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X-Ray Diffraction Studies on Liquids at Very High Pressures along the Melting Curve 
II. Sodium* 

KEITH H. BRoWNt AND J. DEAN BARNETT 

Department of Physics, Brigham Young University, Provo, Utah 84601 
(Received 2 March 1972) 

Coherent x-ray diffraction patter~s for liquid Na have been extracted from measured patterns at 0.5, 
7.5, 17, and 43 kbar along the meltIng Curve. The experimentally determined liquid structure factor and 
result~ng radial d!stributi~n ~unction are given at each pressure. The position of the principal x-ray intensity 
p~ak IS r~produclbl.e to .wI~hIn ?5% an~ shows sh~fts of the order of 12%. The resulting nearest neighbor 
dlstan~e I~ th.e radial ~Istnbutl~n functlo~ also shifts 12% but is reproducible only to approximately 2%. 
The ?lstnbutlO~ functions obtaIned at ~OInts along the melting curve suggest a simple dimensional com­
pressIOn or scalIng; however, a sharpenIng of the distribution peaks slightly in excess of that predicted 
by simple scaling is indicated by the measurements. 

I. INTRODUCTION 

A technique for using x-ray diffraction to inves­
tigate the structure of liquids along the melting curve 
to high temperatures and pressures has been· dis­
cussed in Paper I of this series.1 This technique has 
been used to determine the coherent x-ray intensity 
pattern and the radial distribution function of sodium 
at the four points along the melting curve2 shown in 
Fig. 1. The uncertainty in pressure is indicated. 

Sodium was chosen as the first material to be in­
vestigated for the following three reasons: (a) It is 
a simply structured monatomic liquid which has been 
widely studied experimentally and theoretically at 
ordinary temperatures and 1 bar pressure in both 
the liquid and the solid states. (b) Since it is highlv 
compressible, large changes are expected in the radi~l 
distribution function as high pressures are exerted on 
the sample. (c) It is experimentally convenient since 
it is solid at room temperature, has a low melting 
temperature, and has a relative low x-ray absorption 
coefficient. Both theoreticaP and experimental4 equa­
tions of state are available, which fact allows one to 
estimate the density of the liquid near the melting 
curve. Furthermore, when experimental information 
is available on the liquid state, correlations can be 
made with the solid to elucidate the fundamental 
theory of melting. In this paper, however, no attempt 
will be made to make such correlations. 

X-ray and neutron diffraction have been used to 
investigate liquid sodium by a number of different 
investigators.s- 9 The results of these studies suggest 
that with increasing temperature the coordination 
number decreases slightly and the first peak in the 
radial distribution function shifts slightly to lower r 
values. Similar but larger changes in the RDF are 
expected with high pressure. 

II. EXPERIMENTAL TECHNIQUES FOR SODIUM 

99.9% pure and was placed in the aluminum cell in 
a dry box with an argon atmosphere. It is difficult 
to ascertain how much contamination of the sodium 
occurred during preparation and while measurements 
were being taken, but the x-ray pattern did not show 
the existence of large amounts of impurities. 

The temperature was held constant to within 1°C 
by the use of a temperature controller designed by 
Decker.lo X-ray diffraction provides a means of di­
rectly determining when melting occurs. The melting 
temperature measurement was generally repeatable 
to within 3°C for a given sample. The difference 
between the temperature where a crystalline x-ray 
pattern was observed and where a smooth, broad, 
liquid peak was observed was generally less than 2°C, 
which result implies that the temperature gradients 
within the sample were less than 2°C. Temperature 
gradients in the tetrahedron but outside the sodium 
metal introduce uncertainties of as much as 10-15°C 
in the absolute temperature determination by the 
chromel-alumel thermocouple. If the pressures are 
independently known this uncertainty is of no con­
sequence. 

Pressure calibration based on NaCI compressibilityll 
was made using a calibration of the load applied to 
the hydraulic rams when using a similar type sample 
at a specific temperature. The estimated accuracy of 
the pressure values is 8%. The pressure values used 
are consistent with values estimated using the mea­
sured temperatures and referring to the known melt­
ing curve.2 

III. X-RAY INTENSITY PATTERNS 

Normalized coherent x-ray intensity patterns were 
obtained using the technique developed in Paper I 
of this series. Briefly, this technique involves four 
preliminary steps: (a) X-ray patterns are obtained 
at a given pressure of the sodium while it is a liquid 

The basis sample design is described in Sec. II of and while it is a solid; (b) the two patterns are sub­
Paper I of this series. The tetrahedrons of 50-50 wt% tracted to eliminate background scattering; (c) the 
boron-plastic mixture were made for use with 3/4 in. resulting difference pattern is corrected for absorp­
anvils. The sodium was placed in an aluminum cell tion, polarization, and incoherent scattering; (d) 8-10 
to protect it from chemical contamination and to such patterns are combined and smoothed to give 
contain the molten sodium. The sodium was initially average curves which are called composite patterns. 

2016 
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X-RAY DIFFRACTION OF LIQUIDS. II 2017 

FIG. 1. The four points along the melt­
ing curve of Na at which coherent x-ray 
intensity patterns and radial distribution 
functions were determined. The un­
certainty in pressure at each point is 
indicated. 
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The composite pattern [comp represent the difference, 
[ liq coh - [ 801TDS, between the coherent di ffracted in ten­
sity from the liquid and the thermal diffuse scattering 
from the solid in the vicinity of melting. The com­
posite patterns obtained at 0.5, 7.5, 17, and 43 kbar 
are shown in Fig. 2. 
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FIG. 2. Composite patterns, [comp=[J;Qcoh_[ ooITD8, for Na 
at pressures of (a) 0.5 kbar, -; (b) 7.5 kbar, --; (c) 17 khar, 
- -", and (d) 43 khar, •••. 
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The normalized coheren t x -ray in tensi ty pattern for the 
liquid is obtained by normalizing [COmp as discussed 
in Sec. V of Paper I and by then adding a theoretical 
estimate of the thermal diffuse scattering component. 
A normalized coherent pattern for each pressure is 
shown in Fig. 3. The position of the first peak in the 
intensity function at each pressure is well defined 
and shows consistent change to larger S (S= 4!r sinO/X) 
with increasing pressure. The second peak is not so 
well defined but still shows some consistent change 
to larger S with pressure. 

The consistency of measurement of the first peak 
in the intensity pattern at various pressures along 
the melting curve is indicated by Fig. 4. Numerous 
patterns were obtained at pressures of 0.5, 7.5, 17, 
and 43 kbar; so the average values shown for peak 
positions at these pressures should be reliable. A few 
x-ray patterns were also obtained at pressures of 3.5, 
9, 27.5, and 54 kbar. These patterns provide sup­
porting data about the variation of the intensity pat­
tern with pressure. The composite patterns obtained 
at the former four pressures were the ones used to 
obtain the radial distribution functions, but not enough 
patterns were obtained at the latter pressures to make 
a meaningful determination of the RDF possible. The 
diffraction angle error flags designate two times the 
error of the mean, i.e., 2(1/n1l2 , where (1 is the stand­
ard deviation from the mean of n repeated measure­
ments at a given pressure. Location of the first peak 
is shown at 13.280 at 1 bar, which value is the average 
of four values from the literature.5- 8 

IV. RADIAL DISTRIBUTION FUNCTIONS 

By following a standard technique outlined in Pa­
per I of this series, the radial distribution function, 
RDF= 4!rr2p(r) , has been obtained from the normalized 
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coherent x-ray intensity and involves a knowledge of 
the average density po and the atomic scattering 
factor f2 at pressure. The average density of the solid 
at each point along the melting curve was estimated 
from the theoretical equation of state for solid sodium 
proposed by Pastine.3 Since the density change upon 
melting is only about 2.5% at atmospheric pressure 
and would be expected to decrease at higher pres­
sures, the density of the liquid can be estimated quite 
accurately using the technique outlined in Sec. VI of 
Paper I of this series. The atomic scattering factors 
calculated by Cromer and Waber12 were used. Further 
work by Cromer13 has shown that P does not vary 
significantly over the range of pressures in this ex­
periment. 

The RDF obtained at 0.5, 7.5, 17, and 43 kbar 
along the melting curve are shown in Fig. 5. The 
position of the first peak and the area under the peak 
represent interesting quantitative features of the liquid 
structure. The ripple at small values of r (less than 
about 2.5 A) arises from errors in the determination 
of these RDF. The ripple may be caused by errors 
in the absorption correction, atomic scattering factor 
values, determination and normalization of the co­
herent x-ray intensity, or errors introduced by ter­
minating at too Iowa diffraction angle. The amplitude 
of the ripple is approximately twice that obtained by 
other investigators at atmospheric pressure. The ob­
served amplitude of ripple is not unreasonable con­
sidering the sensitivity of the ripple to the factors 
listed above and the severe limitations imposed by 
the pressure system. 

One immediately notices from Fig. 5 the consistent 
variation in the position of the first principal peak 
in the RDF with pressnre. Numerical values for these 

FIG. 3. Normalized coherent x-ray 
intensity, !uQcobjN, for Na at pressures 
of (a) 0.5 kbar, -; (b) 7.5 kbar, - -; (c) 
17 kbar, - - -j and (d) 43 kbar, •••. 

positions are 3.89, 3.67, 3.58, and 3.44 A at pressures 
of 0.5, 7.5, 17, and 43 kbar respectively. These peak 
positions correspond to the average nearest neighbor 
distance in the liquid. As expected, the nearest neigh­
bor distance decreases as one goes to higher pressures 

PRESSURE (kbar) 

FIG. 4. Measured values of the angular position of the first 
peak in the x~ray intensity, Icomp, as a function of pressure: 0 
points from patterns used to calculate the RDF, 6. supple­
mentary points, 0 average value from the literature at 1 bar. 
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along the melting curve. The width of the first peak 
tends to decrease, and the height increases with pres­
sure. Calculations by the symmetric peak method of 
the area under the peak, which represents the co­
ordination number, show a variation of less than 6% 
along the melting curve. This variation is less than 
the uncertainty expected due to errors in the analysis 
and is not a consistent variation with pressure. 

The second peak in the radial distribution function 
contains information about the second nearest neigh­
bors. However, this peak is so highly susceptible to 
errors in the analysis process that in much of the 
work. done at atmospheric pressure some reluctance is 
found in placing great reliability on it. Because of 
the increased errors involved in analysis at high pres­
sure, little confidence can be placed in details about 
the second principal peak. Qualitatively Fig. 5 indi­
cates that the second peak also moves to smaller 
values of r with increasing pressure, but quantitative 
values are surely not reliable. 

V. DISCUSSION AND CONCLUSION 

In analyzing the effects of pressure on liquid struc­
ture, we are primarily interested in two conceptually 
independent changes: (a) simple compression in which 
the atoms maintain the same time-average positions 
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FIG. 5. Radial distribution functions, RDF = hrp(r), for Na 
at pressures of (a) 0.5 kbar, -; (b) 7.5 kbar, --; (c) 17 kbar, 
- - -; and (d) 43 kbar, ."". 
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FIG. 6. Comparison of experimental values of the fractional 
change in the nearest neighbor distance, aR/ R(O), at four 
pressures along the melting curve with curve (a), the fractional 
change in an average interatomic distance, ail/ il, associated 
with the estimated volume, and with curve (b), the fractional 
change in the scaling parameter, a«/«, calculated from the 
measured dominant intensity peak positions. 

relative to each other, i.e., the same ordering, and 
(b) ordering £hanges in which the relative distances 
may change (which corresponds to a change in the 
packing fraction for the hard-sphere model). The 
change (a) represents a simple dimensional contrac­
tion in real space commonly called scaling. Changes 
in ordering can best be detected by determining de­
partures from simple scaling. The simple scaling con­
cept is of special interest since it has been used14 in 
theoretical treatments of liquids and melting. 

Nearest Neighbor Distance 

The most dominant feature observed in the RDF 
patterns in Sec. IV is the general, consistent shift of 
the patterns to smaller r with pressure, which shift 
suggests that scaling is a significant effect in liquid 
sodium along the melting curve. Values of the frac­
tional changes in nearest neighbor distance, D.R/ R (0) , 
at the four specified pressures along the melting curve 
are shown in Fig. 6. The R(O) value used in cal­
culating these points was the average of the literature 
values5- 9 at atmospheric pressure (3.82 A). The error 
flags were estimated by making various changes in 
the intensity corrections and analysis procedures. 

Two curves are also shown in Fig. 6 for comparison. 
Curve (a) gives changes tlR/R based on a volumetric 
argument as follows: If the volume is known, changes 
in the average interatomic distance R can be calcu­
lated by the dimensional argument that R3 is pro­
portional to V. Good estimates of the relative volume 
of the liquid near the melting curve can be made 
using the theoretical equation of state of solid sodium 
by Pastine,3 the Clausius-Clapeyron equation, and by 
assuming the change in entropy due to melting is 
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FIG. 7. The first peaks of the scaled RDF where the position 

of the first peak in the unsealed RDF is used as a scaling factor, 
illustrating departure from simple scaling. The RDF are for Na 
at pressures of (a) 0.5 kbar, -j (b) 7.5 kbar, - -j (c) 17 kbar, 
- - -j and (d) 43 kbar, •••. 

approximately constant along the melting curve. Since 
the volume change across melting is of the order 
of 2%, an error of 50% in the entropy change would 
produce a volume error which is small in comparison 
to the changes in volume produced by pressure. 
Curve (b) of Fig. 6 represents a fraction change 
tla/ a in linear dimension determined from the posi­
tion of the dominant peak in the intensity pattern 
under the assumption that the total effect of pressure 
on the liquid along the melting curve is a simple 
dimensional scaling in real space. Assuming such a 
dimensional scaling were true, the position of only 
one feature of the intensity pattern will characterize 
the liquid. 

The Simple Scaling Assumption 

In order to more clearly distinguish between simple 
scaling and ordering changes as indicated by the data, 
we can examine the effects of the scaling assumption 
on the RDF and on the scattered intensity curves. 
To do this, we transform the real space variable r to 
a dimensionless variable x = r / R (P) where R (P) is 
the position of the first principal peak in the RDF 
at pressure P. The probability function with respect 
to this new variable is given by 41rx2p(x) =R(P) X 
41rr2p(r) when one requires that the number of atoms 

between rand (r+dr) must be equal to the number 
between x and (x+dx). This conservation of mass, 
when applied to the whole system, gives the following 
relationship between average densities with respect to 
the two variables: POz/{J(Jr=iJ/:il. When this change of 
variables is applied to the functions in Fig. 5 over the 
region of the first principal peak, one obtains the 
scaled radial distribution functions shown in Fig. 7. 

The intensity data are commonly presented in terms 
of the function 

II' coh/N _f2 
i (S) = ....::.:.::lqc......:._--::.. 

f2 ' 
which contains the essential information describing 
the structural variations from uniform density in the 
liquid and is convenient for theoretical analysis. The 
function [i(S) + 1J is commonly called the liquid 
structure factor. The i(S) functions for liquid Na 
for the four pressures specified above are given in 
Fig. 8. 

Since SiCS) is related to the real space RDF by 
a Fourier transform as discussed in Sec. V of Paper I, 
the scaling assumption in real space can be mathemat­
ically carried over into the reciprocal S( = 41r sinO/X) 
space. When the function SiCS) is Fourier-transformed 
to the RDF and scaled and then the scaled RDF is 
transformed back, one obtains 

SiCS) =QI(Q)/R(P) (1) 

ill terms of a reduced reciprocal space vector Q= 
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FIG. 8. The function i(S) for Na at pressures of (a) 0.5 
kbar, -j (b) 7.5 kbar, - -j (c) 17 kbar, - - -j and (d) 43 kbar 
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SR(P). The scaling assumption requires that all radial 
distribution functions scale to the same function with 
respect to the reduced variable x and, hence, that 
all SiCS) functions scale to the same Qi(Q). This 
allows one to write the function i(S) at pressure P, 
ip(S), in terms of the i(S) function at atmospheric 
pressure, io(S), as 

(2) 

where the scaling constant "a" is given by a= 
R(P)/R(O). This relationship implies that under the 
simple scaling assumption, all the i(S) curves shown 
in Fig. 8 should have the same peak height and 
simply be stretched or compressed along the Saxis. 
Since the spreading is uniform, the scaling constant 
a=R(P)/R(O) can be determined from a single point. 
The position of the first peak, as shown in Fig. 8, 
is obviously the best defined point and is essentially 
the same as the position of the first peak in /comp

, 

which result was used to determine curve (b) III 

Fig. 6. 

Variations from Simple Scaling 

The dominant effect of pressure on liquid sodium 
along the melting curve, as illustrated in Figs. 6-8, 
is obviously simple scaling. Departures from simple 
scaling are indicated by the data but are near the 
expected limit of the errors introduced by the experi­
ment and subsequent analysis. However, the. con­
sistency of the observed variations with pressure leads 
one to believe that some departure from simple scaling 
exists. This departure is manifest in at least four 
ways in the curves in Figs. 6-8: (1) the increasing 
height and (2) the decreasing width of the first peak 
in the scaled radial distribution functions in Fig. 7 
with pressure, (3) the increasing peak heights in the 
i(S) functions in Fig. 8 with pressure, and (4) the 
departure of the observed AR/R(O) values, curve (a) 
and curve (b) in Fig. 6. 

The first three indications of the departure from 
simple scaling mentioned are directly interrelated. For 
example, a high first peak in the i(S) function results 
in a high narrow first peak in the RDF. Absolute 
values of any of these three quantities are not reliable 
because of their sensitivity to errors in the analysis 
procedure and particularly to the magnitude of the 
x-ray intensity at large angles relative to the height 
of the first intensity peak. This sensitivity to errors 
in the large-angle region is enhanced by the normal­
ization procedure which makes N heavily dependent 
on this region of the intensity and may be the reason 
for the large difference in the 43 kbar scaled RDF 
from the others. One would expect higher errors at 
the higher pressures. 

This consistent trend with pressure in the observ­
able effects (1), (2), and (3) mentioned above, cou­
pled with the additional consistency between them, 
suggests a small but real departure from scaling. This 

ordering effect indicates that the range in nearest 
neighbor distances within the liquid is a smaller frac­
tion of the average nearest neighbor distance at high 
pressures than at one bar. We note for emphasis that 
scaling would predict a range having the same frac­
tion. This ordering implies a greater curvature in the 
two-particle potential than that predicted by scaling. 
In conjunction with this increased ordering, we note 
that the number of nearest neighbors does not change 
measurably along the melting curve. Indications are 
that the packing fraction, however, does change. 

n one accepts the fact that the 43 kbar value of 
AR/R(O) in Fig. 6 lies off the other two curves, this 
also can be taken as an indication of nonscaling since 
curve (b) represents an experimental simple scaling 
approximation. A larger difference between curves (a) 
and (b) in Fig. 6 would also indicate nonscaling, but 
the difference shown could well be explained by errors 
in Pastine's equation of state3 or in the assumption 
of constant entropy change across melting used to 
obtain (a). 

The measurements discussed herein apply only to 
liquid Na along the melting curve. High-temperature 
measurements5,7,9 at 1 bar do not indicate a scaling 
law, and variations are such as to suggest isothermal 
variations with pressure would depart more drastically 
from scaling than variations along the melting curve. 
It would be of interest in conjunction with this data 
to have measurements off the melting curve, but this 
data cannot be obtained with the present technique. 

We note that the changes observed as a function 
of pressure along the melting curve are rather sizeable. 
These changes are several times larger than those 
reported in the literature due to temperature varia­
tion.5 ,7,9 This fact indicates that along the melting 
curve pressure effects completely dominate tempera­
ture effects in terms of interatomic distance. 
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dissertation of K. H. Brown (Brigham Young University, 1969), 
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