
VOLUME 51, NUMBER 17 PHYSICAL RKVIKW LKTTKRS 24 OCTOBER 198)

Finite-Pressure-Gradient Influences on Ideal Syheromak Ktluilibrium
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Spatially resolved measurements of the magnetic field of a spheromak have been ana-
lyzed and compared with expectatious for the ratio ofj ~~/B from the pressure-gradient-
free Taylor model and a model with pressure due to Morikawa. Better agreement is
found with the model containing finite pressure.

PACS numbers: 52.55.Ez, 52.55.6b

The spheromak configuration has been the ob-
ject of theoretical and experimental investigation
in the last few years because of possible techno-
logical simplicities in fusion reactor design as
well as for scientific interest. ' ' It combines the
internally closed magnetic surfaces of toroidal
devices with the lack of plasma-linking coils as
in the mirror configuration. In addition to these
practical features the study of the spheromak
may lead to a better understanding of plasma
physics in part because the spheromak is a near-
ly minimum-magnetic-energy configuration.
Much of the recent theoretical work on sphero-
maks has been in the context of force-free con-
figurations. Taylor' has argued that the mini-
mum-magnetic-energy state allowed by given
magnetic helicity (defined as X= /dv X B, where
X is the magnetic vector potential for the magnet-
ic field B and the integral is over the entire
closed confinement region) is a force-free state
with the ratio of current density to magnetic field
a spatial constant. This Taylor state has been
used for many of the theoretical studies of spher-
omak equilibria and stability. ' From an experi-
mental viewpoint, however, a force-free state is
not very interesting because it provides no plas-
ma confinement.

The purpose of this paper is to show how data
on the current distribution in the PS experiment
deviate from the force-free Taylor state and in
addition how the data appear to be consistent with
at least one model containing pressure gradients.

The PS experiment forms a spheromak by a
combination of z and 8 discharges. In the experi-
ment a bias field in the z direction is created by
a capacitor-bank discharge, followed by a z dis-
charge originating from a ring of electrodes. The
direction of the applied external field is then re-
versed, making a z-directed component of field
on the outer edge which is opposite to the trapped
initial bias field. Field line reconnection occurs
at the ends trapping both toroidal and poloidal
flux in a spheromak configuration. This experi-

ment and formation scheme are fully described
in another paper. ' In this paper we discuss anal-
ysis of magnetic-probe data from a case which,
in Ref. 5, was referred to as the slow formation
scheme and which uses both a metallic liner and
figure-8 coils for n = 1 stabilization. For the re-
sults reported here typical parameters are IBI
s 6 kG, n~ (1-5)x10"cm ', T,= 5eV, —and the
separatrix radius in the midplane is about 10-11
cm. Since the Alfven transit time across the mi-
nor radius is less than 2 p. sec there is good rea-
son to expect that after about 5 p, sec the configu-
ration should be in mechanical equilibrium. The
plasma appears to pass through successive mag-
netohydrodynamic (MHD) equilibrium states in a
resistive time scale. In addition, no accelera-
tion is observed at this time or later. On this
basis we compare results with MHD equilibrium
models.

In Fig. 1 we plot surfaces of constant poloidal
flux obtained from magnetic-probe data. Data
sufficient to make flux plots were only taken in
half the experimental chamber. Symmetry with
respect to the z =0 plane was confirmed by sam-
pling positions for z (0. As can be seen in the
figure the configuration at this time (25 psec in-
to the discharge) is oblate with a separatrix half-
length to radius ratio of 0.6, which is about opti-
mum for stability against the n = 1 tilt-shift mode.
The question we are interested in is how close is
this equilibrium to the Taylor state?

A useful measure of how close a configuration
is to the Taylor state is the ratio of the parallel
current density to the magnitude of the field, jp/
B. In the Taylor state j is parallel to B and the
ratio of their magnitudes is constant in space and
equal to /kp, „w ehre k is the eigenvalue of the
equilibrium, i.e. , Vx B=k B. A plot ofj „~/B in
the z =0 midplane at 25 psec is shown in Fig. 2.
It can be clearly seen that j ~, /B is not a spatial
constant.

Possible causes of the deviation of j „/B from
a constant value can be seen by examining the
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FlG. 2, A plot of theoretically and experimentally

determined values of jii/B along the z =0 line in the
y=0, ~ plane at 25 psec. The error bar is an indication
of the error associated with the shot-to-shot repro-
ducibility of the field measurements.

FIG. 1. Surfaces of constant poloidal flux at 25 psec
in one half of the cylindrical (B, y, z) plane where
y=0, &. Surface contours are separated by 2&x5 kG
cm . The dashed line is the /=0 separatrix.

tions. In the more general case with oblate or
prolate boundaries, the flux function in spherical
coordinates (p, 8, y) can be written as the sum of
a, force-free part and a pressure-dependent part,

axisymmetric equilibrium expression for j „/B
using the poloidal current stream function I(()
=rB ~, and the pressure p(p), where ( is the po-
loidal flux function:

j (kp) ~ 8 .
~

Pp
n

(2)

i~ I (q) p (q)I(q)
B p, , B'

(the prime indicates differentiation with respect
to g). The Taylor state corresponds to p'(() =0
and I(g) =kg. There are two possible causes of
the variation of j i, /B. One is p'(t/&) =0 with I a
nonlinear function of g. In this case j ii/B is a
function of g and thus would be an extremum on
the magnetic axis. The second possible cause of
variation is thatp (g)40. Inthis case j,i/B would
not be a function of ( alone because of the B' in
the denominator of Eq. (I), and would tend to
peak outside the magnetic axis. We have deter-
mined I(g) from experimental data along the z = 0
midplane; the results are shown in Fig. 3. It is
apparent that deviations from linearity of I(g)
will not explain the double-humped behavior of
Fig. 2.

A model for static MIRD equilibrium with a lin-
ear l(g) and the mathematically simplest nonzero
pressure gradient, p = (P/p, )g, where P is a con-
stant, was investigated a number of years ago by
Morikawa. ' He found a solution to the Grad-Shaf-
ranov equation with spherical boundary condi-

TABLE l. Experimentally obtained values of the
parameters k and P used in the linear g model.

Method P

Profile fit
.Ai/&

2W~ /K
Ivs Q

0.45+ 0.04
0.43+0.08
0.43 + 0.04
0.41 +0.06

0.062 +0 01
0.059+0.01

where j„(kp) is a spherical Bessel function and
P„ is a Legendre polynomial. For our oblate
case the boundary conditions can be matched with

c,/c, = —0.4 and all other coefficients zero. Us-
ing this solution to the equilibrium equation we
compute j„/B along the midplane. In Fig. 2 we
plot the calculated j i, /B for the P and k param-
eters which best fit the data (see Table I)."

For the more general situation where p - g" we
see that

j ii/B = (k/p, o)(l+ vP/2).

The peaks are a measure of the maximum value
of the local p [=-2pop(()/B'] while the value on

1559



VOLUME 51, NUMBER 17 PH YSICAL REVIEW LETTERS 24 OcToBEK 1983

l.2

l.8

0.4

B (kG)

0

O.Oi

-0.4

FIG, 3. Experimentally obtained dependence of
I(g) =pj's& along the z=0 line in the p=0, 7t. plane.
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the symmetry axis (P =0) gives k. The volume-
averaged beta can also be expressed in a simple
form involving measurable field quantities as

FIG. 4. Comparison of theoretically and experi-
mentally derived profiles of the poloidal and toroidal
field components in the z = 0 plane. The solid lines
are from the model with the linear pressure depend-
ence and the points are from the experiment. The
error bracket indicates shot-to-shot reproducibility.

(P) =2v '(1 —2W, /W), (4)

where W, = f B~'dv/2g„W is the total magnetic
energy, and (p) = f p dn/W For .v = 1 the meas-
ured W, and W give (p) = 0.4 with an uncertainty
of (15-20)/q, which is consistent with the inter-
ferometrically measured line-averaged density
of 2x 10" cm ' and (T, +T;) = 10 eV. More de-
tailed measurements showing local values of beta
were not performed. It should be understood that
during the short time scale of this experiment
pressure-driven instabilities may not have time
to develop and hence this value of beta may not
be realizable in a long-time confinement experi-
ment.

A further comparison with the model can be
made by comparing measured and calculated
field profiles. In Fig. 4 we show a least-mean-
squares fit of the model to the data. " The result-
ing values of P and 0 along with their standard
deviation are shown in Table I. Finally, another
measure of the value of the parameter k can be
obtained from the ratio of the toroidal field ener-
gy to helicity inside the separatrix, k =4p,W,/K.
This equation is independent of the pressure and
follows from the fact that K = 2f A ~B ~ dv We al-.
so show in Table I the value of k obtained from
the measured 8', and K. The uncertainty in this
case is based on the shot-to-shot variation in the
field measurements.

We have found a simple technique for observing
departures from zero-beta behavior in a sphero-
mak by determining the parallel component of
current, which in our spheromak is much larger

than the perpendicular component. We have used
this technique and compared our measurements
with a model for the equilibrium. The good agree-
ment suggests that the linear P pressure model
is a reasonable substitute for the Taylor model
for investigating pressure effects. It should be
noted that other models for p(P) might also be
appropriate even though they have not been dis-
cussed here.

This work was supported by the U. S. Depart-
ment of Energy. Some of the material in this
paper appears in a Ph. D. thesis submitted to the
Graduate School of the University of Maryland by
one us us (G.W.H. ).
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