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The application of the Mo¨bius inversion formula to the specific-heat–phonon spectrum inversion problem
~SPI! initially appeared promising@N .X. Chen, Phys. Rev. Lett.64, 1193~1990!; J. Maddox, Nature~London!
344, 377 ~1990!#. However, no one has previously been able to obtain the exact Debye spectrum with the
correct cut-off factor and frequency dependence from the Mo¨bius formula. The main difficulty arises from the
fact that the Mo¨bius functionm(n) is not completely known for largen in practice. In this paper, some exact
solutions of SPI are obtained by using the Mo¨bius inversion formula, most importantly the Debye spectrum as
a special case, and the problem of the unknown Mo¨bius functionm(n) for largen is avoided. It is shown that
the Möbius inversion formula can be useful for exact solutions to spectral inversion problems.

PACS number~s!: 02.10.Lh, 05.90.1m, 65.40.1g
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I. INTRODUCTION

The lattice specific heatCV(T) can be expressed by

CV~T!5kBE
0

`S hn

kBTD 2 ehn/kBT

~ehn/kBT21!2
g~n!dn, ~1.1!

where h and kB represent the Planck and Boltzmann co
stants, respectively, andg(n), the phonon density of state
is normalized to 3Nr:

E
0

`

g~n!dn53Nr, ~1.2!

wherer is the number of degrees of freedom per molecu
The inverse problem is to determineg(n) from the measured
lattice specific heatCV(T). This problem has received inten
sive theoretical study due to the importance of the pho
density of states for the thermodynamic properties of sol
lattice dynamics, electron-phonon interactions, the mic
scopic mechanism of superconductivity, etc.
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In 1989, Dai, Xu, and Dai introduced techniques f
eliminating divergences and used the Fourier transform
obtain an exact solution formula with a parameters @1,2#.
Existence and uniqueness theorems were also proved.
formulas of Montroll@3# and Lifshitz@4# are special cases fo
s51. Another special case is given by Carlsson, Gelatt,
Ehrenreich@5#.

A class of exact solutions for concrete systems in S
~including the Einstein and Debye spectra! and in the related
black-body radiation inverse problem were obtained by Da
exact solution formula@1,2,6,7#. Recently, the exact solution
formula @2# was also applied to carry out specific heat inve
sion for a real system such as YBCO@8#. The parameters for
eliminating divergence is shown to be very important f
asymptotic behavior control. Most of the above work f
cused on an exact solution in closed form: an integral rep
sentation of the exact solution.

In 1990, Chen@9# introduced a modified Mo¨bius inver-
sion formula which stated that ifB(v) satisfies a common
condition,

uB~v!u,cv11« ~v.0!, ~1.3!
R3019 ©2000 The American Physical Society
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wherec and« are two positive constants, and

A~v!5 (
n51

`

B~v/n!, ~1.4!

then

B~v!5 (
n51

`

m~n!A~v/n!. ~1.5!

The Möbius functionm(n) is equal to zero whenn includes
repeated factors, or equal to (21)r whenn is a product ofr
distinct primes. Specifically,m(1)51. By using this inver-
sion formula and denotingu5h/kBT, he obtained a forma
solution of the integral equation~1.1!,

g~n!5
1

kBn2 (
n51

`

m~n!L 21H CV~h/kBu!

u2
, u→ n

nJ ,

~1.6!

where L 21 stands for inverse Laplace transform. Chen
method received much attention@10–12#, since he intro-
duced methods from number theory, including the Mo¨bius
inversion formula@13#, to study inverse problems in physic

It is important to notice that Chen’s formal solution fo
mula ~1.6! involves an infinite number of inverse Laplac
transforms. This makes it rather difficult to apply in practic
~See, for example, the work of Berteroet al. @14#, who have
carefully studied the instability problems of inverse Lapla
transforms.! Furthermore, to determine the values of the M¨-
bius functionm(n) for largen is an extremely difficult and
unsolved problem, seriously complicating any attempt to d
cuss the convergence of the solution and existence
uniqueness theorems.

In Ref. @15#, the Einstein spectrum was obtained using
Möbius inversion formula. Chen and Rong also used
‘‘standard’’ low-temperature expansion of the specific h
to find the phonon spectrum by Chen’s formula. They o
tained a spectrum of the formg(n);n2 but with no cut-off
factor and Debye frequency, which implied that one still ca
not obtain the complete Debye spectrum with a correct c
off factor and Debye frequency from the Mo¨bius inversion
formula in SPI. A question then arises as to whether
Möbius formula can be used in practice to produce ex
solutions for nontrivial physical models other than the E
stein spectrum. In fact, to our knowledge no one has pr
ously obtained exact solutions for any concrete phys
models in SPI by using the Mo¨bius inversion formula.

This Rapid Communication uses the Mo¨bius inversion
formula to derive the exact solution for SPI for a gene
model, in which the Debye spectrum is included as a spe
case. A correct phonon density of states will be derived fr
the complete expression of the specific heat.

II. EXACT SOLUTION FOR SPI FROM MO ¨ BIUS
INVERSION FORMULA

Considering the historic importance of Debye’s wo
@16#, we start from the following specific heatCV(T), which
includes the Debye specific heat as a special case:
.
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CV~T!53NrkBS ~n11!Dn~x0!2
nx0

ex021
D , x05

hn0

kBT
,

n51,2,3. . . , ~2.1!

wheren0 is the cut-off frequency of lattice vibrations,N is
the number of molecules,r is the number of degrees of free
dom per molecule, andDn(x) is the integral

Dn~x!5
n

xnE0

x zn

ez21
dz. ~2.2!

Formula ~2.1! is the well-known Debye specific heat inte
polation formula of dimensionn @16#.

We evaluateDn(x) in a series of exponential functions a
follows:

Dn~x!5
n

xn (
k51

` E
0

x

zne2kzdz

5nn! S z~n11!

xn
2 (

k51

`
1

kn11 (
l 50

n
kl

l !

e2kx

xn2 l D ,

~2.3!

wherez(z) is the Riemann zeta-function,

z~z!5 (
n51

`
1

nz
Rz.1. ~2.4!

The reciprocal ofz(z) is @17#

1

z~z!
5 (

n51

`
m~n!

nz
Rz.1 , ~2.5!

wherem(n) is the Möbius function.
Denotingu5h/kBT5 x0 /n0, one has

CV~h/kBu!

u2
5

3NrkB

u2 H n~n11!! S z~n11!

unn0
n

2 (
k51

`
1

kn11 (
l 50

n
kl

l !

e2kx0

unn0
n2 l D 2nx0(

k51

`

e2kx0J
5

3NrkB

n0
n

n~n11!! S z~n11!

un12

2 (
k51

`
1

kn11 (
l 50

n11
~kn0! l

l !

e2kn0u

un122 l D . ~2.6!

Noting that@18#

L 21H e2ap

pn
, p→xJ 5

~x2a!n21u~x2a!

~n21!!
, ~2.7!

whereu(x) is the Heaviside step function which is defined



this

-

the

ific

en

use
nt

rms
r is
is
the
th
at
-
us.
es

es

te
tri-

ye
ur-
ion

nd
of

ng
in

RAPID COMMUNICATIONS

PRE 62 R3021EXACT SOLUTION OF THE SPECIFIC-HEAT–PHONON . . .
u~x!5H 0 x,0

1 x.0.
~2.8!

Thus,

L 21H CV~1/u!

u2
, u→nJ

53NrkBn0
2nH ~n11!! z~n11!

nn11

G~n12!n0
n12

2 (
k51

`
~n11!!

kn11 (
l 50

n11
kl

l !

~n2kn0!n112 lu~n2kn0!

G~n122 l !n0
n122 l J

5
3NrkBn

n0
n H z~n11!nn112 (

k51

`
u~n2kn0!

kn11
~2.9!

3 (
l 50

n11
~n11!! ~n2kn0!n112 l~kn0! l

l ! ~n112 l !!

5
3NrkBn

n0
n S z~n11!nn112 (

k51

`
u~n2kn0!nn11

kn11 D
5

3NrkBn

n0
n $z~n11!nn112H~n!%, ~2.10!

whereH(n) is defined as

H~n!5 (
k51

` S n

kD n11

uS n

k
2n0D , ~2.11!

and where the relationu(n2kn0)5u(n/k2n0) has been
used. It is obvious that the above series~2.11! is absolutely
convergent. According to the Mo¨bius inversion formula
~1.5!, replacingB(v) by nn11u(n2n0) @which obviously
satisfies the condition~1.3!#, and replacingA(n) by H(n),
one finds that

(
k51

`

m~k!H~n/k!5nn11u~n2n0!. ~2.12!

Inserting Eq.~2.10! into Chen’s solution formula~1.6! and
using Eq.~2.12!, one obtains

g~n!5
1

rkBn2

3NrkBn

n0
n (

k51

`

m~k!H z~n11!S n

kD n11

2HS n

kD J
5

3Nn

n0
nn2 H z~n11!

nn11

z~n11!
2nn11u~n2n0!J

53N
nnn21

n0
n $12u~n2n0!%

53N
nnn21

n0
n

u~n02n!, ~2.13!
which gives the phonon spectrum. As a special case of
result, letn53 andn05nD in formula ~2.1!, then the Debye
spectrum is recovered:

g~n!59N
n2

nD
3

u~nD2n!. ~2.14!

SupposingCV(T) is a superposition of the form~2.1!,

CV~T!53NrkB(
n

AnS ~n11!Dn~x0,n!2
nx0,n

ex021
D ,

x0,n5
hn0,n

kBT
, ~2.15!

where 0,n0,1,n0,2,n0,3, . . . , and An>0, n
51, 2, 3 . . . ,(nAn51. According to the principle of super
position, the exact solutions are

g~n!53N(
n

An

nnn21

n0,n
n

u~n0,n2n!. ~2.16!

One can now obtain the complete Debye spectrum and
related general spectra~2.16! by the Möbius inversion for-
mula exactly.

It is interesting to note that the smooth Debye spec
heat~differentiable infinitely many times! can produce a dis-
continuous output~the Debye spectrum! from the integral
equation. However, according to the theory of Xie and Ch
@19#, a smooth inputA should produce a smooth outputB. Is
there a contradiction between the two theories? No, beca
in the Möbius inversion solution, there are two independe
steps: One is the Laplace transformation, which transfo
the integral equation into a summation equation. The othe
the modified Mobius inversion, which is used to solve th
algebraic equation. What Xie and Chen showed is that
smooth inputA in the second step, will produce a smoo
outputB. This is the same in our work. The key point is th
in our work, the inputA, which is the inverse Laplace trans
form of the Debye specific heat, is already discontinuo
Then the outputB is discontinuous too. So these two theori
are consistent.

In conclusion, with the aid of some summation techniqu
and the Mo¨bius inversion formula itself, the Mo¨bius inver-
sion formula in SPI is shown to be useful in finding concre
exact solutions for physical models. One of the key con
butions here is that the unknown Mo¨bius functionm(n) for
large n was avoided in practice, and the complete Deb
spectrum with correct cut-off factor was recovered. The c
rent result can also be applied to investigate other invers
problems.
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