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  It is desirable to isolate independent noise sources in jets for targeted noise reduction methodologies. The application of 
traditional partial field decomposition (PFD) techniques to jet noise fields is useful for estimating the number of incoher-
ent (equivalent) noise sources within a jet and for implementing near-field acoustical holography, but it does not generally
provide physically meaningful partial fields (i.e. partial fields related to individual sources). The method developed by
Kim et al. [JASA 115(4), 2004] finds the optimal locations of references in a sound field and places virtual references at
those locations. In past investigations this method has been successfully applied to locate discrete numerical and physical
sources and to generate partial fields related to each source. In this study, Kim’s method is applied to a full-scale jet
installed on a military aircraft to obtain physically meaningful partial fields. [Work supported by ONR.]
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1. Introduction1 

This work was presented at the 164th Meeting of the Acoustical Society of America in 
Kansas City, Missouri, 22-26 October 2012, under the title “Partial field decomposition of jet 
noise using optimally located virtual reference microphones.” 
 Jet noise emitted by military aircraft is a major source of hearing loss for military 
personnel, especially those who work on the deck of an aircraft carrier.  The overall jet-noise 
source region is comprised of an ambiguous number of extended, partially spatially coherent 
subsources.  It is desirable to isolate and identify the individual contributions of independent 
source components to the overall field, so that the development of noise-reduction methods 
may be targeted towards specific, physical source mechanisms.  This work is an attempt to 
isolate the individual components of jet noise as a step toward the identification of 
independent source mechanisms.   
 More than six decades of research have gone into understanding the acoustic source 
mechanisms of turbulent mixing noise in jets.  One analysis tool that has been employed is 
the partial field decomposition (PFD) of sound fields, based on the theory of principal 
component analysis,1,2 in conjunction with near-field acoustical holography (NAH).3-7  
Through the use of a linear projection of the sound field onto a linearly independent basis set, 
PFD allows for the decomposition of a total sound field onto a set of mutually incoherent 
partial fields, the sum of which returns the magnitude of total sound field.  In a scan-based 
measurement, where the entire aperture of “field” signals is comprised of a series of small, 
dense measurements, the scans are performed simultaneously with measurements at a fixed-
location “reference” array.  The signals measured at these reference microphones serve as the 
basis for the PFD. 
 Various PFD methods have been applied to jet noise fields,3,4,6,8,9 but the resulting 
partial fields are generally not “physically meaningful.”  This is because members of the basis 
set onto which the sound field is projected do not typically represent signals from independent 
source components.  In general, each transducer receives signals from multiple subsources.  
The PFD applications which most successfully generate physically relevant partial fields are 
performed with a set of reference transducers that are located close to individual subsources, 
which emphasizes the contribution of a single source to each reference signal.  However, in 
consideration of a jet noise source, the distribution of partially coherent source regions 
precludes such a reference deployment. 
 Kim et al.10 developed a method that is called here the optimized-location virtual 
reference method (OLVR), which is a post-NAH PFD procedure that makes it possible to 
identify optimal reference sensor locations and then to place “virtual references” at those 
locations.  Other methods that utilize virtual references exist,11-13 but this one was developed 
specifically to find the optimal virtual reference locations.  The optimal locations are defined 
as those at which the multiple signal classification (MUSIC) power14 is maximized in the 
three-dimensional region near the source.  The necessary sound pressures for the MUSIC 
algorithm are obtained from a projection of the measured sound field toward the source with 
NAH.  The projected pressure signals at these optimal locations then serve as the “virtual” 
reference signals.  When the sound field is decomposed using the virtual reference signals as 
a basis set, the result is a set of physically meaningful partial fields.   
 Holographic projection of the jet noise field for a full-scale military aircraft was 
done previously.3  In this study, a PFD of these data are performed using OLVR.  Section 2 
provides a brief overview of the OLVR implementation procedure that is employed in this 
work.  It is based mostly on the theoretical development offered by Kim et al,10 with minor 
modifications to accommodate a partially coherent, distributed source.  Much of the 
                                                           
1 SBIR DATA RIGHTS.  Distribution A – Approved for Public Release; Distribution is 
Unlimited 88ABW-2012-5058.  (See Acknowledgments for full statement.)   
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underlying theory is therefore passed over in this summary, in favor of a methodological 
outline.  The full-scale jet noise experiment on which the OLVR analysis was performed is 
summarized in Section 3.  Detailed descriptions of the experiment are provided in References 
15 and 16.  In Section 4, OLVR is applied to a full-scale jet.  The NAH reconstructions, 
virtual reference selections, and decomposition of the field into physically meaningful partial 
fields arte shown.  Conclusions are provided in Section 5. 

2. Methodology 

The OLVR procedure relies on the sub-processes of back propagation toward the source 
through the use of NAH, a singular-value-decomposition (SVD) based PFD method,12,13 the 
MUSIC algorithm,14 and the Gauss elimination technique (Cholesky decomposition) that is 
integral to the partial coherence decomposition PFD method (PCD).17  In the following 
discussion of each step, it may be helpful for the reader to refer to the process outlined in Fig. 
1.  Note that the OLVR process is performed independently for each frequency. 

 

Figure 1  Outline of the virtual reference methodology for generating physically meaningful partial fields. 

2.1 NAH sound field reconstruction 

The placement of virtual references in a given sound field requires the prediction of sound 
pressures at those virtual locations based on data measured elsewhere.  Hence, the first step in 
the OLVR process is to perform an NAH reconstruction of the three-dimensional sound field 
in the proximity of the source.  For sound fields generated by multiple, independent sources, a 
multi-reference PFD procedure must be used to obtain mutually incoherent partial fields 
before NAH is implemented.  Although detailed descriptions of these methods are not 
provided here, the reader is directed to References 8 and 13 for the theoretical development of 
SVD-based PFD, and to References 3 and 18  for NAH.   
 In summary, SVD-based PFD provides mutually incoherent partial fields from a 
measured hologram.  An SVD of the cross spectrum of measured reference signals is 
performed, resulting in a linearly independent basis.  The singular vectors represent new 
reference signals, and the measured field is projected onto these new references, which 
generates a linearly independent set of partial fields, �.  The relative strengths of these partial 

A. NAH sound field reconstruction 
1. Perform SVD-based PFD of measured hologram 

data. 
2. Propagate each partial field using NAH. 

B. Selection of virtual reference locations 
1. Select “candidate” virtual reference locations. 
2. Calculate the noise subspace of the candidate 

reference signals. 
3. Calculate the MUSIC power for each candidate 

virtual reference location. 
4. Select virtual reference locations with high 

MUSIC power and low total coherence. 
C. Generation of partial fields 

1. Perform a Cholesky decomposition of the virtual 
reference signals. 

2. Project sound field signals onto decomposed 
reference basis. 
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fields are ordered and monotonically decreasing.  The virtual coherence method12 is then used 
to obtain an estimate of the number of source-related partial fields, K, which is an important 
number in the noise estimation procedure of the following subsection. 
 Each partial field is propagated to a new location using NAH.  The acoustic field on 
a reconstruction surface can be represented by 

 � = ����  , (1)  

where � is the matrix containing the entire set of partial fields reconstructed on the surface at 
all reconstruction locations, and ��� is the transfer matrix that relates field signals on the 
hologram and reconstruction surfaces.  This transfer matrix represents the entire NAH back-
propagation procedure,3 including spatial windowing and aperture extension,19 
regularization,20 etc.  The reconstruction is repeated over multiple surfaces, each of which 
consists of a set of partial fields. 

2.2 Selection of virtual references 

The virtual reference signals are selected by the experimenter from the partial field signal 
matrices, evaluated at the reconstruction locations.  Hence, virtual references can be placed 
anywhere in the sound field reconstructed by the NAH projection.  If the location of each 
subsource is known, this is straightforward.  The method of Kim et al.10 is an automated 
optimization method for selecting the locations of the virtual references, which is particularly 
useful if the exact source locations are unknown.  It was successful in identifying the 
locations of numerical point sources and physical loudspeakers in an experiment, and in 
isolating the fields radiated by each of these sources.  A variation of this method is 
implemented here to determine the optimal locations of virtual references in the jet-noise 
field. 
 From all possible reconstruction locations accessible through an NAH prediction of 
sound pressures in the field a subset of “candidate” virtual reference locations must be 
selected.  Let the matrix � be limited to a representation of N such points.  The intuitive 
approach is to select all points within a plausible source region.  The implementation given in 
this paper limits the candidate locations to a single reconstruction plane near the source, but a 
volumetric region of candidate locations may be desirable in future investigations.10   
 The noise subspace must be estimated at all N locations, in preparation for the 
MUSIC power calculation.  To do this, the cross-spectral matrix of the candidate reference 
signals,  

 ��� = ���  , (2)  

is decomposed using an SVD to obtain  

 ��� = 	
	�  . (3)  

The unitary matrix, W, can be expressed in terms of eigenvectors, i.e., 	 = [�� �
  ⋯ ��], 
where �� is the nth singular vector associated with the nth singular value.  If there are K 
independent sources that generate the field, then there are K source-related eigenvectors and 
the noise subspace can be defined in terms of the noise-related eigenvectors, ��, (� = � +
1 to �), as 
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 ������ = � �����
�

�����
  . (4)  

 With the noise subspace estimated, the MUSIC power can be calculated.  All of the 
eigenvectors are orthogonal, so the signal subspace spanned by the source-related 
eigenvectors, �� (� = 1 to �), is orthogonal to the noise subspace.  The calculation of the 
MUSIC power relies on this fact, which is the next step in the OLVR process.  To obtain he 
MUSIC powers, it is first assumed that a source is located at the nth point on a reconstruction 
surface, which is represented by a “trial vector,” 

 �� = [0 ⋯ 0 1 0 ⋯ 0]�  . (5)  

The nth element of �� is unity, and all other N-1 elements are zero.  The MUSIC power is 
then calculated in terms of the trial vectors and the noise subspace as 

 !"#$%& = 1
���������  . (6)  

 Theoretically, the MUSIC power is infinite when � = ��, � = 1 to �.  In the case 
of trial vectors that approximate the eigenvectors, the MUSIC power is higher for trial vectors 
that most closely reflect actual source locations.  The calculation of the MUSIC power is 
therefore repeated for all N candidate reference locations.  The optimal virtual reference 
locations are those at which the MUSIC power is the highest.   
 Differences between the application of the MUSIC power calculation for traditional, 
localized sources10 and for jet-noise sources should be considered.  The trial vector of Eq. 5 
represents a point source located at the nth position.  The application of such trial vectors for 
a sound field generated by discrete localized sources results in a map of MUSIC powers with 
discrete localized maxima.  However, distributed, partially spatially coherent sources, such as 
jets, result in spatially extended regions of high MUSIC powers.  Sound pressure signals in 
these regions can be highly coherent, resulting in redundant virtual reference signals.  
Therefore, a way is provided to remove redundant virtual reference locations, described 
below.  Alternative trial vectors that represent distributed sources could be developed—a 
study which merits further investigation. 
 The removal of redundant virtual reference signals begins by placing virtual 
references at all candidate reconstruction locations.  Then, from the candidate-virtual-
reference cross-spectral matrix, �'('( = )′)′�, the coherence between signals i and j can be 
calculated as 

 -/2
 = 34/23


4//422
  , (7)  

where 4//  and 422  are the autospectra of references i and j, respectively, and 4/2  is the cross 
spectrum between the two.  If the coherence between two candidate source locations is nearly 
unity, then the sources are coherent and the reference at the location of smaller MUSIC power 
should be removed.  This is repeated until the remaining virtual references are incoherent and 
equal in number to the number of incoherent subsources.  For sound fields of high coherence 
over large spatial regions, which gradually tapers away from a maximum, a coherence 
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threshold is selected, and all but the one virtual reference with the maximum MUSIC power 
from within the region of high coherence is discarded.  The coherence threshold can be 
selected such that exactly K virtual reference locations remain after the redundancy removal 
process.  The result is a set of K reference signals, sorted in order of highest to lowest MUSIC 
powers, and low mutual coherence. 
 The next step is to obtain the virtual reference signal matrix.  It is calculated 

 ) =
⎣
⎢
⎢
⎡8����
8
��


⋮
8:��:⎦

⎥
⎥
⎤
 (8)  

where X is the K by K virtual reference signal matrix.  Paraphrasing Kim et al.,10 in Eq. 8, 8? 
“represents the N by 1 reference selection vector: when the mth virtual reference is positioned 
at the ith field position on the reconstruction surface, all elements of 8? are zeros, except for 
the element at the ith row, which is itself unity.  Note that the matrix �? … represents the 
partial field signal matrix on the reconstruction surface at which the mth virtual reference is 
placed, and that the vector, 8?, denotes the mth virtual reference location on the mth 
reconstruction surface.  Thus, the location of the mth reconstruction surface in combination 
with the vector, 8?, determines the location of the mth virtual reference in a three-
dimensional space.”  In essence, ) is comprised of the selected signals from �, corresponding 
to the virtual reference locations. 

2.3 Generation of partial fields 

With virtual references selected, they can then be decomposed to form a linearly independent 
basis set.  This is performed with the PCD method.  A rigorous mathematical derivation of the 
PCD technique is provided by Bendat.17  Hallman and Bolton21 provide a comparison of 
SVD-based PFD (sometimes called the “virtual coherence” method) and PCD.  Here, a 
Cholesky decomposition of the virtual reference signals is used to perform the PCD, 
represented by  

 �'' = ))� = @@�  , (9)  

where @ is a lower triangular matrix containing the now linearly independent basis signal 
vectors.  In essence, all information in the virtual reference set that is coherent with the first 
reference signal is taken as the first basis signal.  This is then subtracted from the remaining 
virtual reference signals.  A second reference signal is then chosen, and all remaining 
information that is coherent with this signal is removed from the set, and so on.  Hence, 
Cholesky decomposition represents an iterative allocation and removal of virtual reference 
signal energy.   
 Finally, the partial fields are generated from the basis set of the virtual reference 
signals.  The cross spectral matrix between all field signals and virtual reference signals is 
calculated,   

 �'� = )��  . (10)  

The partial fields are obtained with 
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 �' = �'�� @�AB  . (11)  

These partial fields represent the physical partial fields radiated by independent subsource 
insomuch as each virtual reference senses one and only one independent subsource. 

3. Experiment 

To demonstrate its utility, OLVR was applied to NAH measurements of a full-scale jet.  
Sound pressures in the near field of a jet on a Lockheed Martin/Boeing F-22A Raptor were 
recorded with a 5 x 18 array of microphones, which had 0.15 cm (6 in.) spacing.  An 
approximately 2 x 24 m vertical planar region 5.6 m from the shear layer was scanned, which 
measurement was used as the hologram for NAH (see plane 2 in Fig. 2).  In addition, 50 fixed 
reference microphones (blue dots in Fig. 2) were placed on the ground with 0.6 m (2 ft.) 
spacing, spanning more than 30 m.  Measurements were repeated for four engine conditions 
ranging from idle to full afterburner.  The results of this paper focus on military engine 
powers.   

 

Figure 2  Schematic of the hologram measurements relative to the aircraft.  Locations of the field array are marked by 
red triangles.  Blue dots show the location of the reference array.  Plane 2, which is the measurement used for NAH 
in this work, has a perpendicular distance of 5.6 m from the approximate shear layer location. 

4. Results and Discussion 

A discussion of the SVD-based PFD method and the NAH processing used in this work may 
be found in References 9 and 3, respectively.  Selected results are shown here.  For example, 
the partial fields from SVD-based PFD are shown in Fig. 3 for 105 Hz, and in Fig. 4 for 210 
Hz.  (The maximum frequency of the spectrum in the downstream direction is near 105 Hz, 
and 210 Hz was selected because it is double that.)  Parts (a) of each figure show the total 
measured SPLs at plane 2.  Parts (b) show the first four partial fields (out of 50, total).  Note 
how energy is “packed” into the first partial fields in each case, due to the SVD.  This 
demonstrates how SVD-based PFD provides a method for estimating the number of 
independent source mechanisms, K, based on the number of partial fields with significant 
energy.  A comparison of these two figures demonstrates the trend that jet noise at higher 
frequencies is comprised of more independent sources.  From a criterion that each 
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“significant” partial field must contain levels within 30 dB of the maximum measured level, it 
was determined for these data that � = 2 in the 105 Hz case and � = 6 in the 210 Hz case.  

 

Figure 3  (a) Total measured SPLs at plane 2 for 105 Hz.  (b) First four partial fields from SVD-based PFD. 

 

Figure 4  Left: Total measured SPLs at plane 2 for 210 Hz.  Right: First four partial fields from SVD-based PFD. 

 NAH was implemented on these mutually incoherent partial fields.  The 
reconstructed sound pressure levels (SPLs) at the approximate shear layer location are shown 
in Fig. 5.  The black lines on each plot mark the locations where the levels are 3 decibels 
below the maximum level for each frequency.  Such an analysis provides insight about source 
characteristics as a function of frequency, engine condition, etc.  NAH reconstructions can be 
repeated for multiple locations, providing three-dimensional sound field visualization, such as 
those shown in Figs. 6 and 7.  The reconstruction of the field at 105 Hz demonstrates a large 
main lobe radiating in a preferred aft direction. The main lobe at 210 Hz radiates slightly 
more in the forward direction, and is narrower.  In addition, a secondary lobe has emerged in 
the far aft direction.  This secondary lobe does not appear in laboratory-scale jet-noise 
measurements, and the source of this lobe is unclear.  The coherence of these two lobes is 
investigated here to demonstrate the utility of OLVR, and hence, many of the following 
results are for the 210 Hz data.   

(a) (b) 

(b) (a) 
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Figure 5  Reconstructed SPLs at the shear layer, after the application of NAH to the measured data, for 105 nd 210 
Hz.  Black lines mark the regions containing levels within three decibels of the maximum level for each respective 
frequency. 

 

Figure 6  Three-dimensional NAH sound field reconstruction for 105 Hz.   

 

Figure 7  Three-dimensional NAH sound field reconstruction for 210 Hz.   

 For the selection of candidate virtual reference locations it is desirable to choose 
locations in a three-dimensional volumetric region, allowing for volumetric distribution of 
sources.10  In this initial application of OLVR to the full-scale jet data the candidate locations 
are restricted to the shear-layer reconstruction plane, the data for which are shown in Fig. 5.   
The calculated MUSIC powers at these respective locations for the 210 Hz case are shown in 
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Fig. 8.  Note the broad regions of high MUSIC power, demonstrating the spatial coherence of 
the source and the need for a redundancy-removal process.   

 

Figure 8  MUSIC powers calculated over the shear-layer reconstruction surface for 210 Hz.  Markers show the 
locations of the � = 6 virtual references after the redundancy-removal process.   

 The markers on Fig. 8 show the end-result locations of the six virtual references, 
after redundancy removal was implemented.  Here, a coherence threshold of 0.4 resulted in 
the necessary � = 6 virtual references.  They are appropriately spread out and located near 
localized maxima of MUSIC powers.  Figure 9 shows how the coherence between all the 
resulting virtual references is below the 0.4 threshold. 

 

Figure 9  Ordinary coherence between the six virtual reference signals for the 210 Hz case.  A coherence threshold of 
0.4 was selected for the redundancy-removal process in the 210 Hz case. 

 The Cholesky decomposition of the virtual reference signals is demonstrated in Fig. 
10.  The level magnitudes of the virtual reference signals, ), are shown in Fig. 10a.  The 
decomposed signals, @, are shown in Fig. 10b.  Their linear independence is clearly 
demonstrated.  In addition, it is shown that most of the signal energy is contained in the first 
three signals.  There is a significant drop in energy between the third and fourth signals, such 
that the last three signals are not visible on the color scale of this figure. 

 

Figure 10   (a) Six virtual reference signals, X, (magnitude in decibels) for the 210 Hz case.  (b) Cholesky-
decomposed virtual reference signals, L. 

 Figure 11 shows the two partial fields (PFs) that are generated with OLVR for the 
105 Hz jet data.  The white dots mark the locations of the virtual references, so the PFs that 
result from them are somewhat intuitive.  This decomposition confirms that, at this low 
frequency, the main lobe is radiated by one dominant source.  Some low-magnitude 

(b) (a) 
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information is contained in a second PF, demonstrating that the main source is not perfectly 
coherent.  The seemingly missing energy in the second partial field is due to a non-optimized 
NAH propagation,3 which will be corrected in future studies.   

 

Figure 11  The (a) first, and (b) second partial fields generated from OLVR on jet noise data at 105 Hz.  Markers 
show the location of each respective virtual reference. 

 The OLVR decomposition of the jet at military conditions and 210 Hz is shown in 
Fig. 12.  The first four PFs, out of six, are shown.  Note first how the main lobe at 210 Hz has 
been split into two nearly equal-magnitude components between PF-1 and PF-2.  This 
demonstrates that the source generating this lobe is not entirely coherent.  It might even be 
considered two “coherence lengths” wide, although a quantitative definition of a coherence 
length merits further investigation.22,23  The second thing to note is how, as the main lobe 
nearly vanishes by PF-1, the secondary lobe gradually increases in magnitude from PF-1 to 
PF-2, and again to PF-3.  Some of the energy from the secondary lobe is contained in the first 
two PFs.  This may be due, in part, to “leakage”, or the fact that even a well-placed virtual 
reference senses some information from multiple source mechanisms.  Thus, although there 
may be some partial coherence between the sources generating these two lobes, overall they 
are independent.  In addition, there is a significant drop in energy between the third and fourth 
partial fields, consistent with the decomposed reference vectors of Fig. 10b.   

(a) (b) 
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Figure 12  The (a) first, (b) second, (c) third, and (d) fourth partial fields generated from OLVR on jet noise data at 
210 Hz.  Markers show the location of each respective virtual reference. 

5. Conclusion 

The optimized-location virtual reference method (OLVR) for partial field decomposition of 
jet noise sources has been explained in this paper.  OLVR is shown to generate a set of partial 
fields for a full-scale jet noise source that were intuitive and physically meaningful.  The 
resulting partial fields from this method demonstrate the partial spatial coherence of the 
source.  It provides not only an estimate of the number of independent sources, but also an 
indication of their various locations and the source spatial coherence lengths.  For the sources 
at 210 Hz, with the engine operating at military conditions, it was shown that the two 
radiation lobes were generated by independent source mechanisms.  In the future, detailed 
application of OLVR to the jet noise field can provide extensive information about source 
distributions and coherence properties as a function of frequency and engine operation 
conditions.  
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