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ABSTRACT:

Atmospheric turbulence causes fluctuations in the angle-of-arrival (AOA) of sound waves. These fluctuations
adversely affect the performance of sensor arrays used for source detection, ranging, and recognition. This article
examines, from a theoretical perspective, the variance of the AOA fluctuations measured with two microphones. The
AOA variance is expressed in terms of the propagation range, transverse distance between two microphones, acoustic
frequency, and effective spectrum of quasi-homogeneous and isotropic turbulence, with parameters dependent upon
the height above the ground. The effective spectrum is modeled with the von Karman and Kolmogorov spectral mod-
els. In the latter case, the results simplify significantly, and the variance depends on the path-averaged effective
structure-function parameter, which characterizes the intensity of temperature and wind velocity fluctuations in the
inertial subrange of turbulence. The standard deviation of the AOA fluctuations is studied numerically for typical
meteorological regimes of the daytime atmospheric boundary layer. For the cases considered, the standard deviation
varies from a fraction of degree to around 1°-2°, and increases with increasing friction velocity and surface heat flux.
Published 2025. This is a work of the U.S. Government and is not subject to copyright protection in the United

States. https://doi.org/10.1121/10.0039516
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I. INTRODUCTION

Sound waves in the atmospheric boundary layer (ABL)
are significantly affected by turbulence. The turbulence
causes variations in the amplitude and phase fluctuations of
acoustic signals, coherence loss, and scattering at large
angles. These phenomena have been studied in the literature,
e.g., Refs. 1-3 and references therein, and are important in
practical applications such as source localization,* auraliza-
tion of flying aircraft,”’ sonic boom propagation,®'° sound
propagation in the near-ground atmosphere,'' and acoustic
remote sensing of the atmosphere with sodars (sonic detec-
tion and ranging).'?

Turbulence also causes random refraction of sound,
which leads to fluctuations in the angle-of-arrival (AOA)
that can be observed on sensor arrays. This phenomenon has
been investigated experimentally.'*™'® The AOA fluctua-
tions impose performance bounds on the acoustic sensor
arrays for source detection, ranging, and recognition,'”"'®

The main goal of the present article is to formulate
the AOA variance of a spherical monochromatic sound wave
in a turbulent atmosphere. The AOA fluctuations depend on
the microphone geometry and signal processing algorithm.
Here, we assume that the phase of an incoming sound wave
is measured with two microphones, i.e., with an acoustic
interferometer. In this case, the AOA variance is proportional
to the structure function of the acoustic phase fluctuations.
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Using this approach, the AOA variance is expressed in
terms of parameters of the problem, such as the propaga-
tion range, distance between two microphones, acoustic
frequency, and effective spectrum of the turbulence, which
is assumed here to be statistically quasi-homogeneous and
isotropic. Then, the AOA variance is specified for the von
Karman and Kolmogorov effective spectra. The latter leads
to a significantly simpler formulation. These new results
and turbulence models in the ABL from Ref. 3 are then
used to study the standard deviation of the AOA fluctua-
tions for typical daytime meteorological regimes of the
ABL.

With this Introduction, the remaining part of the article
is organized as follows. Section II explains the geometry of
the problem and expresses the AOA variance in terms
of the structure function of the phase fluctuations. In
Sec. III, the variance of the AOA fluctuations is formulated
for the von Karman and Kolmogorov effective spectra.
Section IV numerically analyzes the AOA standard devia-
tion for different meteorological conditions in the ABL.
Results are summarized in Sec. V. The Appendix presents
the derivation of the AOA variance of a plane sound wave.

Il. VARIANCE OF THE AOA FLUCTUATIONS
A. Geometry of the problem

Let us consider AOA fluctuations for a plane mono-
chromatic sound wave incident on two microphones at the
points A and B, see Fig. 1. The Cartesian coordinates of

Published 2025. This is a work of the U.S. Government and is not
subject to copyright protection in the United States.
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the microphones are R, and Rg, respectively, and the dis-
tance between them is denoted d = |Rs — Rg|. The solid
lines with arrows (which are parallel) indicate the direction
of sound propagation at the points A and B. Point C is a pro-
jection of point A on one of these lines so that the dashed
line connecting points A and C is perpendicular to the solid
lines with arrows. The angle between the propagation direc-
tion and the dashed line connecting two microphones is
denoted 0.

With this geometry, the difference in the phase ¢ of the
sound wave at the points B and A is given by

¢(Rp) — ¢(RA) = kd cos 6, (1

where k is the sound wavenumber. In the right-hand side of
this equation, dcos( can be recognized as the distance
between points C and B in Fig. 1.

Equation (1) is valid in a non-turbulent atmosphere.
It is also valid approximately in a turbulent atmosphere
if we ignore the phase change due to turbulence along
the path from C to B. In a turbulent atmosphere, the phase
of a sound wave ¢(R) becomes a random field; it can be

written as @(R) = ¢po(R) + ¢ (R), where ¢, is the mean
value of the phase and &5 is the phase fluctuation from that
mean value. Similarly, 0 = 0y + 0, where 0, if the mean

value of the propagation angle and 0 is the AOA fluctuation.
Substituting these results into Eq. (1), assuming that

|0] < 0o, and keeping terms of order ¢ and 0 yields

P (RA) — &S(RB).

f) =
kd sin 0,

2

This formula expresses the AOA fluctuation in terms of
the phase fluctuations in a plane wave at the points A and
B. Equation (2) also describes the AOA fluctuation of a
spherical wave, provided that the distance to the point
source is much larger than d. Indeed, for such geometry,
the angles 0 at the points A and B differ only slightly, and
the wavefront deviates insignificantly from the dashed line
in Fig. 1.

Equation (2) is applicable only to the direct path from
the source to the microphones. In outdoor applications, there
might also be the ground-reflected path. In some cases, the
latter path can be eliminated by beamforming.

Receiver

Receiver

FIG. 1. Geometry of the AOA fluctuations.
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B. AOA variance

The variance of the AOA fluctuations, 7, is obtained
by squaring both sides of Eq. (2) and averaging over an
ensemble of turbulence realizations. The result is

> ~2 D(/,(L,RAfRB)
0-0 —_

= (0 . 3
(o) k2d? sin”0, )

Here, the brackets ( ) denote ensemble averaging and D (L;
Rs —Rg) = ([p(Ra) — ¢(Rp)]?) is the structure function
of phase fluctuations between two observation points. The
first argument L in the structure function is the propagation
range of the sound wave. Equation (3) is known in electro-
magnetic wave propagation, e.g., Refs. 19-21; the deriva-
tion of this equation is presented here for completeness. The
phase structure functions for electromagnetic and acoustic
waves generally differ because the former is affected by sca-
lar random fields (temperature and humidity fluctuations),
while the latter is affected both by scalar and vector random
fields (temperature and wind velocity fluctuations). For
details, see Part II in Ref. 3.

The decorrelation of the phase fluctuations along the
direction of sound propagation is much less than in the
transverse direction.?? Therefore, the phase structure func-
tion calculated at points A and B is approximately equal to
that calculated at points A and C; that is, Dy(L; Ra — Rg)
~ Dy(L;Ra — Rc). The latter structure function is termed
the transverse structure function (points A and C are in
the plane perpendicular to the propagation direction).
Hereinafter, we consider statistically isotropic turbulence,
for which the transverse structure function depends only on
the magnitude of its second argument and can be written as
Dy(L;r), where r =dsin0y = |Rx —Rc| is the distance
between the points A and C. The distance r can also be
termed the transverse distance between the points A and B.
With these results, Eq. (3) takes the form

Dy(L;r) .

2 _
Oy = k22

“
This formula expresses the AOA variance in terms of the
transverse phase structure function. The dependence of o7
on r is determined by the dependence of Dy(L;r) on r.
Equation (4) is valid for both plane and spherical propaga-
tion. The former case corresponds to a point sound source
located significantly above the ABL and is considered in the
Appendix. Spherical propagation is attained when a point
source is located within the ABL. Unless stated otherwise, a
spherical wave is considered in the remaining part of this
article.

The phase structure function can be written as (e.g.,
Refs. 3 and 19)

Dy(L;r) = 2[By(L;0) — Bg(L; r)], )

where Bg(L;r) = (¢(Ra)¢(Rc)) is the correlation function
of the phase fluctuations. For anisotropic turbulence, the

Ostashev etal. 2715
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phase correlation function of a spherical wave is given by
Eq. (7.95) in Ref. 3. For isotropic turbulence, the two-
dimensional integral over the transverse turbulence wave
vector in that equation can be reduced to a one-dimensional
integral. Substituting the result into Eq. (5) yields

ol 00
Dy(Lir) = nzkzLJ dnj Do (1L ) [1 — Jo(nir)]
0 0

)2
X [1 + cos (%)} K dK. (6)

Here, Jj is the Bessel function of the first kind of zero order
and « is the turbulence wavenumber, which is inversely pro-
portional to the scale / of turbulent eddies, i.e., k ~ 1/I. In
Eq. (6), the integral over i corresponds to integration along
the normalized sound propagation path from the point
source to the center between points A and C in Fig. 1.
Furthermore, @ (yL; ) is the effective spectrum of turbu-
lence, which accounts for both temperature and velocity
fluctuations. The effective spectrum is explained in detail
in Refs. 3, 23, and 24 and is specified in Sec. Il A for the
von Karman and Kolmogorov spectral models. The first
argument #L in the effective spectrum indicates that the
parameters of @ (nL; k) can vary gradually along the prop-
agation path; this assumption corresponds to propagation
through statistically quasi-homogeneous turbulence. For sta-
tistically homogeneous turbulence, @ remains constant
along the path and Eq. (6) coincides with Eq. (7.101) in
Ref. 3. Note that Eq. (6) is still valid even if By(L;0) does
not exist because it can be derived without using Eq. (5).’

If kr < 1, the difference 1 — Jo(nxr) in Eq. (6) is small
compared to 1. This means that turbulent eddies with
K < 1/r, or equivalently /> r, do not contribute signifi-
cantly to the phase structure function. Since ®.¢ decreases
rapidly with increasing x [see Egs. (8) and (13)], turbulent
eddies with / < r (or k > 1/r) also do not contribute to
Dgy(L;r). Thus, the phase structure function is mainly
affected by turbulent eddies with scales / ~ r.

Another important consideration is that Eq. (7.95) in
Ref. 3 and Eq. (6) in the present article are derived assuming
that random inhomogeneities with scales / < /, where 4 is
the sound wavelength, do not significantly affect the phase
structure function. This implies that Eq. (6) is valid only if
the transverse distance between two microphones is greater
than the wavelength, i.e., r = /.

Substituting Eq. (6) into Eq. (4) yields

5 7T2L 1 00
7 ="5 | an] " @tatio)in = o)
0 0

2
X {1 + cos <n(1k’1)“‘>} KdK. @)

This formula expresses the AOA variance of a spherical
wave propagating through quasi-homogeneous and isotropic
turbulence in terms of the propagation range (L), transverse
distance between two microphones (r), sound wavenumber
(k), and effective spectrum of turbulence (®.g). Similar to

2716 J. Acoust. Soc. Am. 158 (4), October 2025

the phase structure function, JE) is affected by turbulent
eddies with scales [ ~ r and is valid if r = /.

lll. VARIANCE IN THE ABL

In this section, the AOA variance is calculated for
sound propagation in the ABL when parameters of the effec-
tive spectrum @ depend on the height z above the ground.

A. Effective turbulence spectra
1. von Karman effective spectrum

The von Karman effective spectrum accounts for
temperature and velocity fluctuations in the inertial and
energy-containing subranges of turbulence and has been
used in a number of recent studies.*®*** This spectrum is
given by’

r(11/6)
B2T(1/3)

o7(z)L7(2)
T3 (1 + K2L2(z))
22 o L3 (2)K*

v,570,8

DK (2;0,K) =

11/6

3 (1 +x2L2,(2))7°

2 75 ,2
g O-v.va,bK

3 (1+L2,)

17/6 | ° ®)

where I' is the gamma function, and T ¢y are the mean
temperature and sound speed. Moreover, 07(z), o, and a7,
are the variances of the temperature fluctuations, shear-
produced velocity fluctuations, and buoyancy-produced
velocity fluctuations, respectively, and Ly(z), L,4(z), and
L, are the corresponding outer scales. Some variances and
outer scales depend on z, while others do not. Section 6.2.4
in Ref. 3 expresses these variances and scales in terms of the

meteorological parameters of the ABL,

4.07?
J%(Z) = a3 6573 =3.04%,
(1 - 10z/L,)
oy, = 035wl ©)
1—-7.0z/L,
LT(Z) =20z ﬁoz//Lo, LU7S(Z> =1.8 z,
Ly, =023z 10)

Here, u, is the friction velocity and z; is the ABL height.
In Egs. (9) and (10), L, is the Obukhov length, T, is
the surface-layer temperature scale, and w, is the mixed-
layer velocity scale, which are defined by the following
equations:

L, = _CPQaTxuz R Ou ’
K080n 04 CPU
gzi0u\ "
W, = (—H> . (an
QaCPTs

Ostashev et al.
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In these formulas, cp is the specific heat of air at constant
pressure, g, is the air density, T is the air temperature near
the ground, k, = 0.40 is the von Karman constant, g is the
gravitational acceleration, and Qy is the surface sensible
heat flux.

Equations (9)—(11) express the variances and outer
scales of temperature and velocity fluctuations in the von
Kdrman effective spectrum ®f(z;x) in terms of the
meteorological parameters of the ABL. The dependence of
(I)Zﬁ(z; k) on the height z corresponds to statistical quasi-
homogeneity.

2. Kolmogorov effective spectrum

In practical applications, the transverse distance r
between two microphones is usually on the order of a meter.
On the other hand, the outer scales Ly(z) and L, 4(z) increase
approximately linearly with the height z, while L, does not
depend on z and is greater than 100 m for a typical ABL.
Therefore, in many applications,

r < Lr(z), Lys(z), Lyp. (12)

Here, the first two inequalities are considered for horizontal
sound propagation, when Ly(z) and L,(z) are constant
along the path. For vertical and slanted propagation, z in Eq.
(12) should be replaced with a weighted average height
along the propagation path.

If the inequalities in Eq. (12) are fulfilled, the AOA
variance is affected mainly by eddies in the inertial subrange
of turbulence with scales / < Ly, L, L, . For such eddies,
kLy > 1, kL,; > 1, and kL, > 1 in the von Karman
effective spectrum given by Eq. (8). In this case, the von
Kéarman spectrum simplifies significantly and reduces to the
Kolmogorov spectrum,z”25

DKy (z3 k) = OC ()13 (13)

Here, O = 5/[187I(1/3)] & 0.0330 is a numerical coeffi-
cient and C%; is the effective structure-function parameter,

C <z>:C%(z> 22C;,(2) | 22C3,
off T? 3 ¢ 3

(14)

In this formula, C7, C; , and C}, are the structure-function
parameters of the temperature fluctuations, shear-produced
velocity fluctuations, and buoyancy-produced velocity
fluctuations, which characterize the intensity of the corre-
sponding fluctuations in the inertial subrange. They are
given by

3I(5/6) o7(2) 31(5/6) 07,

Ci(z) =—L~ , Civz:— —,

=" L) D= Li3(z)
3T(5/6) 72,

Cl, =—t—r 22, (15)
v, 2/3
VoL

Replacing the variances and outer scales in these formulas
with Egs. (9) and (10) yields

o) = 2.5AT? .
281 + (1 = 7.0z/L,)*

2.0 Au? 213
2y =20 934 (82T (16
w T s T 0.0rT,

where A =3I'(5/6)/v/T~ 1.9 is a numerical coefficient.
Equation (16) determines C7, C7, and C, in terms of
meteorological parameters of the ABL. It follows from this
equation that C3 and C?  decrease with increasing height z,

while C% , Temains constant.

B. AOA variance
1. Von Karman effective spectrum

Substituting Eq. (8) into Eq. (7) yields the AOA vari-
ance of a spherical wave for the von Karman effective
spectrum

,  /7C(11/6)L Jl in r

TR ),

x [1 = Jo(nier)] [1 + cos <w)] e di.

o2(2)L3.(2) 22 a; Ly (2)K? +@ ap L3 i
-\ 11/6 ~\\17/6 6
o [T2(14222(2))"° 3 1+ w22, (2)" 362(1+K2L3},) /
17
. (17)
Z(nL) = h. (18)

Here, the function Z = Z(L) in the arguments of the var-
iances and outer scales of temperature and velocity fluctua-
tions returns the height above the ground along the
propagation path. This function depends on the geometry
of sound propagation. For horizontal propagation at the
height A,

J. Acoust. Soc. Am. 158 (4), October 2025

For sound propagation from an elevated source to the micro-
phones on the ground,

Z(nL) = (1 —n)hs. (19)

Ostashev etal. 2717
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In this formula, #; = L cos « is the source height, where  is
the angle between the propagation path and vertical. The
case o = 0 corresponds to vertical propagation. Finally, for
sound propagation from a ground-based source to the ele-
vated microphones

Z(nL) = nh, (20)
where A, = L cos « is the microphones’ height.

2. Kolmogorov effective spectrum

Substituting Eq. (13) into Eq. (7) and setting
Kk =¢&/(nr), where £ is a new non-dimensional integration
variable, we obtain the AOA variance of a spherical wave
for the Kolmogorov spectral model,

7T2QL 1 5 00 3
s =8| ann k) [ 1 - ey

x [14cos((1/n — 1)&u)] &35 ac. 1)

Here, 7 = Z(y7L) is the same function as in Eq. (17) and p is
the parameter given by

L

o 22)

M:

The square root ,/u can be recognized as the ratio between
the first Fresnel zone y/L/k and the transverse distance r.
Therefore, the parameter u in Eq. (21) characterizes the dif-
fraction regime of the considered problem. There are two
limiting diffraction regimes. The first is geometrical acous-
tics (weak diffraction), which is attained when the diffrac-
tion parameter u < n/2. In this case, the argument of the
cosine function in Eq. (21) is small compared to /2, and
this function can be set to 1. The other limiting case is
Fraunhofer (strong) diffraction when > m/2, the cosine
function oscillates rapidly, and does not contribute to aﬁ.
In both limiting diffraction regimes, the two-dimensional
integral in Eq. (21) becomes a product of one-dimensional
integrals over # and . The former integral yields the path-
averaged effective structure-function parameter,

~2

8 (! .
Cepr = gjo C2(Z(nL)) dn. (23)

In this formula, the coefficient 8/3 is introduced as a
normalization factor and 5> in the integrand is a weight
function along the propagation path. The integral over &
can be calculated analytically using Eq. (10) on page 407 in
Ref. 19, with the result

00 B -8/3 _M
L [1—Jo(&))¢ d5_25/35F(11/6)' -

With these transformations, Eq. (21) reads

=2
2 _ BByCexL

o e 25)
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Here, B = 3/nl'(1/6)/(2°5I°(2/3)) ~ 0.137 is a numerical
coefficient, f, =2 in geometrical acoustics, and fi; =1 in
Fraunhofer diffraction. Equation (25) provides a remarkably
simple formula for the AOA variance, which depends on the
propagation range (L), the transverse distance between two
microphones (7), and the turbulence intensity in the inertial sub-
range (C sz). In geometrical acoustics, the dependence of 05 on
L and r was also predicted in Ref. 26, see Sec. 11 in Ref. 27.
For horizontal sound propagation, C2(h) remains con-
stant along the path. In this case, it follows from Eq. (23)
that C fo = C%;(h). Furthermore, Eq. (21) can be written as

o2 — Bp(u)Ce(h)L

; AR (26)
where f is a function of u given by
2 1 00
B =" | | 11 - ()
0 0
x [14cos((1/n—1)&p)]& ™ e, @7)

It can be shown that =2 if uy< /2 and =1 if
u > n/2. Therefore, in these limiting cases, Eq. (27) is con-
sistent with Eq. (25).

Note that in the limiting cases of geometrical acoustics
and Fraunhofer diffraction, the cosine function in Eq. (17)
for the von Karman spectrum can also be set to 1 and 0,
respectively. However, unlike the Kolmogorov spectrum,
the two-dimensional integral over n and x in Eq. (17) does
not become a product of one-dimensional integrals.

IV. NUMERICAL RESULTS
In this section, the standard deviation of the AOA fluctu-

ations g = /07 is studied numerically for horizontal sound

propagation at the height # above the ground. It is assumed
that the transverse distance between two microphones is
r = 1m, the acoustic frequency is f = kco/(2n) = 1 kHz,
the air temperature is Ty = T, = 20 °C, and the ABL height
isz; = 1 km.

The solid and dashed black lines in Fig. 2 depict the AOA
standard deviation gy for the von Karman and Kolmogorov
effective spectra versus the propagation range L. The results
are obtained with Egs. (17) and (26) and correspond to the
sound propagation height # = 20 m, u, = 0.6 m/s (which is
representative of strong wind), and Qy = 400 W/m?> (sunny
conditions). These parameters enable us to calculate the var-
iances and outer scales of temperature and wind velocity fluc-
tuations in the von Karman effective spectrum and the
effective structure-function parameter in the Kolmogorov
spectrum. In Fig. 2, the maximum values of gy are 2.1° for the
von Karman spectrum and 2.4° for the Kolmogorov spectrum.
At the range of 500 m, these values correspond to an apparent
source displacement of 18.3 and 20.9 m, respectively.

The blue and red dash-dotted lines in Fig. 2 depict the
dependence of gy on L attained for the Kolmogorov spec-
trum in geometrical acoustics and Fraunhofer diffraction,

Ostashev et al.
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AOA std, von Karman
= = = AOA std, Kolmogorov
———— Geometrical acoustics
——— Fraunhofer diffraction

AOA standard deviation (deg)
3

107 10° 10" 102
Range (m)

FIG. 2. Standard deviation of the AOA fluctuations versus range for
u. = 0.6 m/s, Qy = 400 W/mz, and horizontal sound propagation at the
height 7 =20 m. The solid and dashed black lines correspond to the von
Kéarman and Kolmogorov effective spectra, respectively. The blue and red
dash-dotted lines respectively correspond to geometrical acoustics and
Fraunhofer diffraction.

when f(u) in Eq. (26) equals 2 and 1, respectively. For the
considered parameters of the calculations, the diffraction
parameter u varies between 0.0055 (for L = 0.1 m) and 27.3
(for L = 500 m). As a result, for relatively small propaga-
tion ranges, gy for the Kolmogorov spectrum is close to that
in geometrical acoustics. For large propagation ranges, oy
starts to deviate from the geometrical acoustics results and
gradually approaches the Fraunhofer diffraction limit.

It follows from Fig. 2 that the dashed black line is
between the blue and red dash-dotted lines. Therefore, in
some cases, gy for the Kolmogorov spectrum can be approxi-
mated as the mean of the AOA standard deviations in geomet-
rical acoustics and Fraunhofer diffraction, which is given by

1+ V2 [BCH (L]

5 /6 (28)

09
The maximum relative difference between oy given by Eq.
(28) and that for the Kolmogorov spectrum is 17%. With this
accuracy, gy for the Kolmogorov spectrum [Eq. (28)]
depends on the propagation range and transverse microphone
separation as L'/? /r'/® and does not depend on frequency.

The AOA standard deviation oy for the von Karman
spectrum in Fig. 2 is close to that for the Kolmogorov spec-
trum and is also between the blue and red dash-dotted lines.
The maximum relative difference between gy for two spec-
tra is 18%. This relatively small difference is due to the fact
that, in the considered case, the transverse distance between
two microphones r = 1 m is much smaller than the outer
scales Ly = 30.4 m, L,y = 36 m, and L, ), = 230 m of tem-
perature and velocity fluctuations so that the inequalities in
Eq. (12) are fulfilled.

Figure 3 depicts the AOA standard deviation versus the
surface heat flux Qy for three values of the friction velocity cor-
responding to light (1, = 0.1 m/s), moderate (u, = 0.3 m/s),
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FIG. 3. Standard deviation of the AOA fluctuations versus the surface heat
flux for three values of the friction velocity. The solid and dashed lines corre-
spond to the von Karmén and Kolmogorov effective spectra, respectively.

and strong (u, = 0.6 m/s) wind conditions. The limiting val-
ues of Qy (i.e., Oy = 1 W/m? and Qy = 400 W/m?) are rep-
resentative of cloudy and sunny conditions. In Fig. 3, the
height above the ground # = 20 m is the same as in Fig. 2,
while the propagation range is L = 200 m. The solid and
dashed lines correspond to the results obtained with the von
Karman and Kolmogorov effective spectra, respectively.

It follows from Fig. 3 that ¢y increases with increasing
heat flux and friction velocity. The maximum values of the
AOA standard deviations are 1.4° for the von Karman spec-
trum and 1.6° for the Kolmogorov spectrum. The results for
these spectra are close to each other; the maximum relative dif-
ference is 16% for u, = 0.1 m/s and 19% for u, = 0.3 m/s
and u, = 0.6 m/s. These small differences can again be
explained by the fact that the inequalities in Eq. (12) are ful-
filled: for the parameters pertinent to Fig. 3, Ly varies between
28.0m and 39.9m, while L, ; and L, ;, are the same as in Fig. 2.

Let 691, 06,05, and g, be the AOA standard deviations
due to the temperature fluctuations, shear-produced velocity
fluctuations, and buoyancy-produced velocity fluctuations,
respectively. For the von Karman spectrum, oqr is deter-
mined by setting 6515 =S J%_b =0 in Eq. (17); the standard
deviations oy, and oy, are determined similarly. Figure 4
depicts 091, 095, and gy, versus the surface heat flux Oy
for moderate wind conditions (#, = 0.3 m/s) and the same &
and L as in Fig. 3. It follows from the figure that ¢y r and
09, increase with increasing Qy, while oy, remains con-
stant. The standard deviation ¢y 7 is smaller than oy, and
a9 for all Qy. For Qy > 120 W/m?, G0uh > 00, While
the opposite inequality is valid if Qy < 120 W/m?® The
standard deviations oy, 09,4, and og,, were also analyzed
for low and strong wind conditions. For u, = 0.1 m/s,
Gouh > Oops If O > 4 W/m?. For u, = 0.6 m/s, Oops 18
always larger than g4 ,,. In both wind conditions, g7 is
smaller than ¢, and/or gy .

Note that if some of the inequalities in Eq. (12) are not
fulfilled, the AOA variance for the Kolmogorov spectrum
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FIG. 4. Standard deviations due to the temperature fluctuations, shear—pro-
duced velocity fluctuations, and buoyancy-produced velocity fluctuations
versus the surface heat flux for moderate wind conditions.

can deviate noticeably from that for the von Karman spec-
trum. As an example, let us consider the same parameters of
the problem as in Fig. 2 except for the height of sound prop-
agation, which is 2 = 2 m. In this case, gy versus the propa-
gation range is depicted in Fig. 5. It follows from the figure
that gy for the von Karman spectrum is noticeably smaller
than that for the Kolmogorov spectrum, with the maximum
relative difference of 58%. This relatively large difference is
due to the fact that for # = 2 m, the outer scales Ly = 3.7 m
and L, = 3.6 m are comparable to the transverse distance
between two microphones » =1 m so that the first two
inequalities in Eq. (12) are not fulfilled.

V. CONCLUSIONS

This article presented a theoretical analysis of the vari-
ance of the AOA fluctuations of a spherical sound wave in a
turbulent atmosphere.

Y

o
=]
T

AOA std, von Karman
= = = AOA std, Kolmogorov
———— Geometrical acoustics
—————- Fraunhofer diffraction

AOA standard deviation (deg)

107 10° 10' 102
Range (m)

FIG. 5. Same as in Fig. 2 but for horizontal propagation at the height # = 2 m.
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Equation (7) expressed the AOA variance in terms of
the propagation range, transverse distance between two
microphones, acoustic frequency, and the effective spec-
trum of statistically quasi-homogeneous and isotropic tur-
bulence whose parameters can vary along the propagation
path. Then, the results were specified for sound propagation
in the ABL, where the effective spectrum was modeled
with the von Karman and Kolmogorov spectral models. It
was argued that the latter spectrum can be used if the trans-
verse distance between two microphones is much smaller
than the outer scales of temperature and velocity fluctua-
tions. The AOA variances for the von Karman and
Kolmogorov effective spectra given by Eqgs. (17) and (21),
respectively, are valid for vertical, slanted, or horizontal
propagation. For the Kolmogorov spectrum, the variance is
proportional to the path-averaged effective structure-
function parameter, which characterizes the intensity of
temperature and wind velocity fluctuations in the inertial
subrange. Equations (25) and (26) provide remarkably sim-
ple expressions for the AOA variance in the limiting cases
of weak/strong diffraction or statistically homogeneous tur-
bulence and elucidate the dependence of the variance on
parameters of the problem.

The standard deviation of the AOA fluctuations was
analyzed numerically for various meteorological regimes of
the ABL. It was shown that the standard deviation increases
with increasing propagation range, surface heat flux, and
friction velocity and varies in the range from a fraction of a
degree to 1°-2°. The numerical results substantiated that the
AOA standard deviations for the von Karman and
Kolmogorov spectra are close to each other, provided that
the transverse distance between the microphones is much
smaller than the outer scales of temperature and velocity
fluctuations. With the accuracy of about 17%, the AOA
standard deviation for the Kolmogorov spectrum depends on
the propagation range L and transverse distance r between
two microphones as L'/?/r!/¢ and is frequency independent.

The theoretical predictions for the AOA variance
were not compared with experimental data reported in
Refs. 13, 14, and 16 because the meteorological parameters
necessary for such a comparison were not reported in these
works. In Ref. 15, the AOA fluctuations were measured with
an acoustic vector sensor, which is essentially a point sen-
sor. The theory developed in the present article does not
apply to such sensors.

The obtained results correspond to the phase fluctua-
tions measured with two microphones. Many other acoustic
sensor arrays also rely on the phase measurements of an
incoming signal at different microphones. Therefore, the
results of this article can provide, at least qualitatively, the
dependence of the AOA variance, when measured with
other sensor arrays, on parameters such as the propagation
range, frequency, and turbulence intensity. For arrays with
more than two sensors, the aperture across the entire array
should be used instead of the transverse distance r between
two microphones.
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APPENDIX: AOA VARIANCE OF A PLANE WAVE

This Appendix presents the derivation of the AOA vari-
ance of a plane sound wave.

The phase correlation function of a plane sound wave
propagating through statistically quasi-homogeneous and
anisotropic turbulence is given by Eq. (7.77) in Ref. 3. This
equation is substituted into Eq. (5) and, for isotropic turbu-
lence, the two-dimensional integral over the transverse tur-
bulence wave vector is reduced to a one-dimensional
integral. The result is

Dy(L;r) = BK°L JO dn Eo Derr(nL; 1) [1 — Jo(xr)]

_ 2
X [1 —I—COS(W)]KC[K. (A1)

This formula provides the phase structure function of a
plane sound wave in quasi-homogeneous and isotropic tur-
bulence. Equation (A1) coincides with Eq. (6) for Dg(L;r)
of a spherical wave if, in the latter equation, the arguments
of the Bessel and cosine functions are divided by 7.

Substituting Eq. (A1) into Eq. (4) yields the AOA vari-
ance for a plane wave,

ZL 1 00
o) = nrz Jo dn Jo Dcrr(nL; ©)[1 — Jo ()]
)2
X {1 + cos (UZ)KLH KdK. (A2)

The AOA variances for von Karméan and Kolmogorov effec-
tive spectra are obtained by replacing @ in this equation
with Egs. (8) and (13), respectively.

In the remainder of this Appendix, results pertinent to the
Kolmogorov spectrum are derived. For this spectrum, intro-
ducing a new non-dimensional integration variable ¢ = kr in
Eq. (A2), we obtain the AOA variance of a plane sound wave,

2 18 1 00
=0 | ancieonn | 1=
x [14cos((1 —n)é*u)] 43 ae. (A3)
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This equation coincides with Eq. (21) for o3 of a spherical
wave if, in the latter equation, the weight function #°/3
is set to 1 and the argument of the cosine function is multi-
plied by 7.

Similar to spherical wave propagation, geometrical
acoustics is attained for 4 < /2, when the cosine function in
Eq. (A3) can be set to 1. In Fraunhofer diffraction, y > /2 so
that the cosine function can be approximated with 0. In these
limiting cases, Eq. (A3) simplifies to

2
8BfC L .

37 (a4)

2 _
0-9_

Here, the path-averaged effective structure-function parame-
ter is given by

~2

1
= JO 2 G 0nL)) di. (AS)

Equation (A4) is similar to Eq. (25) for 0(2) of a spherical
sound wave except for two differences. First, C; given by
Eq. (AS) does not have a weight function, while in Eq. (23)
for a spherical wave, the weight function is #°/3. Second,
Eq. (A4) contains the additional factor 8/3 that is absent in
Eq. (25) for a spherical wave. Due to this factor, the AOA
variance for a plane wave is 8/3 times larger than that for a
spherical wave in statistically homogeneous turbulence
gt 5

when C; = Cgy.

The case when C%; is constant along the propagation
path can be considered similarly to Sec. III B 2.
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