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INTRODUCTION

Mechanical power due to flexural vibration flows from mechanical sources which can be
transmitted through a structure, such as an elastic plate, to another attached structure that is
connected to the first at a single point. The connected structure can dissipate this energy through
coupling to an acoustic medium or transmit it to yet a third structure. The objective of this work is
to investigate the path of power flow from a mechanical source to any point in a plate by plotting
the vector structural intensity (SI) map. A damped, simply supported plate is taken as a model for
the support structure and a point damper (PD), whose resistive point impedance acts as an energy
absorbing device, and models the power flow transmission to a connected structure. The damping
coefficient of the PD represents a measure of the power flow through the connection point. The
analysis and measurement of Structural Intensity (SI) has been studied by few authors, which was
‘he subject of two congresses [1]. The measurement of SI has been reported in Ref[2-7].

STRUCTURAL INTENSITY OF A PLATE

The SI vector is the mechanical power flow per vector unit area, which has direction and
magnitude as a function of position in the structure. Thus, a structural intensity map shows the
power flow from a mechanical source to any point in the plate. The real part of the structural
intensity is known as the active intensity and propagates along the structure representing the net
power flow. The x- and y- components of the instantaneous structural intensity vector of an elastic
plate obeying the classical Bernoulli-Euler theory can be expressed as :

ow oo,  ae,
1,(x,y,t)=— v, dt +M, ot +Myx dt
1
ow 206, 20, (1)
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The first term of eq. (1) is the product of the shear force and the transverse velocity. The
second term is the product of the bending moment and the associated angular velocity. The third
term is the product of the twisting moment and the associated angular velocity. The bending

moments (M ,, M ), the twisting moment M, the transverse shear forces (V,,V,) and the
rotational displacements (©,,0,) can be expressed in terms of the spatial derivatives of the
transverse displacement W(x,y,z) . With conventional sign notation, these are given by :
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Here D is the bending rigidity, given by D = Eh*f12(1-v?), where v is Poisson’s ratio, E is

the Young’s modulus of the material, and 4 is the plate thickness. Inserting eq. (2) into eq. (1),
one can express the structural intensity components for a thin plate in terms of the transverse

displacement W(x,y,?) . If complex quantities are used to represent a field with simple harmonic

time dependence, the time-averaged complex structural intensity ,/ , can be defined as:

Fxy=T (& +T(xy)E 3)
=T, (xy) +jO (e + (I, (xy) +2,xy) €,

where the x- and y-components are expressed by

I(xy)= %jw {V, (XYW (x,y) + M, (£, )87 (x, ) + M, (.98} (x. )}
(4)

~ 1 ~ g 3 ~ = * ~ ~

L(x,y) = ij {V,(x,y)W (6,¥)+ M, (x,9)0,(x,y)+ M, (x, y)®,(x,y)}

Here, the bar (-) denotes the time-averaged values, the tilde (~) denotes complex quantities and the
asterisk (*) denotes the complex conjugate. The active and reactive intensity vectors in a thin plate
can now be expressed as follows by taking the real and imaginary parts, respectively:

Txoy)=T.(,y) e + T,y &,

. " (5)
Tx.n=C0,(x.y) e, + T,(x,) g,

Response of a Simply Supported Plate Excited by a Point Force and Connected
to a Point Damper. Consider a thin elastic rectangular plate to which a PD with a damping

coefficient C is attached at the position (x, ,y, ) and a harmonic point force is located at (x,,y,) -
The plate is simply supported with dimensions L, x L, thickness &, and mass density p. The
governing equation of motion for the transverse displacement W(x,y,t) is expressed as :

2
DV*w + Phaa:f +Ca;:/ §(—x, B(y-y,)=F,8(x—x, 5 (-, Jeos(ax-¢) (6)

where @ is the angular frequency of the applied force. F, is the amplitude of a simple harmonic

point force applied at location (x,,y, ). D, given by D =D+ jn), is the complex dynamic
bending rigidity which includes internal structural damping, whose damping coefficient is 1.
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Substituting the displacement W(x,y,?) , into eq. (6) and introducing the wave number &, defined
from phe? [D = k*, the PD's damping factor B , defined fromC> [phD = B* , and the point force,
represented with a complex amplitude F = Fe’* resultsin:

DVW —Dk*W + D (Bk W8 (x—x,)8 (= y,) = E,8 (x=x,)5 (y-¥,) (7)

The response of a damped system can be expressed in terms of a series of eigenfunctions
of the undamped system. Thus, the complex transverse displacement W (x,y) may be expressed as

W(x’y; a))= i zgmn(wwmn(x’ y) (8)

m=i n=l
where W_ (x,y) =sink,xsink,y is the modal shape function for the m,n mode of a simply
supported undamped plate. k,, = mnfL, and k, = nzc/L, are the modal wave numbers, while m

and n are the modal indices in the x and y directions, respectively. B, (@) is the complex modal
amplitude coefficient to be determined. Substituting the solution in eq. (8) in eq.(7), and using the
orthogonality of the eigenfunctions, one obtains:

DN(~:n - kA)Emn + jD(ﬂk)zévnfn(xd ’yd )Emn+

21 E;Wmn(xd’yd)/qu(xd’ydﬁpq =ﬁonn(xo’ya)
=l q=

prm gq#n

(9)

where the complex modal wave number k, is obtained from k= ki (1+ ).,
k,,= (mr[L)*+(nx / L) ). The modal amplitudes . B, (@) can be obtained by solving a

subset of the infinite set of algebraic linear equations in eq. (9). For this study a 225x225 matrix of
equations were solved to cover modes up to m=13, and n=13.

NUMERICAL RESULTS

Consider a steel plate that has the dimensions 0.60x0.40x0.0032 m., density 7800 Kg/ m®, and

Young's modulus of 2.06x10" N/m?. A IN point force is located at (0.15, 0.15m), and a point
damper is located at (0.50, 0.10m). To investigate the influence of the structural damping on the
power flow of an internally damped plate, the SI is computed for a range of values of =0, 0.01,
0.1, and C=0, 5, 20, 50, 100, and 200 Nsec/m. The excitation was taken as either at the resonance
frequency of 280 Hz., representing the (2,2) mode, or at the off-resonance frequency of 180 Hz,,
which falls between the (2,1) and (1,2) modes. It should be pointed out that, in the absence of
internal damping and the PD, the time-averaged active intensity is zero.

Influence of Structural Damping. To examine the SI as a function of the structural damping,
the SI vector map was computed with C=0, and 1=0.01 and 0.1 at the resonance frequency of
280 Hz. and shown in Fig.1a, together with the dynamic displacement field contour map shown in
Fig. 1b.The latter clearly exhibits a slightly distorted (2,2) mode shape. The power flows from the
point source at(0.15, 0.15 m) to all points in the plate. However, since the internal energy loss in
the plate due to viscous type structural damping is proportional to the local kinetic energy density,
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the power flows towards points of high velocities. Since there no other mechanisms of energy
absorption, the total injected power from the point force is exclusively absorbed by the plate. Thus,
increasing the structural damping coefficient from 0.01 to 0.1 resulted in a ten-fold increase in the
input power as well as the maximum SI vector magnitude. One notes that in the absence of the
point damper, a vortex-like flow is centered at the location (0.42, 0.20m.). This occurs when the
SI=0, which must have both zero displacement and zero slopes in the x- and y- directions. It
clearly falls on the nodal line of the (2,2) mode. ,

In the presence of the PD, part of the injected power is absorbed by the PD, and the remainder
is absorbed internally by the structural damping in the plate. For example, for a low resistivity PD
with C=20 N/sec, and 1=0, 0.01 and 0.1, the SI maps are shown in Figs 2(a,b,c), respectively.
In all three cases, the displacement contour maps (not shown) exhibit the same (2,2) mode shape.
However, it can be seen that when 77=0, the energy flows from the source to the PD exclusively,
and the input power is totally absorbed by the PD. When structural damping is low, i.e., n=0.01,
part of the energy is absorbed by the entire plate(30%), and the remainder(70%) is absorbed by the
PD. However, when the structural damping is high, e.g. 1=0.1, then most of the power is
absorbed by the plate before it reaches the PD, so that the plate absorbs 96% of the injected power,
while only 4% of that power escapes through the PD.

For off-resonance excitation at 180 Hz., the displacement field is a superposition of the two
adjacent modes, namely the (1,2) and (2,1) modes, Fig 3b. When the PD is not present, C=0,
power flows to regions of maximum kinetic energy density, Fig.3a. However, the vortex shifted
to (0.3, 0.1m), again a point where the SI=0. With the PD present, the SI maps are similar to the
resonance case. The injected power partition between the plate and the PD is similar to the
resonance case, except that the input power at off-resonance is 13 dB lower than at resonance, as
expected.

Influence of PD Absorptivity. To investigate the effect of the absorptivity on the power flow
at resonance, the SI maps were plotted for values of C from 0 to 200 Nsec/m. The change of the SI
maps is gradual so that only the extreme value C=200 Nsec/m is shown in Fig. 4a and 4b for
n=0.01 and 0.1, respectively. Comparing the SI maps in Fig.4a with 2b shows that when the
structural damping is low, the flow to the PD is very pronounced, with the absorption by the PD
increasing from 35 to 80% of the injected power. When the structural damping is high (77=0.1),
the absorption by the PD increases from 4 to 20% of the injected power. However, the portion of
the injected power left after absorption by the plate is actually small in either case. This means that
the power flowing to the PD is small independent of its absorptivity. Similar comments can be
made for the power flow at the off-resonance frequency of 180 Hz.

Conclusion.In conclusion, the power injected by a point source flows to a resistively connected
structure if the plate structural damping is small. As the structural damping increases, the power
flows less to the connected structure, as most of the power is absorbed by the plate, with little left
to reach and be absorbed by the PD.
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Fig. 3 (a) Intensity normalized vector map
(max. 1.58x10* N/sec, at damper 8.89x10°
N/sec) (b)Displacement contour (max.
1.79x10°® m, at damper 9.63x10” m), 180Hz,

C=0,n=0.01,ITs=2.00x 10" Nm/sec

Fig.4 Intensity normalized vector map
280Hz,C=200Nsec/m

(a) n=0.01, max. 1.43x102 N/sec, at damper
4.43x107 N/sec, ITs=1.48x 10" Nm/sec,
I1d=1.21x10" Nm/sec

(b) n=0.1, max. 7.21x107 Ni/sec, at damper
9.30x10™* N/sec, I1s=8.60x10™* Nm/sec,
I1d=1.70x10™* Nm/sec




