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ABSTRACT
Understanding ion transport in plasma mixtures is essential for optimizing the energy balance in high-energy-density systems. In this paper,
we focus on one transport property, ion–ion temperature relaxation in a strongly coupled plasma mixture. We review the physics of
temperature relaxation and derive a general temperature relaxation equation that includes dynamical correlations. We demonstrate the
ﬁdelity of three popular kinetic models that include only static correlations by comparing them to data from molecular dynamics
simulations. We verify the simulations by comparing with laboratory data from ultracold neutral plasmas. By comparing our simulations
with high ﬁdelity kinetic models, we reveal the importance of dynamical correlations in collisional relaxation processes. These correlations
become increasingly signiﬁcant as the ion mass ratio in a binary mixture approaches unity.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0048030

I. INTRODUCTION
Plasma mixtures are ubiquitous in high energy-density (HED)
science. At high density and temperature, ions are often assumed to
be completely mixed and thermalized.1 However, this is not necessarily the case. Persistent non-equilibrium separations in physical or
velocity space have been observed.2,3 The kinetics of these systems,
including temperature relaxation, continues to be an ongoing area of
research.4–8
We recently demonstrated a table-top experiment that generates
non-equilibrium two-temperature ion mixtures9–11 that are ideal for
probing temperature relaxation in strongly coupled binary plasmas.
The plasmas are generated by photoionizing laser-cooled Ca and Yb
atoms to form a dual-species ultracold neutral plasma (UNP). The ion
velocity distributions are determined using precision laser spectroscopy. After ionization, the Ybþ and Caþ ions separately form
Maxwellian velocity distributions. These gradually relax toward a single temperature before the plasma expands.
Well known processes in one-component plasmas are less clearly
understood in mixtures. In a one-component plasma, relaxation phenomena demonstrate a separation of time scales with fast correlational
processes, followed by slower kinetic processes, followed by even
slower hydrodynamic behavior,
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sc  sk  sh :

(1)

The shortest of these time scales, sc, involves multiparticle processes
which relax the multiparticle distribution fN ðr1 ; r2 ; …; v 1 ; v 2 ; …; tÞ to a
functional of the one-particle distribution function f ðr; v; tÞ. The equations
governing this regime are the Bogoliubov–Born–Green–Kirkwood–
Yvon hierarchy. In a one-component plasma sc is proportional to the
inverse of the ion plasma frequency. In single species UNP experiments,
the inverse of the ion plasma frequency is on the order of a few hundred
ns. In HED Physics (HEDP) experiments, it decreases to an order of one fs.
The timescale sk involves kinetic processes which relax the oneparticle distribution function to its equilibrium value. These processes
are described by kinetic equations, such as the Boltzmann equation or
the Lenard–Balescu equation, where the primary quantity is the oneparticle distribution function, f ðr; v; tÞ. In a plasma, this timescale is
associated with the inverse of the collision frequency.
The longest timescale, sh, corresponds to hydrodynamic processes in which only a small number of moments of f ðr; v; tÞ are
evolved to determine thermodynamic variables. In this regime, macroscopic quantities relax to their equilibrium values. In single species
UNP experiments, this time is on the order of a few ls, while in
HEDP experiments, it is on the order of 1 ns.
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In binary mixtures, the hierarchy in Eq. (1) is not valid when the
mass ratio approaches unity. For example, in a binary mixture of electrons and ion, electron–electron collision processes (characterized by
see) are faster than ion–ion collision processes (characterized by sii),
and both of these are much faster than electron–ion collision processes
(characterized by sei)
see  sii  sei :

(2)

However, these time scales depend on mass. The ratios of these timescales is
rﬃﬃﬃﬃﬃﬃ
sii
mi sei mi
<


:
(3)
see
me see me
We extend this idea to binary mixtures of ions by replacing “electron”
in the previous sentences with “low-mass ion.” Obviously, from Eq.
(3), when the ion mass ratio approaches unity, the timescale ratio also
approaches unity and the hierarchy of Eq. (1) is broken. Dynamical
correlations between the particles, important during sc and sk, need to
be included in theoretical models.
Dual species UNPs provide a platform for studying temperature
relaxation and other transport properties in a two temperature ionic
mixture. In the present work, we use Ca and Yb atoms, with a mass
ratio near 0.25. This study extends and complements electron–ion
temperature relaxation work in which Eq. (3) was assumed. We use
Molecular Dynamics (MD) studies to probe the inﬂuence of coupled
modes on temperature relaxation. Time-evolving velocity distributions
are obtained for six different ionic mixtures: H–Yb, Be–Yb, Mg–Yb,
Ca–Yb, Sr–Yb, Nd–Yb. These ionic mixtures probe a density ratio
from 0.006 to 0.83. The MD temperature relaxation rates are compared to theoretical predictions. These theories exclude dynamical correlations by design. The comparison of MD to theory provides a
coupled-mode correction to the theory.
This paper is a continuation of our work presented in Ref. 11. In
there we performed experiments and MD simulations for a Ca–Yb
mixture for different concentrations. We compared those results with
three common theoretical models and indicated that their failures arise
from the lack of consideration of dynamical correlations. In this paper,
we extend that work by providing a complete theoretical framework
that includes dynamical correlations. We also present MD simulations
for mixtures with different mass ratios. Some discussion and results of
Ref. 11 we will be reproduced here for clarity. In Sec. II of this paper,
we present the three temperature relaxation models that will be compared. In Sec. III we derive temperature relaxation equation from ﬁrst
principles with reference to the timescale discussion mentioned above.
A similar derivation can be found in Ref. 12. In Secs. IV and V, we present the experimental setup and molecular dynamics simulations.
Results are presented and discussed in Sec. VI.
II. MODELS
This discussion was previously presented in Ref. 11. We consider
a spatially homogeneous plasma composed of two ion species with different masses, ma , different number densities, na , and charge numbers,
Za . The surrounding negative electronic background is at temperature
Te and density ne ¼ Z1 n1 þ Z2 n2 . The Wigner–Seitz radius is deﬁned
from the total ion number density, a3ws ¼ 3=4pntot ; ntot ¼ n1 þ n2 .
The concentration of each ion species is xa ¼ na =ntot . Notice that
ne ¼ ntot when Z1 ¼ Z2 ¼ 1. The ion Debye length of species a is
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k2a ¼ 0 kB Ta =ðna ðZa eÞ2 Þ. The ion plasma frequency of species a is
ðZa eÞ2 na =ð0 ma Þ. The total ion plasma frequency is
x2a ¼ P
2
xp ¼ a x2a . We further deﬁne an average temperature as
Tavg ¼

ma Tb þ mb Ta
;
ma þ mb

(4)

and the ion thermal speed of species a is given by va;th ¼
The coupling plasma parameter of species a is deﬁned as
Ca ¼

ðZa eÞ2 1
:
4p0 aws kB Ta

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kB Ta =ma .

(5)

Typical equilibrium values in our experiments are Ca ¼ 3.
In a spatially homogeneous plasma with two ion species, collisional temperature relaxation13 is described as
dTa
¼  ab ðTa  Tb Þ;
dt

(6)

where a, b refer to different ion species. The collision frequency  ab
depends critically on temperature, density, and charge. In general, the
collision frequencies can be represented as
 ab ¼ nb US;

(7)

where

U¼

Za Zb e2
4p0

2

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ma mb
ðma þ mb Þ3=2



1
kB Tavg

3=2

(8)

and S is a model-dependent collisional integral.
Most treatments of temperature relaxation focus on electron–ion
systems with the electron temperature much higher than the ion temperature. Few of these theoretical results can be applied directly to the
case of ion–ion relaxation when the mass ratio is near unity. However,
in the following, we discuss ion–ion temperature relaxation rates
derived from three models with increasing ﬁdelity.
The ﬁrst model is found in the Naval Research Laboratory (NRL)
Plasma Formulary,14 p. 33. This model is based on the Fokker–Planck
equation that leads to the well-known Coulomb logarithm. In strongly
coupled plasmas, S is negative and needs to be modiﬁed.
A treatment based on hyperbolic trajectories15 yields a positive
deﬁnite result and takes the form
"

2 #
1
bmax
NRL
¼ ln 1 þ
;
(9)
S
2
bmin
where

1
1 1=2
;
2þ 2
k1 k2


Z1 Z2 e2
1
¼
:
4p0 kB Tavg

bmax ¼
bmin



(10)
(11)

Equation (9) gives the NRL result in the limit of large values of the
Coulomb logarithm.
The second model improves on the NRL by generalizing the
approach of Gericke, Murillo, and Schangles (GMS) in Ref. 15 to ion–ion collisions. Note that Eq. (10) tends to zero at low temperatures and
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does not include electron screening. This needs to be repaired for collision between screened strongly coupled ions. Choosing bmax ¼ keff ,
"
#1=2
2
X
1
1
keff ¼ 2 þ
;
(12)
kTF a¼1 k2a þ a2ws =xa
addresses this problem.4 The parameter kTF is the Thomas–Fermi
length calculated from the electron temperature, Te, and density, ne,
see Eq. (23) in Ref. 4. Note that Eq. (12) gives a positive deﬁnite value
even at zero temperature. Finally, the GMS collision frequency appropriate for strongly coupled plasmas is
 GMS
¼ nj US GMS ;
ij
"

2 #
1
2keff
GMS
S
¼ ln 1 þ
:
2
bmin

(13)

 SMT
ij
S SMT

SMT

¼ nj US ;
pﬃﬃﬃ
128 p
¼
K11 ðgÞ;
3 23=2

(15)
(16)

where g is the thermally averaged ion–ion Coulomb coupling factor,


Z1 Z2 e2
1
1
:
(17)
g¼
4p0 kB Tavg keff
Typical values in our experiments are g  0:5. The collision integral K11 ðgÞ is calculated from Eqs. (C22)–(C24) in Appendix C
of Ref. 4.
III. DYNAMICAL CORRELATIONS
In general, the effective interaction between the two ion species is
time and frequency dependent. The three models described above
neglect the frequency dependence of the effective interaction and consider only the static case.16–19 This effective interaction is then used to
inform the Coulomb logarithm in a Fokker–Planck approach (NRL,
GMS) or the cross section in a Boltzmann equation (SMT).
In this section, we present a derivation of the temperature relaxation equation starting from a microscopic description of the system.
We indicate the points in which our derivation differs from previous
work.12,20,21 Our ﬁnal result is Eq. (55), and it is obtained without the
use of large mass ratio approximations.
Following the notation and convention of Ref. 12, we deﬁne the
Fourier components of any observable as
X ð 1 dx
Aðrt; vÞ ¼
Aðkx; vÞeiðkrxtÞ ;
(18)
2p
1
k
ð
ð1
1
dr
dtAðrt; vÞeiðkrxtÞ :
(19)
Aðkx; vÞ ¼
V V
1
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We consider a multispecies
plasma composed of N ¼ N1 þ N2
P
ionic species and Ne ¼ a Za Na electrons. The Hamiltonian of the
system can be divided into three components,
H ¼ He þ Hi þ U ei ;

(20)

where U ei is the interaction between electrons and ions, and
Hr ¼ T r þ U r is the Hamiltonian of the r subsystem, with T r being
the kinetic energy and U r the interaction potential between the particles. For simplicity, we assume the absence of any external forces.
The subscript r will indicate both electrons and ions species.
The microscopic phase-space distribution of species r is deﬁned
by
X


N r ðX; tÞ ¼
d½r  ri ðtÞd p  pi ðtÞ ;
(21)
i

(14)

The third model, referred to as Stanton Murillo Transport
(SMT), is presented in detail in Ref. 13, and it is based on a multispecies Bhatnagar–Gross–Krook solution of the Boltzmann equation. The
main difference from the NRL and GMS models is that the collisional
integral is calculated numerically using a Yukawa interaction, instead
of a bare Coulomb interaction, and without any assumption of weakscattering.4 This leads to a collisional frequency given by

scitation.org/journal/php

where X ¼ fr; pg is the set of positions and momenta. This distribution evolves in phase-space according to the Klimontovich equation,


@
@
@
þ r_  þ p_ 
N r ðX; tÞ ¼ 0;
(22)
@t
@r
@p
where
r_ ¼

@H
;
@p

p_ ¼ 

@H
:
@r

(23)

Microscopic current and charge densities are then calculated via integration over velocity space,
ð
X
p
Zr e dp
N r ðX; tÞ;
(24)
Jðr; tÞ ¼
m
r
r
X
Zr enr ðr; tÞ;
(25)
qðr; tÞ ¼
r

ð

nr ðr; tÞ ¼ dpN r ðX; tÞ:

(26)

P
Note that the sum r includes also the electrons with Ze ¼ 1.
The ﬁrst step is to perform an ensemble average over the initial
conditions of the system to obtain a continuum description of the system. It is important to note that this coarse-graining is not equivalent
to a time average over correlation times t  sc as presented in
Chapter 7 of Ref. 12. This ensemble average is meant only to remove
the discreteness of N r ðX; tÞ, and it is an average over the Liouville distribution, as deﬁned in Chapter 2 B of Ref. 12. Denoting this average
by h…i, we expand N r ðX; tÞ as
N r ðX; tÞ ¼ fr ðX; tÞ þ dNr ðX; tÞ;

(27)

where fr ðX; tÞ ¼ hN r ðX; tÞi is the ensemble average, and dNr ðX; tÞ
are the ﬂuctuations due to the discreteness of N r ðX; tÞ. Such coarsegraining, in the absence of external ﬁelds, and with v ¼ p/m, leads to


@
@
@
þv
fr ¼  hdN r dFr i
(28)
@t
@r
@p
and


@
@
þv
dN r ¼ CðX; tÞ;
(29)
@t
@r

28, 062302-3

Physics of Plasmas

ARTICLE

@
fr þ dN r :
(30)
@p
P
P
The term dFr ¼ r0 dFrr0 ¼ dFre þ a dFra is the ﬂuctuation in
the force ﬁeld, experienced by particles of species r, due to all other
particles.
Hydrodynamic quantities are then calculated by averaging Eq.
(28) over different moments of the momenta. In this paper, we are
interested in the temperature that we deﬁne as
ð
3
jpj2
nr kB Tr ðr; tÞ ¼ dp
fr ðX; tÞ:
(31)
2
2mr
CðX; tÞ ¼ dFr 

Multiplying Eq. (28) by jpj2 =ð2mr Þ and integrating over the
momenta, we arrive at
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where we have omitted a similar argument over length scales and
moved to k space. This averaging process is crucial because it
deﬁnes transport coefﬁcients derived from the hydrodynamic equations and links them to microscopic processes via Green–Kubo
relations.
The derivation continues by connecting the microscopic current
density and force ﬂuctuations to density ﬂuctuations, the former via
the continuity equation,
djr ðkxÞ ¼

x
k dnr ðkxÞ;
k2

(38)

and the latter via the gradient of an interacting potential Urr0 ,
X
dFr ðkxÞ ¼ ik
Urr0 ðkxÞdnr0 ðkxÞ;

(39)

r0 6¼r

dTr @
1
hdj ðr; tÞ  dFr ðr; tÞi;
þ  Qr ðr; tÞ ¼
@r
3nr kB r
dt

(32)

where
ð
1
jpj2
dp
vfr ðX; tÞ
(33)
3nr kB
mr
Ð
is a heat ﬂux and djr ðr; tÞ ¼ dp vdNr ðX; tÞ is the ﬂuctuation of the
microscopic density current of species r. Since we are considering a
homogeneous plasma with no net heat ﬂux, we can neglect the second
term and write
Qr ¼

dTr
1
hdj ðr; tÞ  dFr ðr; tÞi:
¼
3nr kB r
dt

(34)

This equation is somewhat different than those in Refs. 22 and 23 due
to our deﬁnitions of current density and the Fourier transform.
At this point, it is important to note the timescales over which
each of the terms in Eq. (34) evolves. It is often assumed that the lefthand side (LHS) of the equation involves slow processes that can be
assumed constant over a timescale s. Therefore, we perform an average over timescales s  t; sk , such that
ð
1 s dTr dTr
ds

:
(35)
s 0
dt
dt
Such averaging though should be taken carefully on the right-hand
side (RHS) since djr ðr; tÞ and dFr ðr; tÞ are microscopic ﬂuctuations
that contain information about intra-species collision processes, srr ,
and inter-species collision processes srr0 , that are proportional to s.
Changing to Fourier space in the RHS of Eq. (34), we have
ð
1 s
dshdjr ðr; sÞ  dFr ðr; sÞi
s 0
ð
ðð
1 s
dx dx0
0
ds
(36)
hdjr ðrxÞ  dFr ðrx0 Þieiðxþx Þs :
¼
s 0
2p 2p
The timescale, t, of the LHS is much longer than s such that it
allows us to effectively take the limit s ! 1 and obtain a Dirac delta
from the integral over s. That is,
ð
1 s
dshdjr ðr; sÞ  dFr ðr; sÞi
lim
s!1 s 0
X ð dx
hdj ðk  xÞ  dFr ðkxÞi;
(37)
¼
2p r
k
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Ð
with dnr ðkxÞ ¼ dpdN r ðkxÞ. Substituting the above equations in
Eq. (32), we obtain
ð
dTr
1 X X dx
xUrr0 ðkxÞImhdnr ðkxÞdnr0 ðkxÞi;
¼
3nr kB r0 6¼r k
2p
dt
(40)
where dnr ðkxÞ ¼ dnr ðk  xÞ.
We stress that this derivation involved two averaging procedures
at two different stages. The ﬁrst is an ensemble average needed for a
continuum description of the systems. The second is a time average
over fast microscopic processes that evolve on a timescale much
shorter than macroscopic quantities that appear in the LHS of Eq.
(34). Furthermore, we note that we have not made use of the mass difference between the species and only noted the existence of interspecies, srr0 , and intra-species, srr , timescales. The effects of such
assumption will be considered further in the discussion.
Finally, we conclude this section by deﬁning several systems: an
e–i plasma, a multicomponent e–i plasma, a Binary Ionic Mixture
(BIM), and a Binary Yukawa Mixture (BYM).
The former is a two component system with only one ion species
and one electron species. The particles interact via the bare Coulomb
potential,
Urr0 ðkxÞ ¼ Uei ðkÞ ¼ 

Z i e2 1
:
0 k2

(41)

In the case of a plasma with multiple ion species and electrons
where all the species are dynamical, we refer to it as a multicomponent
e–i plasma.
A BIM is a two component plasma composed of two ion species
interacting via the bare Coulomb potential. The electrons form a static
background that provides stability to the system and do not interact
with ions. The ions interact via the potential
ðBIMÞ

Urr0

ðBIMÞ

ðkxÞ ¼ U12

ðkÞ ¼

Z1 Z2 e2 1
:
0 k2

(42)

A BYM is a plasma composed of two ion species that interact via
a screened Coulomb or Yukawa potential. The electrons form a polarizable background responsible for the screening. This interaction can
be derived by considering the large mass difference between electrons
and ions. This allows us to make use of the Born-approximation, that
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is we can integrate out the degrees of freedom of the electrons. This
translates in an effective Hamiltonian for the ions,
HI ¼ T I þ U I þ F ei ¼ T I þ UI ;

(43)

where UI ¼ U I þ F ei and F ei is the total free energy of all terms that
involve the electrons. This is the effective Hamiltonian used in ionic
MD. A detailed derivation of the ion–ion interacting potential, considering different properties of the electron liquid, is presented in Ref. 24.
For BYM under investigation here, the two ion species interact via a
binary Yukawa potential of the form
ðBYMÞ

Urr0

ðBYMÞ

ðkxÞ ¼ U12

ðkÞ ¼

Z1 Z2 e2
1
:
0 k2 þ k2
TF

(44)

In the following, we continue our derivation by considering a multicomponent e–i plasma with electrons and two ions species. The e–i
plasma, BIM, and BYM cases will be considered in Secs. III B and III C.
A. Density correlations
Returning to Eq. (40), in order to make further progress, we need
to relate the correlations of dnr ðkxÞ to computable quantities. We
thus look for a solution to Eqs. (29) and (30). The general form of a
solution is
ðindÞ
dnr ðkxÞ ¼ dnð0Þ
ðkxÞ;
r ðkxÞ þ dnr

(45)

where the ﬁrst term, dnð0Þ
r , often referred to as spontaneous ﬂuctuais
tions, is the solution of the homogeneous equation, and dnðindÞ
r
obtained from a recursive solution.
The homogeneous equation,


@
@
þv
dNrð0Þ ¼ 0;
(46)
@t
@r
represents the ﬂuctuation of a non-interacting gas of particles and it is
readily available, see Eq. (7.27) of Ref. 12.
The term dnðindÞ
can be related to dnrð0Þ via linear response theory
r
as
X
ð0Þ
ðkxÞ ¼
Urr0 Prr0 ðkxÞdnr0 ðkxÞ;
(47)
dnðindÞ
r
r0

where
Prr0 ðkxÞ ¼ vð0Þ
r ðkxÞ½1  Grr0 ðkxÞ

(48)

are the elements of the matrix PðkxÞ deﬁned from the free particle
polarizability, vrð0Þ ðkxÞ, and local ﬁeld correction, Grr0 ðkxÞ. Deﬁning
as g the inverse of the matrix AðkxÞ ¼ I  UPðkxÞ, we arrive at12,22
dnr ðkxÞ ¼

X

ð0Þ

where the cross terms, hðdnrð0Þ Þ dnr0 i, are identically zero since they
represent correlations between two ideal plasmas.
Finally, the ensemble averages can now be related to computable
quantities via the ﬂuctuation-dissipation theorem,
ð0Þ

hðdnð0Þ
a Þ ðkxÞdnb ðkxÞi ¼
ð0Þ

Sab ðkxÞ ¼ 

ð2pÞ2
dab Sab ðkxÞ;
V

(51)

kB Ta
ð0Þ
Im^v ab ðkxÞ;
px

(52)

ð0Þ

where ^v ab ðkxÞ is the external response function. Changing the sum
of k to an integral
ð
X
V
dkk2 ð4pÞ;
!
(53)
ð2pÞ3
k
the temperature relaxation equation becomes
ðð
X 

dTr
dk dx 2 X
k
Urr0
Im gra gr0 a Ta Im^v ð0Þ
¼
;
a
3n1 p3 r0 6¼r
dt
a
which written explicitly for species 1 is
ðð


dT1
dk dx
k2
T1 U12 Im ~g 1;1 ~g 2;1
¼
3
3n1 p jeðkxÞj2
dt




ð0Þ
þU1e Im ~g 1;1 ~g e;1 Im^v 11 þT2 U12 Im ~g 1;2 ~g 2;2




ð0Þ
þU1e Im ~g 1;2 ~g e;2 Im^v 22 þ Te U12 Im ~g 1;e ~g 2;e
o


þU1e Im ~g 1;e ~g e;e Im^v ð0Þ
ee :

(54)

(55)

The denominator jeðkxÞj is the absolute value of the determinant of the A matrix and none other than the dielectric function, and
~g a;b is the ða; bÞ-cofactor of the A matrix. We recall that in this case
eðkxÞ is the dielectric function of a three component plasma, two ion
species, and the electrons. Equation (55) and its counterpart for species
2 and the electrons are the general formulas for thermal relaxation in a
classical BIM.
The static limit of Eq. (55) is obtained by writing
2
2
2
eðkxÞ ¼ 1 þ ½k2
1 þ k2 þ ke =k . This fully static approach was
used in SMT. However, they used velocity dependent cross sections to
explore the importance of dynamical ion screening in an e–i plasma.
In general, they found the dynamical correction to viscosity and selfdiffusion to be small, see Sec. VI in Ref. 4. As we argue here, the
dynamical effects are large for BYMs and depend on the ions mass
and density ratios.
B. e–i Plasma

ð0Þ
grr0 ðkxÞdnr0 ðkxÞ:

(49)

r0

It is convenient, for the following discussion, to write equations
for one ion species only, say 1. Equations for electrons and species 2
are obtained via the exchange 1 ! e or 1 ! 2. The correlation functions become
hdn1 ðkxÞdn2 ðkxÞi ¼

scitation.org/journal/php

X

ð0Þ
g1r g2r hðdnð0Þ
r Þ dnr i;

r
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(50)

In the case of an e–i plasma, as considered in Refs. 12, 21, 22, and
25, all the terms with subscript 2 disappear and Eq. (55) simpliﬁes to


ðð
dTi
dk dx 2 Uie ðkxÞ 2
k
¼
3n1 p3
jeðkxÞj
dt
n
o




ð0Þ
(56)
Ti Im Pei Aee Im^v ii Te Im Pie Aii Im^v ð0Þ
ee ;
with Uei given by Eq. (41) and the dielectric function contains both the
ion and electron response functions. Further simpliﬁcation is achieved,
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in the weak coupling regime (Grr0 ¼ 0), by considering the large mass
difference between electrons and ions. One then arrives at the wellknown Landau–Spitzer formula for the electron–ion collision frequency and to a temperature relaxation equation of the form of
Eq. (6).12,21,25 The work presented in Refs. 20, 21, and 25, instead,
addresses the strong coupling regime.

C. BIM and BYM
In the case of BIM and BYM, the electron terms vanish and one
arrives at


ðð
dT1
dk dx 2 U12 ðkxÞ 2
k
¼
3n1 p3
jeðkxÞj
dt
n
o




ð0Þ
ð0Þ
T1 Im P21 A22 Im^v 11 T2 Im P12 A11 Im^v 22 ; (57)
and its counterpart for species 2. The interaction potential U12 is given
by Eq. (42) for BIM and by Eq. (44) for BYM. The dielectric function
eðkxÞ contains only the ions’ response functions and not the electronic response. When the mass ratio between ions is close to unity,
no further simpliﬁcation is possible and we cannot move forward
without a strong coupling theory.
The two most likely candidates for a strong coupling theory are
the dynamical local ﬁeld correction12 and the Quasi-Localized Charge
Approximation (QLCA).26 While several static approximations for the
LFC have been used for e–i plasmas,21,25 no dynamical extension has
been performed to binary ionic mixtures. The QLCA, on the other
hand, has proven successful in predicting the collective mode spectrum of both a BIM27 and BYM.28,29 The collective modes are the frequencies for which jeðkxÞj ¼ 0; thus, they will be the primary
contributors of the x integral.
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In a BIM, the QLCA predicts two plasmon modes as opposed to
an e–i plasma where there is one plasmon mode, at xp;e , and an ionacoustic mode. In the case of BYM, however, an optic mode and an
acoustic mode with a sound speed smaller than its weakly coupled
counterpart are predicted.27–31
IV. EXPERIMENTS
Our measurement techniques and data analysis have been
described in previous works.9–11 We trap approximately 10 106 Ca
and Yb atoms in a dual species magneto-optical trap (MOT). The neutral atom density is approximately spherically symmetric and
Gaussian of the form nðrÞ ¼ n0 exp ðr 2 =2r20 Þ with n0 ¼ 108 to
1010 cm3 and r0 ¼ 0:3 to 1.0 mm. The neutral atom temperature is a
few mK. The trapped neutral atoms are ionized using two color photo
ionization as shown in Fig. 1. Laser pulses at 423 and 390 nm ionize
Ca!Caþ, and laser pulses at 399 and 394 nm laser pulses ionize
Yb!Ybþ. The amount by which the ionizing laser photon energy
exceeds the ionization threshold sets the electron temperature. Typical
values for the electron temperature are 50 to 200 K.
Although the ions initially retain the mK temperatures of the
neutral atom cloud, the ion velocity distributions rapidly broaden as
individual ions respond to the sudden appearance of neighboring
ions.32 This disorder-induced heating (DIH) occurs because in the
neutral atom cloud the atom pair distribution function is ﬂat, g(r) ¼ 1.
As the ions push neighboring ions away, excess electrical potential
energy is converted to kinetic energy and the ion temperature rises to
values near 1 K.33
After ionization, we probe the ion velocity distributions using
laser-induced ﬂuorescence on strongly allowed transitions at k ¼ 393
and 369 nm (see Fig. 1). The frequency of the probe laser beams is offset from the resonance transition frequency by a value Df . The ﬂuorescence signal is proportional to the number of ions Doppler shifted into

FIG. 1. Experimental details for the dualspecies ultracold neutral plasma. (a) A
partial energy level diagram for neutral Ca
and Yb showing the laser cooling transitions at 423 and 399 nm and the ionization
laser wavelengths. (b) The probe laser
wavelengths and transitions used for
laser-induced ﬂuorescence measurements
on plasma ions. (c) An image of the
trapped neutral atom cloud. (d) Laserinduced ﬂuorescence from Caþ ions in an
expanding plasma. (e) Typical ﬂuorescence data (black circles) and Voigt proﬁle
ﬁt (red line) at t ¼ 3:3 ls.
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resonance with the laser, with a velocity v ¼ Df =k. By repeating the
ﬂuorescence measurements with Df ranging from typically 150 to
þ150 MHz, we map out the ion velocity distribution. Due to the ﬁnite
width of the atomic transitions, the ﬂuorescence signal is a convolution
of the atomic transition line shape with the ion velocity distribution.
Accordingly, we ﬁt the ﬂuorescence signal at a given time after
ionization to a Voigt proﬁle (see Fig. 1) with the Gaussian width
frms ¼ ðkB Ti =mi Þ1=2 =k as a ﬁt parameter. From the time-evolving
Gaussian width, we obtain the ion temperature. Additional lasers are
used in Caþ to prevent optical pumping into dark states. We verify
that in our experimental conditions, optical pumping is negligible.
The calcium and ytterbium ion temperatures for two different
plasma densities are shown in Figs. 2(a) and 2(b). The ion temperatures rapidly rise during the ﬁrst 100 ns due to DIH, and the two ion
species thermalize to their own post-DIH temperature before gradually approaching equilibrium. The two-temperature nature of this system arises naturally as a consequence of the unequal masses.11 The ion
temperature differences are plotted in Figs. 2(c) and 2(d). Also shown
are results from an MD simulation, which we discuss in Sec. V.
V. MD SIMULATIONS
Molecular dynamics simulations are carried out using the Sarkas
package, a pure python open-source molecular dynamics code for
non-ideal plasma simulation.34 The system is composed of two ion
species whose particles interact via the Yukawa potential,
Uðrab Þ ¼

Za Zb e2 1 rab =kTF
e
;
4p0 rab

(58)

where kTF is the Thomas–Fermi length of the electrons with density,
ne, and temperature, Te. The initial positions of the ions are randomly
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distributed along the three axes of the simulation box. The initial
velocities, however, are chosen from normal distribution with an initial
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð0Þ
width va;rms ¼ kB T0 =ma with T0 ¼ 2 mK.
Following the experimental parameters, in the ﬁrst 40 ns of the
simulation, Ca atoms are neutral, while Yb atoms carry a charge Z ¼ 1.
In this way, only the Ybþ atoms interact with each other and do not
interact with Ca atoms. For t 40 ns, the charge number of Ca atoms
is changed to 1 and the screening parameter j ¼ aws =kTF is updated.
Electron temperature and densities from the experiments lead to
j  0:37  0:46. The potential energy and forces are calculated using
a highly efﬁcient Particle-Particle Particle-Mesh algorithm.35 This
algorithm is more reliable than the minimum image convention when
j is small.
MD simulations are performed for plasmas with a uniform spatial density, obtained from experimental values, and periodic boundary
conditions. While the experiments necessarily have open boundary
conditions, the MD simulations are an appropriate representation of
the middle of the plasma, where the density gradient is small and the
thermalization time is faster than the expansion time. For these initial
conditions, there is no equilibration phase in the MD code. Particle
positions and velocities are integrated using the standard velocity
Verlet algorithm. The time step and total number of particles were varied and chosen to give converged results. In our simulations, we use
N ¼ 50 000 total ions, with number ratios matching those of the
experiments. The timesteps were chosen such that xp Dt  0:002. For
each experiment, ﬁve MD non-equilibrium simulations with different
initial conditions were performed.
VI. RESULTS
A detailed discussion of the cross validation of simulation and
experiment is presented in Ref. 11. In that publication, we also discussed the failures of the three models and suggested the need to
include dynamical correlations. In the following discussion, we explore
the importance of dynamical correlations in more detail.
Full calculations of the integrals in Eq. (57) are not available without appealing to theoretical models for the dielectric functions.
However, we can illustrate the importance of dynamical correlations
by varying the mass ratio in our MD simulations. The importance of
these correlations is expected to increase as the mass ratio approaches
unity.
We run simulations for binary mixtures with several mass ratios.
We keep the heavy species ﬁxed as Yb and vary the mass of the light
species. The densities of each species are nlight ¼ 4:3 109 cm3 and
nheavy ¼ 1:3 1010 cm3. The mass ratios of each mixture are indicated in Table I.

FIG. 2. Temperature vs time for two UNP conﬁgurations. (a) TCa (black),
Yb
nCa
109 cm3 , rCa
109 cm3 ,
0 ¼ 3:4
0 ¼ 0:57 mm, and TYb (blue), n0 ¼ 1:9
Yb
r0 ¼ 0:72 mm. Circles show temperatures extracted from laboratory data. Solid
lines show MD data as described in Sec. V. (c) Temperature difference, TCa –TYb .
Circles show laboratory data. Solid lines show MD data. The gray shaded area represents the estimated 1  r uncertainties in the decay rate extracted from the laboratory data. Panels (b) and (d) show the same analysis for a higher density plasma
Yb
109 cm3 , rCa
1010 cm3 ,
with nCa
0 ¼ 4:3
0 ¼ 0:53 mm, and n0 ¼ 1:3
Yb
r0 ¼ 0:38 mm. For all of these data, the electron temperature is 96 K.

Phys. Plasmas 28, 062302 (2021); doi: 10.1063/5.0048030
Published under an exclusive license by AIP Publishing

TABLE I. Mass ratios and their square roots of the different binary mixtures MD simulations. m2 is the mass of the light species, while m1 ¼ mYb always. The name of
the light species is representative of ions with similar mass ratio.

Mixture

m2 =m1

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2 =m1

Mixture

m2 =m1

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2 =m1

Yb–H
Yb–Be
Yb–Mg

0.006
0.052
0.144

0.076
0.228
0.379

Yb–Ca
Yb–Sr
Yb–Nd

0.230
0.504
0.828

0.479
0.710
0.910
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FIG. 3. Plots of the MD temperature difference Tlight  Theavy for the six binary mixtures with different mass ratios compared
with the prediction of the models
described in Sec. II. (a) Yb–H mixture, (b)
Yb–Be mixture, (c) Yb–Mg mixture, (d)
Yb–Ca mixture, (e) Yb–Sr mixture, and (f)
Yb–Nd mixture.

In Fig. 3, we compare the temperature difference with the three
kinetic models for each mixture. The Hermite analysis described in
Ref. 11 has been applied to each binary mixture in order to identify
the time at which each species velocity distribution has relaxed to a
Maxwellian. We ﬁnd this time to be 1 l s. This will be the starting
time for the application of the static models.
In all cases, the NRL and GMS models from Sec. II drastically
underestimate the relaxation rates. The SMT model shows better agreement at small mass ratios. Furthermore, the height of the highest peak
of the temperature difference decreases with increasing mass ratio. The
temperature difference in the Yb–Nd mixture is almost an order of
magnitude smaller than the other mixtures and kinetic oscillations have
not disappeared [see Fig. 3(f)]. This happens because the mass ratio,
mNd =mYb  0:828, is close to unity. Recall from Eq. (3) that the intraspecies and inter-species relaxation
times
are proportional to the mass
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
ratio. In this case, (/ mNd =mYb ¼ 0:910  mNd =mYb ¼ 0:828),
indicating that correlational and kinetic processes happen
simultaneously.
From Eq. (7), it is apparent that the dynamical correlations are
included in the S term. Therefore, in order to further display the effect
of dynamical correlations, we calculate the S using exponential ﬁts to
MD data and compare it to SMT predictions.
In Fig. 4, we plot the ﬁtted and calculated S as a function of mass
ratio. As the mass ratio decreases, the two methods converge. This
underscores the importance of coupled modes in transport phenomena in plasma mixtures in which the ion mass ratio is near unity.
Corrections of 20% are required even for a mass ratio of 0.1 at this
density ratio.
We emphasize that this is not a complete analysis of the importance of coupled modes. This study has been performed for only one
density ratio. Preliminary calculations indicate that results in Fig. 3
depend on the density ratio. In mixtures with a high concentration of
the light species, the collective mode spectrum appears to be

Phys. Plasmas 28, 062302 (2021); doi: 10.1063/5.0048030
Published under an exclusive license by AIP Publishing

dominated by one single acoustic mode with a sound speed much
faster than what is predicted by the QLCA.28

VII. CONCLUSION
We present an analysis of ion temperature relaxation in a
strongly coupled binary plasma mixture. We derive a general temperature relaxation equation for binary mixtures that includes dynamical
correlations. We demonstrate the shortcomings of the three popular
kinetic models which include only static correlations. By comparing
MD simulations with SMT predictions, the importance of dynamical
correlations in collisional processes becomes apparent. These correlations become increasingly signiﬁcant as the mass ratio approaches
unity.

FIG. 4. Plot comparing the value of the collisional term S from Eq. (6) extracted
from exponential ﬁts to MD data (dots) and calculated from SMT.
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Future work could explore different techniques for the identiﬁcation of a hydrodynamic regime. The effect of plasma stoichiometry on
dynamical correlations is an important and unexplored topic. Full
dynamical calculations, with theories such as QLCA, for example,
could provide helpful information regarding coupled-mode corrections to transport properties in plasma mixtures.
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