 �0:03 m

(5 ft �1 in.) above the ground, resulting in multipath interference
effects in the measured spectra. Christian et al. [64] have discussed
these effects’ reasonable removal through a ground reflection model
[65] that accounts for source and receiver geometry, source extent and
correlation, a finite-impedance ground, and a turbulent atmosphere.
In addition to the analysis here, this model was also used recently in
an F404 sound power and acoustic efficiency investigation [61].

B. Directivity Results

Figure 5 shows the average OASPL directivity curves generated
from the T-7A data at the four engine conditions considered. The
markers represent the levels measured by the mics, while the lines
connecting them are interpolated using a shape-preserving piecewise
cubic interpolation method. Shaded regions around each curve indi-
cate the maximum and minimum OASPL values among each of the
four run-ups. There is little variation around in the primary radiation
direction, with less than a 0.5 dB difference from the mean. Both the
forward and shallow angles exhibit broader ranges but are not the focus
of this study. Note that the maximum radiation angle increases from
∼30 to ∼60° as the engine power increases from 38% to AB, with a
radiation lobe widening that is usually attributed to increased temper-
ature. Thewidth of the 3-dB-down (full-width–half-maximum) lobe at
AB is∼35°, similar to that seen for an afterburning F-35 [66] and for a
launched Falcon 9 [46]. Also of note is the saturation in mean sound
levels from 20 to 35° in the transition from MIL to AB. A similar
phenomenon occurredwith the F-35 over the same angular range (inlet
angles of 145–160°) [66], suggesting that different sourcemechanisms
are controlling the radiation for high-power tactical jet aircraft in the far
aft region than themaximumMWR-controlled region that continues to
shift to greater jet angles and amplitudes as jet velocity and temperature
increase.
In Fig. 6, theMIL andABOASPL directivity curves from Fig. 5 are

repeated and shown along with several one-third octave (OTO) band
directivity patterns scaled in terms of Strouhal number,Sr � fDj∕Uj.
At the lowest frequency, Sr � 0:01, the radiation peaks for both MIL
and AB appear at about 30°, with the peak for AB being slightly
forward. At Sr � 0:06, the relative radiation at AB is 3–4 dB greater
than at MIL, with the angle shifting forward by about ∼7°. At
Sr ≈ 0:25, the peak noise level is approximately the same at around
120 dB re 20 μPa at 76m, but has shifted from 55 to 65° in going from
MIL to AB. This shift appears to be responsible for the flatter OASPL
directivity for AB, with radiation at angles greater than 60°. For both
engine conditions, higher frequencies (Sr ≈ 5 and 10) continue to
radiate in approximately the same direction (55–60° for MIL and

150°

140°

130°

120°
110°

100°  90°  80°
 70°

 60°

 50°

 40°

 30°

 20°

90
100

110
120

130 dB

38% Thrust 55% Thrust MIL AB

Fig. 5 T-7A OASPL directivity curves at the 76 m arc for the four highest engine conditions measured.
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∼65° for AB) with progressively narrower lobes. A similar phenome-

non was seen for the F-35 at MIL and AB (see Fig. 14 in Ref. [66]),

with the directivity angles for the highest frequencies shownmatching

the T-7A quite well. This consistency in radiation lobe maximum

direction and progressive narrowing with increasing frequency may

be the unidirectionality ofMWRupstream of the potential core tip,Lc

[67], or perhaps it could be the result of nonlinear acoustic propagation,

which is most concentrated around the maximum OASPL angles. A

similar narrowingwas seen in rocket booster directivitymeasurements

[68]. In any event, however, the angle shift forward over a frequency

range implies that κ in Eq. (15) changes as a function of frequency.

C. Aeroacoustic Source Location

The third T-7A measurement and analysis result that is important

to the subsequent convective Mach number analysis is a description

of the dominant aeroacoustic source region as a function of fre-

quency. Figure 7 shows a spatiospectral map for normalized sound

pressure level along the T-7A nozzle lipline at AB, generated using a

near-field acoustical holography-based reconstruction [69]. This

reconstruction describes the apparent aeroacoustic source region as

a function of Sr and scaled downstream distance, x∕Dj. Also shown
on the map are lines corresponding to the approximate potential
(Lc ∼ 7:2Dj) and supersonic (Ls ∼ 12:7Dj) core lengths (see Fig. 1),

as obtained from a large-eddy simulation of a highly heated super-
sonic jetwith conditions similar toAB [11] and justified in a literature
review byMathews et al. [70]. Tracing the source maximum location
as a function of Sr (black line in Fig. 7) and determining its intercept
with Lc and Ls results in estimates for the peak frequencies originat-
ing from these two locations. AtLc, the peak Sr appears to be∼0:22;
atLs, the peakSr is∼0:06. In the subsequent analysis examining κ�f�
in Sec. IV.B, this discussion of the results in Fig. 7 is essential to its
interpretation.

IV. Convective Mach Number Analysis

This section contains various convective Mach number analyses
using the T-7Ameasurement and holography-derived data discussed
in Sec. III. Section IV.A contains analyses of the overall directivity,
whereas Sec. IV.B describes a frequency-dependent κ�f�. Finally,
Sec. IV.C returns to the concept of κ for overall directivity but
connects it to the jet condition and to Oertel’s work. The analysis
yields a new definition of convectiveMach number that only requires
knowledge ofUj and ca and appears to predict θmax with reasonable

fidelity from laboratory-scale supersonic jets through rockets.

A. T-7A Convective Mach Number Calculations

Table 1 lists scaled engine parameters obtained for different def-
initions of the convective Mach number using the T-7A data at
different engine powers. The convectively supersonicMach numbers
are then used to predict a peak radiation angle using Eq. (1). These
predicted angles, given in parentheses next to their accompanying
convectiveMach number, may be compared against θmax. To obtain a
more precise angle estimate than the 5° maximum measured reso-
lution, a cubic polynomial was fit to the top 3 dB of each OASPL
directivity function. Table 1 also shows the values for κOA calculated
from the measured θmax using the relation

κOA � ca
Uj cos�θmax�

(16)

One of the most significant findings from Table 1 is that, whileM 0
c

matches θmax for all four engine conditions to within 5° (2° for non-
afterburning conditions),Mc is subsonic until AB, where it reaches a
value of Mc � 1:01. This indicates that the noise radiation for all
supersonic engine conditions is dominated by K-HMWR and the SI
waves do not factor in—a perhaps surprising conclusion of this paper.

150°

130°

110°
 90°

 70°

 50°

 30°

MIL

0.01
0.06
0.24

4.75
9.49
Overall

Strouhal Number

150°

130°

110°
 90°

 70°

 50°

 30°

AB

0.01
0.06
0.25

5.05
10.1
Overall

Strouhal Number

a)

b)

Fig. 6 T-7A overall (OASPL) and one-third octave band directivity curves at the 76 m arc for a) MIL and b) AB.

Fig. 7 Spatiospectral map from an apparent source near-field acous-
tical holography field reconstruction [69]. The black line shows the

maximum level at eachSr and the dashed lines showwhere themaximum
Sr intercepts Lc and Ls, the potential and supersonic core length,
respectively.

1398 GEE, OLAVESON, AND MATHEWS

D
ow

nl
oa

de
d 

by
 B

ri
gh

am
 Y

ou
ng

 U
ni

ve
rs

ity
 o

n 
M

ay
 1

6,
 2

02
5 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
06

42
08

 



Examining the details more closely, M 0
c is supersonic for all four

engine conditions, even though the engine exhaust is subsonic at 38%
thrust. This may be evidence of MWR from a heated subsonic jet.
However, θmax � 28° is similar to the ∼30° maximum radiation
angle typically seen for heated, subsonic jets, and it is below the
M 0

c � 1:25 suggested threshold. Furthermore, Christian et al. [61]
found that the sound power radiation transition between 17 and 38%

thrust for the F404 engine closely approximates the subsonic U8
j

law [71]. Thus, the actual role of MWR is unclear for 38% thrust.
Between 38 and 55% thrust, however,Mj exceeds 1, there is a jump in

acoustic efficiency [61], and theM 0
c � 1:25 threshold is reached. The

practical consequence of these changes is that θmax increases to 39°
(M 0

c prediction is 37°), and the radiation lobe widens such that there
is nearly uniform OASPL between 30 and 50°. ForMIL, θmax moves
to 49° as the lobe width continues to widen and M 0

c again closely
predicts this angle.
For AB, the 5° disagreement between θmax and the M 0

c angle, if
considered meaningful given the near-perfect lobe flatness, appears
to be caused by an enhancement in radiation around 65° (115° inlet
angle) that continues to flatten theOASPL lobe and pushes the T-7A’s
overall directivity lobe forward. An examination of Fig. 6 shows that
the peak directivity angle is 65° for frequency around Sr � 0:25 and
higher. Figure 7 and additional holography on an AB-like large-eddy
simulation [72] indicate that, for Sr > 0:25, the noise at AB origi-
nates at or upstream of Lc. MWR in the 60–70° range has been
studied for the T-7A [73,74] and for the F-35 [67,75]. The radiation
at these angles, which is linked to spatiospectral lobes present in
the noise field [73–75], appears to originate from turbulent structures
with convective Mach numbers greater than M 0

c. Given that shock
cells result in local plume velocities that exceed Uj (e.g., see

Refs. [35,72] for simulation examples), convective velocities that
appear greater than those allowed by K-H waves based on Uj may

strengthen prior assertions [76,77] that shock cells are directly con-
nected to the presence of spatiospectral lobes. Conversely, there is
no possibility that the spatiospectral lobes, which exist at multiple
engine conditions, are simply manifestations of Oertel’s multiple
classes of Mach waves because SI waves do not radiate for the T-
7A at non-afterburning conditions. Furthermore, at AB,Mc is so low
that it would not contribute meaningfully to the observed OASPL
radiation lobe.
Referring to Greska’s Mach number definitions, the reason for the

failure ofMO to predict radiation angle for T-7A conditions in Table 1
is made clear, as the SI is nonexistent or unimportant to the radiation.
However, an examination of MOα [29] reveals that the convective
amplification term and data-derived definition of α in Eq. (14) seem
to function acceptably well to correctMO for the higher T-7A engine
powers. However, Greska’s motivation for pursuing the development
ofMOα does not hold in the case of the T-7A data, whereasM 0

c did not
adequately predict θmax for the jets he studied and MOα performed
better, neither is the case for the T-7A data; the K-H wave-based
definition of convective Mach number provides as good or better
agreement with the observed far-field θmax.
Figure 8 contextualizes the T-7A convective Mach numbers and

directivity angles in Table 1 relative to the Oertel Mach waves and
other supersonic jets. The plot shows the Mj thresholds for the
existence of the three classes of Mach waves from Eqs. (5–7),
expressed as a function of cj∕ca. The T-7A data are shown as

triangles, with AB just barely exceeding the threshold for the exist-
ence ofw 0 waves. For the sake of comparison, the jets of Seiner et al.
[23] and Baars et al. [26,27] discussed in conjunction with Fig. 3 are

also shown. They are sufficiently removed from thew threshold that

their SIwave radiation begins to appear in the vicinity of the principal

radiation lobe. Shown also are three rocket data points, correspond-

ing to Refs. [13,37,38], to demonstrate how far removed they are

from the K-H and SI wave boundaries. The locations of the rocket

data points relative to the w and w 0 thresholds also mean that their

lobes have significant overlap and the use of MO to predict θmax is

appropriate.

As a final note regarding definitions of convective Mach number

and the T-7A data, the far-right column of Table 1 shows the overall

convective velocity fraction, κOA, for all four engine conditions as

calculated from Eq. (16). As expected based on increasing temper-

ature, κOA decreases with engine power. It is interesting that the

values span those seen in the literature, ∼0:6 to 0.8. This helps to

connect the T-7A conditions to prior literature that has either calcu-

lated using different methods for κOA or assumed a value. However, it

is shown in Sec. IV.C that empirical estimates for convection velocity

fraction are no longer necessary, based on a simple relationship that

provides accurate predictions for anOASPL-based θmax over relevant

supersonic jet conditions.

B. Frequency-Dependent Effects

As discussed in Sec. II.C, given the change in jet and convective

velocity with distance downstream, κ is frequency-dependent; for

clarity, we refer to the frequency-dependent parameter as κ�f�. To
improve understanding of this relationship, Fig. 9 shows κ�f� as a
function of Sr for the T-7A at both MIL and AB conditions. These

κ�f� values were obtained by obtaining each OTO directivity pattern

(e.g., see Fig. 6), finding the maximum radiation angle using a cubic

polynomial of the top 3 dB of the curve, and then using Eq. (16). The

same process was completed with narrowband spectra; the only

impact of using OTO spectra is data smoothing; there is no mean-

ingful loss of information, particularly given the 5° measurement

resolution. In Fig. 9, vertical lines represent the frequencies whose

Table 1 Calculated convective Mach number values and their predicted angles from T-7A data
compared against the measured peak radiation angle, relative to an origin 4 m from the nozzle exit

Condition Mj Mac cj∕ca θmax M 0
c�θM 0

c
� Mc�θMc

� MO�θMO
� MOα�θMOα

� κOA

38% 0.94 1.35 1.44 28° 1.14 (29°) 0.55 (—) 0.85 (—) 1.25 (37°) 0.84
55% 1.10 1.62 1.47 39° 1.25 (37°) 0.66 (—) 0.95 (—) 1.32 (41°) 0.79
MIL 1.43 2.27 1.58 49° 1.49 (48°) 0.88 (—) 1.18 (32°) 1.48 (47°) 0.67
AB 1.46 3.30 2.26 59° 1.70 (54°) 1.01 (9°) 1.36 (43°) 1.68 (53°) 0.59

0.5 1 2 3 4
cj / ca

0.5

1

1.5

2

2.5

3

3.5

4

M
j w = ca

w ' = ca T-7A

Rockets

Seiner

Baars

Fig. 8 Threshold curves for onset ofK-HandSIMachwave radiation at
a given Mj as a function of cj∕ca, along with T-7A engine powers. The

Mj � 2:0 Seiner jet, the Mj � 3:0 Baars jet, and rockets are shown for

the sake of discussion.
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maximum source locations correspond toLc (red dashed line) andLs

(blue dashed line), as obtained through acoustical holography. (An
example for AB was shown previously in Fig. 7.) In Fig. 9a, the
shaded area represents the frequencies for which the maximum angle
is ≤20°, and κ�f� cannot be accurately determined. Because Fig. 9a
represents MIL power and is fairly close to the conditions of Baars
et al. [49], their data are shown over their calculated range of Sr
values. For the data of Baars et al., their values range between 0.5 and
0.77, with the peak around Sr ≈ 0:55 and an apparent convergence at
high frequencies to κ�f� ≈ 0:7. The T-7A extraction data are noisier,
possibly in part from some residual ground-reflection effect that
causes spectral ripples, but range from κ�f� ≈ 0:5 at low frequencies
with a downward slope to a convergence to κ�f� ≈ 0:77 at high
frequencies. For AB in Fig. 9b, the κ�f� values start out lower, near
0.3, at the lowest frequencies, before increasing to a high-frequency
value of κ�f� ≈ 0:75. For both conditions, κ�f� increases rapidly for
frequencies whose locus occurs just upstream of Ls and then
increases (with noise) more slowly for frequencies that originate
upstream of Lc. Conceptually, this behavior for κ�f� fits with the
interpretation of MWR proffered by Vaughn et al. [67] (see their
Fig. 10d) using an event-based beamforming method and Leete et al.
[78] (see their Fig. 6b) using a frequency-averaged coherence analy-
sis. In both cases, unidirectional radiation was observed upstream of
Lc (represented by the high-frequency flattening of κ�f�), a shift to
lesser angles corresponding to convectively supersonic radiationwith
slowing velocities between Lc and Ls (represented by the relatively
sharp transition in κ�f�) and then a termination of the dominant
radiation to shallow angles within a few nozzle diameters beyond
Ls (a transition to low κ�f� values).

C. Physics-Based, Data-Driven Expression for Convective Mach
Number

As discussed in Sec. II.C, a drawback of the empirical definition
Mκ, given in Eq. (15), is the varied values of κOA given by different
authors without clear underlying physical justification, which may
impact conclusions and make comparisons difficult. To summarize,
supersonic laboratory jets and numerical simulations have found
or assumed κOA to be within ∼0:6 and ∼0:85, with some studies
observing a decrease with temperature, but closer to κOA ≈ 0:3 for
rocket conditions. Because velocities and temperatures from rockets
are both significantly greater than those seen in laboratory-scale jets
and tactical engines, whether the variability in κOA is due to the
increase in velocity or temperature is not well understood. However,

investigation [16] into these changes using data from several studies
has revealed that the change in κOA is most strongly correlated with
Mac, less so with temperature ratio, and not hardly at all with Mj.

Consequently, a more detailed investigation into the relationship
between κOA and Mac has been carried out. Using reported θmax

and jet parameters from laboratory jets [12,23,26,29,49,79–81],
numerical simulations [35,42,72],‡ and rockets [13,36,37,46], κOA
has been determined using Eq. (16) as a function of Mac. The T-7A
data have been deliberately excluded from this data compilation to be
able to use them as a κOA�Mac� model validation. In Fig. 10, where
κOA is shown forMac ranging from 1.0 to 11, laboratory-scale jets are
represented as circles, numerical simulations as diamonds, and rocket
data are given as squares.
From these combined data in Fig. 10, representing an extremely

wide range of jet conditions, a relationship between κOA andMac was
sought. Although Ref. [16] used a log-based regression, the linear
decrease roughly formed by the data when plotted on a log-log axis
suggested a power-law regression with the form of

κOA � AMB
ac (17)

Solving for the coefficientsA andB in Eq. (17) using a nonlinear least-
squares regression resulted in A � 0:98�0:05 and B � −0:48�0:06
for the 95% confidence interval and an R2 value of 0.87. The fit and
confidence bounds are the black and gray lines, respectively, in Fig. 10.
Given that A ≈ 1 and B ≈ −0:5, this regression can be written as

κOA ≈
1

Mac

p (18)

The result in Eq. (18) is startling in that κOA is no longer an ad
hoc empirical parameter but rather depends only on the fully expanded
jet velocity and the near-constant ambient sound speed. Substituting
Eq. (18) into Eq. (15) reveals a new data-driven convective Mach
number for supersonic jets ranging from laboratory conditions through
rockets. The resulting Mach number is written as

Mκ ≈ Mac (19)

Again, Eq. (19) indicates that the convective Mach number for a
convectively supersonic jet can bewritten in termsofuj and ca without
the need to rely on an empirical constant, κOA. Assuming that a cal-
culation of θmax within a few degrees is sufficiently accurate, this
expression for supersonic jet convective Mach number represents a
notable contribution of this paper. To determine the expected MWR
angle accuracy anduncertainty, theMκ obtained from the power-law fit
has been converted to maximum angle θMκ

and plotted in Fig. 11. The

curve demonstrates that the 95% confidence angle span is approxi-
mately �5°, comparable to the angular measurement resolution for
most experiments. As an important culminating example that demon-
strates the utility of Eq. (19), the θmax from the T-7Ameasurement (see
Table 1) are plotted against the associatedMac for all four T-7A engine
conditions. There is excellent agreement between the observed θmax

and theory, with a maximum error of 2.1°, which is appreciably better
than the measurement array resolution. Although it is impossible to
state that Eq. (19) for convective Mach number is applicable to all
supersonic jets, the database used to create the model spans a wide
variety of physical and simulated jets and therefore represents a
relatively robust database. Furthermore, its evaluation against the T-
7A engine conditions ranging from intermediate thrust (38%) through
AB represents a critical, successful benchmark case.
The convectiveMach number definition in Eq. (19) is an empirical

data-driven model, but it can be grounded in physics and directly
connected to the Mac-based expression for Oertel’s M 0

c in Eq. (10).

Fig. 9 The κ�f� values as a function of Sr, calculated from frequency-
dependent peakdirectivity angles at a)MILandb)AB.TheMILdata are
compared against similar data from Baars et al. [49].

‡The results in Langenais et al. [35] were computed using a 41.6Dj virtual
arc centered at the nozzle exit. The OASPL data have been transformed by
shifting the arc center to 14 Dj and accounting for spherical spreading about

the shifted origin. This changes their reported peak radiation angle from 40 to
60.3°, consistent with results elsewhere in their paper.
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The first-order Taylor expansion for Eq. (19) aboutMac � 1may be

written as

Mac ≈ 1� 1

2
�Mac − 1� � Mac � 1

2
(20)

In the limit as cj∕ca → 1 (isothermal jets), Eq. (10) is identical to

Eq. (20). Thus, themodel for convectiveMach number in Eq. (19) is a

special case approximation for amore exact expression. But, whereas

Eq. (10) requires knowledge ofUj, cj, and ca, Eq. (19) only requires
knowledge of one jet parameter, Uj. Even in cases where only exit

conditions are known, such as for rockets where sea-level specific

impulse is provided, this simpler expression is likely accurate within

a couple of degrees.
What, then, is the error associated with making an isothermal jet

approximation in using Mk ≈ Mac

p
? The angle difference associ-

ated with Eqs. (10) and (19), ΔθM � jθMκ
− θM 0

c
j, has been calcu-

lated for a wide range ofMac and cj∕ca and a contour map created in

Fig. 12. The T-7A data points are shown as a reference, with a

maximum error between the two Mach number models of ∼2:5°
for AB. Because of the upward slope of the zero-error null withMac,

it turns out that for most practical jets where temperature and velocity

increase jointly, the error associated with neglecting sound speed

differences in usingEq. (19) remains low—within 2°. To demonstrate

this agreement, the Seiner et al. jet [23] and rocket data fromFig. 8 are

included in Fig. 12. The Baars et al. [26,27]Mach 3.0, unheated jet is
also included as a green circle in Fig. 12. Even for this relatively
extreme case, which deviates from the isothermal approximation,
ΔθM ≈ 6°. However, it is worth noting that the difference between
θmax and θMκ

for the Baars et al.’s jet is actually only 4°, as the

measured peak directivity angle falls between θM 0
c
and θMκ

. Overall,

the analysis in Fig. 12 indicates that θmax is mostly determined by jet
velocity and that temperature represents a relatively small correction,
especially for heated jets.

V. Conclusions

Using far-field T-7A noise data at different F404 engine conditions
from 38% thrust through AB, this paper has reviewed and explored
different convective Mach number definitions for supersonic jets.
Based onOertel’s [17,18] three families of instability waves, only the
K-H instability waves affect the T-7A’s peak radiation angle. Super-
sonic instability waves, which travel slower than the K-H waves, are
not present below AB for the T-7A, which explains why Greska’s
“Oertel convective Mach number” [29]—the arithmetic mean of the
K-H and SI convectiveMach numbers—does a poor job of predicting

Fig. 11 Peak radiation angles from the regression in Fig. 10, along with
the observed T-7A θmax for four engine conditions.

Fig. 12 Difference in θM using the M 0
c definition in Eq. (10) and the

����������

Mac
p

approximation in Eq. (19), along with T-7A, Seiner, Baars, and
rocket data from Fig. 8.

Fig. 10 The κOA as a function ofMac. The black dashed line represents the power law fit with the 95% confidence interval bounds in gray.
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radiation angle for jet conditions less than those of rockets. And,
while Greska’s convective amplification-based modification to the
Oertel convectiveMach number performed better in predicting the T-
7A maximum directivity angle for multiple engine conditions, it
performed no better than the K-H convective Mach number. There
is evidence forMachwaves that travel faster than the K-Hwaves; it is
possible that these are caused by velocity fluctuations in the shock
cells, where the local jet velocity can exceed the fully expanded jet
velocity.
Regarding the empirically derived ratio of convective-to-fully

expanded velocities, κ � Uc∕Uj, this analysis has shown that κOA
decreases as the F404 engine power increases until reaching κOA ≈
0:6 for AB. This value, similar to laboratory-scale studies of highly
heated supersonic jets, falls between κ seen for unheated supersonic
jets (∼0:8) and rockets (∼0:3). Curiously, these values approximately
bound the frequency-dependent behavior of κ�f� for AB—reaching
nearly 0.8 at high frequencies and 0.3 at low frequencies, with a
rapid transition occurring at frequencies that are primarily generated
between the potential and supersonic core tips. A similar transition
was seen for κ�f� at military power, which agreed fairly well with a
laboratory-scale analysis [49].
To explore how κOA changes with jet conditions from typical

laboratory-scale conditions through rockets, κ values from several
different studies were compiled and plotted as a function of jet
acousticMach numberMac, resulting in a new, data-driven definition

of convective Mach number, which is simply Mac

p
. The agreement

with four convectively supersonic T-7A engine conditions, which
were not used in the data fitting, is startlingly good, better than the
approximately � 5° 95% confidence interval yielded by the fit.

However, it turns out that the data-derived Mac

p
is not entirely

empirical. A comparison between a first-order Taylor series approxi-

mation for Mac

p
and Oertel’s expression for the K-H Mach waves

shows that they are identical for an isothermal jet. This result helps
establish the importance of jet velocity, relative to temperature, in
determining maximum directivity angle from military-type jets and
rockets.
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