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Adaptive acoustic beamforming in a turbulent atmosphere
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ABSTRACT: 

Acoustic beamforming is widely used for source localization and line-of-bearing determination. Although many 

different beamforming techniques have been formulated, atmospheric turbulence effects on acoustic arrays are 

usually ignored in both their theoretical formulation and practical implementation. As a result, the performance 

of conventional beamformers, formulated for a non-turbulent atmosphere, degrades in the presence of wind 

velocity and temperature fluctuations, which cause fluctuations in the received signal amplitude and phase. This 

article presents a mathematical framework in which the amplitude and phase fluctuations are effectively sup

pressed from the signals allowing application of any beamforming technique and mitigating its performance deg

radation in a turbulent atmosphere. The framework is constrained to a single source and by the monochromatic 

plane wave approximation. Application of such an approach to an experiment revealed that the phase and ampli

tude fluctuations with spatial scales smaller than the array aperture are successfully suppressed, but the larger 

fluctuations (resulting in wavefront random tilt) remain and cause errors in the line of bearing estimates.
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[Editor: Karim G. Sabra]                                                                                                                       Pages: 629–643  

I. INTRODUCTION

Acoustic beamforming (BF) techniques are widely used 

for source localization and line-of-bearing (LoB) determina

tion. The general idea is to use multiple signal receivers in 

an array to form a beam as a weighted sum of these signals, 

which provides a better estimate of the true source signal 

and its LoB. Each BF technique choses the weights accord

ing to a distinct objective function. The simplest one is the 

delay-and-sum (DaS) beamformer, which synchronizes the 

signals from all the microphones using time delays and then 

averages them out. Assuming straight line sound propaga

tion, the time delays are calculated based on the array geom

etry and the sought direction. This approach yields a better 

approximation than a single microphone or other non-BF 

localization techniques because it improves the signal-to- 

noise ratio for a coherent signal and incoherent noise. 

Increasing the number of microphones improves the result.

Another widely used technique is minimum variance 

distortionless response (MVDR) BF, which uses weights 

that guarantee the minimal variance of the deviation of the 

estimated signal from the true, but unknown, signal. This 

approach requires knowledge of the signal-data and data- 

data covariance matrices, which can be estimated from the 

measured signals or from theoretical considerations. Moran 

et al. (2007) discusses the details of a practical application 

of MVDR in moderately complex environmental conditions.

There are many other BF algorithms with various objec

tive functions and degrees of sophistication, such as multiple 

signal classification (MUSIC) (Licitra et al., 2023), 

Bayesian (Bell et al., 2000; Yang et al., 2025; Zhang et al., 

2025), and maximum likelihood (Collier, 2005; Collier 

et al., 2005; Meyer et al., 2025). In addition, there are BF 

formulations accounting for various complications, such as 

moving sources (Bell and Van Trees, 1998; Moran et al., 

2007; Hou et al., 2024), different sensitivity and spatial pat

terns (Zhao et al., 2024), and uncertainty in data (Song 

et al., 2009; Itzhak and Cohen, 2024). Although these algo

rithms can greatly improve array performance when the 

underlying assumptions regarding the signal and noise struc

tures are met, these beamformers tend to perform unpredict

ably when these assumptions are not met (Prime and 

Doolan, 2013; Licitra et al., 2023). One such assumption is 

that the effect of atmospheric turbulence is negligible. 

Hereafter, BF techniques formulated for a non-turbulent 

atmosphere will be called conventional BF techniques.

A wavefront propagating in a turbulent atmosphere can 

be significantly distorted, resulting in amplitude and phase 

fluctuations at the aperture of a microphone array (Tatarskii, 

1971; Brown and Hall, 1978; Ostashev and Wilson, 2026; 

Ostashev et al., 2021). Turbulence can lead to intensity fluc

tuations (scintillations), wander, and spread of an acoustic 

image. For a 250 Hz source and 770 m path length, Wilson 

et al. (1999) experimentally demonstrated that acoustic 

images underwent a scintillation of 5.1 dB and a random 

wander of 1.2� (elevation) and 1.4� (azimuth). A recent a)Email: Sergey.N.Vecherin@usace.army.mil 
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article (Ostashev et al., 2025) provided formulations for the 

LoB fluctuations in a turbulent atmosphere and showed that 

the standard deviation (SD) can be on the order of 1� –2� for 

a propagation distance on the order of hundred meters. 

Adaptive optics methods have been developed to mitigate 

turbulence effects in optical images (Lukin, 1996; Andrews 

and Phillips, 2005; Phillips et al., 2006; Tyson and Frazier, 

2022); this continues to be an active area of research. These 

methods are also used in large arrays of radio telescopes 

(Intema et al., 2009).

As more formally demonstrated in Sec. II of this paper, 

the main reason for the performance degradation of the con

ventional BF techniques in the presence of turbulence is that 

the BF weights are derived assuming a non-turbulent atmo

sphere, whereas the measured signals, to which the weights 

are applied, incorporate turbulence effects (manifested as 

distortions in their amplitudes and phases). Therefore, to 

mitigate the degradation and eliminate the mismatch, one of 

two approaches can be pursued: either to modify the BF 

mathematical framework to match the signals or to adjust 

the signals to match the BF framework.

In the former, as an instantaneous state of the random 

atmosphere is unknown, only statistical inferences can be 

used, such as the first and second statistical moments, imply

ing ensemble averaging. This approach leads to incorporat

ing models for spatial spectra and covariance (or mutual 

coherence) functions of turbulent fluctuations. For example, 

Collier (2005) and Collier et al. (2005) estimated the LoB 

via maximum likelihood assuming the von Karman spatial 

spectrum for turbulence, theoretical mutual coherence func

tions for signal fluctuations (both transversal and longitudi

nal), the statistical independency of the signal 

measurements in time, and a near-normal incidence direc

tion. Although such an approach represents a systematic 

way to incorporate signal propagation effects in the turbu

lent atmosphere for LoB estimates, it has some limitations 

and inconveniences for practical applications. First, it does 

not improve the signal-to-noise ratio because there is no 

summation of the signals measured at the microphones at 

the same time. Second, it is not compatible with conven

tional BF formulations. Third, it does not eliminate instanta

neous signal distortions.

Therefore, this paper explores the second approach, 

which (partially) eliminates the measured signal distortions 

at any particular time of LoB estimation (i.e., without 

ensemble averaging). After such filtration, any conventional 

BF technique can be applied to the adjusted signals. In this 

approach, all the benefits of conventional beamformers are 

preserved, such as increasing the signal-to-noise ratio, main

taining numerical efficiency (only linear algebra is used), 

and preserving the desired optimality when computing the 

weights. The developed framework is demonstrated using 

experimental data recorded by an acoustic camera for a 

monochromatic single source in a turbulent atmosphere. The 

results indicate that the proposed technique significantly 

improves BF performance in a turbulent atmosphere with 

respect to some metrics defined in Sec. III. However, the 

signal amplitude and phase fluctuations at the spatial scales 

larger than the array aperture cannot be filtered out by this 

technique and, therefore, still cause errors in the LoB 

estimates.

II. METHOD

A. BF in the absence of turbulence

The BF mathematical model adopted in this paper 

is based on the work of Bell et al. (2002), which was formu

lated for the homogeneous atmosphere without turbulence as 

xm tð Þ ¼
XD

d¼1

Amdsd tð Þ þ nm tð Þ; (1) 

where all signals and noise are zero-mean and complex- 

valued, xm tð Þ is a signal measured at the mth microphone in 

an acoustic array at time t, m ¼ 0;…;M − 1, d is a subscript 

corresponding to different directions of signal arrival, Amd is 

the phasor for microphone m in the direction d, sdðtÞ is an 

incident signal from the direction d, and nm tð Þ is the noise 

at the location of the mth sensor. Note that the noise nm tð Þ

does not represent the noise because of a turbulent atmo

sphere. The latter causes the propagation speed to be ran

dom, which translates to the randomization of the signal 

amplitude and phase and, eventually, results in a multipli

cative noise factor in phasors Amd that cannot be incorpo

rated into the additive noise nm tð Þ. Equation (1) assumes a 

non-turbulent atmosphere.

In practice, the complex-valued signals are obtained 

from real-valued measurements by using Fourier or Hilbert 

transforms. In this article, a short-term (1 s time series) 

Fourier transform was used to obtain the complex signals at 

the frequencies of interest. The noise at the sensors is 

assumed to be uncorrelated with any signal and between any 

pair of sensors indexed by m and l, 

nmh i ¼ 0; nms�d
� �

¼ 0; nln
�
m

� �
¼ r2

mdml; (2) 

where r2
m represents the noise power at the mth sensor, �

stands for complex conjugate, dml is the Kronecker delta, 

and the angular brackets denote an ensemble average. The 

physical meaning of the model in Eq. (1) is that the signal at 

each microphone is the sum of all the signals incident on 

that sensor from all directions plus a noise at the micro

phone location. In this article, consideration is limited to a 

monochromatic acoustic point source located far enough 

from the acoustic array so that the plane wave approxima

tion is applicable.

For a single frequency f and a plane wave arriving from 

direction d, the phasors are given by 

Amd ¼ eiUmd ; (3) 

where Umd ¼ kd � rm is the plane wave phase for micro

phone m from the direction d relative the coordinate system 

origin (r ¼ 0Þ, kd is the incident wave vector, 
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k ¼ kdj j ¼ 2pf=c, where c is the adiabatic sound speed, and 

vector rm characterizes the location of the mth microphone. 

The phases can be calculated from the array geometry. For a 

linear array with equally spaced microphones, as depicted in 

Fig. 1(a), the phases are given by 

Umd ¼ kmDr cos ud; (4) 

where Dr is the distance between adjacent microphones, 

and the angle ud characterizes the direction of the incident 

wave. For a two-dimensional (2D) planar array with the 

circular geometry shown in Fig. 1(b), which will be used in 

this paper, the relative phases can be expressed in the 

spherical coordinate system, in which the y and z axes form 

an array plane, and the x axis is defined by the right-hand 

rule, 

kd ¼ k sin hd cos ud; k sin hd sin ud; k cos hdð Þ;

rm ¼ 0; rm sin hmsgnym ; rm cos hmð Þ;

Umd ¼ krm sin hd sin ud sin hmsgnym þ cos hd cos hmð Þ;

(5) 

where the microphone locations rm are determined by the 

radius and the polar angle, rm; hmð Þ, in the array plane (with 

the azimuthal angle um ¼ 90�sgnym for any m), as shown in 

the middle expression in Eq. (5), and the incident direction 

is characterized by the plane wave vector kd with the 

polar and azimuthal angles hd; udð Þ: hd 2 0�; 180�½ �, 

ud 2 −180�; 180�½ �.

The objective of BF is to numerically construct a beam 

bðtÞ in a certain direction d as a linear combination of mea

sured signals on each microphone, 

B ¼WHX; (6) 

where the superscript H indicates a conjugate transpose, B 

represents the beams formed in all incident directions 

(t varies along columns, the direction index d varies along 

the rows), and X is a matrix of signals recorded at all sensors 

(t varies along columns, the sensor index m varies along the 

rows), 

X ¼ x0 tð Þ;…; xM−1 tð Þ½ �
T
; (7) 

the superscript T stands for a matrix transpose, and the 

weights W are determined for each direction in accordance 

with various objective functions. For a monochromatic 

plane wave, DaS BF takes a particularly simple form, 

because the time delays (DaS is typically formulated in the 

time domain) are equivalent to phase shifts for a plane 

wave, which is represented by the phasors 

WH ¼
1

M
AH: (8) 

This equation has a clear physical interpretation: the beam 

consists of the algebraic average of all signals recorded on 

the microphones, with phase delays appropriate to bring 

them in phase given the direction of the incident wave.

The optimal weights for MVDR BF are quite different 

and depend on the correlation properties of the measured 

data and the true signal (e. g., Bell et al., 2002), 

WH ¼ RsxR−1
xx ; (9) 

where Rsx and Rxx are cross- and auto-covariance matrices 

between the sought and measured signals, and the super

script −1 stands for a matrix inverse. Using the definition 

of cross- and auto-covariance and the underlying model of 

Eq. (1), one can obtain analytical expressions for Rsx and 

Rxx as 

Rxx ¼ xm tð Þx�n tð Þ
� �

¼ ARssA
H þ r2; (10) 

where r2 ¼ diagðr2
mÞ is the diagonal matrix of noise varian

ces on all microphones, Rss ¼ sd1
ðtÞs�d2

ðtÞ
� �

is the covari

ance matrix of signals incident from different directions, 

and 

Rsx ¼ sd tð Þx�n tð Þ
� �

¼ RssA
H: (11) 

If the signals incident from different directions are uncorre

lated (which is not always the case) or for the case of a sin

gle source, which is considered in this paper, 

FIG. 1. Array geometries and the direction of incident wave. (a) Linear one-dimensional array, (b) planar two-dimensional array (acoustic camera). 
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Rss ¼ P; (12) 

where P ¼ diagðPdÞ is the diagonal matrix of signal powers 

in distinct directions. For a single source, only a single ele

ment in P is non-zero. The theoretical covariance matrices 

are seen to be defined solely through the steering matrix A, 

which reflects the geometry of the array and assumes undis

torted phase incident from a specific direction.

Figure 2 shows the 384-microphone array of the acous

tic camera used in the experiment and the corresponding 

magnitude and phase of the theoretical Rxx matrix calculated 

using Eq. (10) for a unit power, monochromatic 

(f ¼ 450 Hz) plane wave incident from the direction 

hd ¼ 135�; ud ¼ 45�. The array consists of three identical 

panels with 128 microphones each. The signal-to-noise 

power ratio is set to 0.1.

As seen in Fig. 2(b), the magnitude of Rxx is constant 

and equal to the power of the incident signal, except for the 

main diagonal, where the signal power is increased by the 

additive (statistically independent) noise power. The phase 

of Rxx represents phase differences between each pair of 

microphones in the array and, therefore, is defined by the 

array geometry and the incident wave direction. In general, 

the magnitude matrix is symmetric, and the phase matrix is 

antisymmetric relative to the main diagonal. The abrupt 

phase changes in Fig. 2(c) are because of phase wrapping to 

−p; p½ � interval.

Equations (10)–(12) allow for analytical calculations of 

the cross- and auto-covariance matrices if the geometry of 

the array, noise power, and incident signal power and direc

tion are known; i.e., they solve the forward problem. In 

practice, for a signal detection, the signal powers and inci

dent directions are unknown. In other words, the inverse 

problem should be solved, when the geometry of the array 

and the measured signal covariance matrix are known, but 

the power and direction of the incident wave are subject to 

determination. They can be estimated from the measured 

signals using the Capon formula (e.g., Stoica et al., 2002), 

bPd ¼
1

AH
d
bR

−1

xx Ad

; (13) 

where bPd is the estimated signal power in the direction d, 

Ad is the dth column-vector of matrix A, and bRxx is the 

empirical signal covariance matrix, estimated from the mea

sured signals using time-averaging, 

bRxx ¼
1

N
XXH; (14) 

where N is the number of samples in the measured signal 

xðtÞ. The time interval for averaging might be large if the 

sought signals and noise are statistically stationary. 

Alternatively, the time window could be short (but still long 

enough for meaningful statistical averaging), and bRxx can be 

re-calculated every time the estimation of the LoB or source 

location is needed. These empirically estimated bRxx and bPd 

are used in Eq. (9) to calculate the optimal weights for 

MVDR BF. It is worth noting that the MVDR weights sat

isfy the constraint of a distortionless response, 

WHA ¼ I; (15) 

where I is the identity matrix.

Once the weights are calculated, the beam power in any 

direction can be found through the measured signals using 

Eq. (6), 

Pb ¼ diag BBHh i
t

� �
¼ diag WHbRxxW

� �
: (16) 

The highest beam power location in the hd;udð Þ plane indi

cates the incident direction.

B. BF in turbulence

As can be seen from Eqs. (8)–(11), the beamformer’s 

weights are determined by the steering matrix A and the sig

nal covariance matrices, which are also dependent on A. 

This steering matrix is calculated by Eqs. (3) and (5), which 

assume a non-turbulent atmosphere. However, turbulence 

leads to amplitude and phase distortions of the incident 

plane wave. Therefore, when forming a beam with Eq. (6) 

using experimentally measured signals X, there is no corre

spondence between the weights calculated assuming a non- 

FIG. 2. Acoustic camera and analytical covariance matrix Rxx for f ¼ 450 Hz. (a) Microphone array geometry of the acoustic camera used in the experiment, 

(b) magnitude (Abs) of analytical Rxx, (c) phase of analytical Rxx.
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turbulent atmosphere and the experimental signals that nec

essarily include all the effects of turbulence. As a result, the 

beam energy footprint might become blurred and asymmet

ric (Dougherty, 2002), which causes larger LoB errors and 

degraded overall performance. The objective of the method 

described below is to preprocess the empirical signals so 

that conventional beamformers maintain their performance 

even in a turbulent atmosphere.

The empirical phase of the signal on microphone m 

coming from direction d and propagating in the turbulent 

atmosphere, ~Umd, can be represented as 

~Umd ¼ bUmd þ emd; (17) 

where bUmd is the plane wave phase, and emd is a non-plane 

wave phase distortion that might be caused by variety of 

phenomena, such as noise, a non-plane wave source, interac

tion with reflected and scattered waves, and turbulence. In 

the ideal case, if there were no other plane wave phase con

tributions from clutter, bUmd would be equal to the analytical 

value of Umd given by Eq. (5). Given ~Umd, our objective is 

to separate bUmd from emd and then use the resulting value of 
bUmd in the BF framework, in lieu of Umd. This separation 

can be achieved using the Zernike polynomials, which are a 

sequence of 2D functions that are orthogonal on the unit 

disk and are often used in image processing and analysis 

(Andrews and Phillips, 2005; Phillips et al., 2006; Tyson 

and Frazier, 2022). Although there are other orthogonal pol

ynomials that can be used for a 2D function decomposition, 

Zernike polynomials are specifically designed for 2D circu

lar arrays and have a clear interpretation of their terms. 

Notably, the first three terms are sufficient to represent the 

spatial distribution of a plane wave’s phase on the array 

aperture. The higher order polynomials describe the devia

tions of the wavefront from its plane wave approximation. 

The measured phase ~Umd at a microphone with coordinates 

ðrm; hmÞ can be decomposed into the following series: 

~Umd

2rm

D
; ~hm

� �

¼
X1

i¼1

aiZi

2rm

D
; ~hm

� �

; (18) 

where ai are direction-specific constant coefficients (d is a 

silent index), D is the diameter of the circular planar array, 
~hm 2 ð−p; p� is the azimuthal angle of the mth microphone 

in the yz-plane of the array, ~hm ¼ arctanzm=ym, (6p, if nec

essary, to maintain a correct quadrant), and Zi are the 

Zernike polynomials indexed by a sequential single index 

instead of the conventional two indices using Noll’s conven

tion (On-Line Encyclopedia of Integer Sequences (OEIS), 

2026). The first six Zernike polynomials are presented in 

Table I.

The most important property of the Zernike polynomials 

for the present approach is that the first three functions corre

spond to the plane wave piston and tilt along the cardinal axes 

of the array plane. Therefore, for a plane wave incident from 

any direction, only three terms are needed to describe its phase 

distribution on the array, whereas higher indexed functions 

describe non-plane wave contributions. Figure 3 verifies this 

statement showing the maximum absolute error (among all 

possible incident directions) in the decomposition of the ana

lytical plane wave phases given by Eq. (5) as the function of 

the number of terms used in the decomposition. As seen in 

Fig. 3, regardless of the incident direction, the plane wave 

phases require only three terms in the decomposition; the max

imum absolute error between the original and decomposed 

phases drops to and remains at zero starting with index 3. In 

practical applications, caution should be taken when the mea

sured phases are used for the decomposition because Eq. (5) 

represents unwrapped phases. Therefore, the experimentally 

measured phases should be spatially unwrapped before using 

the decomposition.

The consequence of such a property is that the first 

three coefficients of the decomposition appear only in the 

first term in Eq. (16). Using the property of polynomials 

orthogonality, these three coefficients could have been esti

mated directly by integration of ~Umd. However, such a pro

cedure requires that ~Umd is known on the array plane with 

arbitrary precision (or at least with high resolution on the 

plane) to allow numerical integration with the required accu

racy. This requirement is challenging in practice because the 

phase can only be measured at the microphone locations, 

which are not uniformly distributed on the plane, e.g., see 

Fig. 2(a). Therefore, a more robust procedure is to use least- 

square estimation for these three coefficients, 

TABLE I. First six Zernike polynomials, sequentially indexed. 

Z1ðr; hÞ ¼ 1 Z4 r; hð Þ ¼
ffiffiffi
3
p

2r2 − 1ð Þ

Z2 r; hð Þ ¼ 2r cos h Z5ðr; hÞ ¼
ffiffiffi
6
p

r2 sin 2hð Þ

Z3 r; hð Þ ¼ 2r sin h Z6ðr; hÞ ¼
ffiffiffi
6
p

r2 cos 2hð Þ

FIG. 3. For all incident plane wave directions, the maximum absolute phase 

decomposition error vs the number of polynomials used in the decomposi

tion. Max, maximum.
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a ¼ ZTZð Þ
−1

ZT ~U; (19) 

where a ¼ a1; a2; a3½ �
T is the column-vector of the decom

position coefficients, 

Z¼

Z1

2r1

D
; ~h1

� �

Z2

2r1

D
; ~h1

� �

Z3

2r1

D
; ~h1

� �

..

. ..
. ..

.

Z1

2rM

D
; ~hM

� �

Z2

2rM

D
; ~hM

� �

Z3

2rM

D
; ~hM

� �

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

;

(20) 

and 

~U ¼ ~U
2r1

D
; ~h1

� �

;…; ~U
2rM

D
; ~hM

� �� �T

; (21) 

is the column-vector of the measured phases on all the 

microphones. Note that for three or more microphones, 

M � 3, the matrix ZTZ is well-conditioned and invertible. 

Once the coefficients are estimated, the desired plane wave 

phases on the microphones are found as bU ¼ Za.

For convenience, BF results are usually expressed not 

in terms of the incident plane wave direction characterized 

by hd;udð Þ but by the LoB direction (pointing to the source 

location) characterized by angles hLoB;uLoBð Þ, 

hLoB ¼ 180� − hd; uLoB ¼
ud þ 180�; ud � 0

ud − 180�; ud > 0:

(

(22) 

For a measured signal, the amplitude of the incident wave also 

undergoes distortions because of scattering, ambient and 

instrumental noise, and turbulence. In fact, while validating 

the experimental data, it was revealed that the instrumental 

noise was significant. Specifically, many microphones showed 

substantial differences in the amplitude of the same signal, 

and one panel in the acoustic camera had a large phase delay 

compared to the other two. Both facts indicate substantial 

instrumental errors in data acquisition. As the result, an exam

ple short-term (1 s time series) empirical covariance matrix 

(Fig. 4) looks completely different from its theoretical coun

terpart, Figs. 2(b) and 2(c).

The magnitude of the first panel [the upper left square 

of 128� 128 microphones in Fig. 4(a)] is consistently larger 

than at the other two panels, and the phase on the second 

panel [the middle square of 128� 128 microphones in Fig. 

4(b)] is excessively corrupted within itself and consistently 

different from the other two panels. Although distortions are 

expected in the empirical signals, they would be similar on 

all microphones if the cause is just environmental noise and 

turbulence. Therefore, in this experiment, the instrumental 

noise played a major role. Note that the proposed technique 

for suppressing signal amplitude and phase fluctuations 

because of turbulence also filters out this instrumental noise.

The next step is to filter out these effects in the plane 

wave empirical covariance matrix. The empirical covariance 

matrix of the microphone signals propagated in the turbulent 

atmosphere ~Rxx. can be presented similarly to Eq. (16) as 

the sum of the plane wave covariance matrix bRxx and a 

matrix containing all other non-plane wave contributions. 

Similarly to the phase adjustments, the idea here is to esti

mate the plane wave matrix bRxx given its non-plane wave 

empirical counterpart ~Rxx. In the ideal case (no turbulence, a 

single monochromatic source, and the plane wave approxi

mation holds true), the structure of the analytical covariance 

matrix Rxx is known [see Figs. 2(b) and 2(c)]. In the empiri

cal matrix ~Rxx, the phases are antisymmetric by construction 

(which is a physically correct outcome), but the magnitudes 

might be corrupted. Therefore, to filter out all non-plane 

wave effects on the magnitude, the empirical matrix magni

tudes can be adjusted as follows: all the diagonal elements 

are set to the mean of all the diagonal elements, and all the 

other elements are set to the mean of all the non-diagonal 

elements. This procedure results in the plane wave matrix 
bRxx. The amplitude of the incident plane wave is then esti

mated as the square root of a non-diagonal element. 

Knowing the amplitude and phases of bRxx, one can adjust 

FIG. 4. Empirical covariance matrix bRxx at f ¼ 450 Hz (compare with Fig. 2). (a) Magnitude (Abs), (b) phase. 
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the measured signals X to make them compatible with 

the assumption of a single incident plane wave.

Making these adjustments to the signals and their 

covariance matrices and using these quantities in the BF for

malism together eliminates small-scale turbulence effects. If 

turbulence (or anything else) causes a spurious wavefront 

tilt across the entire array, these effects will not be reduced 

but instead will be counted as legitimate plane wave contri

butions. For this reason, the proposed technique does not 

eliminate errors in the LoB because of sound refraction.

This limitation of the proposed algorithm can be under

stood in terms of the coherence radius, which plays a key 

role in sound propagation in a turbulent atmosphere 

(Ostashev and Wilson, 2026). The phase correction, as 

described by Eq. (17), depends on whether the array aper

ture, D, is smaller or larger than the coherence radius rcoh of 

a sound wave in a turbulent atmosphere. The coherence 

radius is the distance along the wavefront at which the sound 

field remains about the same. In a turbulent atmosphere, the 

wavefront is split into many areas of size rcoh, which can be 

considered as locally plane and propagating in different 

directions (manifesting random refractions). If D � rcoh, the 

wavefront at the array aperture is approximately plane. The 

suggested approach determines the wavefront tilt (via bUmd) 

and removes the small deviations emd from the phases corre

sponding to the plane wave approximation. The wavefront 

tilt is a sum of the true tilt (corresponding to the source 

direction) and its fluctuation because of refraction caused by 

turbulence. The latter is not removed in a short-term mea

surement but can be removed when time averaging is 

applied (e.g., long-term MVDR), as described below. On the 

other hand, if D� rcoh, the wavefront on the aperture is 

split into many locally plane areas with different tilts and 

propagation directions. In this case, the random tilts from 

different areas average to zero when the proposed technique 

is applied so that the estimated phase corresponds to the true 

tilt, bUmd ffi Umd.

The estimate of the coherence radius for this experiment 

is the following. Ostashev et al. (2025) provides the theoret

ical variance of the LoB fluctuations as measured with the 

two-element interfereometer, 

r2
h ¼

D/ rð Þ

k2r2
: (23) 

Here, r is the distance between two microphones, and D/ðrÞ

is the structure function of the phase fluctuations / [the fluc

tuating part of bUmd in Eq. (5) relative to its mean value]. 

The mutual coherence function of the sound field, CðrÞ, can 

also be expressed in term of D/ðrÞ, e. g., Rytov et al. (1989) 

and Ostashev et al. (2024), 

C rð Þ ¼ p0 rð Þ
�
�

�
�2 exp

−D/ rð Þ

2

� �

; (24) 

where p0 rð Þ is the sound field in free space. For the 

Kolmogorov spectrum of turbulence, using Eqs. (7.208) and 

(7.209) in Ostashev and Wilson (2026), the mutual coher

ence function can be written as 

C rð Þ ¼ p0 rð Þ
�
�

�
�2 exp −

r

rcoh

� �5=3
" #

: (25) 

From Eqs. (24) and (25), one has D/ rð Þ ¼ 2 r=rcohð Þ
5=3

. 

Substituting this formula into Eq. (23) and solving the 

resulting equation for rcoh yields 

rcoh ¼
23=5

k6=5r1=5r
6=5

h

: (26) 

Here, rh ¼

ffiffiffiffiffi

r2
h

q

is the LoB SD.

Ostashev et al. (2025) further argue that for a sensor 

array with the diameter D, r can be approximated by D. In 

the experiment, D ¼ 0:95 m and rh ¼ 1:75�. Then, from Eq. 

(26), one has rcoh ¼ 0:66 m for f ¼ 3600 Hz. For the fre

quencies below 3600 Hz, the coherence radius is larger than 

0.66 m and can be readily calculated with Eq. (26). 

Therefore, the microphone array, especially for the lower 

frequencies considered in this article, mostly lay withing the 

coherence radius, which means that random refractions 

affecting the wave tilt on all microphones should play a 

major role even after applying the correction algorithm. The 

results corroborate this observation.

Sec. III describes experiments and simulations that are 

used to quantify the effects of the proposed adjustments on 

two common BF techniques.

III. THEORETICAL PERFORMANCE AND PHYSICAL 

EXPERIMENT

The experiment was conducted at the North Hartland 

Dam in Hartland, VT, on August 23, 2024. This site was 

selected because it facilitated 1) a long propagation distance 

(95 m horizontally), which produced sufficiently large turbu

lent effects, and 2) an elevated source (35 m vertically), 

which raised the first Fresnel zone completely above the 

ground. Figure 5 depicts the location and geometry of the 

setup.

The acoustic source consisted of a BMS dual- 

diaphragm midrange compression driver (model 4599D, 

BMS Speakers GmbH, Hanover, Lower Saxony, Germany) 

mounted on the tower at an elevation of approximately 35 m 

above ground level. The emitted signal was intended to 

comprise simultaneous continuous pure tones at 225, 450, 

900, 1800, and 3600 Hz. Because of overdriving of the com

pression driver, additional harmonic components were also 

present in the radiated spectrum. The signal was played con

tinuously throughout each measurement period.

Acoustic measurements were acquired using a 

Nor848B Acoustic Camera (Norsonic AS, part of the 

RION Group, Tranby City, Buskerud County, Norway), 

shown in Fig. 6. The array consists of 384 InvenSense 

INMP521 microphones (InvenSense, Inc., San Jose, 

California, USA) with a sampling rate of 44.1 kHz, an 
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aperture of 92 cm, and has a specified low-frequency limit 

of 220 Hz. The camera was positioned approximately 95 m 

from the source at a height of 1.5 m above ground level and 

oriented directly toward the tower-mounted source. The 

system comprises three Hextiles that may be processed 

with any combination of microphones.

After this experiment, validation measurements were 

conducted in an anechoic chamber with the source and cam

era separated by approximately 8 m to investigate some data 

irregularities. When all three Hextiles were combined into a 

single BF aperture, an angular wander of 1.25� was 

observed. In contrast, when individual Hextiles were proc

essed independently, the measured wander ranged from 

0.02� to 0.09�. These results indicate that combining the 

three Hextiles can introduce artificial beam wander unre

lated to atmospheric turbulence. Portions of the present 

dataset were acquired and analyzed using the combined 

three-tile configuration, and this potential instrumentation- 

induced variability should be considered when interpreting 

the reported angular fluctuations without applying the pro

posed techniques, which filters out fluctuations in the signal 

because of both turbulent and instrumental noise.

A weather station was positioned approximately halfway 

between the source and receiver at a measurement height of 

2 m above ground level. This station utilized a Vaisala 

WXT536 (Vaisala Oyj, Vantaa, Uusimaa Region, Finland). 

The station recorded air temperature, wind speed, wind direc

tion, and relative humidity. Wind speed and direction were 

sampled at 20 Hz. Table II provides a brief overview of the 

weather conditions of the four different runs.

Measurements were conducted throughout the day to cap

ture LoB variability under different atmospheric conditions. 

Four measurement sessions were completed, each lasting 

20 min with 5 min of background noise measurements before 

and after. Additional measurements were planned; however, 

equipment overheating (a recording laptop) limited the total 

number of sessions. These corrupted data were not used in the 

article. During each session, the acoustic source operated 

FIG. 6. Nor848b acoustic camera, three Hextile set-up. 

FIG. 5. Experiment geometry. Camera 

(yellow) at a height of 1.5 m, weather 

station (blue) at a height of 2 m, and 

sound source (red) at a height of 35 m 

with the horizontal offset range of 

95 m from the camera.
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continuously while the acoustic camera recorded data. The 

Fourier spectra of a 1 s time series recorded on three micro

phones on panel 1 are shown in Fig. 7.

The five harmonics with the largest magnitude were 

analyzed, namely 225, 450, 675, 1800, and 3600 Hz. The 

estimated actual LoB direction to the source was hLoB ¼ 90�

and uLoB ¼ 0�. Note that the magnitude of the Fourier trans

forms on three closely located microphones (less than 0.5 m 

apart) vary substantially, especially at the higher frequen

cies, which violates the analytical scenario of a single plane 

wave in the absence of turbulence.

Figures 8(a) and 8(b) simulate LoB estimates using 

DaS and MVDR BF, respectively, for the experiment setup 

but without turbulence. In this case, the phase distribution 

on the microphone array is given by Eq. (5) (the last equa

tion); the weights are calculated for DaS and MVDR by 

Eqs. (8) and (9), respectively; the Rxx and Rsx matrices are 

constructed using Eqs. (10) and (11); the signal had a unit 

power; and the noise power was set to 0.1. The color repre

sents beam power calculated by Eq. (16). For this case, a 

single plane wave was simulated to be incident from the 

direction hLoB ¼ 90� and uLoB ¼ 0� to match the experi

ment. The angular grid resolution for both angles was 0.25�. 

Figures 8(c) and 8(d) show the experimental LoB estimates. 

For this case, empirical signals of 1 s duration were used to 

form the beam, and the empirically estimated matrices bRxx 

and bRsx to calculate the MVDR weights. As seen in Fig. 8, 

the actual LoB estimates are significantly worse than their 

theoretical counterparts: the beam power localization is dis

torted, the centers are misplaced, and there are much more 

pronounced sidelobes, which are sometimes even larger in 

magnitude than the mainlobe. In addition, the magnitude of 

the beam power is substantially different between DaS and 

MVDR.

To quantify the effects of the proposed turbulence sup

pression method, four metrics are introduced in Table III 

and illustrated in Fig. 9.

The Location metric characterizes the accuracy of a LoB 

estimate as defined by the two angles ðhLoB; uLoBÞ for the 

source direction. Contrast quantifies the prominence of the 

LoB peak as the ratio of the peak power to the modal back

ground power in decibels [see Fig. 9(a)]. The Contrast metric 

is similar to the Sharpness metric that is widely used in adap

tive optics (Tyson and Frazier, 2022). Contrast is also practi

cally important because power localizations with high Contrast 

provide a clear indication of the source direction. Width char

acterizes the size of a LoB peak in the ðh; uÞ plane as the 

mean distance (in degrees) from the peak to the 3 dB down 

points (half peak power) in eight directions. For example, a 

cross section in one direction is shown in Fig. 9(b) along with 

the 0.5 threshold. Finally, Shape Factor is similar to eccentric

ity; it characterizes the shape of a LoB peak. The eight radii 

are determined at the 0.5 threshold as shown in Fig. 9(c), and 

the Shape Factor metric F is defined as the residual between 1 

and the ratio of the minimum radius to the maximum radius. 

Ideally, the peak is a circle where Rmin ¼ Rmax and thus F ¼ 0. 

At the other extreme, the peak is a line where Rmin ¼ 0 and 

thus F ¼ 1. For any other power localization shapes, F will be 

in the range ½0; 1�.

Data were processed by sequentially analyzing 1 s 

recorded time series during 10 min resulting in 600 frames. 

At each frame, three BF techniques were applied: DaS, 

MVDR (short-term), and MVDR (long-term). For MVDR 

(short-term) BF, the Rxx matrices are calculated for each 

individual frame, and for MVDR (long-term) BF, the Rxx 

matrix is the mean matrix of the 600 individual frame matri

ces. Figure 10 shows the 10 min time series and probability 

density functions (kernel estimate) of the LoB direction 

angles (hLoB;/LoB) obtained with DaS BF for f ¼ 3600 Hz. 

The mean values for the angles [given in Fig. 10(a)] are 

close to the actual LoB to the source, with approximately 

1.75� of SD for both angles. This SD is consistent with the 

experimental results reported in Wilson et al. (1999) and the 

theoretical predictions in Ostashev et al. (2025). In a homo

geneous atmosphere without turbulence and noise, the SDs 

would ideally be zero.

Analogous calculations were conducted for five fre

quencies and two other BF techniques: short-term and long- 

term MVDR. The results for ðhLoB; uLoBÞ are presented in 

Fig. 11. The left column shows the conventional BF results, 

and the right column show the adaptive BF results using 

Eqs. (17)–(22). Comparing Figs. 11(a) and 11(b) reveals 

TABLE II. Runs through the day and the associated weather conditions. 

Start time  

(local)

Temperature  

(�C)

Humidity  

(RHa %)

Wind  

speed (m/s)

Run 1 10:14 15.4 89.2 0.7

Run 2 11:30 17.8 81.2 0.8

Run 3 14:55 21.5 61.7 1.2

Run 4 16:28 22.2 57.7 1.3

aRelative humidity (RH). 

FIG. 7. Fourier spectra of signals on three microphones located within 

panel 1. The ordinate axis shows the absolute values of the spectra, Abs[S].
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that the performance of all the algorithms is rather poor for 

low frequencies (225, 450, and 675 Hz), which can be 

explained by the small size of the camera compared to the 

wavelength. Although DaS and short-term MVDR produce 

nearly identical results, their mean values lie far from the 

actual direction, and the SD reaches almost 10� at 

f ¼ 450 Hz [Fig. 11(a)].

The long-term MVDR has more accurate estimates of 

the mean hLoB but the highest uncertainty, rhLoB
ffi 15� at 

f ¼ 225 Hz. At higher frequencies (1800 and 3600 Hz), the 

BF techniques converge to approximately the same perfor

mance, lhLoB
¼ 91:9� and rhLoB

ffi 1:9�. Similar features are 

observed for uLoB [Fig. 10(c)]. Note that the convergent 

value of lhLoB
¼ 91:9� is biased relative to the actual value 

hLoB ¼ 90�. This bias can be attributed to large phase distor

tions on one of the three panels in the acoustic camera, 

which were revealed during signal analysis (see Fig. 4). 

Using the adaptive algorithms made the results of DaS and 

short-term MVDR identical but did not improve them for 

lower frequencies, where the mean values for both angles 

remained similar (or even degraded) and the SDs even 

increased. At higher frequencies, all three algorithms, again, 

converged to the same values, hLoB ¼ 90� and uLoB ¼ 0�, 

which does correspond to the actual values. However, the 

performance of the long-term MVDR improved remarkably. 

Of the three BF approaches, long-term MVDR provided the 

FIG. 8. Theoretical and experimental LoB estimates for single frequency BF, f ¼ 3600 Hz. The color represents beam power. (a) Theoretical DaS, (b) theo

retical MVDR. The inset in the lower right corner shows a zoomed-in image around the beam power peak. (c) Experimental DaS, (d) experimental shot- 

term MVDR. deg, degrees.

TABLE III. Metrics for quantitative analysis of BF performance. 

Metric type Description Definition Units

1. Location LoB hLoB; uLoB Degrees

2. Contrast The ratio of peak beam power Pmax to background power P0 C ¼ 10 log10 Pmax=P0ð Þ dB

3. Width Half-width of the beam power peak Rmean over 8 directions in the ðh; uÞ plane Degrees

4. Shape Factor Beam power peak shape F ¼ 1 − Rmin=Rmax Unitless
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best LoB estimates in terms of the Location metric, and its 

SD dropped by as much as 12 times for the lower frequen

cies and by as much as 3 times for the higher frequencies, 

where the SD was approximately 0.4�.

A plausible explanation for why DaS and short-term 

MVDR BF have not improved significantly is that the pro

posed algorithm operates only with the signals observed on 

the acoustic camera aperture. The algorithm filters out, there

fore, only distortions that are smaller than the array aperture, 

but the angles of arrival might still be affected by random 

refraction because of the random part of the wavefront 

tilt rather than small-scale distortions. For f ¼ 3600 Hz, the 

estimated coherence radius is rcoh ¼ 0:66 m, which is on the 

order of D, and the coherence radius is larger for 

f < 3600 Hz. If turbulence causes plane wave refraction on 

the microphone array aperture, which leads to an incorrect 

estimate of the direction of arrival, it will remain a perfectly 

legitimate plane wave but will be perceived to be propagat

ing from the wrong direction. The proposed algorithm can

not resolve this issue. To more effectively mitigate 

refraction, one should either use a larger aperture array or 

several widely separated arrays. In contrast to the short-term 

MVDR and DaS techniques, which only use 1 s of data for 

each frame, the long-term MVDR uses all 10 min of obser

vation (600 samples) to average out the effects of random 

signal refractions, which converges to the actual LoB signal 

direction, on average.

However, the proposed algorithm did improve the other 

three metrics. The left and right columns in Fig. 12 depict 

the metrics using standard and adaptive algorithms, 

respectively.

The mean Contrast of the beam power increases as the 

frequency increases, and the highest mean contrast is 

observed for DaS and long-term MVDR; although they also 

have the highest SD (about 4 dB), as well [Fig. 12(a)]. For 

short-term MVDR, the proposed algorithm increases the 

mean Contrast by about 100 dB but has mixed results for the 

SD [i.e., an increase to 4 dB at low frequencies and a 

decrease to 1 dB at high frequencies; Fig. 12(b)]. The mean 

Contrast for DaS and long-term MVDR slightly increases as 

well, and the SD for DaS drops below 1 dB, whereas for 

long-term MVDR, it increases from 1 dB for low 

FIG. 9. Metrics to compare the quality of BF estimates. (a) Estimate of the background power P0 as the probability density function (PDF) maximum for the 

Contrast metric, (b) threshold at the 0.5 level in a single direction, (c) determination of eight radii at the 0.5 level for the Width and Shape metrics. deg, 

degrees.

FIG. 10. Estimation of LoB direction using DaS BF for f ¼ 3600 Hz. (a) Time series, (b) kernel density estimates for the probability distributions of the 

angles. deg, degrees.
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frequencies (225 Hz) to above 4 dB for high frequencies 

(3600 Hz). The mean Width of DaS does not change appre

ciably, although its SD decreases [Figs. 12(c) and 12(d)]. 

In contrast, the mean Widths for the short-term and long- 

term MVDR decrease noticeably, from about 5� to 1�, and 

their SDs decreased to a fraction of 1�, meaning that the 

beam power became repeatably very well localized. DaS 

had the best Shape performance (having a more circular and 

symmetric beam power localization) with low SD 

[Fig. 12(e)]. The proposed algorithm improved it further 

and reduced its SD [Fig. 12(f)]. However, the short-term 

MVDR was the most impacted; the proposed algorithm 

made the beam localization very sharp, basically reducing 

it to a single pixel, as shown in the Fig. 8(b) inset plot. 

For such a limiting case, the Shape metric reduces to 

0.29 (because of purely geometric reasons on the square 

grid), with zero SD, as observed in Fig. 12(f). In con

trast, the Shape performance of the long-term MVDR 

deteriorated: the mean Shape became higher (less circular 

on average), and its SD became the highest of all three 

BF techniques.

Table IV summarizes the results of the BF performance 

with turbulence suppression, averaged across all frequen

cies, with respect to the tested metrics. The figure in the 

parenthesis next to the mean values indicate the rank: 1, the 

best of three considered BF techniques; 2, second best; and 

3, the worst.

In summary, from Figs. 11 and 12, and Table IV, the 

proposed algorithm for adaptive suppression of turbulence 

effects made long-term MVDR the best overall (best for 

accuracy and stability of the LoB direction, second best in 

Contrast, a tie for best in Width, but somewhat worse in 

Shape). Short-term MVDR is second best overall with the 

highest Contrast and the smallest localization area.

IV. DISCUSSION

The performance of conventional BF algorithms, which 

assume a homogeneous propagation medium, degrades in a 

turbulent atmosphere. This degradation is because of ran

dom distortions of both the amplitude and phase of the inci

dent signal. To mitigate these effects, two principal ways 

seem feasible. The first approach is to modify the BF 

FIG. 11. Performance of the beamformers for estimates of the LoB direction by standard (left column) and proposed turbulence adaptive (right column) 

algorithms. (a) and (b) Mean (top plot) and SD (bottom plot) of hLoB, (c) and (d) mean (top plot) and SD (bottom plot) of uLoB. deg, degrees.
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mathematical and statistical framework to account for 

medium inhomogeneities and randomness, and the second 

approach is to preprocess the data so they fit the modeling 

assumptions of the classical BF algorithms. Because the 

instantaneous state of the turbulence is unknown, the first 

approach is only realizable in a statistical sense through 

ensemble averaging. This choice leads to the assumption of 

a turbulence spatial spectrum (e.g., von Karman or 

Kolmogorov) and the utilization of mutual coherence func

tions (see, for example, Ostashev et al., 1998; Collier, 2005; 

Collier et al., 2005; Ostashev and Wilson, 2026). Such a for

mulation eventually results in a mathematical framework 

FIG. 12. Performance of BF techniques using standard (left column) and proposed turbulence adaptive (right column) algorithms for Contrast, Width, and 

Shape Factor metrics. (a) and (b) Mean (top plot) and SD (bottom plot) of Contrast, (c) and (d) mean (top plot) and SD (bottom plot) of Width, (e) and (f) 

mean (top plot) and SD (bottom plot) of Shape Factor.
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that is substantially different from the classical BF frame

work (e.g., Bayesian estimation or maximum likelihood) 

and only improves source localization in the ensemble 

(averaged) sense, which requires a relatively long measure

ment time. Instantaneous errors in the source locations could 

be significant. This article takes the second approach, which 

preserves the classical BF framework by suppressing the 

instantaneous fluctuations in the data. Instead of modifying 

the mathematical framework to include the turbulence 

effects in the ensemble sense, it filters the measured signals 

to remove the turbulent effects. After such filtration, which 

applies to instantaneous measurements, any BF algorithm 

can be used.

The proposed algorithm spatially filters the data phases 

using Zernike polynomials, and modifies the amplitudes 

leveraging knowledge about the analytical covariance 

matrix. Both modifications assume only one incident plane 

wave, e.g., a single distant source. Generalizing this method 

to multiple sources and non-plane wave signals is possible 

but non-trivial. The main difficulty is that the spatial distri

bution of the amplitude and phase is unknown for multiple 

sources. For an incident plane wave from any direction, the 

phase on a planar microphone array can be expressed using 

only three Zernike polynomials. However, for multiple sour

ces, this simple approach is insufficient, and more research 

is required to determine how many terms are sufficient and 

whether this number depends on the incident direction. 

Alternatively, the proposed algorithm for phase adjustment 

could be applied for all possible incident directions one at a 

time, and then several best directions could be identified, 

corresponding to multiple sources. However, the signal 

amplitude would not be simply attributed to any specific 

direction and would remain unfiltered. The performance of 

such a method for multiple sources requires further 

investigation.

V. CONCLUSION

Acoustic turbulence introduces signal amplitude and 

phase fluctuations that cause a shifted, blurred, enlarged, 

and irregular beam energy pattern, which degrades the per

formance of BF techniques. This paper developed an 

approach to mitigate these turbulence effects by preprocess

ing the sensor data while assuming a single, stationary, and 

monochromatic source; a generalization to broadband, non- 

plane wave, or multiple sources is deferred to future work. 

The measured phase was adjusted to eliminate small-scale 

variations using the Zernike polynomials, and the measured 

amplitude was adjusted to match the analytical covariance 

matrix derived with the plane wave approximation without 

turbulence. The proposed technique was evaluated using 

three common BF algorithms on acoustic camera data. The 

results indicate that the elimination of small-scale (com

pared to the array aperture), non-plane wave distortions 

(because of turbulence, clutter, and instrumental noise) 

mostly improved the Shape Factor, Contrast, and Width of 

the beam patterns, and less so the Location accuracy. The 

main limitation is that large-scale turbulence variations 

cause fluctuations in the apparent LoB while remaining pla

nar on the array aperture. In other words, random refractions 

play a more significant role for the LoB estimation accuracy. 

Mitigating these large-scale effects with the proposed 

approach would require a larger array aperture or multiple 

separated arrays. After applying the proposed technique, the 

long-term (10 min) MVDR BF technique had the best over

all performance and was also the most improved, which was 

followed by short-term MVDR and DaS. Therefore, when 

the situation allows, a longer data collection should be used 

to better estimate the adjusted covariance matrix.
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