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ABSTRACT: 

Two essential points of consideration for spherical directivity measurements are the measurement radius and the 

sound source’s location relative to the evaluation surface. When spatial constraints, such as anechoic chamber 

size, limit the measurement radius, both points may lead to measured near-field directivity patterns deviating 

from the desired far-field radiation characteristics. To clarify the impact of source placement on near-field and 

far-field radiation patterns, this work develops far-field magnitude and phase relations between untranslated and 

translated sources. The resulting theory shows that far-field propagation via acoustical holography is sufficient to 

correct for source-positioning uncertainties, provided that the measurements incorporate sufficient sampling 

positions to avoid spatial aliasing. The magnitude equivalence of translated and untranslated far-field directivity 

patterns also enables an acoustic centering procedure that overcomes previous low-frequency limitations.

VC 2026 Acoustical Society of America. https://doi.org/10.1121/10.0046846 
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[Editor: Mingsian R. Bai]                                                                                                                  Pages: 3161–3172  

I. INTRODUCTION

Directivities are crucial characteristics of sound sources 

with applications to auralization,1 room acoustical design,2,3 

microphone placement,4,5 and other areas of acoustics. With 

the growing availability and usage of directivity data for 

many sound sources, researchers and practitioners would 

benefit from an increased understanding of associated con

cepts and improved tools for directivity measurements, post- 

processing, and implementation. This paper addresses this 

need in two specific areas: radial directivity dependence and 

acoustic centering via acoustical holography.

A directivity function characterizes a source’s spatio- 

spectral radiation amplitude dependence and has standardized 

definitions such as “the … level … as a function of the direc

tion of propagation of the radiated … sound … at a specified 

frequency.”6 Beranek and Mellow7 judiciously noted that it 

also depends upon the observation distance, with radial 

dependence vanishing only in the source’s acoustic and geo

metric far field. Even though some of the earliest directivity 

measurements considered radial directivity dependencies,8,9 

most researchers and practitioners today employ directional 

data measured or modeled at constant radii of arbitrary dis

tance as though they were radially independent far-field val

ues, whether that assumption is technically valid or not.

The radial dependence of sound radiation implies that 

source alignment during directivity measurements is significant, 

particularly when constraints, such as anechoic chamber size, 

restrict measurements to the source’s near field. To cause near- 

field directivity results to represent the desired far-field pattern, 

Ureda10 sought to place a loudspeaker at its so-called apparent 

apex or acoustic center. He made several salient observations 

throughout his works on the topic: (1) placing a source at the 

acoustic center does not guarantee representative far-field 

results, (2) directivity balloons change with measurement radius 

until converging to the far-field pattern, (3) the acoustic center 

shifts over frequency, and (4) distance is more important than 

point of rotation for directivity measurements.10–12

Other researchers developed different ideas about 

acoustic centers, with applications outside directivity mea

surements such as transducer calibration,13,14 sound attenua

tion,15 and evaluating the anechoic properties of rooms.16,17 

Trott18 argued that the acoustic center should be defined as 

the location of an equivalent point source that produces the 

same complex-valued far-field pressure. Most standardized 

definitions of the acoustic center, such as “the position of 

the virtual point source from which sound pressure varies 

inversely as distance”6 or “the point from which … spheri

cal wavefronts … appear to diverge”19 follow from Trott’s18 

redefinition. However, Jacobsen et al.20 demonstrated that 

replacing an extended source by an equivalent point source 

is an inconsistent definition because different approaches, 

such as matching 1=r decays or phase shifts, do not give the 

same acoustic center, even for the same theoretical source.

Instead of using the approaches reviewed by Jacobsen 

et al.,20 Vanderkooy and Henwood21,22 established the loca

tion of an equivalent point source by exploiting the point 

about which one takes a multipole expansion of the 

Kirchhoff–Helmholtz integral theorem (KHIT) to remove the 

dipole moment. Assuming the higher-order (e.g., quadrupole) 

terms are negligible, only the monopole moment remains. 

Vanderkooy and Henwood’s21,22 numerical and experimental 

results confirmed the empirical results shown by Ureda,10–12 

such as significant improvements in predicting the expected a)Email: samuel.bellows11@gmail.com 
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far-field behaviors from near-field measurements. However, 

this low-frequency acoustic center is only valid for omnidirec

tional radiators when the acoustic wavelength is larger than 

the source’s dimensions,21–23 although some analytical expres

sions may be derived for dipole sources.24

Other approaches have attempted to generalize the 

essence of Vanderkooy and Henwood’s21,22 work to higher 

frequencies through spherical harmonic expansions as part of 

the Helmholtz equation exterior solution, which converges at 

all frequencies. Because the low-degree terms of the expan

sion correspond to multipole moments,23,25 Deboy28 local

ized the acoustic center by numerically optimizing the 

expansion origin to minimize the contribution of higher- 

degree terms. Ben Hagai et al.26 studied the same objective 

function proposed by Deboy,28 plus four other optimization 

criteria to define the acoustic center. One criterion involved 

maximizing the power of the zero-degree (monpole) term, 

analogous to Vanderkooy’s22 approach. Rather than directly 

penalizing higher-degree terms, Hargreaves27 explored cen

tering of a cardioid loudspeaker based on the spherical har

monic expansion’s convergence rate.

These expansion-based energy-minimization approaches 

yielded reasonable results at lower frequencies, but spatial 

aliasing effects limited their application. Deboy28 found 

well-defined minima up to around 1 kHz using a 64-point 

measurement scheme, whereas the 32-point array employed 

in Ben Hagai et al.26 only allowed consistent results up to 

around 400 Hz. The latter result is consistent with findings in 

Ref. 29, which demonstrated that spatial aliasing occurs for 

this 32-point sampling scheme around 500 Hz when used for 

musical instrument directivity measurements.

In addition to expansion-based techniques, another 

acoustic centering approach involved minimizing the tan

gential components of the acoustic intensity.30 Other meth

ods have attempted, through various means, to exploit phase 

differences to localize the acoustic center.28,31,32

Although these past techniques are plausible for source 

centering at low and intermediate frequencies, they lack 

robustness when their underlying assumptions fail. For exam

ple, equivalent monopole techniques are only valid at low fre

quencies when the source directivity is omnidirectional.22,23 

Low-degree energy assumptions likewise cannot be valid at 

arbitrary frequencies because complex radiation patterns 

require higher-degree terms at higher frequencies.29 

Additionally, although phase-based approaches may converge 

at higher frequencies, they generally require spatial phase 

uniformity or symmetry, which limits their generalization.32

To overcome these disadvantages, this work first 

derives the relationship between the directivity patterns of a 

translated and untranslated source. The result shows that the 

far-field magnitude patterns of both centered and translated 

directivities are equivalent. Consequently, numerical far- 

field propagation can replace source-centering algorithms 

for many practical applications requiring the far-field mag

nitude pattern. This work then presents a source-centering 

method based on far-field directivity patterns, expanding 

upon preliminary results previously reported by Bellows and 

Leishman.33 Because all sources have fixed-magnitude far- 

field patterns at any specified frequency, the technique over

comes previous low-frequency assumptions. Theoretical 

models and experimental results on a measured loudspeaker 

provide methodological validations, although adequate sam

pling is critical to minimize spatial aliasing.

II. THEORY

A. Far-field nature of radiating sources

Consider a source with a defining boundary S radiating 

into an acoustic domain X as depicted in Fig. 1(a). If a 

spherical surface of radius r ¼ a entirely encloses the 

boundary, the unique solution of the complex-valued pres

sure p to the Helmholtz equation for the spherical exterior 

domain, indicated here as Xa � X, is25 

pðr;h;/;kÞ¼
X1

n¼0

Xn

m¼−n

cm
n ðkÞh

ð2Þ
n ðkrÞYm

n ðh;/Þ; r� a; (1) 

FIG. 1. A depiction of an acoustic source contained within a spherical sur

face of radius r ¼ a (a) before and (b) after translation by r00.
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where k is the acoustic wavenumber, cm
n ðkÞ are the 

frequency-dependent expansion coefficients, hð2Þn are the 

spherical Hankel functions of the second kind of order n (for 

outward-going waves with eixt time dependence), and Ym
n 

are the normalized spherical harmonics of degree n and 

order m. The pressure expansion coefficients cm
n follow by 

exploiting the orthogonality of the spherical harmonics on 

the r ¼ a boundary, such that 

cm
n ðkÞ ¼

1

h
ð2Þ
n ðkaÞ

ð2p

0

ðp

0

pða; h;/; kÞYm�
n ðh;/Þ sin hdhd/;

(2) 

where � denotes complex conjugation. Practically, the 

expansion coefficients may result from numerical integra

tion or a least squares approach.34

It is critical to note that there is no requirement placed 

on the location of the source provided that the spherical sur

face fully encloses it. Equation (1) consequently remains 

valid even if the coordinate system origin and the acoustic 

source center (if it exists) are not aligned. The pressure 

expansion coefficients cm
n provide both the unique solution 

on Xa and other field variables, including the particle veloc

ity, time-averaged intensity, and time-averaged sound 

power. This extrapolation of field variables for r > a corre

sponds to acoustical holography.25 Near-field acoustical 

holography and other inverse methods allow extrapolation 

of field variables for r < a, although these techniques are 

limited because of their inherent nonuniqueness.25

Many practical source directivity applications require 

only the far-field pressure, where r satisfies kr � 1 or 

r � k=2p (the acoustic far field) and r � Rs (the geometric 

far field), where Rs represents the source’s maximum spatial 

extent from the origin.35 In the acoustic far field, the large- 

argument spherical Hankel function approximation allows 

separation of the radial and angular portions of the solution 

in Eq. (1), such that 

pðr;h;/;kÞ �
e−ikr

r

X1

n¼0

Xn

m¼−n

cm
n ðkÞk

−1inþ1Ym
n ðh;/Þ: (3) 

Similar to a simple source, the wave takes on spherical 

spreading, such that the sound pressure varies inversely with 

distance, a common basis for determining the acoustic cen

ter. However, unlike a spherical wave produced by a simple 

source, the complex pressure has an angular dependence 

that is independent of the radial observation distance r. 

Additionally, although a simple source has constant phase 

across the spherical surface or wavefront,6 for an arbitrary 

source there is no restriction on its phase. An unnormalized 

far-field directivity function ~D
H

ff ðh;/; kÞ characterizes the 

directivity as 

~D
H

ff ðh;/; kÞ ¼
X1

n¼0

Xn

m¼−n

cm
n ðkÞk

−1inþ1Ym
n ðh;/Þ; (4) 

so that the far-field pressure becomes 

pff ðr; h;/; kÞ ¼
e−ikr

r
~D

H

ff ðh;/; kÞ: (5) 

B. Effect of source translation on far-field directivity

This section derives the relationship between the far- 

field directivity patterns of a centered and translated source 

through the KHIT. The KHIT with no volume source terms 

describes the acoustic pressure within the exterior domain X 

in terms of the pressure psðrsÞ and normal particle velocity 

usðrsÞ on the domain boundary S [see Fig. 1(a)],35 

pðrÞ ¼

ð ð

S

psðrsÞ
@

@ns

Gðr; rsÞ þ iz0kusðrsÞGðr; rsÞ

� �

dS;

(6) 

where z0 ¼ q0c is the characteristic specific acoustic imped

ance of the fluid, the surface normal ns points into X, and 

Gðr; rsÞ ¼
e−ikjr−rsj

4pjr − rsj
(7) 

is the free-space Green’s function. Although Eq. (1) is valid 

only over Xa, the KHIT is valid over the entire acoustic 

domain X.

In the acoustic and geometric far-field, application of the 

law of cosines and a subsequent binomial approximation 

allows simplification as jr − rsj � r − rs � r̂, where r̂ is the 

unit vector in the directions of r. Substituting this simplified 

form into the Green’s function yields the far-field pressure as36 

pff ðrÞ �
e−ikr

4pr

ð ð

S

psðrsÞ
@

@ns

eikrs�r̂ þ iz0kusðrsÞe
ikrs�r̂

� �

dS:

(8) 

This result also confirms that the far-field pressure is the 

product of a spherical wave with a radially independent 

directivity function, as r̂ only depends on the angular direc

tion. The unnormalized, far-field directivity function pro

duced from the KHIT is then 

~D
K

ff ðh;/;kÞ¼
1

4p

ðð

S

psðrsÞ
@

@ns

eikrs�r̂þiz0kusðrsÞe
ikrs�r̂

� �

dS:

(9) 

Two approaches enable the consideration of source transla

tions. The first is to shift the actual source location by r00 and 

the second is to shift the observation position by −r00. This 

section contains the derivation for the former, although the 

derivation to the latter yields an equivalent result.

As suggested by Fig. 1(b), consider a source displace

ment by r00 so that r0s ¼ rs þ r00. The pressure p0 again fol

lows from the KHIT, except with the integration performed 

over the shifted boundary S0. With the new geometric far- 

field condition r � Rs þ r00, the far-field approximation 

becomes jr − r0sj � r − r0s � r̂. Considering that r0s ¼ rs þ r00, 

the far-field pressure may be then written as 
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p0ff ðrÞ ¼
e−ikr

4pr
eikr̂�r00

ð ð

S0

�

psðr
0
sÞ
@

@n0s
eikrs�r̂

þ iz0kusðr
0
sÞe

ikrs�r̂

�

dS0: (10) 

The spatial variable r0s in Eq. (10) designates the points over 

the surface S0, whereas rs in Eq. (8) defines the points over 

the surface S. Because the pressure and normal particle 

velocity distributions, surface normals, and other properties 

on these surfaces yield the same values for the same relative 

positions on S and S0 [compare Figs. 1(a) and 1(b)], the inte

grals in Eq. (10) and Eq. (8) must be equal, such that 

p0ff ðrÞ ¼ eikr00�r̂pff ðrÞ: (11) 

Using the relationship between the far-field pressure to the 

far-field directivity patterns expressed in either Eq. (5) or 

Eq. (8) yields 

D0ff ðh;/; kÞ ¼ eikr00 �r̂Dff ðh;/; kÞ: (12) 

The key result of this relationship is that the magnitude of 

the far-field directivity patterns of translated and untrans

lated sources are equal, 

jD0ff ðh;/; kÞj ¼ jDff ðh;/; kÞj: (13) 

This result intuitively follows by considering a measurement 

array whose radius approaches infinity. Any small shift 

r00 � r becomes negligible when considering the magnitude 

of the far-field pressure.

Figure 2 illustrates this concept for a theoretical point 

source distribution comprising 20 sources with equal ampli

tudes at dodecahedral vertices and a circumradius of 

ad ¼ 0:2 m centered about the origin. Numerically evaluating 

the pressure at increasing radii of a ¼ 1, 2, 10 m, and in the 

far-field at 1.5 kHz (k � 0:2 m) demonstrates how a direc

tional pattern evolves over distance. Figures 2(a)–2(d) show 

the directivity with the point source distribution centered at the 

origin, whereas Figs. 2(e)–2(h) show the directivity with the 

point source distribution translated by r00 ¼ ð0:7; 0:0; 0:0Þ m, 

where the x-direction is toward the 0� angle marker.

The translated distribution’s directivity pattern at the 

measurement radius initially appears much different from 

the untranslated distribution’s pattern. However, in the far 

field, both sources have the same magnitude directivity pat

tern. Observing the centered directivity pattern’s evolution 

over distance makes some near-field effects apparent, such 

as deepening interference nulls. Thus, even centered sources 

require adequate radial distance to overcome near-field 

effects, highlighting a deficiency in methods that only per

form acoustic centering at the array measurement surface. 

The authors’ work in Refs. 33 and 37 includes other results 

and discussions for a monopole, dipole, and quadrupole. 

Consequently, although previous works have argued for the 

need of centering algorithms to correct for directivity pattern 

perturbations because of source misalignment, Eq. (13) 

demonstrates that far-field propagation via acoustical holog

raphy is sufficient for obtaining the magnitude far-field 

pattern.

Although the magnitude far-field patterns of centered 

and translated sources are equal, a phase shift remains 

between the original and translated patterns as 

/D0ff ðh;/; kÞ ¼ kr00 � r̂ þ/Dff ðh;/; kÞ; (14) 

which is associated with the time delay caused by the source 

translation. Cox38 arrived at a similar result when he sug

gested that shifting a simple source by r00 along the z-axis 

would lead to a phase shift of kr00 cos h. Thus, with a knowl

edge of the far-field directivity magnitude and phase, one 

may determine the far-field directivity after a source transla

tion by modifying the directivity phase according to Eq. (14).

Another point of consideration arises when a translated 

source remains relatively close to the geometric array cen

ter, such that r00 � a. If the array is in the acoustic and geo

metric far field of the centered source so that a� k=2p and 

a� Rs, it remains in the far field of the translated source 

because it still satisfies the required conditions a� k=2p 

þ r00 and a� Rs þ r00. Thus, the magnitude directivity 

FIG. 2. Directivity patterns of a centered (a)–(d) and translated (e)–(h) 20 

point-source dodecahedral distribution at distances (a) and (e) r ¼ 1 m, (b) 

and (f) r ¼ 2 m, (c) and (g) r ¼ 10 m, and (d) and (h) in the far-field.

3164 J. Acoust. Soc. Am. 160 (4), October 2026 Samuel D. Bellows and Timothy W. Leishman

https://doi.org/10.1121/10.0046846 

 21 O
ctober 2026 17:59:12



patterns of the centered and translated sources will be nearly 

equivalent.

Figure 3 illustrates this effect by comparing the simu

lated directivities of a monopole, dipole, and lateral quadru

pole with varying displacements no greater than r00 ¼ 0:1a 

in the x-direction with ka ¼ 50. For all sources, even when 

the displacement reached 0.1a, the maximum beam pattern 

error was less than 2 dB. In fact, the significant directivity 

deviations seen in Fig. 2 resulted from large source displace

ments relative to the array size. These exaggerated displace

ments may be unrealistic under normal measurement 

conditions and can be readily avoided by experimentalists.

Overall, obtaining the commonly desired magnitude 

far-field directivity pattern requires either (1) a measurement 

radius satisfying both the acoustic and geometric far-field 

conditions so that minor variations in source placement 

becomes negligible or (2) propagating the measured pres

sure to the far field using acoustical holography. Because 

the former option is severely limited by measurement cham

ber size and other practical constraints, the latter option is 

often the only feasible approach.

However, the ability to perform far-field propagation 

requires sufficient sampling density to avoid spatial aliasing. 

Ben Hagai et al.26 showed that for a source band limited to 

finite expansion degree N, a source displacement r00 increases 

the number of expansion terms by roughly DN � kr00. 

Because the number of sampling positions directly controls 

the maximum possible expansion degree N,34 even a minor 

displacement r00 can lead to a significant increase in sampling 

requirements at high frequencies. Consequently, although far- 

field propagation removes the theoretical need for centering 

algorithms, determining the acoustic center of the source to 

reduce spatial aliasing effects remains a practical consider

ation. Reference 37 contains additional discussion and results 

on the topic of spatial aliasing, including the relationship 

between commonly used sampling configurations and the 

maximum allowable translation distance.

C. Acoustic center revisited

The KHIT and general exterior problem do not require 

an acoustic center to construct the unique solution to the 

Helmholtz equation. Furthermore, because different 

approaches to assessing acoustic centers may yield different 

locations for the same source,20 the definition, necessity, 

and benefit of an acoustic center may depend upon the appli

cation. For example, when considering the anechoic proper

ties of a test room,17 one may find the definition of an 

acoustic center based on 1=r decay to be most beneficial. 

However, for directivity measurements, it seems most bene

ficial to define the acoustic center as follows: 

The acoustic source center is the origin of the coordinate 

reference frame from which the observed directional pres

sure field converges fastest to its magnitude far-field pat

tern with respect to the observation distance r.

The examples of displaced sources in Fig. 2 and in 

Ref. 33 help motivate this interpretation. Although the fig

ures show that the centered and translated sources eventu

ally yield the same far-field directivity pattern, the 

untranslated source patterns converge more rapidly, i.e., 

with the smallest radial propagation distance.

A converged far-field pattern allows one to safely ignore 

radial directivity dependence and employ a fixed directivity 

function dependent only upon the angular coordinates. This 

simplification has clear advantages in reducing the computa

tional load in wave-based simulations by replacing Eq. (1) 

with Eq. (5) as well as mitigating near-field effects used in ray- 

based methods that employ only far-field magnitude patterns.

The proposed definition of the acoustic center reduces 

to Trott’s18 earlier redefinition for the case of an omnidirec

tional source at low frequencies. As discussed by 

Vanderkooy,22 such a source may be replaced by an equiva

lent point source located at its acoustic center. Then, the 

coordinate reference frame from which the observed pres

sure converges to its omnidirectional far-field pattern with 

the smallest observation distance r is the frame whose origin 

is the location of this equivalent point source.

III. ACOUSTIC CENTERING ALGORITHM

Section II demonstrated that far-field propagation is suf

ficient to obtain the magnitude far-field directivity pattern of 

a source. However, determining the acoustic center remains 

beneficial for practical reasons, including minimizing the 

maximum expansion degree of the source N or optimizing 

source placement to maximize the spatial-aliasing-limited 

measurement bandwidth. This section outlines an acoustic 

centering algorithm to address this need.

Following the acoustic center definition in Sec. II C, 

assume that there exists a coordinate frame for which the 

directivity pattern converges fastest over r to the far-field 

FIG. 3. Changes in directivity patterns because of small translations for a 

(a) monopole, (b) dipole, and (c) lateral quadrupole. All plots are shown on 

a 10 dB scale.
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result. Then, compared to all other coordinate frames, that 

coordinate frame should yield the smallest deviation 

between its directivity evaluated at a fixed radius R and the 

magnitude far-field directivity pattern. The algorithm’s 

approach is consequently to evaluate the complex-valued 

pressure field on spheres of radius R > a centered at differ

ent candidate positions r00 and compare these near-field 

results to the extrapolated far-field directivity pattern. The 

algorithm then selects the acoustic center rc as the candidate 

position, whose corresponding near-field pattern is the clos

est to the far-field result.

Figure 4 illustrates the concept behind the centering 

algorithm for three such candidate reference frames for the 

case of a monopole displaced from the origin. The black cir

cle in Fig. 4(a) represents the measurement sphere in the 

transverse plane, whereas the solid red dot indicates the 

location of the displaced monopole. Figure 4(b) shows 

the monopole’s measured directivity on the array surface, 

with balloon radius and color both indicating level on a rela

tive logarithmic scale. Because of the source placement, the 

measured directivity pattern differs from the anticipated 

omnidirectional radiation pattern.

After obtaining the far-field magnitude pattern 

jDff ðh;/Þj by propagating the measured pressure to infinity 

via Eq. (3), the algorithm uses acoustical holography [see 

Eq. (1)] to calculate the pressure on spheres of radius R cen

tered about candidate positions r00. The coordinates of these 

spheres are given as 

r0 ¼ Rr̂ þ r00; (15) 

and three such candidates appear in Fig. 4(a) as green 

dotted, blue dashed, and purple dashed-dotted circles with 

� symbols of the corresponding color indicating their cen

ters r00. Practical computation using acoustical holography 

requires calculating the candidate sphere’s coordinates in 

Cartesian form using Eq. (15) before transforming them to 

spherical coordinates to match Eq. (1). Importantly, the 

sphere radius R must be sufficiently large to ensure that the 

spherical evaluation surfaces remain in the exterior domain 

Xa (r > a), depicted as the gray region in Fig. 4(a), to 

ensure valid extrapolation of field quantities via Eq. (1).

Figures 4(c)–4(e) show the normalized directivity 

jDðr0; h0;/0Þj evaluated on each of the candidate spheres, 

with the encircling colored line indicating the corresponding 

cross section in Fig. 4(a). Only when the candidate sphere’s 

center coincides with the source’s acoustic center does its 

directivity pattern match the true omnidirectional far-field 

pattern [Fig. 4(d)].

Quantitatively, the objective function to minimize is the 

spherically weighted mean-squared error between the nor

malized magnitude far-field pattern Dff and the normalized 

magnitude near-field patterns D, 

Jðr00jRÞ¼

ðp

0

ð2p

0

ðjDðr0;h0;/0Þj− jDff ðh;/ÞjÞ
2
sinhdhd/:

(16) 

In practice, numerical integration is necessary to evaluate 

the integral in Eq. (16).

In all, the steps of the algorithm are as follows: 

(1) Measure a sound source’s pressure at Q discrete posi

tions and obtain the pressure expansion coefficients cm
n 

through a least squares inversion or numerical integra

tion [Eq. (2), Ref. 34].

(2) Evaluate the far-field directivity pattern Dff using the 

expansion coefficients cm
n [Eq. (4)].

(3) For each candidate position r00, evaluate the near-field 

directivity D at the positions given by Eq. (15) by apply

ing acoustical holography [Eq. (1)].

(4) Compute the objective function J using D, Dff , and 

numerical integration.

(5) The acoustic center is the candidate position r00, which 

minimizes the objective function.

Several practical implementation details merit further 

discussion. First, the proposed method is independent of 

FIG. 4. An illustration motivating the centering algorithm for a monopole 

source. (a) Diagram of source location (red dot), original sampling sphere 

(black circle), and extrapolated sampling spheres (green, blue, and purple 

circles). Directivities evaluated on the (b) original sampling sphere and the 

extrapolated (c) green-dotted sphere, (d) blue-dashed sphere, and (e) purple 

dashed-dotted sphere.
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how the expansion coefficients cm
n are obtained. In con

trast, previous methods required a least squares inversion 

with the expansion origin placed at each candidate position 

r00, which can become numerically unstable for positions 

far from the measurement origin. Although the proposed 

method can also use coefficients obtained in this manner, 

it is not restricted to this approach. For example, the pre

sent work will use numerical integration instead of a least 

squares fit.

Second, the expansion coefficients need only be com

puted once, after which acoustical holography is used to 

evaluate the pressure field at arbitrary candidate positions. 

Consequently, the proposed method requires at most a single 

matrix inversion, rather than one inversion for every candi

date position. This not only results in a substantial reduction 

in computational cost at high frequencies but also avoids the 

numerical instabilities associated with least squares fits 

taken far from the origin.

Third, the spherical sampling grid used to evaluate J is 

largely arbitrary, provided it has sufficient spatial resolution 

to avoid aliasing. The present work evaluates J on the same 

sampling grid used during measurement, although less dense 

grids could be applied at lower frequencies to save on com

putational cost.

Finally, the centering algorithm requires selecting an 

evaluation radius R. This radius should be sufficiently large 

to satisfy Eq. (1) and avoid near-field effects, yet not so 

large that the differences between the evaluated directivity 

patterns and the far-field pattern become negligible. 

Nevertheless, empirical evaluations found using values of R 

an order of magnitude larger than a provided sufficient dif

ferences to accurately identify the acoustic center while still 

avoiding near-field effects.

IV. RESULTS

A. Theoretical sources

1. Multipoles

A displaced monopole, dipole, longitudinal quadrupole, 

and lateral quadrupole are each low-order sources with well- 

defined acoustic centers. The dipole moment and longitudi

nal quadrupole moment are in the positive ŷ direction, 

whereas the lateral dipole moments lie in the x̂ and ŷ direc

tions. The simulations place the source’s centers at r00

¼ ð0:5; 0:5; 0Þ m and use a frequency of 500 Hz (kr00 � 6:4), 

measured with an a ¼ 1 m array having 5� resolution in the 

polar and azimuthal angles. The algorithm uses an N ¼ 20 

expansion calculated using a Chebyshev–Lobatto spherical 

quadrature scheme.39

The objective function minimums for the case of 

R ¼ 10a (Fig. 5) align with the source location and acoustic 

source center for all sources. The objective functions appear 

convex over the entire cross section of the a ¼ 1 m measure

ment sphere, indicated by the solid black curve. However, 

the objective functions are not necessarily quadratic with 

respect to the spatial coordinates. For example, the 

monopole shows a spherically symmetric objective function, 

whereas the dipole and longitudinal quadrupoles have elon

gated patterns in the directions of the dipole and quadrupole 

moments. The lateral quadrupole has a rhombus-like pat

tern. Results using R ¼ 2a, R ¼ 10a, and R ¼ 100a local

ized the same acoustic centers to within a relative error of 

jr̂ c − rcj=rc of less than 1% for all cases. However, the 

R ¼ 2a case had the highest errors, possibly because of 

near-field effects.

2. Point source distribution

A point source distribution provides a better approxima

tion of a realistic distributed source than multipoles, which 

are concentrated at a single point. Consider a three-monopole 

distribution with the sources at rc ¼ ð0:5; 0:2; 0:0Þ m, rc 

¼ ð−0:5; 0:2; 0:0Þ m, and rc ¼ ð−0:1;−0:3; 0:0Þ m, and with 

respective source strengths 2.0 m3/s, 1.0 m3/s, and 1.0 m3/s. 

At low frequencies, the acoustic center follows as rc 

¼ ð0:150; 0:075; 0:000Þ m from a center-of-mass formula.23

Figure 6 plots several normalized objective function 

surfaces at 50 Hz (kr00 ¼ 0:49) in the x–y plane using the 

same array and algorithm configuration as for the multi

poles. Figure 6(a) plots28 

Jssðr
00Þ ¼ 1 −

ðp

0

ð2p

0

p2ðr0; h0;/0Þ sin hdhd/

ðp

0

ð2p

0

jpðr0; h0;/0Þj
2

sin hdhd/

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

(17) 

an objective function based on the coherent summation of 

the complex pressure. Figure 6(b) plots26,28 

FIG. 5. Contour plots of the objective function at 500 Hz in the x–y plane 

for a (a) monopole, (b) dipole, (c) longitudinal quadrupole, and (d) lateral 

quadrupole displaced to position r00 ¼ ð0:5; 0:5; 0:0Þ m.
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Jloðr
00Þ ¼

XN

n¼0

njcm0
n j

2

XN

n¼0

jcm0
n j

2

; (18) 

where cm0
n are the pressure expansion coefficient calculated 

in the evaluation coordinate frame with origin r00, an objec

tive function that penalizes energy in higher-degree expan

sion terms. Figure 6(c) plots32 

Jphðr
00Þ ¼ −

XN

n¼0

jc00
n j

2

XN

n¼0

Xn

m¼−n

jcm0
n j

2

; (19) 

an objective function based on phase contours in the x–y 

plane. Finally, Fig. 6(d) plots the proposed objective func

tion J. The three green dots indicate the point source 

locations, whereas the red � indicates the theoretical low- 

frequency acoustic center. The objective functions remain 

similarly convex in all cases, and their global minima coin

cide with the low-frequency acoustic center.

Figure 7 presents results for the same numerical experi

ment but at 500 Hz (kr00 ¼ 4:93). As kr00 is not small, the 

low-frequency acoustic center does not apply. Because the 

underlying low-order or coherent phase assumptions break 

down at this frequency, the previously proposed algorithms 

struggle to identify a meaningful acoustic center. Numerous 

local minima appear in both Jss and Jlo, similar to results 

reported in Refs. 28 and 26; some of the most significant 

local minima occur at the point source locations. 

Conversely, Jph gives a single minimum; however, it con

verges to the point source with the largest amplitude. Only 

the proposed method of the present work identifies a single 

acoustic center located between the point sources.

3. Point source on a sphere

This section compares centering results for the acoustic 

center of a point source on a rigid sphere of radius a, a 

higher-order source requiring roughly N � ka expansion 

terms. Jacobsen et al.20 derived theoretical results for this 

source to show that its acoustic center varies depending on 

the calculation method.

Figure 8 plots the acoustic center over frequency along 

the axis from the sphere’s center, through the point source, 

and beyond. The blue dashed line indicates the position 

r ¼ a of the point source, which is the acoustic center in the 

absence of the rigid sphere. The green dashed-dotted line 

indicates the low-frequency acoustic center.23 The solid 

black curve shows a theoretical center based on matching 

1=r decay with an equivalent monopole,20 

rcðRÞ ¼ R −
z0kQeq

4pjpðRÞj
; (20) 

where Qeq is the equivalent monopole source strength [see 

Eq. (18) of Ref. 20 for the derivation of Qeq], and pðRÞ is 

the on-axis pressure evaluated at distance R. The red dotted 

curve indicates the acoustic center determined from this 

work’s proposed technique. For both methods, the formulations 

FIG. 6. Objective functions for the acoustic source centering of a three- 

monopole distribution at 50 Hz. (a) Jss, (b) Jlo, (c) Jph, (d) J of the present 

work.

FIG. 7. Objective functions for the acoustic source centering of a three- 

monopole distribution at 500 Hz. (a) Jss, (b) Jlo, (c) Jph, (d) J of the present 

work.
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apply an evaluation distance of R ¼ 100a. Because the formu

lations and definitions of the acoustic center differ, one antici

pates some differences between the curves. The 1=r acoustic 

center follows from a single, on-axis observation point, whereas 

the proposed method uses a global approach that evaluates the 

source pressure in all directions. Although the curves do not 

agree perfectly, they have marked similarities. Both converge 

to the low-frequency acoustic center for ka� 1. As ka 

approaches unity, the curves dip toward rc ¼ a. For ka � 1, 

the predicted centers undulate about rc ¼ a then slightly below 

rc ¼ a.

B. Experimental results

A convex regular polyhedron loudspeaker (RPL) is a real 

source that exhibits complex radiation patterns above its 

omnidirectional cutoff frequency.40 In contrast to a rectangu

lar loudspeaker, it has a clearly defined acoustic center falling 

at the polyhedron’s geometric center, assuming all of its driv

ers are identical. Measurements of the loudspeaker’s directiv

ity employed an a ¼ 0:97 m semicircular array consisting of 

36 12.7 mm (0.5 in) microphones spaced 5� in the polar 

angle, with a consequent microphone spacing of about 

8.5 cm. Rotating the arc in 5� increments in the azimuthal 

angle swept out a sampling sphere consistent with the 5� reso

lution Audio Engineering Society (AES) sampling standard.41 

The expansion coefficients followed from numerical integra

tion using a Chebyshev–Radau quadrature rule accurate up to 

N ¼ 34.39 This sampling resolution permits measurement of 

the Rs ¼ 9:85 cm source to roughly kðRs þ r00Þ � 34 without 

spatial aliasing effects, e.g., 2.5 kHz when displaced to a posi

tion r00 ¼ 0:6 m from the origin.26,29,37

Because the constructed loudspeaker may have exhib

ited some asymmetries because of inexact driver matching, 

nonideal driver behaviors, or imperfect dodecahedron fabri

cation, complementary simulated dodecahedron directivities 

clarify whether centering errors resulted from algorithmic 

limitations or measurement errors and uncertainties. The 

simulated pressure resulted from a model comprising a rigid 

sphere of radius al ¼ 9:85 cm and 12 axially vibrating 

caps42,43 with radii ad ¼ 2:95 cm.

Figure 9 shows the 100 Hz results for the measured and 

simulated loudspeakers displaced to rc ¼ ð−0:01; 0:00;

−0:58Þ m (krc � 1:1). The extreme displacement in z leads to 

severe deviations from the anticipated omnidirectional pattern 

for the measured directivity at the array surface [Fig. 9(a)]. 

The simulated data [Fig. 9(d)] almost exactly reproduces the 

effect seen in the measured result, agreeing to within 0.5 dB 

of the measurement. After far-field propagation [Figs. 9(b) 

and 9(e)], the directivity converges to the anticipated omnidi

rectional radiation, with the largest deviation for the mea

sured result remaining within 1.0 dB down from the 

maximum.

A three-dimensional minimization of J using the 

Nelder–Mead simplex algorithm on the measured data with 

R ¼ 10 m gave an estimated acoustic center of r̂c 

¼ ð−0:016; 0:015;−0:60Þ m, yielding a magnitude error of 

jr̂c − rcj ¼ 0:02 m. The deviations for the simulated data 

were trivial, suggesting that centering errors for the mea

sured data are likely because of measurement uncertainties or 

loudspeaker irregularities. Figure 9(c) compares the objective 

FIG. 9. Acoustic centering of a dodecahedron loudspeaker at 100 Hz using 

measured (a) and (b) and simulated (d) and (e) data. (a) and (d) Directivity 

at the array, (b) and (e) far-field propagated directivity, (c) objective func

tion J, (f) simulated localization error for varying SNR.

FIG. 8. Frequency-dependent acoustic center results for a point source on a 

rigid sphere of radius a ¼ 1 m.
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functions evaluated along a one-dimensional line parallel to 

the z-axis and intersecting the known displacement rc, 

showing that the simulated data has an overall lower objec

tive function value and is more cleanly aligned about the 

known acoustic center. The phase relationship given in 

Eq. (14) permits correcting the far-field phase of the trans

lated source once the acoustic center is known. Applying 

this adjustment reduced the spherically averaged phase devi

ation between the simulated translated and centered data 

from 31� to less than 1�.

Even for at the higher frequency of 3.6 kHz, far-field 

propagation corrects for deviations seen in the near-field radi

ation patterns after a rc ¼ ð0:0; 0:00;−0:195Þ m (krc � 12:9) 

displacement in both the measured [Figs. 10(a) and 10(b)] 

and simulated [Figs. 10(d) and 10(e)] data. The final result is 

consistent with the complex pattern typical of dodecahedron 

loudspeakers at higher frequencies.40 The simulation data 

agree well with the measured data at the array surface, with 

deviation errors less than 1.5 dB.

The algorithm localized the acoustic center of the mea

sured data at r̂c ¼ ð0:00; 0:00;−0:19Þ m, corresponding to a 

magnitude deviation of 0.01 m. The centering errors for the 

simulated data remained trivial. The objective functions 

evaluated along the z-axis [Fig. 10(c)] show similar trends 

to the lower frequency case, such as nearly exact centering 

for the simulated data. Applying the phase correction 

reduced the spherically averaged phase deviations between 

the simulated centered and translated data from 122� to only 

4�. The higher initial phase deviation resulted from the large 

krc value causing significant phase oscillations in the trans

lated data.

An analysis of noise robustness provides further insight 

into differences in the algorithm’s performance between the 

measured and simulated data. The analysis repeated the sim

ulated loudspeaker centering experiments but added 

Gaussian noise to create a signal-to-noise ratio (SNR) rang

ing from 0 dB to 40 dB, with the upper bound chosen to 

approximate the measured loudspeaker’s SNR of 32 dB and 

43 dB for the 100 Hz and 3.6 kHz data, respectively. The 

magnitude localization error averaged over ten randomized 

simulations appears in Fig. 9(f) for the 100 Hz case and Fig. 

10(f) for the 3.6 kHz case.

For the low frequency case, the localization error 

remained small. However, by an SNR of 10 dB, the aver

aged deviation exceeded 0.01 m. The higher frequency case 

was more sensitive to noise effects, with the magnitude 

localization error exceeding 0.05 m just below an SNR of 

20 dB. The measured data’s reported centering accuracy of a 

few centimeters aligns well with these theoretical predic

tions, especially considering that the measurements include 

additional uncertainties such as sensor positioning and non- 

ideal loudspeaker behavior.

V. DISCUSSION

Obtaining reliable directivity patterns has been a key 

motivation for developing source-centering techniques. This 

work has highlighted several related points. First, a suffi

ciently large measurement radius and careful attention to the 

source’s location can minimize deviations in magnitude pat

terns from actual far-field patterns. If one cannot place the 

array sufficiently far from the source or when the expected 

acoustic center cannot align with the geometric array center, 

far-field propagation leads to the centered magnitude far- 

field pattern. Consequently, for applications where only 

magnitude values are essential, such as for many implemen

tations of geometrical acoustics,44 far-field propagation 

should replace acoustic centering algorithms to overcome 

the effects of source misalignment.

With the inclusion of directional phase information, 

several matters require careful consideration. If only the 

complex far-field pressure is necessary, source translations 

follow by simply modifying the far-field phase data via 

Eq. (14). For spherical harmonic expansions at variable 

radii, benefiting some time-domain, wave-based simula

tions,45 translation may yield a simplified source representa

tion using fewer expansion coefficients.26,28 However, it is 

essential to remember that a change in the coordinate frame 

origin does not change the unique solution to the Helmholtz 

equation given by Eq. (1). Both the translated and centered 

FIG. 10. Acoustic centering of a dodecahedron loudspeaker at 3.6 kHz 

using measured (a) and (b) and simulated (d) and (e) data. (a) and (d) 

Directivity at the array, (b) and (e) far-field propagated directivity, (c) 

objective function J, and (f) simulated localization error for varying SNR.
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directivities and their associated expansions are equally 

valid, provided that they are properly referenced with 

respect to their associated coordinate system.

Section IV has demonstrated, the proposed source- 

centering algorithm succeeds for both large displacements 

and complex radiation patterns occurring at high frequen

cies. This characteristic is essential for centering many prac

tical sources, such as loudspeakers or noise-generating 

sources, that have frequency-dependent acoustic centers or 

require high-order spherical harmonic expansions. However, 

adequate spatial sampling is necessary to minimize spatial 

aliasing because the far-field pressure follows from acousti

cal holography. This fact implies that the total number and 

distribution of sampling positions constrain the technique’s 

upper-frequency limit. Consequently, the method may not 

significantly increase usable bandwidth with low-density 

sampling schemes compared to other techniques. However, 

with the higher-density sampling schemes that have been 

standardized for decades, one can perform acoustic center

ing at much higher frequencies than previously proposed 

methods allow.

VI. CONCLUSION

This work has provided perspectives on source transla

tions, acoustic centering, and their effects on measured and 

far-field directivities. The results demonstrate that far-field 

magnitude patterns of translated sources are equivalent to 

those of centered sources, whereas phase shifts compensate 

for associated time delays. The work has presented an acous

tic source-centering algorithm that seeks the reference frame 

from which the sound pressure field converges with the small

est observation distance to the far-field pattern. Theoretical 

models and experimental data validated the technique. The 

algorithm’s objective function appears convex at all tested 

frequencies, and its minimum aligns well with known acous

tic centers. However, sampling resolution limits bandwidth 

because the approach extrapolates the sound pressure to the 

far field via acoustical holography. High-resolution sampling 

is essential to fully leverage the algorithm’s potential and 

enable acoustic centering at higher frequencies.

Future research could explore alternative approaches to 

acoustic centering based on far-field phase relationships and 

develop more robust methods for handling spatial aliasing. 

It could also determine how to best use frequency- 

dependent acoustic source centers for source placement dur

ing measurements.
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