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One approach to investigating parameter sensitivity in seabed models is to apply the techniques of informa-
tion geometry. This paper provides an information geometric analysis of a sound propagation in a shallow-
water waveguide, where the acoustic properties of the sediment are derived from the viscous grainshearing 
(VGS) model. Specifically, we consider single-frequency transmission loss (TL) across a wide range of 
VGS parameters. By exploring the limits and boundaries of the TL model manifolds, particularly as 
parameters approach both low and high extremes, this approach allows for the determination of relative 
stiffness and sloppiness of model parameters and provides indications of parameter hierarchies and 
correlations. Results include slices of the model manifold and matrices of information distances on a 
fivedimensional model man-ifold, representing the absolute transmission loss at 16 receiver depths for 
different sediment types. Careful examination of these results provides insights into the relative impact of 
VGS parameters and the delineation of limiting regions. This work demonstrates how information geometry 
can inform model selection and parametrization in geoacoustic inversion studies, leading to more efficient 
and interpretable models of the seabed.
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1. INTRODUCTION

In the realm of complex modeling and data analysis, understanding how model parameters in-
fluence predictions is crucial. Information geometry offers a robust framework for this purpose by
leveraging concepts from differential geometry and statistics, providing insights into the structure
of models and the relationship between parameters and data. In particular, information geome-
try aids in model selection by quantifying the information content that observational data provide
about model parameters. This quantification allows for the determination of which parameters
are essential and should be retained in the model and which parameters add little to no modeling
value and can be excluded. This approach is particularly useful in complex models where not all
parameters contribute equally to the accuracy and reliability of predictions.

Within the information geometry framework, model parameters can be categorized as stiff or
sloppy. Stiff parameters are those that are well-constrained by the data, meaning small changes
in these parameters can lead to significant changes in model predictions. In contrast, sloppy pa-
rameters are poorly constrained, where variations in these parameters result in negligible changes
in model outcomes. Sloppiness can arise either because the parameters do not significantly in-
fluence the model or because certain combinations of parameters produce similar effects, making
it difficult to isolate individual parameter contributions. As such, sloppy parameters can lead to
ambiguous and unreliable model interpretations. By identifying and removing sloppy parameters,
reduced models are obtained without sacrificing accuracy while offering improved robustness and
interpretability.

Information geometry provides many tools to visualize and quantify parameter influence. For
example, the Fisher Information Matrix (FIM) helps in understanding the curvature of the pa-
rameter space, which in turn indicates how sensitive the model is to changes in each parameter.
Parameters associated with high curvature regions are stiff, while those in flat regions are sloppy.
In addition to the FIM, information geometry introduces the concept of a model manifold, which
is the main tool used in this investigation.

In our exploration of a complex model’s behavior, the model manifold serves as a geometric
representation embedded within the data space. Just as the FIM provides a quantitative under-
standing of parameter sensitivity, the model manifold provides a visual and geometric perspective
of how different parameter configurations affect the model’s behavior. In this manuscript, we eval-
uate the model manifold for transmission loss (TL) as sound propagates through an ocean where
the seabed is parameterized by the viscous grain-shearing (VGS) model.1–3 The TL model man-
ifold is evaluated in two way: the edge lengths of two-dimensional slices of the model manifold
and the information distance on the model manifold between different seabed types. Both provide
insights into the relative stiffness and sloppiness of the parameters in different regimes and pro-
vide insights into the potential advantages of creating a reduced order sediment model based on
porosity.

2. METHODS

A. THE MODEL MANIFOLD

The model manifold is a way to geometrically represent and visualize a model’s outputs. The
model manifold for the model of a sum of two decaying exponentials model is presented in Fig. 2 to
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Figure 1: Model map of the sum of decaying exponentials model, with different model realiza-
tions using different values of θ.

illustrate the insights that can be gained from this approach. The sum of two decaying exponentials
is written as

y(t;θ) = e−θ1t + e−θ2t , θµ ≥ 0.

Often we visualize a model in terms of fixed model parameters θ with varying independent
variable t, as we do for the sum of exponentials model in Fig. 1. We could instead define the model
at distinct observation points t = [t1, ...tM ], similar to real life data which is often collected at
discrete intervals (e.g., hydrophones at specific depths on a vertical line array). This is known as
the model map Y (θ):

Y (θ) =


y(t1;θ)

y(t2;θ)
...

y(tM ;θ)

 . (1)

The model manifold is then constructed by calculating the model map Y (θ) at all possible
choices of θ. For the sum of decaying exponentials model, the bounds on the individual θµ in
parameter space are defined as shown in the schematic of parameter space provided in Fig. 2(a),
where the colored lines represent three special cases: green for when either θµ goes to infinity,
orange for when either θµ goes to zero, and red for when θ1 = θ2. By calculating the model map
Y (θ) for each sampled θ in Fig. 2(a) and plotting in data space, we obtain the model manifold, as
shown in Fig. 2(b).

The model manifold can be thought of as the generalization of the column space, for a non-
linear mapping. The dimensionality of the model manifold is the same as the dimensionality
of the parameter space, e.g., if you have an N-dimensional parameter space, the manifold is an
N-dimensional surface embedded in an M-dimensional data space (where M is the number of ob-
servation points ti). For this sum of exponentials model, the parameter space and model manifold
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Figure 2: (a) Parameter space and (b) data space visualizations for the sum of exponentials
model for two selected values of t. The model manifold is displayed for t1 = 1 and t2 = 2. The
green boundary of the model manifold corresponds to one of the θµ values approaching infinity,
the orange boundary corresponds to one of the θµ approaching 0, and the third boundary cor-
responds to θ1 = θ2.

are two-dimensional (corresponding to θ1 and θ2), and the data space shown is two-dimensional
because two different model realizations are calculated (at times t1 and t2). When the data space
is higher dimensional, you can take a two- or three-dimensional slice of the M-dimensional data
space to visualize the manifold.

Examination of the geometry of the model manifold yields insight into parameter sensitivity
and identifiability or uncertainty when the model is employed to infer θ. For complex models,
some parameters are ‘sloppy’, or unidentifiable; these parameters are not constrained by the ob-
served data, resulting in large parametric uncertainty. Due to the insensitivity of sloppy parameters,
the model manifold is bounded and thin in some directions, indicating that the manifold has lower
effective dimensionality. The boundaries often correspond to taking the sloppy parameters to lim-
iting values, such as zero and infinity.

In the sum of exponentials case, for example, there are three boundaries on the model manifold.
One boundary corresponds to taking either θ1 or θ2 to infinity (green), one boundary corresponds
to taking θ1 or θ2 to 0 (orange), and the third boundary (red) corresponds to θ1 = θ2. This specific
model manifold is symmetric about θ1 = θ2, because θ1 and θ2 can be interchanged without
changing the model output. Generally, the model manifold has a unique structure that allows
us to learn about the stiffness or sloppiness of the modeling parameters in θ. The next section
discusses how to use the structure of the model manifold may be used to facilitate sloppy parameter
recognition for sound propagation models.
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B. SOUND PROPAGATION IN THE OCEAN

The ability to accurately model and predict the behavior of sound underwater is crucial for a
wide range of applications. Ocean experiments contain many complexities, such as the inherent
difficulty of creating experimental datasets due to the time and expense. Compared to conducting
extensive experimental studies, existing sound propagation models offer efficient alternatives. Ex-
amples that are useful in shallow ocean environments include the numerical normal mode models,
such as ORCA,4 and analytical normal mode models like the Pekeris waveguide5, 6 for simplified
ocean environments.

These sound propagation models numerically compute the transmission loss (TL) based on
the modeling parameters in θ. TL quantifies the impact of sound propagation and represents
the decrease in acoustic energy as sound waves propagate through a medium from the source
to the receiver. TL accounts for energy losses due to absorption, reflection, and spreading as
sound waves travel. By quantifying how much acoustic energy is lost during propagation, TL
provides insights into the impact of environmental factors on acoustic signal propagation. These
factors include depth, temperature, salinity of the water, and sediment properties. These sediment
properties intricately affect the reflectivity and absorptivity of the seafloor.7 Understanding the
impact of sediment properties on sound propagation is essential for deriving meaningful insights
from acoustic data.

For the examples in this paper, TL is calculated with ORCA.4 This range-independent normal
mode model treats the shallow ocean environment as a waveguide with the seabed parameters θ
modeled using acousto-elastic parameters of density, compressional and shear wave speeds and
attenuations. ORCA computes the frequency-dependent modal eigenvalues kn(f ;θ) and normal-
ized depth-dependent mode functions ϕ̄n(z, f ;θ), where f is the frequency in Hz. From these
properties of the waveguide and a specified source and receiver geometry, the Green’s function is
calculated:

p(zs, zr, r, f ;θ) ≈
√
2πeiπ/4

ρs

N∑
n=1

ϕ̄n(zs, f ;θ)ϕ̄n(zr, f ;θ)
eikn(f ;θ)r√
kn(f ;θ)r

(2)

where ϕn(zs) and ϕn(zr) are the n-th depth-dependent normal mode functions evaluated at the
source depth zs and receiver depth zr, respectively; kn(f) is the n-th modal eigenvalue; ρs is the
density at the source depth; and r is the horizontal range between source and receiver.

From the Green’s function, the frequency-dependent TL is calculated:

TL(zs, zr, r, f ;θ) = −20 log10(|p(zs, zr, r, f ;θ)|). (3)

TL has units of dB relative the level 1 m from an acoustic source.

C. VISCOUS GRAIN SHEARING MODEL

While the input parameters to the ORCA model are the acousto-elastic parameters, this work
begins with a more fundamental model: a sediment acoustics model known as Buckingham’s
Viscous Grain Shearing (VGS) model.1–3 The VGS model serves as a valuable tool, providing
physical bounds to the parameter space and offering insights into 1) the frequency dependence of
sound speed and attenuation and 2) naturally occurring marine sediments, such as mixtures of clay,
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Table 1: Viscous Grain Shearing model parameters. Default values correspond to a sediment
type identified as “coarse silt” in Table 2. Min and Max refer to the bounds of the parameter
space sampled in generating the model manifold.

Parameter Name SI Units Default Values Min Max
N Porosity - 0.471 0.372 0.90
N0 Reference Porosity - 0.37 - -
ρw Bottom Water Density kg/m3 1023 - -
Kw Bottom Water Bulk Modulus GPa 2.24 - -
ρg Grain Density kg/m3 2550 2500 2650
Kg Grain Bulk Modulus GPa 22 8.85 36
µ0 Reference Grain Diameter µm 1000 - -
γ0 Reference Compressional Modulus GPa 0.3545 - -
γ0 Reference Shear Modulus GPa 0.0447 - -
n Strain Hardening Index - 0.07 0.045 0.12
τ VGS Time Constant s 1.2 E-4 1.2 E-4 1111.0
τ0 Reference Time Constant s 1 - -
z0 Reference Depth m 0.3 - -
T Sediment Thickness m 20 - -

silt, and sand. The VGS model is a causal sediment acoustics model, capable of reasonably treating
the broadest range of sediment types.8 The VGS modeling parameters are listed in Table 1. Some
are related to the grains, some to the fluid between the grains, and others are constant reference
parameters. The default values for the VGS modeling parameters used in the Results section
are also listed in Table 1. From the VGS parametrization of the sediment, the depth-dependent
acousto-elastic parameters are calculated using the relationships derived by Buckingham.1–3

In this study, we consider a parameter space consisting of five VGS parameters: the sediment
layer’s porosity N , grain density ρg, grain bulk modulus Kg, strain hardening index n, and the
visco-elastic time constant τ . These parameters are sampled over the minimum and and maximum
values in Table 1, while all other parameters are held constant at the default values. The parameters
N , ρg, Kg, and n were linearly sampled 50 times, and τ was sampled 50 times with log spacing.

The goal is to explore the parameter space by varying all five VGS parameters, effectively
examining a five-dimensional manifold. However, visualizing this high-dimensional space directly
is not feasible. Instead, two-dimensional slices of the model manifold are obtained by varying
two parameters at a time while keeping the other three parameters fixed at the values in Table 1.
Additionally, the following ocean parameters were held constant throughout the investigation: i.e.,
water depth hw = 100 m, and water sound speed cw = 1500 m/s.

D. DATA SPACE

The ORCA model maps the five-dimensional parameter space to data space. Data space is
defined by the number of observations or, in this case, the number of source-receiver configura-
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Table 2: Examples of VGS parameter values for different sediment types, adapted from Table II
of Knobles et al.9

Sediment type N ρg Kg n τ

Granules 0.372 2650 36.0 0.12 1.2 E-4
Very coarse sand 0.374 2650 36.0 0.111 1.2 E-4

Coarse sand 0.378 2650 32.0 0.100 1.2 E-4
Medium sand 0.385 2650 28.0 0.095 1.2 E-4

Fine Sand 0.399 2600 28.0 0.085 1.2 E-4
Very fine sand 0.425 2600 28.0 0.080 1.2 E-4

Coarse silt 0.471 2550 22.0 0.0785 1.2 E-4
Silty sand 0.500 2600 19.0 0.0775 1.2 E-4

Medium silt 0.543 2525 14.67 0.067 1.2 E-2
Clayey sand silt 0.600 2500 13.67 0.065 1111.0

Fine silt 0.640 2500 13.61 0.060 1111.0
Silty clay 0.694 2500 13.55 0.0575 1111.0

Very fine silt 0.735 2500 13.50 0.055 1111.0
Clay 0.750 2500 13.50 0.045 1111.0

Very soft clay 0.90 2500 8.850 0.045 1111.0

tions, at which the modeled TL(zs, zr, r, f ;θ) are computed. For the examples in this paper, model
manifolds are shown for TL at f=100 Hz with zs = 6 m, and r = 3 km. Sixteen receiver depths
are defined between zr = 40.75 and 97 m, with a constant spacing of 3.75 m. Thus, the resulting
five-dimensional model manifolds are embedded in a 16 dimensional data space.

E. PRINCIPAL COMPONENT ANALYSIS

One approach to visualize N -dimensional model manifolds embedded in a M -dimensional
data space (M > 3) is to use a principal component analysis (PCA). PCA is a method for finding
the directions of greatest variance in a dataset, which correspond to the eigenvectors of the co-
variance matrix. These eigenvectors are referred to as the principal components and represent the
axes of a rotated coordinate system that better align with the directions of high variability on the
model manifold. When the model manifold is projected onto the principal component axes, the
contributions of the first two or three principal components to the model manifold can be plotted
to view a large percentage of the structure of the N -dimensional model manifold embedded in the
M -dimensional data space. These PCA representations of the five-dimensional model manifold
embedded in 16-dimensional data space are shown in the results section.
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3. RESULTS

These results highlight two possible ways in which parameter sloppiness/stiffness can be in-
vestigated using the model manifolds. First, a PCA representation of the TL model manifold
reveals the relative sloppiness of the parameters on the edges of two-dimensional slices of data
space. Second, the information distance on the TL model manifold between specific sediment
types is calculated in the 16-dimensional data space. Both of these approaches provide evidence
that porosity is the stiffest parameter for this case.

A. MODEL MANIFOLDS

To examine the relative stiffness and sloppiness of parameters for our conditions, we performed
a principal component analysis (PCA) on the five-dimensional TL model manifold embedded in
16-dimensional data space. We then look at two-dimensional slices of the PCA representation
of the TL model manifold, which correspond to varying two of the five parameters. This PCA
representation allows for visual inspection of the edges of the model manifold associated with
changes in a single parameter.

Examples of these PCA representations of the TL model manifold are shown in Fig. 3. These
plots correspond to two-dimensional slices of the model manifold in which porosity N and one
other parameter is varied: (a) grain density ρg, (b) grain bulk modulus Kg, (c) strain hardening
index n, and (d) visco-elastic time constant τ . In all cases, the yellow and purple edges correspond
to variations in porosity while the other parameter is held at one of its extrema values from Table 1,
and the blue and red edges when porosity is held at its extrema value and the other parameter is
varied.

The length of these edges provides insights into the relative sloppiness/stiffness of the five VGS
parameters for TL. In Figure 3a, c, and d, the boundaries relating to varying porosity (yellow and
purple) are longer than the boundaries corresponding to changes in the the other variable. These
longer boundaries imply that porosity is a very stiff parameter: Changes in the value of porosity
change the TL significantly more than changes in ρg and n generally and Kg and τ in the high
porosity limit (red). For lower porosity (blue), variations in Kg and τ correspond to a longer
boundary for this TL model manifold.

B. INFORMATION DISTANCES

In addition to looking at the edges of the model manifolds to find sloppy parameters and other
trends, the Euclidean distances between points on the five-dimensional model manifold embedded
in the 16-dimensional data space can be calculated. The resulting information distances relate to
the acoustic distinguishability between specific sediment types corresponding to different model-
ing parameters. As an example, the TL model manifold at 100 Hz was calculated for 15 sediment
types using the values in Table 2. This table is adapted from the one in Knobles et. al,9 with the
exception that the roughness parameter of the sediment is not included. The ORCA model maps
each of these 15 sediment types to a specific location on the TL model manifold, and the informa-
tion distance between each pair was calculated (using a 16-dimensional Euclidean distance). The
information distances between each pair of sediment types is displayed in Fig. 4.

This matrix provides a visual representation of the difference in TL due to a change in sediment
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Figure 3: First two principal components from the 16-dimensional data space for two-
dimensional slices of the model manifold: (a) Porosity (N ) vs Grain Density (ρg), (b) Porosity
(N ) vs Grain Bulk Modulus (Kg), (c) Porosity (N ) vs Strain Hardening Index (n), (d) Porosity
(N ) vs VGS Time Constant (τ ). All models are for TL at f = 100 Hz and r = 3 km, with
hw = 100 m and a single sediment layer with thickness T = 20 m

types. This approach can be used in experimental design to determine if different sediment types
can be distinguished by data at certain frequencies and ranges.

4. CONCLUSION

This paper reports our initial work with TL model manifolds based on the viscous grain shear-
ing (VGS) model of the sediment (Buckingham 2005, 2020) and provides a preliminary estimate
of the relative parameter sloppiness. While the VGS model includes many modeling parameters
(Table 1), the five parameters related to the grains tend to vary between different sediment types.
By varying sets of two VGS parameters over the expected parameter bounds, two-dimensional
slices of the model manifold for TL at 16 depths have been evaluated. Beyond the single example
shown here, several trends have emerged: 1) model manifolds tend to be narrower for higher fre-
quencies f; 2) model manifolds tend to be more complex (less smooth) at longer source-receiver
ranges r; and 3) porosity is the stiffest (most impactful), parameter. These additional studies also
show that the length of the model manifold edge associated with porosity are 1) generally longer
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Figure 4: Information Seabed Distances Matrix. The information distance between each of
locations on the TL model manifold corresponding to each of the sediment types in Table 2

assuming a seabed composed of single sediment layer with thickness = 20 m over a half-space
for f =100 Hz and r =3 km.
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than those corresponding with changes in other variables, 2) slightly dependent on frequency, and
3) significantly larger for propagation ranges greater than 2 km.

Another way to evaluate the five-dimensional model in 16-dimensional data space is to consider
the information distance between specific seabed types. Knobles et. al9 proposed a set of 15 VGS
sediment types ordered by increasing porosity, which are listed in Table 2. Each of these sets
of parameter combinations maps to a single location on the TL model manifold at a specified
frequency and range. The information distances between the sediment types (assuming a 20 m
sediment layer over a half-space) have been evaluated for the case of f = 100 Hz and r = 3 km,
zs = 6 m, and 16 evenly spaced receivers with zr = 40.75 − 97.0 m. In general, the information
distances between the sediment types increase with increasing porosity, which provides additional
evidence that porosity is generally the stiffest parameter and likely a good candidate for developing
a reduced-order model of the seabed.
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