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In this paper, a wavepacket ansatz is used to create an analytical model for the jet noise radiation from a
high-performance military aircraft. Unlike other equivalent, acoustics-based wavepacket source models, this
one is designed to match the measured acoustic vector intensity at a number of positions in the jet near field
for both military power and afterburner engine conditions. The complex pressure of a line source is defined
according to an analytical hyperbolic tangent wavepacket model and Rayleigh integration is used to find
the pressure, particle velocity, and time-averaged intensity at observer locations. A cost function developed
from the modeled and measured acoustic intensity vectors is used in a simulated annealing algorithm to
find the optimal wavepacket parameters. Although this source modeling approach neglects some source
characteristics, it also provides a relatively simple equivalent source modeling methodology that provides
insights into tactical jet noise radiation.
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1. INTRODUCTION

The impact of high-performance military aircraft noise on nearby personnel and surrounding communities
is of vital concern because of the potential for hearing loss and human annoyance. In order to better predict the
noise impact, modeling tools are needed that accurately predict the spatial variation of the levels, spectral content,
and coherence properties of the partially correlated noise field. The turbulent mixing noise from high-power jets
originates from the interaction of turbulent structures traveling along the shear layer with the ambient air.!
Instead of modeling these complicated fluid interactions, an acoustic equivalent source model strives to obtain
a representation of the noise sources that can be used to efficiently predict the sound field. An extensive set of
measurements taken near a tethered advanced tactical aircraft has been analyzed in many ways? © with the
overarching goal of creating an equivalent source model for the radiated noise. One unique set of measurements
from this experiment is of acoustic vector intensity. In this paper, the measured intensity vectors are used to find
an equivalent source representation of the jet noise based on an analytical wavepacket-based equivalent source.

T T T T T T
: & Array Positions ;
—90°| + Reference Microphones [

a

(b)
Figure 1. Experimental Setup. (a) Photograph of the intensity probe on top of the 90 microphone array. (b)

Schematic of noise measurements of a tethered high-performance military aircraft. The red triangles indicate the
positions of the 90 microphone array.

An extensive set of noise measurements in the vicinity of the tied-down tactical aircraft were made jointly
by the Air Force Research Laboratory, Blue Ridge Research and Consulting, LLC, and Brigham Young
University. A detailed description of the experiment is found in Wall ez al.” A three-dimensional intensity probe
was placed on top of an array of microphones that was moved to the locations indicated by the red triangles in
Fig. 1. One of the engines was sequentially operated at four engine conditions: idle, intermediate (80% ETR),
military (100% ETR), and afterburner, while the other engine was held at idle.

The data set has been analyzed in multiple ways to learn about the properties of an equivalent source. The
first equivalent source model of the jet noise was constructed using the levels recorded by the 90 microphone
array®. The underlying simple sources were two line arrays of acoustic point sources, one with a constant phase
relationship to produce directional noise and the other with a random phase relationship to produce
omnidirectional noise. This model matched the interference pattern seen on large planes of data. Subsequent
equivalent source modeling efforts** have been based on an analytical wavepacket representation of the jet
noise.® Wavepackets share characteristics with instability wave theory that has been used to model the
hydrodynamic and near-field acoustic pressure fluctuations.’” '* Equivalent source wavepackets have been
educed from the decomposition of level-based, ground array measurements into contributions associated with
fine and large-scale turbulent structures.!> The resulting wavepackets show a remarkable degree of self-
similarity across frequency. In addition, the source distributions obtained from various phased-array methods
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have been decomposed into a multiple-wavepacket representation* that can be used to predict not only the levels
of the sound field but also the coherence properties. This paper reports on an equivalent source wavepacket
model obtained from the acoustic intensity measurements.

Acoustic intensity measurements have been utilized in a few aeroacoustics settings. One of the first uses
was by Roth, !¢ who performed a two-microphone intensity measurement in the near and far fields of a hot and
cold jets in an anechoic chamber. Then the results were verified by comparing to jet noise prediction models and
by placing a speaker at the location of interest. One advantage of intensity vectors is the ability to ray trace the
vector back to a source region. Jaeger and Allen!” demonstrated this with two orthogonal pairs of microphones.
The acoustic intensity was found away from a Mach-0.2 to 0.6 lab-scale cold jet. Then the vectors were traced
backward to the centerline of the jet. This showed a region over which the source region extended. For small
sources, this capability might not be very important, but for large sources like rocket engines the source region
and plume can be quite large (100 feet). It would be impractical to use an array of microphones to characterize
the noise. It is advantageous to use intensity probes at a few discrete locations to characterize the noise source
region for the plume.

Stout et al.'® used intensity measurements to characterize the noise radiation from the tactical aircraft. Using
the (then) newly developed PAGE method for vector intensity'®, the intensity at the 27 probe locations was
calculated. Then, using the vectors that had a magnitude within 3 dB of the peak magnitude, the source region
was found by tracing the intensity vector back to the center line of the jet. Furthermore, a numerical study was
performed to show that the vectors within 3 dB of the peak magnitude originates from the region above eighty
percent of the maximum energy. A further study showed that the radiated vector intensity field could be
represented by analytical wavepacket-like functions.?’

Building on prior source characterization methods using acoustic vector intensity, this paper contains a
description of how the measured intensity is used to obtain an equivalent wavepacket-based source
representation of the jet noise. The analytical wavepacket model proposed by Papamoschou?' is used to define
the amplitude and phase of the equivalent source. A simulated annealing optimization finds the frequency-
dependent wavepackets that minimize the difference between the measured and modeled acoustic intensity
vectors. It is shown that this single-wavepacket model predicts that the source region contracts and moves
upstream as frequency increases. Limitations of using a single-wavepacket to model the entire sound intensity
field are discussed.

2. METHODS

A. WAVEPACKET MODEL

A wavepacket has been described as a spatially extended source characterized by an axial amplitude distribution
that grows, saturates and decays, an axial phase relationship that produces directional noise,?? and correlation
lengths longer than the integral length scales of the turbulence.??> Wavepacket characteristics are found in the
turbulent region, the hydrodynamic near field and the acoustic far field.® The wavepacket representation includes
a spatial phase relationship across the source distribution such that the resulting sound is highly directional.
Wavepacket investigations of jet noise have been conducted using measurements in the turbulent region,
hydrodynamic near field, and acoustic far field of laboratory-scale jets.”'* Wavepackets provide an opportunity
to find an equivalent source model for high-power jet noise.

A wavepacket representation of jet noise has been investigated for laboratory-scale jet noise experiments.
Morris'* compared the wavenumber spectrum of the measured spectral density in the far field to the pressure
wavenumber spectrum on a cylinder in the near field. Similarly, Papamoschou?' showed that the far-field
acoustic levels from a cold, lab-scale Mach 0.9 jet can be modeled as the field from a single wavepacket if a
monopole was included to account for the sound radiation to the side of the engine nozzle. This work shows that
a single volume velocity (source strength) wavepacket comprised of a line of monopoles can be used to model
the acoustic intensity from a tethered aircraft at military and afterburner conditions.

Acoustic vector intensity can be modeled by an analytical wavepacket source model. Calculation of the
acoustic intensity requires a volume velocity (or source strength) distribution defined on the jet centerline that
can be used to model both the pressure and particle velocity. In practice, this is accomplished by assigning the
magnitudes and phases of the source distribution to a line array of acoustic point sources on the jet centerline.
For this work, the acoustic pressure at the nozzle lip-line is represented by an analytical wavepacket model that
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was used by Papamoschou.?! Instead of representing the pressure fluctuations, this wavepacket defines the
relative amplitude and phase of acoustic point sources as a function of location, z,,, and angular frequency, w:

Q(z,, w) = tanh ((2_7”)91) (1 — tanh ((2—m)g2)) e_{f_(z)zm, €))

1 1

where U, is the convective velocity. Because the convective velocity determines the phase relationship across
the point sources, it determines the frequency-dependent directionality of the sound.?* This directionality best
represents the Mach wave radiation from the large-scale turbulent structures. The direction of the highest sound
level is Opeak:

c
oS Opear = Tk 2

Cc

where 6pc,x is measured relative to the jet centerline, and ¢ is the ambient sound speed in the air outside the jet.
The parameters of first hyperbolic tangent term, b; and g,, control the length scale and the rate of the growth of
the wavepacket amplitude, respectively. Similarly, b, and g, dictate the length scale and rate of the amplitude
decay.

As examples of how the modeling parameters affect the amplitude distribution, a series of normalized
wavepacket shapes is shown in Fig. 2, in which one parameter is changed in each plot, with the parameters
[b1, b2, 91, g2, and U.] shown in the title of each plot. Decreasing the value of U, (in Fig. 2f), does not change
the shape of the envelope. However, decreasing U, affects the phase of the sources. This alters the direction at
which the main lobe radiates. Adjustments in by, g4, b,, g, control both the extent and rate of the wavepacket
rise and decay. These five parameters are varied in a simulated annealing optimization algorithm to find
equivalent source strengths that model the measured intensity.

l(a) 7 —

Baseline

v b2=7m

o2 =1
0 5 10 15 200 5 10 15 20
z (m) z (m)
Figure 2. Various normalized wavepacket shapes. The baseline parameters are U, = 478 m/s, b, =4 m, b, =

14 m, g, = 14 m, and g, = 2 m. For the various plots (b)-(f), one parameter is changed from the baseline and
is indicated in the plot.

In order to predict the acoustic intensity at the measurement locations, estimates of the total pressure and
particle velocity are needed. The pressure from each point source is obtained assuming spherical spreading:
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_ jpockQe Tkrm
= 3
P (1, @) dr €)

where 1;, is the distance from the point source to the desired location, p,,(r) is the complex pressure at the
desired location, w is the angular frequency of the source, k is the wavenumber, and Q is the complex volume
velocity of the monopole source in Eq. (1). The linearized Euler’s equation is used to get the particle velocity
at the desired location, ﬁm (r):

= j Qe k(1 + jkny)
Uy (r,w) = <,Oo_w) Vo, = 42 T, 4)

and 7 is the unit direction from the source to the desired location.

The total contribution of all the point sources to the acoustic intensity is found by the coherent summation
of the pressure and the particle velocity. The time-averaged acoustic intensity is modeled by

f(a)) = %Re {(Z P (1, a))) <Z ﬁm(r, (u)) }, (5)

where * indicates the complex conjugate.

This wavepacket-based model for the acoustic intensity could be modified to include the ground reflection
present because the F-22 was tethered to a concrete pad. An image source could be included in the calculation
of the pressure and velocity. For this study, the image source is not included because the sparseness of the
intensity measurements limits the spatial information about the ground reflections, except the presence of one at
~500 Hz.?

B. SIMULATED ANNEALING ALGORITHM

A simulated annealing algorithm?’ is used to find volume velocity wavepackets that provide the best match to
the measured acoustic vector intensity. The error between the measured and modeled intensity vectors is
quantified with the cost function, E. The simulated annealing algorithm makes random steps in the
multidimensional parameter space. The step size in each of the five wavepacket model parameters is a random
number multiplied by the difference between the upper and lower bounds for that parameter. A scale factor is
included that allows the algorithm to make smaller steps as the annealing progresses in order to improve
convergence. The simulated annealing algorithm is designed to always accept steps that reduce the cost function
(a downhill step), and with a certain probability, accept uphill steps via the Metropolis criteria in search for the
global minimum. The probability of accepting an uphill step decreases as the algorithm progresses.

The bounds on these parameters were chosen to represent a wide range of wavepacket shapes. The
boundaries for the convective speed, U, are chosen to provide a physically realistic direction of the maximum
radiation angle. The intensity measurements at the 22.9 m arc are used to find the angle associated with the peak
level. Since there were seven locations on the arc, MATLAB’s spline function was used to interpolate between
the measurement points to identify the maximum angle. Previous studies (e.g., Ref. 27) have shown that angles
close to the F-22 need to be defined not relative to the nozzle exit plane (z =0), but rather 7-8 nozzle diameters
downstream, shown as the “x” at z=5.5 m in Fig. 1, to align with observed far-field directivity angles. Taking
this difference into account, an angular range of +10° about the peak angle is converted to a range of convective
velocities using Eq. (2). This process allows for physically realistic bounds to be set on the values of U, sampled
in the simulated annealing algorithm.

Although there is not a direct tie to measurements as in the case of U, general physical features are used to
set constraints on the remaining four parameters. Since b, and b, correspond to the length scale of the rise and
fall of the source region, the upper bound on each is the length of the modeled source and the lower limit is set
to 0.11. An additional constraint is b; > b,, because there was little change to the wavepacket shape when b; <
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b,. Furthermore, from previous jet noise source characterizations (e.g., see Figs. 28 and 33 in Ref. 28), it is
expected that the source distribution should rise faster than it decays. This translates into the constraint that g, >
g- for the sampled parameters.

The simulated annealing optimization seeks to maximize the agreement between the modeled and measured
intensity vectors by minimizing the cost function E. Because the wavepacket amplitude was not included as a
modeling parameter, all components of the measured and modeled intensity vectors were each normalized by
the magnitude of the largest vector. Because of the multi-dimensional nature of the vectors, the cost function is
the Euclidian distance between modeled and measured vectors. This cost function guides the simulated annealing
algorithm to wavepacket modeling parameters that achieve the best agreement between the magnitude and angle
of the modeled and measured intensity vectors. An example of the convergence of the simulated algorithm is
shown in Fig. 3. For all trials, a minimum cost was reached in fewer than 10000 iterations. Most of the trial runs
converged to the same cost, indicating convergence to an equivalent minimum.

10° 10’ 102
Iteration

Figure 3. The various cost functions for military engine condition at 125 Hz for 10 different optimization runs.

108 10%

C. OPTIMIZATION VALIDATION

In order to validate the method, the simulated annealing procedure was applied to generated intensity levels
from known parameters. Instead of using the measured data, wavepacket parameters were chosen to create a
new wavepacket. The pressure and particle velocity were found at each of the measurement locations. By
comparing the simulated model to the results of the simulated annealing algorithm, it can be determined how
well the algorithm finds the best solution. Ideally, the algorithm should exactly match, and the cost function
should go to zero. But the simulated annealing algorithm is a heuristic approach, which means it does not
guarantee an exact match.

After running one hundred optimizations using simulated data generated from the same wavepacket
parameters, the results match well. As can be seen from Table 1, the actual values are within one standard
deviation from the mean. The estimate could be improved by running more trials or removing all the results that
are much greater than the lowest cost function.

Table 1. Initial and optimized wavepacket parameters for 125 Hz military condition. The top row lists the chosen
parameters for the simulated wavepacket. The second and third row indicate the mean and standard deviation,
respectively, after the 100 optimization runs.

U, (m/s) by (m) b, (m) g1 92
Source Parameters 478 4.4 14.2 13 2.7
Optimized Results 478 + 4 434+0.2 141+ 1.2 175+ 6.1 2.7+ 0.3
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The validation model shows that some wavepacket parameters are more sensitive than others. The b;
parameter has a very small standard deviation indicating that good results are only achievable with an accurate
estimate of this parameter. On the other hand, the g, parameter has a very large standard deviation indicating
that the model is not as sensitive to this parameter. Because of the accuracy of this optimization validation, the
optimization procedure can find the wavepacket model that best fits the measured high-performance jet aircraft
data.

Another verification method is to compare the levels and direction of the measured and modeled data. An
example of the agreement is displayed in Fig. 4. The top part of the figure shows the real part and magnitude of
the analytical wavepacket (defined in Eq. 1) for the modeling parameters obtained by the simulated annealing
algorithm. This optimized volume velocity wavepacket is used to model the intensity, using Eq. 5, at the
measurement locations shown in Fig. 1. Fig. 4 shows that the modeled and measured data match well for sound
intensity level and direction of the acoustic intensity vector. The good agreement can be further seen in Fig. 5,
which compares the measured acoustic intensity vectors (5a) to the modeled results (5b). As expected at this low
frequency, the intensity vectors point downstream and away from the source. Besides good agreement at the
measurement locations, Fig. 5b shows the intensity level elsewhere. This allows visualization of the Mach
wave/large-scale structure radiation, which the wavepacket model best matches.

130
120
110

100
160
140
120

100

SIL (dB)

0
(e

Plane 1 Plane 2 1 - Arc 1 1
5 10 15 20 5 10 15 20 100 110 120 130 140 150
z (m) z (m) Position (deg)
Figure 4. The wavepacket (a) that best fits the measured data for Military Engine Condition at 125 Hz. The center
line shows the measured (blue dashed) and modeled (red) intensity magnitude for the three intensity probe

measurement planes (b), (c), and arc (d), as in Fig. 1b. The bottom line shows the agreement of measured and
modeled intensity directions for the same three probe measurement locations.

Direction (deg)

(o))
[e)
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Figure 5. For 125 Hz and military engine conditions, (a) shows the measured acoustic intensity vectors, and subplot
(b) shows the optimized intensity vectors. Subplot (b) also has the predicted intensity level throughout the region.

3. RESULTS

For both military and afterburner conditions, the wavepackets for one third octave bands were computed
based on the measured acoustic intensity.

A. MILITARY ENGINE CONDITION

Traditional wavepacket envelope shapes have smoothly varying contours with gentle rise and fall
characteristics**! Unlike these traditional wavepackets, this study found that the optimal wavepackets have a
steep rise, which corresponds to an increase in radiation in the upstream direction. This also suggests that the
typical wavepacket source found in the foundational studies is intended to match only the peak radiation
direction. Most of these studies, e.g. Ref. 21, show an underprediction by the wavepacket model at the sideline.

The wavepacket model has good agreement with the data at higher frequencies. In the measured data at 250
Hz, there appears to be a double peak in the levels along plane one and two. While the single wavepacket model
best fits smoothly varying data with a single Mach wave radiation, Stout et al.? showed that this double peak
and the corresponding directivity could be modeled using two wavepackets. This could be the subject of future
work. At 500 Hz, the ground reflection affected the wavepacket model, but the addition or removal of an image
source did not significantly affect the performance of the optimization. Finally, at high frequencies (1000 Hz or
more), the source region became very compact and behaved almost like a point source. Despite this compact
shape, the agreement between the measured data and the optimized results were very good.

Comparisons can be made between these optimized wavepackets and the work of Stout et al.'® Using
intensity vectors, Stout et al. traced the intensity vectors that were within 3 dB of the peak intensity level back
to the centerline of the jet. This gives an estimated source region. Then using a simulation, Stout et al. found that
this corresponded to the region of the wavepacket greater than eighty percent of the peak. Thus, in this study,
the source region is defined as the portion of the wavepacket greater than eighty percent of the peak amplitude.
This definition allows comparisons to be made between the two methods. Figure 6 shows the source region from
Stout’s ray tracing (red) compared to the wavepacket model (green). The wavepacket mode predicts a more
upstream position for the source region and the source region becomes quite small above 500 Hz. Nevertheless,
the two methods are close if not collocated, and have similar trends for the source region. Furthermore,
comparisons between the maximum and minimum direction of the acoustic intensity vectors that are within 3
dB of the peak intensity level are similar. At higher frequencies, the optimized wavepackets have a smaller
source region and therefore a slightly wider angle for directivity of the intensity vectors than Stout et al. The
angle of the peak acoustic intensity level can be computed from the optimized convective velocity using Eq. 2.
This computed angle shown in Fig. 7 (which is the inlet angle, rather than the exhaust/centerline angle) agrees
very well with both Stout et al.’s directionality and the optimized wavepacket directionality.
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Figure 6. Comparison between Stout et al. method and the wavepacket optimized method for finding the source
region at military engine conditions.
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— = Radiation Direction due to Uc

90
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Frequency (Hz)

Figure 7. Comparison between Stout et al. method and the wavepacket optimized method for finding the direction
of energy flow at military engine conditions. The dotted green line represents the peak radiation direction computed
from the convective velocity using Eq. 2.

B. AFTERBURNER ENGINE CONDITION
Even though the measured intensity levels from afterburner engine condition were not as smooth as the
military engine condition, the wavepacket model still fits the data reasonably well and agrees with the results of
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Stout et al (see Fig. 8). At 100 Hz, the source region extends from about 6 m to 12 m. This is similar to Stout’s
source region, which extends from about 7 m to 11 m. Generally, as frequency increases, the optimized
wavepacket model shows the source region as being narrower and closer to the engine nozzle. An exception is
at 250 Hz, where the source region is broader. This could be the result of a double peak in the Mach wave
radiation as discussed in the military engine condition. Furthermore, as expected, the source region has a linear
trend for the location moving upstream, as well as a steadily decreasing spatial extent. There are some differences
between the two source regions, but the general location downstream is similar for both models.

For the afterburner directionality, there is good agreement between the two methods (see Fig. 9). The two
methods disagree by roughly 10 degrees between 250 and 500 Hz, but otherwise have overlapping regions. Like
the military condition, because of the small source region, the directionality at higher frequencies is broader than
the results by Stout et al. Lastly, as expected, the main radiation from the afterburner engine condition radiates
farther upstream than the military engine condition.

20 T : r

B Stout et al.
[ ] Wavepacket Model

I5F .

O 'l 'l L L L 'l 'l 'l
2
10 10°
Figure 8. Comparison between Stout et al. method and the wavepacket optimized method for finding the source
region at afterburner engine conditions.
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Figure 9. Comparison between Stout et al. method and the wavepacket optimized method for finding the direction
of energy flow at afterburner engine conditions. The dotted green line represents the peak radiation direction
computed from the convective velocity using Eq. 2.

4. CONCLUSION

Intensity-based, volume velocity (source strength) wavepackets have been obtained from the acoustic vector
intensity measured by a tethered advanced tactical aircraft with one engine operating at different engine
conditions. The frequency-dependent wavepackets constitute an equivalent source model that can be used to
model the spatially distributed intensity field. This intensity-based equivalent noise source shows similarities to
previous source characterization efforts. The equivalent source model matched the data well especially when the
data was smoothly varying and had a single main radiation lobe. This is most noticeable at low frequencies
around 125 Hz for both engine conditions. As a further validation of the method, the source location and
directivity were correlated between Stout’s ray tracing work and the wavepacket optimization method. As would
be expected, in both works, the source location moves upstream and the spatial extent decreases as the frequency
increases. Furthermore, although the spatial extent between the two methods varies at higher frequencies, the
source region location is in a similar position. Finally, the directivity of both methods gives similar results.

The optimization modeling technique can be improved in future modeling. For one, some of the data had
multiple radiation lobes, which were more difficult for the optimized single wavepacket model to fit. This could
be improved, by using multiple wavepackets. In addition, this work ignored the coherence lengths characteristic
of jet noise because of the sparsity of the data. Acoustic array processing of the same data indicates* coherence
lengths much smaller than a single wavepacket model can produce. Multiple wavepackets that incoherently add
to form an equivalent single wavepacket are needed to match the measured coherence lengths. However, using
the current measurement data, it is impossible to include coherence information, because the intensity
measurements were not taken at the same time. In the future, the optimized wavepacket equivalent source model
can be used to predict acoustic quantities away from the source without much computational expense.
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