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The weighted sum of spatial gradients (WSSG) control minimization parameter is developed for use in active structural acoustic
control (ASAC) on a clamped flat rectangular plate. The WSSG minimization parameter is measured using four accelerometers
grouped closely together on the test structure. In previous work, WSSG was developed on a simply supported flat rectangular
plate and showed promise as a control metric. The displacement on the clamped plate has been modeled using an approximate
analytical solution assuming shape functions corresponding to clamped-clamped beams. From the analytical formulation, weights,
which were found to be the reciprocal of the wave number squared, have been derived to produce a uniform WSSG field across
the plate. In active control simulations, this quantity has been shown to provide better global control of acoustic radiation than
volume velocity. Analysis is presented which shows that comparable control, regardless of the sensor location, can be achieved
usingWSSG. Experimental results are presented which demonstrate thatWSSGworks effectively in practice, with results similar to
the simulations. The results show that minimization of WSSG can be used as an effective control objective on clamped rectangular
plates to achieve attenuation of acoustic radiation.

1. Introduction

Active structural acoustic control (ASAC) is an important
subfield of active noise control (ANC). In ASAC, sound fields
created by radiating structures are controlled using a control
actuator applied to the vibrating structure as opposed to
being placed in the sound field. In the late 1980s, research
showed that only one or two control forces applied properly to
the structure, as opposed to multiple actuators placed in the
sound field, could often provide global sound reduction [1, 2].
By moving the actuator to the surface of the plate, significant
global reduction, by as much as 40 dB in some cases, was
achieved. It was shown that only one or two actuators were
needed to provide control regardless of the frequency of
excitation. This was due to the fact that only one to two
structural modes seemed to contribute to the radiated sound
at a given frequency [3].

Another important contribution to ASAC was the devel-
opment of the radiation resistance matrix method which
provided an effective way to calculate the radiated sound
power of a distributed system [4]. One of the key analytical
tools in the development of ASAC was derived from the
radiation resistance matrix, namely, the acoustic or radiation
modes of a structure, which correspond to the eigenvectors
of the radiation resistance matrix. The radiation modes are
a set of orthogonal modes that form a set of basic functions
for the acoustic field and radiate sound power independently.
Each radiation mode is composed of several contributing
structural modes and can be used to show which structural
modes are significant in the radiation of sound power [5].

For rectangular plates it was shown that for values of 𝑘𝑙 <
0.5, where 𝑘 is the wave number and 𝑙 is the length of the
longer side of the plate, the first radiation mode is the only
radiationmode which significantly radiates.The shape of this
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first mode is comparable to volume velocity and it suggested
that using an error sensor to measure volume velocity on the
plate would be an effective way to control radiated sound [5].
This was significant in that it removed the error sensor as well
as the control actuator from the sound field and placed them
both on the plate, thus allowing for control of a sound field
while constraining the sensing and actuating to the structure.

With this idea in mind, sensing techniques for volume
velocity were investigated. Two of the methods pursued were
accelerometer arrays [6] and distributed piezoelectric films
[7]. An accelerometer array can give an accurate estimate of
the volume velocity of the plate. However, it requires a large
number of sensors to be implemented. For example, on a plate
with dimensions of 0.278m × 0.247m it was predicted that 16
to 25 accelerometers would be needed to effectively measure
the volume velocity [6]. With larger plates this number
increases. Making a measurement in this manner does not
reduce the complexity of the hardware required for control,
thus eliminating one of the potential benefits of ASAC.

A distributed piezoelectric film avoids the necessity of
a large number of error sensors to sense volume velocity,
requiring only a single piezoelectric patch. In this case, the
difficulty is not in the number of sensors required but in the
fact that the sensor needs to be designed specifically for the
geometry in question. For a plate of size 0.314m × 0.414m a
PVDF film was used with dimensions of 0.306m × 0.406m
[7]. For a different size plate an entirely different sensor would
need to be designed and constructed. Thus, while effective,
this method is highly geometry dependent and difficult to
implement.

Other methods were developed for sensing radiation
mode shapes, such as optimally shaped piezoelectric films
designed to target the specific structural vibration modes
contributing significantly to the important acoustic radiation
modes [8]. This allowed for the first radiation mode to be
targeted specifically as well as several other higher but sig-
nificantly radiating modes. Structural energy methods have
also been investigated but with limited success [9].

Optimally shaped piezoelectric films have the benefit of
targeting the radiation modes of a structure more directly.
Because only a few radiation modes contribute to sound
radiation at low frequencies and only a few structural modes
contribute significantly to each radiation mode, this method
requires a smaller number of sensors than volume velocity.
If the first radiation mode was the only mode of interest
(also the target of volume velocity), 3 to 4 sensors would
be required, depending on the frequency, to sense the con-
tributing structural modes. By using 6 to 8 sensors, this
method could also target multiple radiation modes [8].

However, similar to the distributed piezoelectric film,
this approach is highly dependent on the geometry. In order
to sense specific structural modes the piezoelectric sensors
need to be shaped appropriately. Significant analysis of the
structural and radiation modes is required to determine
which modes are important and the required sensor shapes.

As previously described, many of the suggested methods
of sensing for ASAC have had drawbacks due to the large

number of sensors required or sensor’s dependency on geom-
etry. This paper applies a relatively new structural quantity
known as WSSG to the control of clamped flat plates.

WSSG has been shown to be a nearly uniform structural
quantity on vibrating simply supported rectangular plates [10,
11].This uniformity allows for insensitivity to sensor location,
reducing the analysis required in choosing an appropriate
sensing location, a difficulty encountered whenmaking other
point measurements of vibration.The quantity itself, which is
a sum of weighted spatial gradients, can be measured using
a single, closely spaced array of four accelerometers and has
been shown to provide better or similar control to other
standard ASAC minimization quantities. WSSG has also
been developed and found to be effective on ribbed plates,
using a finite element, as opposed to analytical, model
[12]. These developments demonstrated the effectiveness of
WSSG. However, they did not thoroughly investigate or
develop WSSG on clamped plates. The purpose of this paper
is to develop theWSSG approach for a rectangular plate with
clamped boundary conditions. This is desirable due to the
greater practical applicability of clamped plates as compared
to simply supported plates. It is also significant because it
reveals some of the underlying physical mechanisms associ-
ated with the choice of weights forWSSG.These mechanisms
were not discussed in the simply supported or ribbed plate
papers.

2. Development

A thin vibrating plate is governed by the equation
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where 𝐷 is the bending stiffness, 𝑤 is the displacement, 𝜔 is
the excitation frequency, and𝑚 is the mass per unit area [13].
Theplate excitation is assumed to be timeharmonic; therefore
the displacement and force expressions can be assumed to be
multiplied by 𝑒𝑗𝜔𝑡 although not stated explicitly. This is an
assumption made throughout the remainder of this paper.
Also, for the current formulation the plate will be assumed
to be excited by a series of point forces, so that 𝐹(𝑥, 𝑦) =

∑
𝑞
𝐹
𝑞
𝛿(𝑥 − 𝑥

𝑞
)𝛿(𝑦 − 𝑦

𝑞
), with 𝐹

𝑞
indicating the 𝑞th applied

force as a complex number, 𝛿(⋅) indicating the Dirac delta
function, and 𝑥

𝑞
and 𝑦

𝑞
indicating the location of the 𝑞th

force.
An exact analytical solution to (1) for clamped rectangular

plates is not available but an approximate analytical solution
can be developed by assuming that the clamped plate modes
are the product of beam mode shapes [14]. Mathematically
this solution is given as
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Figure 1: Coordinate system and force application on plate.
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The subscripts 𝑚 and 𝑛 indicate structural mode numbers,
and the values for 𝜆

𝑝
and the eigenvalues of the system are

given by the characteristic equation
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) = 1. (5)

𝜙(⋅) is the assumed shape function, and 𝜙
󸀠󸀠
(⋅) and 𝜙

(4)
(⋅)

refer to the second and fourth spatial derivatives. The typical
geometry and application of forces can be seen in Figure 1,
where the subscripts 𝑑, 𝑐, and 𝑠 represent the disturbance
force, control force, and sensor locations, respectively. Using
the Rayleigh-Ritz method and comparing experimental tests
to predictions made by this model, this method has been
shown to predict the natural frequencies within an acceptable
degree of error [15].

2.1. Derivation of the Objective Function for Clamped Plates.
Previously, WSSG was defined [10] as
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where the choice of weights 𝛼, 𝛽, 𝛾, and 𝛿 was important in
deriving a uniform quantity for the simply supported rectan-
gular plate.

While (6) is fundamentally the same with regard to con-
trol for both the time harmonic simply supported and

clamped plates the choice of weights changes with the bound-
ary conditions and is dependent on the eigenvalues of the
solution to (1). To determine the weights, the derivatives of
(2) with respect to 𝑥 and 𝑦, as shown by ((7)–(9)), are used:
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Each of the WSSG terms for the first mode can be seen in
Figure 2. Note how the first term has maximum values in
the middle, the first derivative terms have maximum values
towards the outside edges, and the cross derivative term has
maximum values near the corners. By summing these four
terms with the weights chosen to normalize the maximum
values, a nearly uniform field can be created.

Terms in (7) are scaled by a factor of 𝜆
𝑚
/𝐿
𝑥
when the

derivative is taken as shown by (10). Likewise, (8) and (9)
are scaled by factors of 𝜆

𝑛
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and 𝜆

𝑚
𝜆
𝑛
/𝐿
𝑥
𝐿
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as shown by

(10) and (11). These scaling factors are responsible for the
difference in magnitudes of the terms. To create a uniform
WSSG field, the inverse of these terms was chosen and
squared to form the weights.These inverse expressions, as the
clamped plate weights, are given on the first line of Table 1.
Note that each of the weights was scaled by 𝛼. There is no
specific value defined for 𝛼, which can be used to scale all the
terms by an equal amount. Normally the value of 𝛼 is set to
unity.

An alternative way to define the weights is in terms of
the wave number. The wave numbers are inherent in the
shape functions described by (3). For the clamped plate the
wave number is 𝑘 = 𝜆/𝐿, which can be substituted into
the weights equations in the first line of Table 1 to yield
the general weights expressions shown on the second line
of Table 1. For the case of the simply supported plate 𝑘

𝑚
=

𝑚𝜋/𝐿
𝑥
which yields the correct weight expression [10] 𝛽

𝑚
=

(𝐿
𝑥
/𝑚𝜋)
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for 𝛾
𝑛
and 𝛿

𝑚𝑛
, verifying that the general weight expressions

are independent of boundary conditions and reduce down to
the correct weights when the wave numbers, corresponding
to the chosen boundary condition, are used. This general
expression is significant because it shows that each term is
weighted by the corresponding wave number components
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Table 1: Expressions for the weights in WSSG. The average weights shown were calculated using the geometry described in Table 2.
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Figure 2: Analytical WSSG terms for the first structural mode.
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Table 2: Plate properties and dimensions for control simulations.

Property Value
Length in 𝑥, 𝐿

𝑥
0.483m

Length in 𝑦, 𝐿
𝑦

0.762m
Thickness 0.0031m
Young’s modulus 69.8GPa
Poisson’s ratio 0.33
Density 2700 kg/m3

Damping ratio 2%

Table 3: The first fifteen natural frequencies and mode shapes for
the plate described in Table 2.

Mode 𝑚 𝑛 Natural frequency (Hz)
1 1 1 86
2 1 2 128
3 1 3 204
4 2 1 214
5 2 2 253
6 1 4 299
7 2 3 327
8 2 4 406
9 3 1 410
10 1 5 430
11 3 2 452
12 3 3 531
13 2 5 538
14 1 6 583
15 3 4 599

and allows for the selection of weights on plates with nonideal
shapes if the wave number components in 𝑥 and 𝑦 can be
determined.

At this point, the derived weights are only valid for indi-
vidual mode numbers 𝑚 and 𝑛, while the total displacement
given in (2) is a sum over an infinite number of modes.While
individual modes can be weighted analytically, this cannot
be done experimentally, as the contributions to displacement
from each of the modes cannot be separated in real time.
Several different weighting schemes have been investigated
for the non-mode-specific weights with very similar results in
simulated control. It can be concluded that the minimization
quantity is not overly sensitive to the general weighting
scheme as long as the weights are of the appropriate order
of magnitude. The simplest method used to compute results
that provided excellent results was averaging the 𝛽

𝑚
, 𝛾
𝑛
, and

𝛿
𝑚𝑛

values over the first 15 modes of the geometry examined.

2.2. Uniformity of WSSG Field. With the weights chosen as
described above, the uniformity of the WSSG field on the
clamped plate can be demonstrated. Using the equations
shown in Table 1 and the plate geometry and material prop-
erties defined in Table 2 the natural frequencies and mode
shapes were computed.These are given in Table 3.TheWSSG
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Figure 3: WSSG field for the clamped plate 1, 2 mode in dB,
relative to the maximum value on the plate, at the 1, 2 mode natural
frequency. The inner white line represents the 3 dB down contour
and the outer one represents the 6 dB down.

field for the second mode, (1, 2), is found by exciting the
plate at the secondmode resonance frequency and calculating
the weights and summing over only the second mode in (2),
(7), (8), and (9). This field is shown in Figure 3, in decibels
relative to the maximum value on the plate, to demonstrate
uniformity.The inner white contour represents the boundary
of the 3 dB down region and contains approximately 50% of
the plate. The outer white contour represents the boundary
of the 6 dB down region and contains approximately 66%
of the plate. The standard deviation of the WSSG field is
6.7 dB. The simply supported plate, used in previous work
[10], was found to be uniform to within ±0.01% at the second
mode. The clamped boundary conditions, and therefore the
introduction of hyperbolic sines and cosines in the shape
functions, are the cause of this difference in uniformity.

Amore practical case occurswhenWSSG is summedover
multiple modes (in (2), (7), (8), and (9)), more closely mod-
eling the displacement of an actual plate when it is excited.
In this case the average weight values shown in Table 1 are
used. TheWSSG field summed over the first 15 modes, given
in Table 3, using the average weights, is shown in Figure 4. In
this case the 3 dB down region contains approximately 31% of
the plate, and the 6 dB down region contains approximately
50% of the plate, so with more modes included the WSSG
field becomes slightly less uniform. The standard deviation
of theWSSG field in this case is 7.2 dB, which is 0.5 dB higher
than for a single mode. For the simply supported plate in this
situation, using average weights, excited at the second mode
natural frequency, the 3 dB down region contained about 80%
of the plate, and the entire plate was within 4 dB, once again
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Figure 4: WSSG field summed over the first 15 modes, at the 1, 2
mode natural frequency, in dB relative to themaximum value on the
plate.The inner white line represents the 3 dB down contour and the
outer one represents the 6 dB down.

more uniform due to the difference in boundary conditions
and the resulting shape functions.

WhenWSSG is summed over multiple modes the unifor-
mity decreases due to the contributions from other modes to
the displacement of the plate. Also, the WSSG field on the
clamped plate is less uniform than the WSSG field on the
simply supported plate [10] due to the difference in boundary
conditions. The clamped boundary prevents the plate from
rotating at the edges, therefore driving the derivative terms
to zero at the boundaries of the plate, which can be seen
in Figures 3 and 4. At higher modes and frequencies this
transition area decreases. These results suggest that sensors
should be placed away from the clamped edges of a plate.
Another important point to note is that while Figures 3 and 4
show the WSSG field at the second mode, there are no nodal
lines in the field. In general, nodal lines in the WSSG field do
not appear regardless of the mode or frequency of excitation.
This property significantly simplifies the choice of sensor
location, reducing the importance of the exact location.

2.3. Comparison to Radiation Modes. One of the interesting
properties noted in the original development of WSSG [10]
was the relationship between the radiation mode shapes and
the shape of the spatial derivatives. The radiation modes
of a plate are derived from the radiation resistance matrix.
The radiation resistancematrix discretizes the plate geometry
and provides a simplified and computationally more efficient
method for calculating the radiated sound power at low
frequencies. It is derived by dividing the plate into elemental
radiators and calculating the mutual radiation impedances

between each elemental radiator and all others. This matrix
is given, for a rectangular plate [4], by

R =
𝜔
2
𝜌
0
𝐴
2

𝑒

4𝜋𝑐

⋅
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1
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,

(13)

where 𝜌
0
is the density of the surrounding fluid, 𝐴

𝑒
is the

elemental area, 𝑐 is the speed of sound in the fluid, 𝑅
𝑖𝑗
is the

distance from the 𝑖th to the 𝑗th element,𝑁 is the total number
of elements, and the other terms are as previously defined.
Using the radiation resistance matrix, the sound power is
calculated as

𝑃 = k𝐻
𝑒
Rk
𝑒
, (14)

where k
𝑒
is a vector containing the velocity of each element

and𝐻 signifies the Hermitian transpose [6].
The radiation mode shapes are found as the eigenvectors

of the radiation resistance matrix and break the matrix
up into a set of mutually orthogonal vectors which reveal
the underlying radiation mechanisms of the structure. The
radiation mode shapes, which are functions of geometry and
frequency, but not boundary conditions, generally only have a
few structural modes which contribute significantly to them.
Thus, by targeting the radiationmodes, the relevant radiating
structural modes are also targeted. At low frequencies, it has
also been found that only a few of the radiation modes have
any significant contribution to sound radiation [4].

The first four radiation modes of the rectangular plate
are shown in Figure 5 and the four terms of WSSG are
shown in Figure 2. Note the similarity between these four
terms. The first radiation mode is similar in shape to the
displacement, 𝑤, which is comparable to a monopole source;
the second and third radiation modes are similar to the first
derivatives with respect to 𝑥 and 𝑦 and can be compared to
dipole like radiation; the fourth radiation mode is similar
to the cross derivative and is similar to quadrupole like
radiation. Although these comparisons are made loosely and
are not exact on the first mode of the clamped plate, at more
complicated structural modes the derivative terms locally
closely resemble the radiationmode shapes. It is hypothesized
that this similarity is connected with the observed behavior
that allows for a single or local measurement on the plate
to control the radiation mode shapes globally, as opposed to
volume velocity, which required a global measurement of the
plate to control the first radiation mode. These similarities,
which were also found for the simply supported plate, suggest
thatWSSGwill be effective at targeting the first four radiation
mode shapes for a clamped plate and will therefore be a good
candidate for use in ASAC.
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(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

Figure 5: The first four radiation mode shapes for a rectangular plate.

Because of the way in which the weights are calculated, a
uniform WSSG field is created. The uniformity of the field
is considered an advantage as far as sensitivity to sensor
placement is concerned. However it can be viewed in light
of weighting the radiation modes. By weighting each of the
terms the same, each of the radiationmodes is given the same
weight in the control algorithm, thus targeting each of the first
four radiation modes equally.

3. Numerical Simulations

To determine the effectiveness ofWSSG control on a clamped
plate, a numerical simulation was developed. The plate
dimensions and material properties for the simulation are
given in Table 2. Equations ((2) and (6)–(12)) were used as
the analytical model for the plate. As stated previously, point
forces were used to excite and control the plate.The locations
of the disturbance and control forces, as well as the sensor
location, are given in Table 4. The control was simulated
by finding the optimal control force for each frequency to
minimize WSSG at the sensor location. The radiated sound
power was then calculated by using elementary radiators as
described in (14).

In order to demonstrate the effectiveness of WSSG it was
compared to results achieved fromminimizing volume veloc-
ity. For the analytical simulation, volume velocity was found
by discretizing the plate into 60 elements and estimating
the velocity across each individual element as the velocity at

Table 4: Locations for the disturbance, control, and sensor locations
of the simulations and experiments.

Quantity Value
𝑥
𝑑

0.083m
𝑦
𝑑

0.629m
𝑥
𝑐

0.083m
𝑦
𝑐

0.127m
𝑥
𝑠

0.286m
𝑦
𝑠

0.432m
𝑑, 𝑐, and 𝑠 represent disturbance, control, and sensor, respectively.

the center of the element. This number of elements was
calculated as sufficient to give an accurate measure of volume
velocity based on the methods described by Sors and Elliott
[6].

For the simulated control, shown in Figure 6, the overall
sound attenuation over the frequency range from 0 to 630Hz
is 28.8 dB with WSSG as the minimization quantity and
9.0 dB with volume velocity as the minimization quantity.
WSSG consistently provides better control than volume
velocity over the frequency spectrum for the case examined
except in the range from about 180 to 210Hz.

The simulated control at each of the natural frequencies
is shown in Figure 7. It can be easily seen from this that
at most of the resonance frequencies (resonances 2, 4–8, 11,
13, and 14) WSSG outperforms volume velocity. The success
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Figure 6: Simulated control of the clamped plate using WSSG and
volume velocity as objective functions.
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Figure 7: Simulated control sound power levels at the structural
modenatural frequencies.The left column is the radiated sound level
without control, the middle column represents the radiated sound
level with control fromWSSG, and the right column represents the
radiated sound level with control from volume velocity.

of WSSG, especially at higher modes, is due to its ability to
target the first four radiation modes as opposed to just the
first radiation mode for volume velocity. The radiated sound
power from each of the first four radiation mode shapes is
shown in Figures 8–11.The overall sound attenuation for each
of thesemodes is given in Table 5.When compared to volume
velocity,WSSG provides improved control for all fourmodes,
although both quantities provide appreciable control of the
first mode. WSSG significantly outperforms volume velocity
on the other three modes as expected from the theoretical
development of the minimization quantity.

There are several things to note in Figures 8–11. Each
of the radiation modes has a different set of structural
modes contributing to their sound radiation. For example, in
Figure 8 the first, third, and ninth structural modes radiate
strongly, but the second, fourth, and fifth do not. In the case
of the fifth structural mode there is no apparent contribution
to the sound radiation of the first radiationmode.Modes that
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Figure 8: Sound radiated by the first radiationmode on the clamped
rectangular plate.
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Figure 9: Sound radiated by the second radiation mode on the
clamped rectangular plate.
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Figure 10: Sound radiated by the third radiation mode on the
clamped rectangular plate.



Shock and Vibration 9

100 200 300 400 500 600

−20

0

20

40

60

80

100

120

Frequency (Hz)

Mode 1

Mode 2
Mode 3

Mode 4

Mode 5

Mode 6
Mode 7

Mode 8

Mode 9 Mode 10

Mode 11
Mode 13

Mode 12

Mode 14

Mode 15

No control
WSSG
Volume velocity

Po
w

er
 le

ve
l (

dB
 re

1
e
−
1
2

W
)

Figure 11: Sound radiated by the fourth radiation mode on the
clamped rectangular plate.

Table 5: Overall sound attenuation in each of the four radiation
modes targeted by WSSG, as shown in Figures 6–11.

Mode WSSG Vol. vel.
1 32.1 27
2 19.3 −0.2
3 16.0 9.0

4 26.6 16
Overall 28.8 9.0

do not appear to radiate sound powerwere stillmarked on the
figures.

For the first radiation mode, volume velocity provides
better or comparable control to WSSG over the frequency
range, except for the 14th and 15th structural modes. The
poor control of volume velocity and the good control of
WSSG at these two modes caused WSSG to provide a better
overall sound attenuation for the first radiationmode. For the
other three radiation modes examined, WSSG outperformed
volume velocity because it provides comparable or improved
control at the significantly radiating natural frequencies.
Specifically, in Figure 6 volume velocity does not provide
significant control at modes 2, 5, 7, 8, 11, 13, 14, or 15. With
the exception ofmodes 14 and 15, which noticeably contribute
to the radiated sound of multiple radiation modes, these
structural modes contribute radiated sound through either
the second, third, or fourth radiation mode, modes which
volume velocity was not designed to target. Minimization
of volume velocity is therefore unable to provide consistent
control at these structural mode natural frequencies. These
results show that WSSG does successfully target the first four
radiation modes, allowing WSSG to provide a better overall
sound attenuation than volume velocity.

Control of the plate with the sensor placed at random
locations was also simulated to determine control sensitivity
to sensor location. Five locations, given in Table 6, were cho-
sen at random on the plate, and then control was simulated at

Table 6:The sensor locations used to test the sensitivity ofWSSG to
sensor placement on the plate of dimensions 0.483m × 0.762m.

Sensor 𝑥 (m) 𝑦 (m) Overall sound atten. (dB)
Default 0.286 0.432 28.8
1 0.088 0.566 25.4
2 0.193 0.299 28.6
3 0.126 0.499 27.9
4 0.386 0.130 26.1
5 0.208 0.538 28.0
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Figure 12: Simulated control of the clamped plate at multiple sensor
locations.

those locations, along with the original location. The overall
attenuation for each sensor location is shown in Table 6. A
plot showing the control at these various locations is given
in Figure 12. Each of the structural modes is successfully
controlled for radiated sound power, although the ability
to control mode 9 is reduced when compared to the other
modes. This is due to the choice of control force location for
these simulations.

Note the similarity in control regardless of the sensor
location. The mean of the overall sound attenuation at these
sensor locations is 27.5 dB with a standard deviation of 1.4 dB,
showing a high degree of consistency and thus verifying that
the uniformity of theWSSG field, as discussed in Section 2.2,
does result in control which is relatively insensitive to sensor
location.

4. Experimental Validation

A clamped plate, made of 6061-T6 rolled aluminum, which
had the same material properties and dimensions as the
plate used in simulations (see Table 2), was used for the
experimental validation. The clamped boundary condition
was created by placing the plate between two stiff frames
and bolting the frames together. A picture of the plate is
shown in Figure 13. Spatially dense velocity measurements
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Figure 13: The experimental clamped-clamped plate.
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Figure 14: Schematic of accelerometer positions for WSSG mea-
surement experimentally.

across the entire plate were made with a scanning laser
Doppler vibrometer (SLDV) to ensure that a purely clamped
boundary conditionwas closely approximated. Tomake these
measurements, the plate was excited using a lightweight
shaker attached to its corner.The SLDV data was used to esti-
mate the natural frequencies of the system. These measured
natural frequencies compared very closely to the theoretical
clamped plate natural frequency predictions, confirming that
the experimental setup satisfactorily approximated the ideal
mathematical clamped boundary condition.

The plate was excited using shakers, suspended by bungee
cords. The shakers were attached to the plate via stingers,
which were glued in place.TheWSSG quantity wasmeasured
at a point using a rectangular array of four accelerometers
spaced 0.0254m apart as shown in Figure 14. These were
attached to the front of the plate.

Filter

DSP controller

Signal generator

Disturbance
shaker

SLDV

Accelerometers

Control shaker

Figure 15: Schematic of the experimental setup.

Each of the terms in (6) was found numerically by cal-
culating finite difference derivatives from the accelerometer
signals at each sampled time step. The equations used to cal-
culate each term were

𝑤 ≈
𝑠
1
+ 𝑠
2
+ 𝑠
3
+ 𝑠
4

4
,

𝜕𝑤

𝜕𝑥
≈
𝑠
2
− 𝑠
1
+ 𝑠
4
− 𝑠
3

2Δ𝑥
,

𝜕𝑤

𝜕𝑦
≈
𝑠
1
− 𝑠
3
+ 𝑠
2
− 𝑠
4

2Δ𝑦
,

𝜕
2
𝑤

𝜕𝑥𝜕𝑦
≈
𝑠
2
− 𝑠
1
+ 𝑠
3
− 𝑠
4

Δ𝑥Δ𝑦
,

(15)

where 𝑠
𝑖
represents the instantaneous acceleration measured

by each accelerometer and Δ𝑥 and Δ𝑦 represent the 𝑥

and 𝑦 distance between the accelerometers, respectively, as
shown in Figure 14. Because time harmonic excitation is
used, the acceleration differs from the displacement only
by a multiplicative constant. Thus, accelerations are used
interchangeably with displacements here, with no impact on
the result for minimizing WSSG.

Each term was calculated in the control algorithm soft-
ware. A filtered-x LMS [16] algorithm was used to find
the optimal phase and amplitude signal. This signal caused
the control shaker to minimize the WSSG quantity at the
chosen point.The sound powerwas calculated using the same
method as that used in the numerical simulations, with the
velocity of each elementary radiator being provided by the
SLDV. Figure 15 shows a schematic of the experimental setup.
The plate was placed in a window between two reverberation
chambers.This provided a baffle between the two sides of the
plate and isolated the plate from outside vibrations or noise,
allowing for accurate sound measurements.

4.1. Experimental Validation of WSSG as a UniformMetric on
the Plate. The theoretical development ofWSSG as a uniform
parameter was validated by scanning the vibrating clamped
plate with the SLDV at the natural frequencies.This was done
with a small LDS V203 shaker to avoid mass loading the
plate with the heavy shakers used in the control experiments.
The individual terms of WSSG were calculated using (15)
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Figure 16: Experimental WSSG terms for the first structural mode.

for each of the modes. The four WSSG terms with the plate
excited at the first mode resonance frequency are shown
in Figure 16. Each of the four terms closely matches with
what the analytical expressions predicted in Figure 2, with
the exception of some distortion in the upper right corner,
where the shaker was located. Placing the shaker in the corner
skewed the structural mode in the direction of the shaker.
This caused distortions in the WSSG field which are most
visible in Figure 16(d), the fourth term, because of its second
order finite difference derivative.The second and thirdWSSG

terms exhibit less distortion because they are only first order
derivatives. For the second order derivative, due to this noise,
a couple of outliers were removed so that the field could be
seen more clearly.

When the four terms are summed as in (6), using the
mode-specific weights for mode 1 shown on the first line of
Table 1, a relatively uniformquantity over the plate is obtained
as shown in Figure 17. A higher degree of uniformity is pre-
vented because the clamped boundaries prevent any rotation
and therefore force all derivative terms to zero at the edges.
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Figure 17: Total WSSG field for the plate excited at the first mode
natural frequency, in dB, with the first mode weights (first line of
Table 1).

Figure 18 shows the WSSG fields for the plate excited at
the resonance frequencies formodes 2–5with the idealmode-
specific weights, given on the first line of Table 1, used at
each mode. The second mode (Figure 18(a)) shows that the
experimentally measured WSSG field qualitatively matches
the simulated WSSG field shown in Figure 3 and further
confirms the correctness of the theoretical development of
WSSG.

The experimental results show that the WSSG field is not
as uniform as the theory predicted. The lack of uniformity
in Figure 18 can be traced to the nonuniform amplitudes
of the antinodes in the displacement field. The simulations
predicted that each antinode would have uniform amplitude,
but this was not always the case in the experimental data.
For example, on the second mode (the (1, 2) mode), the
shaker was located in the lower right corner of the plate,
much closer to the lower antinode than the upper.The SLDV
scans showed that this caused the lower antinode to have
a slightly higher amplitude than the upper antinode, which
makes it impossible for the sameWSSGvalues to bemeasured
in the upper and lower regions of the plate at this frequency.
However, the amplitudes are close enough in value for the
(1, 2) mode, that placing the WSSG sensor in either section
will still provide control of the plate.This was not the case for
some of the other modes, where higher amplitude differences
were measured between the antinodes.

Some of the higher modes had larger variations in the
antinode amplitudes because of overlap between natural res-
onance frequencies. At closely spaced resonance frequencies
the corresponding mode shapes often superimpose on top
of each other, causing distortions in the mode shapes. This
superimposition can cause significant differences in the anti-
node amplitudes, which causes WSSG to lose some of its

uniformity. Thus, whenever a natural frequency was isolated
(far away from any other natural frequency) a more uniform
WSSG field was calculated, but when natural frequencies
were close to each other, the WSSG field was less uniform.
Some of these nonuniform effects were predicted by the
computer simulations, but the experimental results showed
even more pronounced amplitude differences.

4.2. Experimental Control Validation. The plate was set up as
shown in Figure 15 with the disturbance and control shak-
ers, as well as the WSSG sensor, in the same locations as
in the simulations, given in Table 4. The results of sound
power measurements, taken before and after control, are
shown in Figure 19. Due to the time intensive nature of the
experiments data was taken to verify the prediction of the
simulations at or near the natural frequencies, and at small
number of off resonance values, within a limited range of
the frequency. This was deemed sufficient to validate the
numerical simulations experimentally.

Figure 19, which shows the experimentally measured
control over the frequency range from 60 to 370Hz, shows
that the actual measured control is similar to that predicted
by the simulations, shown in Figure 6, for the same fre-
quency range. Several differences between Figures 6 and 19
are apparent which present some challenges in comparing
the two tests. The experimental plate natural frequencies
were generally lower than those predicted; however this is
consistent with mass loading from the shakers. The shakers
used for experimental validation and control of the plate were
much heavier than the shaker used for the excitation and
measurement of the natural frequencies, mass loading the
plate in the control scenario. An example of this can be seen
by looking at the fourth mode in the experiments, which
was measured as the (2, 2) mode. In simulations the (2, 2)
mode appears at 253Hz but is shifted down to 231Hz in the
experimental control results.

A second difference between Figures 6 and 19 is that
the experimental results are missing several of the resonance
frequencies predicted in the simulations. Two probable rea-
sons for these resonance frequencies to be missing are as
follows: the experimental sampling resolution may not have
been high enough to differentiate between two closely spaced
natural frequencies, and the added mass and stiffness from
the shakers may have distorted the structural modes in such
a way that they were no longer a recognizable mode shape. It
is possible that both reasons have a role in themissing natural
frequencies.

For example, in Figure 19 the third natural frequency,
at 200Hz, was shown in the SLDV scans to be an easily
recognizable (1, 3) mode shape. However the (1, 3) mode
shape was not perfect, and it appeared that a very weak (2,
1) mode might have been contributing to the response at this
frequency, causing slight distortions to the (1, 3) mode. The
(2, 1) mode, predicted as the fourth mode in simulations,
had a natural frequency relatively close to the (1, 3) mode.
The (2, 1) mode may have had a small enough amplitude
in the experiments that it did not show up as a significant
independent structural mode in the broadband SLDV scans,
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(c) Mode 4
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Figure 18: Plots of the WSSG field measured experimentally at the natural frequencies of modes 2–5.

but it was still able to cause minor distortions in the response
at frequencies close to its natural frequency. Similar slight
distortion may have happened with the fifth experimental
mode, at 291Hz in Figure 19, which was a clearly recognizable
(2, 3)mode, predicted as the seventhmode in simulations (see
Figure 20), but could have been slightly distorted by a nearby
(1, 4) mode, predicted as the sixth. A clearly recognizable (1,
4) mode was not seen in the scans but may have still been
present at small amplitude.

The mode shape at 365Hz in Figure 19 was unrecogniz-
able, although itmay have been a highly distorted (2, 4)mode,

predicted as the eighth mode in simulations. The analytical
model predicted that a (2, 4) mode should appear after the (2,
3) mode, but a (2, 4) mode shape was indistinguishable in the
SLDV scans.

Despite these differences, the experiments demonstrated
several important results with regard to the use of WSSG
experimentally. The first is that in Figures 6 and 19, when
control was implemented using WSSG, both lines have the
same general trends. They have significant attenuation at
most peaks and minimal amplification at most off resonance
frequencies. The experimental attenuation levels, however,
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Figure 19: Experimental control of the clamped plate over the frequency range from 60 to 370Hz.
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Figure 20: TheWSSG field with the plate excited at the fifth mode natural frequency, with control off and on.

were lower than the simulated values, likely due to the inher-
ent difficulty in perfectly matching experiment to simulation,
which was manifested by such things as noise in the signal,
and overlapping structural modes which were not predicted
by the simulations.

One resonance frequency of particular interest was the (2,
3) mode, which appeared as the fifth mode in experiments,
where the experimental results show a minimal attenuation
at the peak itself and amplification immediately following
the peak, a different effect from the 19.7 dB of attenuation
predicted by the simulations. In analyzing this mode it was
found that it was highly distorted, causing several of the
antinodes in the velocity field to have significantly lower
amplitudes. This effect can be seen in Figure 20(a) which

shows the squared velocities before control. When the mode
was controlled, the four high antinodes were minimized, but
the low ones were amplified, as seen in Figure 20(b), which
shows the squared velocities of the (2, 3) mode after control.
A similar effect occurred in the WSSG fields for this mode.

WSSG theory assumes that the WSSG field is uniform
across the entire plate; thus minimizing one point will the-
oretically minimize WSSG across the entire plate. But if the
WSSG field is not uniform to begin with, as in the case of the
fifth experimental mode, thenminimizing a single point may
end up amplifying theWSSG field in areas where it originally
was small.This was found to be the case in the fifthmode and
the frequencies following it, where amplification occurred.
It is suspected that these effects could be minimized if
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the mass and stiffness effects of the shakers could be negated.
This could possibly be done by using smaller shakers, which
would reduce the distortion from mass loading of the plate,
allowing for a more uniformWSSG field.

5. Conclusions

A weighted sum of spatial gradients (WSSG) minimization
quantity has been developed for a clamped flat rectangular
plate following themethod used previously to developWSSG
on a simply supported rectangular plate. An approximate
solution for a rectangular flat plate clamped on all four sides,
assuming that the shape functions for the flat plate were the
product of clamped-clamped beam shape functions, has been
used. This solution was used to derive analytical expressions
for the weights in WSSG, which caused the field to become
relatively uniform.Thedevelopment ofWSSGwith the choice
of weights was intended to create a measurement quantity
which was insensitive to sensor location, to target and control
the first four radiation mode shapes, and to be a metric that
could bemeasured in amuch simplermanner experimentally
than previous minimization quantities.

Simulated results verified the hypothesized effects. While
only measuring the acceleration at four closely spaced loca-
tions on the plate, improved control over volume velocity
(which required 16–25 accelerometers, or geometry depen-
dent sensors) was achieved. In particular the minimization
quantity achieved improved control when compared to
volume velocity at natural frequencies and modes higher
than the fourth mode. This was due to the fact that WSSG
could control the second, third, and fourth radiation modes,
whereas volume velocity could not. The second, third, and
fourth radiation modes have a greater contribution from
structural modes with higher natural frequencies when
compared to the first radiation mode, accounting for this
improved control.

Also, the WSSG measurement location has been found
to be relatively unimportant in simulations. This has been
shown by placing the sensor in random locations and com-
paring the control using those locations. Control was most
consistent above the fourth mode natural frequency, where
more of the targeted radiation mode shapes become relevant.

Finally, to demonstrate the effectiveness of this WSSG
control approach, experimental tests have been performed.
The experimental results were similar to the simulation
results, verifying that the simulation model was accurate and
also confirming that the desired effects from theWSSG quan-
tity do in fact occur.

From the observed effects it can be concluded thatWSSG,
which provides better control than volume velocity, also has
several advantages in implementation. It requires fewer sen-
sors, its physical measurement location is relatively geometry
independent, and it works on multiple boundary conditions.
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