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Extraction of acoustic normal mode depth functions
using vertical line array data

Tracianne B. Neilsen and Evan K. Westwood
Applied Research Laboratories, The University of Texas at Austin, P.O. Box 8029, Austin, Texas 78713-8029

~Received 24 January 2001; revised 27 August 2001; accepted 5 November 2001!

A method for extracting the normal modes of acoustic propagation in the shallow ocean from sound
recorded on a vertical line array~VLA ! of hydrophones as a source travels nearby is presented. The
mode extraction is accomplished by performing a singular value decomposition~SVD! of individual
frequency components of the signal’s temporally averaged, spatial cross-spectral density matrix. The
SVD produces a matrix containing a mutually orthogonal set of basis functions, which are
proportional to the depth-dependent normal modes, and a diagonal matrix containing the singular
values, which are proportional to the modal source excitations and mode eigenvalues. The
conditions under which the method is expected to work are found to be~1! sufficient depth sampling
of the propagating modes by the VLA receivers;~2! sufficient source–VLA range sampling, and~3!
sufficient range interval traversed by the source. The mode extraction method is applied to data from
the Area Characterization Test II, conducted in September 1993 in the Hudson Canyon Area off the
New Jersey coast. Modes are successfully extracted from cw tones recorded while~1! the source
traveled along a range-independent track with constant bathymetry and~2! the source traveled
up-slope with gradual changes in bathymetry. In addition, modes are successfully extracted at
multiple frequencies from ambient noise. ©2002 Acoustical Society of America.
@DOI: 10.1121/1.1432982#

PACS numbers: 43.30.Bp, 43.30.Xm, 43.30.Wi@DLB#
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I. INTRODUCTION

This paper investigates a method for determining
depth-dependent mode functions of underwater acou
propagation using measurements on a vertical line a
~VLA !. The approach does not require anya priori informa-
tion about the sound-speed profile in the water column or
geoacoustic profile of the bottom. The focus of this pape
on using a loud source of opportunity, such as a passing s
to provide the data from which the mode functions are
tained.

Although we refer to the procedure just described
‘‘mode extraction,’’ that term has also been used for the p
cedure of matching modeled mode shapes to measured
on a VLA to decompose the field into modal compone
~see, for example, Ref. 1!. This method allows the differen
modal contributions to be identified and isolated, but it
quires an estimate of the ocean’s acoustic parameters to
erate the modeled mode shapes. In contrast, the objectiv
the current method is to extract mode shapes from VLA d
directly, with noa priori information.

The mode extraction technique explored here is sim
to several other approaches that use an eigenvalue deco
sition of a spatial cross-spectral density matrixC to obtain
the depth-dependent mode functions. In Ref. 2, a domin
source at a fixed range is assumed,C is formed by averaging
the outer products of measured pressure spectra
multiple-frequency bins in a narrow band, and a requirem
related to the temporal separation of the modal pulse arri
is derived. In Refs. 3 and 4, ambient noise from the oc
surface is assumed, andC is formed by averaging over time
748 J. Acoust. Soc. Am. 111 (2), February 2002 0001-4966/2002
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In the present work, a dominant source traversing a sign
cant range interval is assumed,C is formed by averaging
over time, and a requirement related to the range interva
derived.5 This approach was also used in Ref. 6.

The remainder of the paper is organized as follows.
Sec. II the required experimental setup, the theory of sing
value decomposition~SVD!, and its relationship to the ex
pression for the pressure field as a sum over the de
dependent normal modes are presented. The requiremen
the SVD of the pressure field to yield reliable dept
dependent normal modes are examined, and the efficie
advantages of performing the SVD on the cross-spectral d
sity matrix are then outlined. This is followed by a brie
explanation of how the multiple-frequency and ambie
noise approaches are related to the current work.

Section III contains the results of mode extraction p
formed using experimental data taken in the Hudson Can
area in September 1993.7 Results are shown for mode extra
tion using data from a towed cw source. First, the resu
using data recorded along a range-independent source
are presented, followed by the results using data from
slightly range-dependent source track. Finally, the results
mode extraction using ambient noise recorded prior to
experiment are given. In the concluding section, Sec. IV,
mode extraction technique and results are summarized,
applications of the method are discussed.

II. THEORY: MODE EXTRACTION FROM VLA DATA

The experimental setup required for the mode extract
technique consists of a source moving outward in range
/111(2)/748/9/$19.00 © 2002 Acoustical Society of America
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 Redistr
the vicinity of a vertical line array~VLA ! of NZ hydro-
phones, as shown in Fig. 1~a!. The sound pressure at eac
hydrophone is recorded over a time interval during which
source–receiver range isr 1 ,r 2 ,...,r NR

, whereNR is the total
number of ranges. An equivalent experimental setup i
range-invariant environment consists of a stationary sou
in the vicinity of a moving VLA, as shown in Fig. 1~b!. In
both cases, the pressure time series is measured at each
NZ receiver depths and at each of theNR source–receiver
ranges. The frequency components of the time series are
tained by performing a fast Fourier transform~FFT!. For an
FFT integration timeTw , the frequency bin spacing isD f
51/Tw . For each frequency component or bin, the F
yields anNZ3NR complex matrixP

P5F p~z1 ,r 1! p~z1 ,r 2! ¯ p~z1 ,r NR
!

p~z2 ,r 1! p~z2 ,r 2! ¯ p~z2 ,r NR
!

] ]� ]

p~zNZ
,r 1! p~zNZ

,r 2! ¯ p~zNZ
,r NR

!

G . ~1!

The elements ofP may be written according to norma
mode theory as

pi j [p~zi ,r j !5
A2peip/4

r~zs!
(

m51

NM

f̄n~zs!f̄n~zi !
eiknr j

Aknr j

, ~2!

where f̄n(z) are the orthonormal, depth-dependent mo
functions. For the trapped modes, it is a good approxima
that

E
0

H f̄n~z!f̄m~z!

r~z!
dz5dnm , ~3!

whereH is the depth of the half-space.8 The expression for
p(zi ,r j ) is used to demonstrate how a matrix operat
called singular value decomposition~SVD! can yield the
depth-dependent modesf̄n(z). We first describe the genera
properties of the SVD and then explain how the SVD of t
matrix P produces the depth-dependent modes.
J. Acoust. Soc. Am., Vol. 111, No. 2, February 2002 Neilsen and W
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A. Singular value decomposition

The SVD of anN3M complex matrixA is

A5USV†, ~4!

where † indicates the conjugate transpose of the matrix,S is
a real diagonal matrix with elements in order from largest
smallest down the diagonal, and the columns of bothU and
V satisfy the orthonormality condition

(
i 51

N

UinUim* 5(
i 51

M

VinVim* 5dnm , ~5!

where* indicates complex conjugation. SinceS is diagonal,
each element ofA may be written as

ai j 5 (
k51

N

uikskkvk j* . ~6!

B. The connection between the SVD and the normal
modes

Recognizing the similarity between the orthonormal
conditions of the modes in Eq.~3! and the singular vectors in
Eq. ~5!, we express the pressure matrixP, defined by its
elements in Eq.~2!, as a product of matrices as in Eq.~4!

P5eip/4F̄LR, ~7!

whereF̄, L, andR are given by

F̄5
1

Ar~zs! F f̄1~z1! f̄2~z1! ¯ f̄NM
~z1!

f̄1~z2! f̄2~z2! ¯ f̄NM
~z2!

] ] � ]

f̄1~zNZ
! f̄2~zNZ

! ¯ f̄NM
~zNZ

!

G ,

~8!
L5
A2pNR

Ar~zs! 3
1

Ak1

f̄1~zs! 0 ¯ 0

0
1

Ak2

f̄2~zs! ¯ 0

] ] � ]

0 0 ¯

1

AkNM

f̄NM
~zs!

4 , ~9!
749estwood: Extraction of mode depth functions using VLA data
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R5
1

ANR 3
eik1r 1

Ar 1

¯

eik1r NR

Ar NR

eik2r 1

Ar 1

¯

eik2r NR

Ar NR

] � ]

eikNM
r 1

Ar 1

¯

eikNM
r NR

Ar NR

4 , ~10!

where factors ofANR and 1/ANR have been included in Eqs
~9! and~10!, respectively, to reflect the size of the statistic
ensemble.

We now examine the conditions under which the mo
decomposition matricesF̄, L, andR correspond to the sin
gular value decomposition matricesU, S, andV. In order for
F̄ in Eq. ~8! to correspond toU of Eq. ~4!, the orthonormal-
ity condition given in Eq.~5! must hold:

(
i 51

NZ

F̄ inF̄ im5(
i 51

NZ f̄n~zi !f̄m* ~zi !

r~zs!
5
? dnm , ~11!

where the notation5? indicates an approximate equality th
has not yet been demonstrated.

The summation in Eq.~11! is a good approximation to
the integral in Eq.~3! provided that~1! the mode functions
are well sampled by the receivers in depth;~2! the density of
the water is nearly constant; and~3! the possibly nonuniform
depth sampling is accounted for by weighting each term
the summation in Eq.~11! by the average element spacin
Clearly, modes that have significant amplitudes in the bott
cannot be well sampled by a VLA in the water colum
Therefore, the fields at short ranges, where botto
penetrating modes are significant, should not be used to f
P in Eq. ~1!.

FIG. 1. Plot ~a! shows a source~solid dots! moving in the vicinity of a
vertical line array~VLA ! of hydrophones~circles!. The source depth iszs ,
and the source to VLA ranges at successive times arer j , with j
51,...,NR . The hydrophones on the VLA are at depthszi , with i
51,...,NZ . Plot ~b! illustrates an equivalent geometry in a range-invaria
environment, namely a stationary source at depthzs ~solid dot! with a mov-
ing VLA. The VLA is shown at different times, corresponding to th
source–receiver rangesr j with j 51,...,NR .
750 J. Acoust. Soc. Am., Vol. 111, No. 2, February 2002 Neilse
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The matrixL in Eq. ~9! corresponds to the matrixS in
Eq. ~4! because it is diagonal and predominantly real. T
latter condition holds because, especially for the modes
propagate to fairly long ranges, Re(kn)@Im(kn) and Re(f̄n)
@Im(f̄n). Note that the diagonal elements ofL are not nec-
essarily in decreasing order but may be rearranged to b
as long as the corresponding columns ofF̄ and the rows of
R are also rearranged. Because the values ofL are propor-
tional to the modal source excitation, the strongest propa
ing modes are found in the left-most columns ofU.

An important point regarding the matrixS is that if two
or more of the singular values inS are nearly equal, the
corresponding singular vectors inU are not uniquely
determined,9 and, as a result, the desired depth-depend
modes are linear combinations of the columns ofU. A good
criterion for determining when extracted mode functions
not valid, developed by examining simulated data, is t
those with adjacent singular values within 5%–10% of ea
other, when scaled by the largest singular value,can be de-
generate, although many are well extracted.10 Problems as-
sociated with close adjacent singular values are more lik
to occur at higher frequencies because more modes
present in the waveguide, and hence there is a higher p
ability of two modes having close modal source excitatio

Finally, with regard to the third matrices of Eqs.~7! and
~4!, R of Eq. ~10! must satisfy Eq.~5!

(
j 51

NR

Rn jRm j* 5(
j 51

NR ei ~kn2km* !r j

NRr j
5
? dnm . ~12!

In order for all the columns ofP to be weighted equally, the
following amplitude normalization is performed:

(
i 51

NZ

p~zi ,r j !p~zi ,r j !* 51. ~13!

As a result, the loss factors and the relative source am
tudes are effectively removed from the fieldP. After the
amplitude normalization, the orthonormality condition in E
~12! becomes

Dnm5(
j 51

NR

Rn jRm j* 5(
j 51

NR ei Re~kn2km!r j

NR
5
? dnm . ~14!

The number of revolutions the elements of the sumDnm

complete in the complex plane is

nrot5
Re~kn2km!Dr

2p
, ~15!

whereDr 5r max2rmin is the range interval. The dependen
of uDnmu on nrot is illustrated in Fig. 2. Details regarding th
parameters used are given in the figure caption. It is c
from Fig. 2 that asnrot increases, the exponential terms in t
summation, fornÞm, tend to cancel out, and the numerat
of Eq. ~14! is much less than the denominatorNR . Thus,
when nrot is large, the off-diagonal components ofRR† are
very small, and Eq.~14! holds approximately.

Guidelines have been developed, using simulated d
for selecting approximate source–VLA ranges that make
~14! hold and thus optimize the performance of the mo

t

n and Westwood: Extraction of mode depth functions using VLA data
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 Redistr
extraction technique. First, the range samplingdr should be
sufficiently small that the field is sampled in range~or time!
finely compared to the minimum interference distance,
fined by the maximum difference in horizontal wave numb

~dr !!~Cnm!min , ~16!

whereCnm52p/ukm2knu is the modal cycle distance.
Second, the approximate range interval traversed by

source should be large compared to the maximum mo
cycle distance

Dr @~Cnm!max, ~17!

which means the elements of the sum in Eq.~14! complete a
large number of revolutions in the complex plane. In shall
water, this condition is typically most difficult to achieve fo
neighboring low-order modes.

Third, the number of significant propagating mod
should be relatively constant over the range interval. In sh
low water, the trapped modes often have exponentially
caying tails in the bottom and are attenuated as they tr
from the source to the receivers. When the number of
nificant modes changes within the range interval, the form
P no longer fits that of the SVD, and the mode extraction
less successful. A constant number of propagating modes
frequency-dependent condition that is more stringent
higher frequencies. Thus, a large range extentDr and a small
range ratio r max/rmin is the ideal case because the sa
amount of relative modal attenuation occurs each time
range is doubled.

In summary, the optimum conditions for the SVD ofP
to result in a matrixU that corresponds to the depth
dependent mode functions are~1! the receivers must sampl
the propagating modes sufficiently well in depth;~2! the
range extentDr must be sufficiently large and sample
finely; and ~3! the number of propagating modes over t
range interval needs to be fairly constant. An additional
quirement is that the signal-to-noise ratio needs to be p
tive. Since no information about the source, such as de
exact range, or relative phase is needed, the mode extra
can be performed using a source of opportunity such a
passing ship.

Although the modes can be extracted by performing
SVD on theNZ3NR pressure matrixP at each frequency, the
efficiency of the calculation can be improved, since typica

FIG. 2. Dependence ofuDnmu from Eq. ~14! on nrot from Eq. ~15!. In con-
structing the plot,r min was taken to be 6 km andr max was varied from 6–14
km, causingnrot to increase from 0 to 9.2. The value Re(kn2km)50.0072
was taken to be the minimum eigenvalue separation for 200-Hz propag
in the ACT-II environment examined in Sec. III.
J. Acoust. Soc. Am., Vol. 111, No. 2, February 2002 Neilsen and W
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NZ!NR , by using the cross-spectral density matrixC
5PP† instead. The cross-spectral density matrix at each
quency is a squareNZ3NZ matrix that may be obtained b
range averaging the outer products of the depth-depen
fields p̄(r n)

C5PP†5F p̄~r 1!

]

p̄~r NR
!
G @ p̄~r 1!,...,p̄~r NR

!#

5 (
n51

NR

p̄~r n! p̄†~r n!. ~18!

Using the matrix representation ofP in Eq. ~7!, C can be
expressed as a product of three matrices

C5PP†5F̄LRR†LTF̄†'F̄L2F̄†, ~19!

whereRR†'1 when the conditions for orthonormality, dis
cussed previously, are met. Therefore, the three matrices
turned from an SVD ofC can be identified asU5V5F̄ and
S5L2. Note thatC is Hermitian, and, therefore, an SVD o
C produces identicalU andV matrices. In addition, the num
ber of VLA receiversNZ must be at least as large as th
number of propagating modes that contribute significantly
the field.

C. Additional configurations for mode extraction

The argument has been presented that a source tra
ing a sufficiently large range extent produces a pressure
trix P on a VLA that can be expressed as the product of th
matrices that satisfy the same conditions as the matrices
tained from the singular value decomposition. Two oth
source–receiver configurations have been shown to lead
pressure matrix that can be similarly decomposed. The
quirement for successful mode extraction in each case is
the third matrix in a matrix representation ofP @see Eq.~7!#
be approximately orthonormal@RR†'1#. When this condi-
tion holds, the spatial cross-spectral density matrixC reduces
to the expression in Eq.~19!, and the SVD ofC yields the
mode functions. Brief derivations of the two other a
proaches are given below.

1. Single range and multiple frequencies

In Ref. 2, the pressure field in a narrow frequency ba
B at a single source–VLA ranger o is used to construct an
NZ3NF pressure matrixP versus depth and frequency bin
The elements ofP are expressed, similar to Eq.~2!, as

pi j [p~zi , f j !5
A2peip/4

r~zs!
(
n51

NM

f̄n~zs!f̄n~zi !
eikn~ f j !r o

Akn~ f j !r o

,

~20!

where the mode functionsf̄n(z), which in reality depend
weakly on frequency, are assumed constant over the b
width in order to perform the following decomposition.P
can be expressed as the product of three matrices, as in
~7!

P5eip/4F̄LfF, ~21!

on
751estwood: Extraction of mode depth functions using VLA data
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whereF̄ is given by Eq.~8!, Lf is a real, diagonal matrix
and the elements ofF are

Fn j5
eikn~ f j !r o

ANFkn~ f j !
. ~22!

The orthonormality condition,FF†'1, equivalent to Eq.
~14!, is

(
j 51

NF

Fn jFm j* 5(
j 51

NF ei Re@~kn~ f j !2km~ f j !#r o

NF
5
? dnm . ~23!

For this configurationnrot , equivalent to Eq.~15!, is given
by

nrot5
r o

2p
$@kn~ f max!2km~ f max!#2@kn~ f min!2km~ f min!#%,

~24!

where f min and f max are the minimum and maximum fre
quency of the band. As illustrated in Fig. 2, the matrixF is
approximately orthonormal whennrot is large. To obtain the
physical condition that corresponds to large values ofnrot ,
both sides of Eq.~24! are divided by the bandwidthB

nrot

B
5

r o

2p Fkn~ f max!2kn~ f min!

B
2

km~ f max!2km~ f min!

B G .
~25!

For sufficiently small bandwidth, Eq.~25! reduces to

nrot

B
5r oF 1

vn
2

1

vm
G , ~26!

wherevn52pd f /dkn is the modal group velocity. In term
of modal travel times,tn5r o /vn , nrot may be expressed a

nrot5B~tn2tm!. ~27!

Since a pulse of bandwidthB has a nominal duration of 1/B,
Eq. ~27! implies thatnrot.1 when the modal arrivals ar
temporally resolved.

2. Uncorrelated sources

In Ref. 3, it is stated that a sheet of uncorrelated, u
formly distributed sources near the ocean surface also
duces a pressure matrix that can be expressed as a prod
three matrices similar to Eq.~7!. For this ambient noise case
the elements of the pressure matrix are the same as tho
Eq. ~2! except the ranger j corresponds to the range from th
VLA to source j ~see Chap. 9, Sec. 2.4 of Ref. 11!. Argu-
ments equivalent to those already presented lead to the
clusion that if the uncorrelated sources are distributed fin
enough over a sufficiently large range interval, then the m
trix analogous toR in Eq. ~10! satisfiesRR†'1, and the
SVD of P yields the depth-dependent modes.

There are inherent advantages and limitations to us
either ambient noise sources or a traveling source of op
tunity for the mode extraction. One apparent advantage
using ambient noise is thatP may be constructed using
relatively short time period, during which the sound-spe
profile is likely to be constant. When using a travelin
source,P must be constructed using a time period that
752 J. Acoust. Soc. Am., Vol. 111, No. 2, February 2002 Neilse
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sufficiently large for the source to traverse the required ra
extent, during which the sound-speed profile could fluctua
On the other hand, a possible limiting factor in using ambi
noise for the mode extraction is that the sources are likel
be distributed at all ranges. The presence of the short-ra
sources can lead to difficulty in the mode extraction, as
scribed above, because the number of propagating mo
may vary significantly. The shorter ranges can be more ea
excluded when using a traveling source.

III. APPLICATION OF THE MODE EXTRACTION
METHOD TO THE ACT-II DATA

The mode extraction method is now applied to expe
mental data. In this section, the Area Characterization Te
~ACT-II ! and the data sets used for mode extraction are
scribed. Examples of modes extracted from the data at
frequencies of a towed cw source while the ship trave
along ~1! a constant-bathymetry~range-independent! track
and ~2! an up-slope~range-dependent! track are given. Re-
sults of mode extraction using ambient noise recorded on
VLA are also presented.

A. Source–receiver geometry

The ACT-II experiment was conducted in Septemb
1993 in the Hudson Canyon area of the New Jersey Sh
Mode extraction is performed using data obtained during
TL2 at a location called the AMCOR site, named after t
nearby AMCOR 6010 borehole.12–14 An illustration of the
first two legs of run TL2 is given in Fig. 3. Leg 1 lies alon
a region of basically constant bathymetry; leg 2 lies u
slope.

The VLA, indicated by the X in Fig. 3, consists of 2
vertical elements, 19 of which were connected to t
SEACAL recording system. The interelement spacing a
relative distance of each element from the ocean bottom
shown in Fig. 4. The water depth is approximately 73 m. T
receivers are concentrated in the lower half of the water c
umn, where the spacing is 1.905 m. The receiver spac
near the top of the water column is 7.62 m. The sparsenes
the receivers in the upper part of the water column is
optimal for the mode extraction technique.

Data from the first two source tracks of run TL2 are us
for mode extraction:~1! a range-independent leg~constant
bathymetry! during which the ship traveled from a source

FIG. 3. Diagram of the first two legs of the ACT-II TL2 run. The X indicate
the location of the VLA. The segments A and B indicate the range interv
used in Figs. 5–11.
n and Westwood: Extraction of mode depth functions using VLA data

/content/terms. Download to IP:  128.187.216.31 On: Sat, 18 Jul 2015 16:00:46



ng
m

1
to
.

ro
s

;

o
e

d
m
or

o
n
42
e

is
tly
. 2.
A
ode
s-

th of
in

–7
ach
ep-
ected

by
des
the
d
er,

d 3
rt
he
des
ugh
s is

he

re-
ela-
nd

at
the

d
th

data
ich
s at

the

 Redistr
VLA range of 22 km towards the array with a true beari
angle of 37 deg and a minimum source–VLA range of 1 k
and ~2! a range-dependent leg~up-slope! during which the
ship traveled out to a maximum source–VLA distance of
km with a true bearing of 310 deg. A J15-3 source projec
emitted cw tones that were pulsed cyclically~see Ref. 7, Sec
5.0! and was towed at a depth of 36 m.

B. The ocean environment

During the ACT-II experiment many sound-speed p
files were measured using conductivity–temperature–den
casts ~CTDs! and expendable bathy-thermograms~XBTs!.
Examples of the measured profiles are shown in Fig. 4
more complete set may be found in Ref. 15.

Descriptions of the ocean bottom in the Hudson Cany
area are available from other experiments that have b
performed in the area.16 A borehole known as AMCOR 6010
was drilled in 1976,12 and seismic surveying was performe
in the area.17,18 Geoacoustic profile values for the first 50
of the ocean bottom from Ref. 15, with attenuation fact
from Ref. 16, are listed in Table I.

C. Modes extracted from a range-independent track

Modes extracted using data from the middle of leg 1
run TL2 are now presented. The results of mode extractio
100, 150, and 200 Hz using data recorded from 0315 to 0
Z, with Tw50.63 s, corresponding to approximate sourc

FIG. 4. The ACT-II VLA receivers~circles! and two of the sound-spee
profiles obtained from XBTs. The solid line was measured at 0330 Z and
dashed line at 0212 Z, day 261.

TABLE I. Table of the sediment properties from Refs. 14, 15, and 17.

Depth
~m!

cp

~m/s!
cs

~m/s!
r

~g/cm3!
ap

~dB/l!
as

~dB/l!

5 1560 138 1.86 0.08 1.04
10 1610 182 1.96 0.13 0.82
20 1740 260 2.09 0.22 1.23
30 1830 326 2.17 0.18 0.82
40 1760 310 2.09 0.09 1.09
50 1710 299 2.03 0.16 1.06
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VLA ranges of 14 to 6 km are shown in Figs. 5–7. Th
range interval is labeled section A in Fig. 3 and is sufficien
large to satisfy the range requirement as illustrated in Fig
In part ~a! of Figs. 5–7, the extracted modes at the VL
depths are indicated by the dots. The lines are the m
functions obtained from the ORCA normal mode model u
ing measured sound-speed profiles, a nominal water dep
73 m, and the historical bottom geoacoustic profile given
Ref. 17. The total number of modes shown in Figs. 5
equals the total number of modes found by the model at e
frequency. The modes are generally well extracted. Discr
ancies between extracted and modeled modes are exp
and may be caused by either poor mode extraction or
inaccurate model inputs. The order of the extracted mo
agrees well with the reported source depth of 36 m, since
mode function amplitudes atzs decrease as the extracte
mode index, which corresponds to the SVD column numb
increases. For example, at 150 Hz in Fig. 6~a!, a source depth
closer to 50 m would lead to the extraction of modes 1 an
in the first two columns ofU instead of modes 2 and 4. Pa
~b! of Figs. 5–7 contains the scaled singular values. T
singular values are shown to illustrate that extracted mo
with close singular values can be degenerate even tho
many are well extracted. An example of degenerate mode
modes 3 and 4 at 100 Hz in Fig. 5~a!. The corresponding
difference in scaled singular values is 0.03 or 3% of t
largest singular value.

The mode extraction technique works best at lower f
quencies when the number of propagating modes is r
tively small. However, to test the limits of the method a
develop additional criteria, the results of mode extraction
300, 400, and 500 Hz are shown in Figs. 8–10. To obtain

e

FIG. 5. ~a! Extracted modes~dots! and predicted modes~lines! and ~b! the
corresponding scaled singular values obtained using the 100-Hz tone
recorded from 0315 to 0420 Z on day 261, leg 1 of run TL2, during wh
the ship traveled from ranges of approximately 14 to 6 km. The number
the top of part~a! are the modeled mode numbers.

FIG. 6. Mode extraction results for the tone at 150 Hz. The format is
same as in Fig. 5.
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best results at the higher frequencies, a larger coherent
gration time,Tw51.26 s, is used to take advantage of t
longer pulse duration and thus increase the SNR. Many
the low-order modes are well extracted, but, unfortunat
the high-order modes are not well sampled by the VLA in
upper part of the water column. The order of the we
extracted modes again agrees well with the source dept
36 m. It is evident from part~b! of Figs. 8–10 that the
probability that extracted modes are degenerate becaus
close singular values increases with frequency. If an appr
mate water depth is known, the degenerate modes ca
identified as those that bear no resemblance to the mod
mode shapes~see, for example, extracted modes 7 and 8
400 Hz in Fig. 9!.

In summary, mode extraction from a range-independ
leg of the ACT-II experiment is quite successful and exhib
characteristics consistent with our theoretical developm
the modes are extracted better at the lower frequencies
higher-order modes cannot be well extracted unless they
well sampled in depth; and the source depth primarily de
mines the order of the extracted modes.

D. Modes extracted from a range-dependent track

Although the mode extraction technique was develop
for a range-independent environment in Sec. II, we n
show that the mode extraction also works for a mildly ran
dependent environment. Using the adiabatic approximat
which assumes that the modes do not couple in a we
range-dependent environment, the expression for the spe
components of the pressure field at a depthz and ranger
from a source as a sum over normal modes@see Eq.~2!#
becomes

FIG. 7. Mode extraction results for the tone at 200 Hz. The format is
same as in Fig. 5.

FIG. 8. Mode extraction results for the tone at 300 Hz. The format is
same as in Fig. 5.
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During leg 2 of run TL2, the ship traveled away from
the VLA along an up-slope track. The change in water de
was approximately 12 m over 18 km. The results of mo
extraction at the low frequencies using data taken from
middle of leg 2 are shown in Fig. 11. Specifically, data r
corded from 0620 to 0740 Z, which correspond to appro
mate ranges of 6 to 15 km and are shown as section B in
3, are used. The modes are extracted well. Note that the o
of the extracted modes in part~a! of Figs. 5–7 is different
than the order in Fig. 11. In particular, mode 1, which h
larger amplitude at lower depths, appears earlier in the
umns ofU at all three frequencies in Fig. 11, indicating
deeper effective source depth. The deeper effective so
depth is reasonable because the mode shapes elonga
they travel down-slope from the ship to the VLA. In Ref. 1
a deeper effective source depth caused by adiabatic m
propagation is referred to as a ‘‘mirage.’’ Thus, the mo
extraction technique does work for a range-dependent e
ronment as long as the changes in range occur slowly eno
or far enough from the VLA for the mode shapes to adap
the environment at the VLA.

E. Modes extracted from ambient noise

Modes extracted using data recorded on the VLA fro
0200 to 0210 Z, day 261 are now shown. During this tim
the ship was at least 22 km from the VLA and the source

e

e

FIG. 9. Mode extraction results for the tone at 400 Hz. The format is
same as in Fig. 5.

FIG. 10. Mode extraction results for the tone at 500 Hz. The format is
same as in Fig. 5.
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the cw tones was not yet on. The signal processing is
formed using a coherent integration time ofTw50.16 s and a
50% overlap. The frequency bin size corresponding to
integration time is 6.4 Hz; thus, the data are averaged ov
6.4-Hz frequency band during the Fourier transform. T
resulted in 7420 time samples over the 10-min time inter
that was used to form the cross-spectral density matrix.

Figure 12 shows the first five modes extracted from
resulting cross-spectral density matrix at~a! 120 Hz;~b! 250
Hz; and~c! 350 Hz. Many of the extracted modes have e
cellent correlation with the modes modeled using the sou
speed profile from an XBT measurement taken at 0212

The order of the extracted modes gives an approxim
value for the effective source depth of the ambient noise.
primary extracted modes all have larger amplitudes at de
of less than 10 m than the modes that appear in subseq
columns ofU. Thus, the effective source depth for the a
bient noise implied from the mode extraction is less than
m. A shallow source depth for the ambient noise is logi
because the sound recorded during the time interval 020
0210 Z was most likely associated with surface noise.

IV. SUMMARY

In this paper we have presented an approach for extr
ing mode functions from data measured on a vertical l
array and applied the method successfully to experime
data. The mode extraction technique is predicted to w

FIG. 11. Modes extracted at 100 Hz~a!; 150 Hz ~b!; and 200 Hz~c! from
data recorded from 0620 to 0740 Z on day 261 during range-dependen
2 of run TL2. The approximate range interval is 6 to 15 km.
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well if the VLA samples the water column well and if eithe
a single source covers a sufficient range extent or a la
number of uncorrelated sources produce the field, as in
case of ambient noise from the ocean surface. In the sin
source case, the acoustic source need not be controlled
depth, the phase of its tonals, and its precise track do
need to be known. Also, the ocean environment need no
known.

The mode extraction technique was applied to
ACT-II data set. Despite the relative sparseness of the a
near the top of the water column, depth-dependent nor
modes were successfully extracted using data acquire
both range-independent and slightly range-dependent e
ronments. Modes were also successfully extracted from
bient noise.

Depth-dependent modes obtained using this mode
traction technique may be used as inputs for additional d
analysis. For example, in Ref. 20, the data-extracted mo
may be used in environmental inversions to obtain proper
of the upper sediment layer. In Ref. 6, depth-dependent m
functions and horizontal wave numbers are calculated us
a VLA that partially spans the water column, and the resu
ing data-derived modes and wave numbers are used
matched-field processing.

leg
FIG. 12. Modes extracted from ambient noise recorded prior to the exp
ment at~a! 120 Hz; ~b! 250 Hz; and~c! 350 Hz.
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