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Abstract: We numerically simulate the propagation of high-intensity
laser pulses in helium to investigate the role of nonlinear effects in gas-cell
high-harmonics experiments. An aperture located before the focusing
lens is also included in the simulation. Numerical results for the radial
fluence profile as a function of axial position, as well as for the spectral
shift and ionization levels, agree with experimental observations. The
simulations confirm that a significant Kerr effect is not required to generate
the observed double focus in the fluence. The beam simulation also permits
an investigation of high-harmonic phase matching. Most of the harmonic
energy is seen to come from the forward portion of the laser pulse, whereas
the latter portion gives rise to the incidental double laser focusing. Good
phase matching for the harmonics arises in large measure from a balance
between the linear phase delay of the neutral atoms and the Gouy shift,
which is elongated and nearly linearized when the aperture is partially
closed on the beam.
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1. Introduction

We recently published experimental measurements of laser beam evolution in our high-
harmonic generation setup [1, 2]. The measurements showed the beam fluence narrowing to
two separate foci, separated by a distance of about 7 cm. This behavior occurs with peak pulse
power an order of magnitude smaller than expected for Kerr self-focusing in our helium-filled
cell. Tosa and Nam [3] pointed out that Kerr self-focusing is not necessary to explain the dou-
ble focusing in our experimental arrangement, based on simulations of laser propagation. We
independently came to the same conclusion [4] based on similar simulations. In this paper we
present details and results of our simulations and examine the phase matching for the high har-
monics in comparison with experiment. We find that good phase matching occurs for the front
of the laser pulse but not the back where ionization and nonlinear effects take place. Because
the phase matching varies within the pulse as it travels, it is helpful to view it dynamically in
the form of a movie.

2. Simulation method and parameters

The experimental parameters of our laser pulse lend themselves to a number of computational
approximations. We base our simulations on the method outlined by Chiron et al. [5], which
uses the slowly-varying envelope and paraxial approximations to the scalar wave equation with
radial symmetry and neglects group velocity dispersion. In a moving frame, this equation is
given by

2ik0c
ω0

∂E
∂η

+ ∇2
ρE +2n0ΔnE = 0, (1)

where E is the field envelope multiplying a plane wave oscillating at ω 0. The wave number k0 is
evaluated in the neutral gas medium with index n0. The change in index due to the Kerr effect
and plasma generation is described by Δn ≈ n2I −ω2

p/2ω2
0 , with n2 = 3.5× 10−21 cm2/W

corresponding to an atmosphere of helium [6]. The plasma frequency ω p, associated with free
electrons, is determined using the ADK ionization model [7]. The variables η = z/(c/ω 0) and
τ = ω0[t −η/(k0c)] track the pulse in a moving frame, which reduces the computational load.
Here t is time, z is the axial propagation distance, and ρ is the radial position. We treat Δn for
a given point in the moving frame as approximately constant from one computed frame to the
next, typically 250 microns apart. Smaller step sizes yield the same results to within 1% after
10 cm of propagation. We verified that our code recovers the analytical solution for a Gaussian
pulse propagated in vacuum and that a Kerr-induced collapse occurs at the critical power [8]
(when the pressure is set far above that of our experiments).

The parameters for the simulation are chosen to be similar to those of our experiments: the
pulse is taken to have a Gaussian temporal profile with 35 fs FWHM and to have a center
wavelength of 800 nm. (There is some uncertainty in the 30 fs reported for the experiments; the
simulations done with 35 fs agrees better with the experimental results.) The spatial profile of
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Fig. 1. Movie of the (a) pulse intensity (dark red indicates the peak intensity of 5.7×1014

W/cm2), (b) free-electron density (dark red indicates the peak free-electron density of 5.3×
1022 electrons/m3, equivalent to 2.1% ionization), and (c) fluence as the pulse propagates
10 cm through the focus. Each frame shows a snapshot of the pulse at locations 1 mm apart
along the direction of travel. The contour lines in frame (b) indicate pulse intensity, with
lines representing a 20% change in intensity. (4.7 MB)

the laser is taken initially to be Gaussian with a 1/e2 diameter of 11 mm, and then clipped by a
9 mm aperture placed in the beam path. The pulse energy before the aperture is set to 6.84 mJ,
which reduces in the simulation to 5 mJ after the aperture. The aperture is placed 145 cm before
a concave mirror with 100 cm focal length. With the aperture in the beam, it focuses in vacuum
to a peak intensity of 1.3× 1015 W/cm2. Fresnel diffraction integrals are used to calculate the
initial pulse profile 5 cm before the nominal beam focus, taking into account the effects of the
aperture and focusing mirror on the incoming pulse. A Crank-Nicolson algorithm is then used
to propagate the pulse in the vicinity of the focus, where nonlinear effects become important.

3. Simulation results

The two left frames of Fig. 1 show movies of the pulse intensity and the free-electron density,
respectively, as the pulse propagates 10 cm through the focus (i.e., from 95 cm to 105 cm
after the focusing mirror). Each frame in the movie shows a snapshot of the pulse at locations
1 mm apart along the direction of travel. As seen in the movie, the early generation of plasma
causes the back of the pulse to refract outward to form a ring. As described by Kim et al. [9],
some beam energy at wider radii misses the plasma and continues to converge toward the axis
downstream. This effect is enhanced for the apertured beam (which has an elongated focal
region) and accounts for the dual focus when the gas is introduced. We find that the peak density
of generated plasma represents about 2% ionization of the neutral medium. The combined
ionization and pondermotive-excitation energies represent 3% of the available pulse energy,
which we approximate as undepleted in the simulation. This is consistent with our experimental
measurement, which showed that the energy lost in the interaction was less than 10% (an upper
limit set by the uncertainty in our energy measurement).

Experimentally, we previously measured fluence profiles of our pulse in the region of the
focus [1, 2]. To compare with the data in those reports, Fig. 1(c) shows a line-out of the time-
integrated intensity, or fluence in units of energy per area from the simulation. These radial
fluence profiles exhibit several key features in agreement with experimental data, including the
occurrence of a flat-top profile noted by Tosa et al. [10]. The simulations reveal that the flat-top
profile arises from a combination of the undistorted front of the pulse and the ring structure at
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Fig. 2. (a) The on-axis fluence from the experiment (dots) and simulation (line), and the
calculated peak pulse intensity as a function of axial position in the focus. (b) FWHM
values for the fluence along the propagation axis given by simulation (line) and by exper-
iment (dots). The propagation axis location is given as a distance from the focusing optic
( f = 100 cm).

the back of the pulse. As some of the outer energy continues to converge downstream where
the intensity and plasma generation is less, there is a modest axial resurgence of fluence, giving
rise to the second focus. This effect is enhanced by the unique focal geometry of the apertured
beam; although it is present for a Gaussian beam, it is insufficient to produce a second focus.

Figure 2(a) shows the peak pulse intensity and the on-axis fluence as a function of axial
position in the focus. Our previous experimental fluence measurements are also shown for
comparison. As is evident, the peak intensity continuously decreases after an initial maximum.
In contrast, the fluence undergoes a second local maximum. This implies an increased pulse
duration at that location. Figure 2(b) shows the full-width-at-half-maximum of the fluence as
the pulse propagates in the simulation. Note that the simulation reproduces the experimentally
observed double focus profile [3,4]. Importantly, the dual focus arises without the need for Kerr-
style filamentation that we previously suggested. This dismissal of a substantial Kerr effect is
consistent with the fact that the peak power is an order of magnitude below the critical level
for self-focusing. In fact, including or not including the Kerr effect at the accepted value [6]
has almost no impact on the simulation. In contrast, if plasma generation is switched off in the
simulation, the pulse propagation is virtually identical to that in vacuum.

The spectral blueshift of the simulated pulse at the nominal focus is 6 nm, which is in rea-
sonable agreement with the experimentally observed blueshift of 4 nm. The overall agreement
between the simulations and the experimental measurements lends confidence that the simula-
tion code captures the essential physics of the pulse-medium interaction. The simulations can
therefore be employed with reasonable confidence to investigate dynamic phase matching of
high harmonics in our setup.

4. Phase matching

Phase mismatches in the high-harmonics generating process come from two sources: 1) con-
ventional phase mismatches, which arise from the Gouy phase shift and the refractive index
of the neutral atoms and generated plasma; 2) intrinsic phase mismatches, which arise from
variations in the laser intensity. For harmonics in the plateau, the intrinsic intensity-dependent
phase is expected to follow φint = −πI/2.5× 1013 W/cm2 for our laser frequency [11] (based
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Fig. 3. Movie of coherence lengths of the 75th harmonic for each point on the pulse for
(a) conventional and (b) intrinsic intensity-dependent phase. Coherence lengths have been
capped at a reabsorption limit of 2 cm (dark red). (c) Movie of the fifth power of the laser
intensity multiplied by the square of the coherence length (including both conventional and
intrinsic phases) at each point on the pulse. The white contour lines indicate laser intensity.
The dark red color in (c) indicates strong harmonic generation in arbitrary units. (4.2 MB)

on φint = −5.8Up, where Up = 1 in atomic units corresponds to a ponderomotive potential of
27 eV). This can easily produce phase errors greater than π if the intensity of a given point on
the traveling laser pulse varies by more than a few percent as the pulse propagates. Figures 3(a)
and (b) show the forward-directed coherence lengths for each point on the pulse, based sepa-
rately on the conventional and the intrinsic intensity-dependent phase mismatches, respectively.
The coherence lengths, which are for the 75th harmonic, are computed by comparing the phase
at a particular point in a frame with the phase of the corresponding points in past frames to find
the maximum distance wherein the harmonic phase varies less than π . The coherence lengths
were capped in the calculations at an estimated reabsorption limit of 2 cm [12].

The coherence length for the conventional phase shown in Fig. 3(a) is many millimeters long
near the regions of high intensity. This good phase matching stems primarily from a fortuitous
cancelation between the phase due to the linear index and the Gouy shift. (The index for the
fundamental in 80 torr helium is 1 + 3.8× 10−6, whereas it is 1− 2.7× 10−7 for the 75th
harmonic. [12]) The aperture has the effect of linearizing the Gouy shift with axial position
in the focus. This linearized Gouy shift, together with the phase error arising from a limited
amount of plasma, tends to cancel with the linear dispersion of the neutral gas. In the case of
decreasing intensity with z, the intrinsic phase mismatch shown in Fig. 3(b) introduces a phase
slip with the same sign as that arising from the neutral gas.

The energy of harmonic emission depends nonlinearly on the laser intensity, which we ap-
proximate with a fifth-order power law (although a third-order power law, for example, gives
qualitatively similar results). Efficient high-harmonic generation requires both high-intensity
and good phase matching. Figure 3(c) shows the fifth power of the laser intensity multiplied
by the square of the coherence length, computed with the combined conventional and intrin-
sic phases (not shown). In each frame, one can see the portions of the pulse that contribute to
overall harmonic emission, assuming the harmonics exit into vacuum following the frame and
continue on to a detector (as was done in the experiment by scanning the exit foil to different
axial positions). The best overall phase matching occurs near z = 101 cm, where the separate
phase mismatches indicated in Figs. 3(a) and (b) have similar magnitudes and opposite signs.
Near the front of the pulse, the coherence length exceeds the reabsorption limit of 2 cm, in
agreement with earlier direct experimental observation. On the other hand, as plasma is gener-
ated on the rear of the pulse, that portion of the pulse experiences poor phase matching.
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Fig. 4. (a) The calculated (solid line) and measured (dots) overall emission for the 75th
harmonic with an aperture in the beam. Also plotted is calculated overall emission for the
same harmonic with an unapertured pulse (dashed line). (b) Beam phase due to the Gouy
shift for an apertured (solid line) and an unapertured (dashed line) beam.

By integrating each snapshot in Fig. 3(c) radially and longitudinally, the total harmonic en-
ergy emerging from each longitudinal step can be calculated. Figure 4(a) shows the calculated
overall emission for the 75th harmonic at each longitudinal step. Our experimental results for
the same harmonic are also shown for comparison. We find that the vast majority of the har-
monic output comes from the forward part of the pulse, before significant ionization. The result
is hardly affected if we exclude regions wherein ionization exceeds 10% of the peak amount.

We have observed experimentally that opening the aperture located before the focusing lens
decreased the harmonic output by about an order of magnitude [13]. Our simulation also shows
this dramatic behavior, which is plotted in Fig. 4(a). Since the simulation uses a smooth input
beam, the aperture effect does not arise merely from spatially cleaning the laser beam. Rather,
it is due primarily to linearizing the rate of the Gouy phase slip in the apertured case, as seen in
Fig. 4(b). This is consistent with the analysis by Kazamias et al. [14] on the aperture effect.

5. Conclusion

Simulations demonstrate that the interplay between the focusing geometry of the apertured
beam combined with refraction from plasma generation is responsible for the double focus
observed in our experiments. Kerr-style self-focusing does not appear to play a role. The agree-
ment between the simulations and the various experimental measurements lends credibility to
using the simulations to assess phase-matching of high-order harmonics. The simulations sug-
gest that the high harmonics produced in our helium-filled cell comes almost entirely from the
forward, undistorted portion of the laser pulse. Harmonics are suppressed in the rear portion
of the pulse that undergoes significant ionization. Thus, the self-guiding of the pulse and the
occurrence of the second focus in fluence are only incidental in the sense that they arise from a
part of the pulse that does not contribute to the high-harmonic output. The good phase match-
ing we have observed experimentally arises in large part from the balancing of the linear index
against the the Gouy shift, which varies almost linearly in z when an aperture is partially closed
on the pre-focused beam. The intrinsic phase mismatch and that arising from a modest amount
of plasma also participate in minimizing the phase mismatch.
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