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A complete solution is obtained for nonaxisymmetric resonant vibrations of a free cylinder or disk
involving infinite sums. For axisymmetric longitudinal vibrations an alternative to previous solutions
is included. In principle, the solutions satisfy exactly the stress-free boundary conditions, in contrast
to the approximate bending-mode solutions due to Pickett or approximate solutions based on a small

diameter/length ratio and small shearing stresses at the ends.
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INTRODUCTION

A recent application of resonating cylinders has been
their use as gravitational wave detectors. To date only
the lowest axisymmetric longitudinal mode has been of
interest. However, with the anticipated advent of cryo-
genically cooled aluminum cylinders weighing several
tons a large number of cylinder modes may prove use-
ful, Consequently, the need for a detailed understand-
ing of these modes provides the primary motivation for
this study.

Vibrations of rods and cylinders have been studied
ever since the early work of Pochhammer in 1876 and
Chree in 1889 which focused on the infinite-length case.?
The extension of their work to actual cylinders of finite
length has been difficult, however, because it is not
possible to completely satisfy the zero stress boundary
conditions in a simple way. Zemanek® has given a re-
cent account of elastic waves in cylinders in which the
semi-infinite case is solved and vibrations other than
just the axisymmetric longitudinal ones are considered.

For flexural vibrations Pickett* has given an analysis
leading to the eigenfrequencies for finite cylinders.

This solution is also not shear free everywhere on the
plane end faces, but it does have vanishing total shear
and total moment on the ends. The numerical solutions
of Pickett’s equations have been studied by Tefft® and by
Gram, Douglass, and Tyson® and appear in good agree-
ment with experiment.

Hutchinson” has given a completely shear free solution
for axisymmetric longitudinal vibrations of finite cylin-
ders. Many important aspects of the present work have
their root in Hutchinson’s solution.

Section I presents the solutions to the differential equa-
tions of elasticity in cylindrical geometry with the at-
tendant notational conventions, Section II considers the
boundary problem and its solution. In Sec. I the spe-
cial case of axisymmetric modes is considered with dis-
cussion in Sec. IV,

I. SOLUTIONS TO THE DIFFERENTIAL EQUATIONS

The notation for the geometrical and physical parame-
ters of the cylinder follow. L and R denote the length
and radius of the cylinder, respectively. We denote o
as Poisson’s ratio, E as Young’s modulus, u=E/2(1+0)
as shear modulus, p as density, C,=(un/p)!/? as trans-
verse (shear) wave velocity, C, as longitudinal wave
velocity, and A=C, /C, =[(1 - 20)/2(1 - 0)]'/2 as the ratio
of the transverse to longitudinal wave velocity.
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We use as cylindrical coordinates p, ¢, z with the di-
mensionless forms being given by r=p/R, ¢, ¢ =2z/R.
The angular frequency is given by w and the dimension-
less form by w=wR/C,. U,, U,, U, denote the compo-
nents of the displacement vector in the radial, azimuthal,
and axial directions, respectively.

In standard fashion the displacement vector U is ex-
pressed as the sum of the gradient of a scalar potential
& and the curl of a vector potential § (components ?, i
=1, 2, 3 corresponding to p, ¢, z). The equations of elas-
ticity then give, as differential equations for the poten-
tials, the following:

2 2

g—r“;+%%§+%§+%§i}+m2¢=o, (1)
S A B S
(2a)

We choose the potential solutions in the following form:

N 2 sinn¢ | )Jcosdg
3(r, ¢, £)=2AR J,.(ar){cosn¢} {Smbc} ’ (42)
where
a?+82=w%; (4b)
1 Rt - cosno sinf¢
P ¢, £)=BR (n/r)J,.(ar){S.mmp}{_ cosB§} , (5a)
and
2 _=BR® 8J, sinng sinBg
Ry(r, ¢, 8)= v ?rl(m’) {— cosn¢>} {-— cosﬁ;} ’
where (5b)
Bt ; (50)
s __ P 'cosn¢ cosyt
$*(r, ¢, £)=— CR J,,(ar){ sinnd } { sinyt } ) (6a)
where
a+yi=p%. (6b)

A, B, C are arbitrary constant coefficients and the J, de-
note Bessel functions of the first kind of order ».
By the usual route from potentials to displacement
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TABLE 1. Solutions of elasticity equations with arbitrary azimuthal symmetry. Primes denote differentiation with ré-
spect to the argument and ¥,(e) =xdp .1 &6}/ lx) — G2 +1). .
(A) (B) (C)
al +62 =i at+pr =01 @l +y =0t

Uy {sinng¢ | fcosdt PURRPN sinng) {cospt n sinng | fcosvé
R' 2adg(@r)g o n¢} {s‘mdt } apdnlan) {— cos n¢} {sinﬁz} r In(@r) {— cos n¢} {sin'yt }
Uy 2n cosn¢)y (cosbf Brn .  a , fcosng) (cosBt = r1= . fCOSRP) fcosYE

R r Ialar) {— sinnqb} {sinbl } r Inl@r) {smmp} {sinﬁc } ady @) {sinmp} {sin‘y§ }
U, sinn¢ ) (~sindf PO sinng singf 0
7!‘ 28J,(ar) {cosmﬁ} { cosét} @Jn(@r) { cos mb} {-— cosﬁ!}
2l 2Jp(ar) _ B . A 2 A 9 n sinp¢p ) fcosyt
o7 2her {(nz 228 —T) -zp,,(orr)} Z J,,(oz'r){(n -1 =@ zIJ,.(ar)} 2, g, Grlin(@r) {_ s ¢} {Sim}

sinng) {coséi sinp¢ | fcosp
{cosmp} {smﬁl x{ cosnd)} {sinﬁz }

o= 2_—=2 sinnp) (cosst o N sinng) fcospt

2 (2a® -9, (ar) {cosmp} {sm&.} a ﬁJ"(a"){—cosmp} {sinﬁz } 0
o™ 4 cosng) (cosdt 208 . a . (A fCOSRGY [COSBE 2 2 _qy @t

M 72 Inlar)ynlar) {— sinmp} {Sinéc } 7t Inl@rlinar) {sinmp} {sinﬁz} 7t Jf'(ar){(" D 2 tp"(&r)}

cosng) (cosvE
% {sinmp} {sin‘yt }

a”* sinn¢ | (—sindg 22 _ oty racA sinne sinBt nY sinng) (—sinyt

B taddy(@n) {cosmﬁ} { cosaz} @ =pW,ler) !l- 008n¢} {— 00855} 7 J"@r){ °°S"?"} { °°37§}
a** @_n cosng sind¢ a2 _ o A ) (COSR sinBt — o, cosng) (- sinyt

M Inlar { smmp} { coséC} @ - )«rJ"(ar){sinnq)} {—eosﬁt} Yad, @r) {smmp} { cos‘y{}

vector, from displacement vector to strain tensor, from
strain tensor to stress tensor via Hooke’s law we obtain
the solutions as given in Table I. The functions in
brackets, for example, in Eq. 4a, are alternative inde-
pendent solutions. Thus Eq. 4a summarizes four inde-
pendent solutions for the potential &.

1. BOUNDARY CONDITIONS

In the past the major obstacle to obtaining a complete
solution for the resonant vibrations of a cylinder has
been the boundary conditions. In terms of stress tensor
components, these boundary conditions are as follows:

o"(r=1)=0, (7a)
g™ (r=1)=0, (7b)
o™(r=1)=0, (7c)
o (t=+h)=0, (7d)
o™ (t=+h)=0, (7e)
g% (t=+h)=0, (7f)

where h=L/2R.

In order to satisfy Egs. 7, it is necessary to take an
infinite sum of solutions, each in turn partially satisfy-
ing the boundary conditions. The infinite sum is then
required to be orthogonal to a complete set of functions
over the appropriate interval. For 0 <¥ <1 we choose
Bessel functions and for — A < ¢ <k we choose the Fouri-
er functions, sines and cosines. To obtain the solutions
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partially satisfying the boundary conditions we proceed
as follows.

Let 5 =8=% and then make the notational change § =8
z=y-a, a-56, a=a-pB. The solutions of Table I take
on the forms given in Table II. We then take a super-
position of the (A)-, (B)-, (C)-type solutions and sub-
stitute into Eqs. 7. The resulting boundary condition
equations for the upper ¢ function are the following:

{ZAJn(ﬁ)[(nz—1)+(a —8%) - 4,(6)] + BaJ, ()

x[(n?-1)-p2-3,(0)]+ cwn(ﬁ)¢n(ﬁ)}{c?sa§}= 0;

sinaf
(8a)

{2And, (6 )9, (6) + Bno, (B, (B)
+CI,(B)(n? - 1) - (8%/2) - %(ﬁ)]}{"f’““ }=o; (8b)

sinag
{4Aas7,(6) + BB(a® - %)J ,(B) + Cna (A}

x{zlzaai}=0; (8c)
cosah .
{A@6% - ?)d, (67 )+ BB%ad,(Br )}{s.mah } =0; (8d)
{uaa.r;(ar) +BBa® - BT 1(Br)
Cna sinah ] ‘
~ 7 (ﬁr)} {cosah} 0; (6e)
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-
TABLE II. Specialized solutions of elasticity equations with arbitrary azimuthal symmetry. The solutions listed in this table
are obtained from those of Table I by letting 6=8=y—~a, &=G—f8, and @ —5.
o’ +6% =0\’
a) (B) (© a? +g2 =0
Ur , sinng , sinn¢ JIn(Br) { sinng cosat
R 20J, (67) {cosrw} apdn(Br) {— 003n¢} "y {— cosmp} {sinat }
Uo JIn(d7) { cosne Jn(Br) fcosng ’ cosn¢ cosat
R o r {— sinmp} oy {Siﬂnd)} Bl (Br){sinn¢} {sinozt }
Uz sinng 2 —sinn¢g —sinat
R 2ady(67) {coanb} B dnler) { cosn¢} 0 { cosa(}
g™ 2Jn(dr) 2o oInBr) ¢ 2y ez ndy(Br) sinng cosat
it (S R U RN Bl e (A TR N ) B SN A {Stnat )
sinn¢ sinng
X{cosnd)} x{_ COS"¢}
o 2 _—» sinzng 2 sinn¢ cosaf
24 @5 )J"(Gr){cOSn¢} ap dn(Br) {-— cos;;¢} 0 {sinat }
a™® 4 cosng 2n0 cosng 2 2y Bt cosat
= Faenuen {00! pal HCURCER it m DAL AR IR RN E) R o
cosn¢
x {sinmp }
o™ . sinn¢ 2_ p2yge sinn¢ no sinng - sinaf
I 4adJy (67) {bosn ¢} Ala” =)y (Br) {— coanb} r () {— coan&} { cosa§}
o®  4on cosne 2t cosng , cosng — sinat
i r Inl0r) {—sinmp} (-8 )r Inlfr) {sinn¢} By (Br) {sinnqb} { cosat
C=27,06),6){2a®[(n®-1)- B%] +(a® - B3}
{MJ,,(M) +Bla® - 8%)(n/7)J,(Br) + CaﬁJ;(ﬁr)} o ares . 2 .
r -9, (8){(a?- B%)[(n?- 1)+ (a®~ B%)/2] +2a°}
8 { sinak }= 0 (89) - [, (6)0,(8) - (n®- 1) +&?/2]) . (10c)
cosak) Equations 8b and 8¢ give (4, B, C)=(4, B, C), where
Hereafter we speak of even and odd solutions accord- 2 2 2 2 2
ing to whether or not U, is even or odd. Even (odd) so- A=J,O{( BI(e)+1] [ n )= B%/2=4,(B)]
lutions correspond to the lower (upper) £ function. -n%a?,(8)} , (11a)

Choosing two from among Egqs. 8a-8c, the constants
. A, B, C are determined to within a common factor.
Choosing Eqs. 8a and 8b, then (4, B, C)=(, B, C),
where

A=ad (A {[(n?-1)-p%/2-3,(8)] [ (n®-1) - B% - y,(B)]

—n22(8)} , (92)
B=2J,6){[4.(8) + B%/2 « (n®-1)]
X[ (n®-1)+(a®- B%)/2 - 4,(B)] +n%y,(B)4,(8)},  (9b)
C=2and,(6){[(n%- 1)+ (a®- B2)/2[,(B) - ,(5)]
+@?/2)9,(8)} (9¢)

Choosing Eqs. 8a and 8¢, then (4, B, C)=, B, €), where
A=nJ (B){- a®[(n%-1)- BZ-4,(B)]

+(a?- B3, (B) 4, (8) +1]} , (10a)
B=2and,(6){[(n?-1) +(a® - B2/2 - 4,(5)]
= 2,(B)[9,(8) +11} , (10b)
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B=2aJ,(6){2[4,(6)+ 1] [4,(8) + 8Y/2 = (n® = 1)] +n%,(5)} ,
(11b)
€=2nJ,(6){2a%,(8) - (@®- B2),(5) +@%, (B)d,(6)} . (110)

Partial satisfaction of boundary conditions of Eqs. 8d-
8f are obtained by letting a= p,=mn/h or a=v,=@2m
+1)n/2h, with m=0,1,2,....

Table III enumerates the different solutions obtained,
each of which satisfies the boundary conditions of Eqs.
7a-Tf in part. Repeating the previous steps of this sec-
tion for the lower ¢ function leads to the same results.
The solution to which we apply the condition of orthog-
onality is obtained by adding together all of the solutions
of Table III.

We let f,(r; a)=284J, (Br)+BaBJ y(Br)+(Cn/v)J,(B7).

f;,('r; a) and f:(r; o) have similar definitions but with a
tilde or caret over the A, B, C functions (cf. Eqs. 9-11).
Using this definition we write out as an example the com-
plete solution for U,, omitting the sinusoidal function of
time.
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TABLE III. Coefficients for solutions partially satisfying
boundary conditions.

0dd (upper) Even (lower)

Coeffi- Coeffi-

cient a (A) (B) (C) cient a (A (B (C)
A v, A B T ¥ b, A B C
B b, A B C B b, A B C
c be A B ¢ ¢ e A B O
D v, &4 B C 9D v, A B T
E Vi A B c ¢ Vi A B c
F v, A B o) & v, A B ¢

gz =Z {Sinn(p} Z {Anmﬁx(r; “‘mﬂ) cos”‘mﬂ.g

R oo lcosnd| =

[ Bon £l ) + Com fol75 )] cOS i

+[ Do Ful#3 V) + B 7 V) + Fo filr; v,)] cosvt

+ U 75 1) SN E +[B e Fo(75 Hhppar)

+Com Ja (73 Mnsr)] S10 s & + [ Dy Fo (75 V)

+ G So73 Vi) + S Fol7; v)] sing. (12)

The stress tensor components are formed in the same

fashion as Eq. 12 and then are required to satisfy the

boundary conditions of Eqs. 7 by being orthogonal to the
appropriate complete set. The equations

h
j o™ (r =1, £) sinv, £ dt =0 (13a)
-k

and

h
f o™(r=1,¢) cosp,tde=0 (13p)
~h
lead, respectively, to the following equations for the
coefficients, where the subscript # is hence forth sup-
pressed.

2 ConCn+ 8, Fy=0 (142)
and "

c,,c“,+; FyppFp=0, (14b)
where

¢:(‘;)=z,ci.f,,(<s)[(na -1)+ (“22;‘32) - zp,,(a)]

+BaJ,(B)[(n® - 1) - B2 - 9,(B)] + Cnd (B, (8) .
(15)
The choice of 4 or v is made depending on whether a
equals g or v. We have defined

Co=2Cluy In(- 1 (16a)
and

Fy=Cly) n(-1)*, (16b)
where
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{1, =0
~10, otherwise. 17)

Also we use

ékm = Cllpmt) 1T o ms1 (18a)
and

i’:km = CWm)T maVm (18b)
where

Tam=2(= DY/~ 12) . (19)
The equations

f:a" *(r =1,¢)sinv, £ =0 (20a)
and

h
[ ometr=1, ) cos =0 (20b)

-h

lead, respectively, to the following equations for the co-
efficients:

> B, 98, +CE,=0 (21a)
and

BB, +Y B, E,=0, (21b)
where )

B, =2'B(u,)h(-1)* , (22a)

E,=B)n(-1)* , ‘ (22b)

ékm=B(um+1)“m+ITk,m+1 ’ (23a)

Eypm=Bp)TrsVm » : (23b)
with

B(*)- 2dnd, 0)4,(0) + Bond, (8)0,(8)

+CT,(8)[(n? - 1) - (8%/2) - $,(8)] . (24)

In Eq. 24 p or v is chosen depending on whether a equals
@ or v. In similar fashion, the equations

A
f o™ (r=1,¢)siny,£d¢=0 (25a)
(Y
and
h
f o7%(r=1,¢) cospu,t dt=0 (25b)
-h
lead to
2 AmAn+DyDy=0 A (26a)
and
WA, +D, DD, =0. (26Db)
m
We have defined
A=2Au )R(-1) (27a)
Dy=AW (- 1), ‘ (2'7b)
/ikm =A(”’m+1)“m17h.m+l ’ . (28a)
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5&1’1 =A(Vm)Vmek ’ (28b)

where
A )- 4207} (6)+ Bila® - 8)7,(8) + Cnad,(8),, (29)

with again the choice of u or v determined by a.

For the remaining boundary conditions, we make use
of the functions »!/ ZJ,,( y%7) which are orthogonal over
the interval 0 < <1, where y’ denotes the kth root of
J,(x)=0. Rather than using Eq. 7d in the form given we
use the two equivalent equations.

0% (L =h)+0 (L =-h)=0 et =1)=0 (30a)
and
o® (&t =h)—- 0" == h)=0{e=h)=0 . (30b)

Thus we require

h
f”“iﬁ.n(f,hh)-fn(y'ir)dﬁo (31a)
-h
and
h
f 70 5ad7, £ =hW, (93 7)dr=0. (31b)
-h )

These yield the following equations for the coefficients:
2 AnAyn(tiner) + By Bun(tin) + Co Gy i) =0 (320)
and
;so,,fi,,,,(um) +@p Bym(v) + 8n Crnlva) =0,  (32b)

where

- fu)_ o\ JA(262 = 0?)5J . (5)

Botfa’ *7,(8)
( y n)2 2

33)
Once again the choice of 4 or v depends on whether o
equals u, or v, .

s (u & (u
B’“"(v) and C’“”(v)
are given by Eq. 33 with (4, B)~ (A4, B) and (4, B),

respectively.

As was done with Egs. 7d, we focus on the even and
odd parts of Eqs. 7e and 7f. We find

ol lr,E=h)=0, (34a)

Talr,t=h)=0, (34b)
ol lr,t=n)=0, (34¢)
o ddr, t=h)=0. (34d)

Because of the nature of the Bessel functions occurring

in these equations it is more convenient to consider the

sum and difference of Eqs. 34a and 34c and likewise the
sum and difference of Eqs. 34b and 34d. The use of re-
cursion relations makes for considerable simplification.
We find that
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1
f 7[0-even+°'ovon]J-1(yn-17)d7=0 (35a)
and
1
ff[viv‘... 0 Sen 1 Tt (937 ) dr=0 (35b)
-0

result in the following equations for the coefficients:

> U Up i) + B Vi (bhmor) + G Wi (bhss) =0 (362)

and

Z 9Im‘ka(u‘m) +%mskm("l'm’l) + @m Tkm(u’m*l) =0 ’ (36b)

where

-1y JAA @53, 1(5)
Ukm(y) -l(y ! {(ﬂ-I)E_EE

. [Bla®-8?) +Cozz] BZJ,-I(B)} (37)

(yn-l)z

lt) vl

are obtained from Eq. 37by letting (4, B, T) -, B, C)
and (4, B, ), respectively.

ka(‘:)’ Skm(l:)) and Tkm(’:)

are obtained from

u
Uhm(v)’ Vkm(‘:)! and ka(li)’

respectively, by letting (n~1)—~ (n+1).
of 1 or v is determined by a.

Again the choice
The requirements that
. ,
j rlor%+0851d,4(y7 v )dr=0 (38a)
0
and
1
[ rlori- o8l dly ) ar=0 (38b)
()
yield for the coefficients
2 DUy v + Ep Vi (V) + Fou Wy (v) = 0 (39a)
m

and
2 DBy (V) + EpSymv) + Fyn Ty nv) =0. (39b)

Equations 14b, 21b, 26a, 32a, 39a, and 39b are conve-
niently summarized in matrix form.
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Agm 0 0 D, 0 A
0 B, 0 0 Eyn B
0 0 C, 0 0 C
. |=0- " (40)
(Aun(tne) Bimliim) Camtn) O 0 D
0 Y 0 Uk m(Vm) Vkm(vm) Wk m(Vm) E
0 0 0 Rk m(Vm) skm(vm) Tk m(Vm) F

Equations 14a, 21a, 26b, 32b, 36a, and 36b are contained in the matrix equation

A 0 0 Dy, 0 %
0 By 0 0 E, B
0 0 Com 0 0 F, c

: |=0. (41)
0 0 0 ‘ahm(ym) ‘ékm(vm) ék m(vm) D
U,.,,.(#,,,) Vk ,.(Il-,,.q) ka(“‘mol) 0 0 €
Rk m(p'm) Skm(“‘m*l) Tk m(u'mc-i) 0 0 8-'

Submatrices with only one index are diagonal matrices with
their diagonal elements given by the indicated quantity.

For a nontrivial solution, the determinant of the co-
efficient matrix must vanish, which determines the al-
lowed frequencies. The matrix of Eq. 40 gives the fre-
quencies for odd modes and that of Eq. 41 for the even
modes.

lll. THE AXISYMMETRIC MODE

The determinants associated with Eqs. 40 and 41 are
different of course for each n. The axisymmetric mode
n=0 requires special attention since some coefficients
vanish for =0 (cf., Egs. 10a and 10b) and since it is in
this mode that comparison with previous work’ is possi-
ble.

Examination of the boundary conditions contained in
Eqs. 8 shows that for n=0 there is a natural splitting.
Equations 8b and 8f concern only the (C)-type solution of
Table I and the remaining boundary conditions couple
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the (A) and (B) types together. The boundary conditions
for the (C)-type solution are easily satisfied by choosing
@ equal to p, or v, and w satisfying B%J,(8)=0. These
are the well-known torsional oscillations and are not
copsidered further here.

For the axisymmetric longitudinal mode the Eqs. 40
and 41 reduce to

[ Aym 0 b, o T [a-
0 "fik 0 —13,,,,, C
Apulips) Conly) 0 0 bl=0
0 0 Rynvp) Tynvn) F
) ) _."(42)
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and
A, 0 D,, 0 [ 11 ]
0 -4, 0 -D, y
. |=0.
0 0 Aalvn) Conlva)| |®
Rymliy)  Tpmlbiper) 0 0 &

(43)

The matrix coefficients are given by the equations in the
previous section specialized to the case n=0.

IV. DISCUSSION

In the previous sections a complete solution for the
resonating modes of a free disk or cylinder are obtained
in the form of an infinite series for each mode. A par-
ticular mode is selected by fixing »n and then choosing a
particular frequency solution to either the even or odd
parity equation given by requiring the vanishing of the
determinant of Eq. 41 or 40. Thus, a particular mode
is labeled by (n,+,1).. The label n» determines the geo-
metric character of the mode. For example, n=0 se-
lects the axisymmetric longitudinal or torsional modes
(cf. Sec. HOI, Refs. 2, 3, and 7) and the exact solution
of this paper is an alternative to that given by Hutchin-
son; n=1 selects the bending modes [Refs. 4, 5, and 6];
n=2 selects the longitudinal modes with quadrupole sym-
metry. The plus or minus sign denotes mode parity.

In contrast to the Pochhammer-Chree solution (the in-
finite rod solutions as applied to finite cylinders by re-
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quiring the normal stress at the ends to vanish but ig-
noring the tangential stress), it is not possible to deter-
mine the radial node structure without a detailed exam-
ination to U, as a function of ».

Exploratory numerical computations have been done
to obtain the frequencies giving a vanishing determinant
for the matrices in Eqs. 42 and 43. Excellent agree-
ment with Hutchinson’s results was obtained at selected
points. It should be noted, however, that the number of
terms included in the expansions, necessary to obtain
equivalent accuracy, was somewhat larger. Also we
remark that no false roots appear since terms such as
J,(6)/[(y7)? - 6%] which occur in Eqs. 33, 37, etc. have
a finite limit as §— y}. .
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