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ABSTRACT

COMPUTATION OF TWO-CENTER TWO-ELECTRON INTEGRALS

FOR EXCITED-STATE CALCULATIONS

Daniel S. Jensen
Department of Physics and Astronomy

Bachelor of Science

Four-orbital integrals containing the Coulomb kernel are computed to describe
the interaction between two electrons as needed in most excited-state calcula-
tions. We outline their use in both time-dependent density-functional theory
and Gorling and Levy perturbation theory to find the excited-state proper-
ties of many-electron systems. The complete derivations are included to show
how these six-dimensional integrals are simplified so that only three- or four-
dimensional numerical integrations are required per integral. All numerical
integrations are performed via the adaptive Simpson’s rule. The integrals are
computed and stored for use in the ab initio density-functional theory FIRE-
BALL program. The integrals for each of the three distinct types of orbital
arrangements are plotted for interactions between carbon and hydrogen atoms

as a function of separation distance.
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Chapter 1

Introduction

1.1 Motivation

Many theoretical discoveries in physics are made through the study of optics. Two
important examples in quantum mechanics are Bohr’s model of the hydrogen atom
and the explanation of the Zeeman effect. These theories were developed when the
current models failed to explain the observed spectrum of hydrogen. Although the
optical properties of hydrogen are now well understood, the optical properties of larger
systems are much more difficult to model. Time-dependent density-functional theory
(TDDFT) and Gorling and Levy perturbation theory (GLPT) are two promising

methods for obtaining these optical properties for many-body systems.

1.2 Approximate Solutions of the Schrodinger Equa-
tion

The Zeeman effect and other excited-state properties of hydrogen are all predicted by

solutions to the Schrodinger equation [1]. Unfortunately, solving Schrédinger’s equa-

1



1.2 Approximate Solutions of the Schrodinger Equation 2

tion exactly for the ground-state or excited-state properties of multielectron atoms
is intractable. The complexity of Schrodinger’s equation further increases when mul-
tiple atoms are considered as seen by writing out the complete time-independent,

non-relativistic form of the equation in atomic units [2]:

~

H\I/Z‘<'I"1,...,'I"N,R1,...,RM) :Ei\lli('rl,...,'rN,Rl,...,RM), (11)

where H is the Hamilton operator:

s 1 & 1
B33 R My

=1 A=1
+ZZ ZMji dadn (1.2)
i=1 j>i 7 _TJ| A=1 B>A A_RB‘

In equations 1.1 and 1.2 capital letters refer to the M atoms, lowercase letters refer
to the N electrons, M4 is the mass of nucleus A, Z, is the charge of nucleus A, ¥, is

the wave function describing the system, and FE; is the energy of the state W;.

1.2.1 Born-Oppenheimer Approximation

The Born-Oppenheimer approximation is usually the first approximation made to re-
duce the complexity of the Schrédinger equation. In this approximation Schrodinger’s
equation is solved first with the electronic Hamiltonian:

el“z"zw ZZ‘T ~Ri *ern—m Y

i=1 A=1 i=1 j>1

in which the kinetic energy of the nuclei, —% Z%:l MLAV?L‘, is assumed to be zero and

the repulsion between the nuclei, Zi\{:l Zj\si AT ZaZs_ s assumed to be constant.

R,—-Rg|’
The solution to Schrodinger’s equation with the electronic Hamiltonian is called the

electronic wave function, ¥..., with corresponding electronic energy, F..., and both

quantities depend parametrically on the nuclear coordinates. Omnce the electronic



1.2 Approximate Solutions of the Schrodinger Equation 3

problem is solved, the Schrodinger equation is solved using the full Hamiltonian shown
in 1.2 but this time with the electronic part of the Hamiltonian, H.. replaced by F...
Thus the Born-Oppenheimer approximation solves the Schrodinger equation twice:
the first time by treating the nuclei as fixed and the second time by averaging the
electronic coordinates. This approximation is successful because the nuclei are much
heavier than the electrons, (often 20,000 times or more for atoms like carbon [2]), and
therefore move much slower than the electrons. For a qualitative introduction to the

Born-Oppenheimer approximation see [3].

1.2.2 Hartree-Fock Approximation

Building off of the Born-Oppenheimer approximation, the Hartree-Fock approxima-
tion further simplifies the Schrédinger equation by making several additional assump-
tions. The main assumption is that the N-electron wave function can be approxi-
mated by a Slater determinant, which is an antisymmetric wave function composed of
N one-electron wave functions [3]. The spin orbitals in each wave function of a Slater
determinant are then varied so as to form new wave functions while maintaining their
orthonormality. The expectation values of all of these possible Slater determinants
are found using the full electronic Hamiltonian operator 1.3 and the one that yields
the lowest energy is the closest approximation to the exact wave function according
to the variation principle.

Although in principle the expectation value of each Slater determinant with the
electronic Hamiltonian operator could be computed to find the wave function that
produces the smallest energy, in practice a different procedure is used. This procedure
involves solving a minimization problem using the nonlinear Hartree-Fock equations.
Due to the nonlinearity of the equations they must be solved iteratively by the self-

consistent-field method. If we closely examine the Hartree-Fock equations we find
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that the electron-electron interactions in the Hartree-Fock approximation involve an
averaging, that is, each equation has a potential energy term formed by the interaction
between one electron and the average of the other electrons. This averaging basically

reduces the many-electron problem to a one-electron problem.

1.2.3 Density-functional Theory

Density-functional theory (DFT) also uses the Born-Oppenheimer approximation but
differs from the Hartree-Fock approximation mainly in its focus and basic variables. In
Hartree-Fock theory the N-electron wave function is the basic quantity being derived
and it depends on 4N variables, (3N spatial variables and N spin variables), whereas
the basic quantity for density-functional theory is the electron density, which depends
only on three variables. The usefulness of this change of focus from the N-electron
wave function to the electron density comes from the Hohenberg-Kohn theorems.
These theorems state that a unique mapping exists, in principle, between the ground
state density and the ground state energy of a given system [2].

Density-functional theory based on the Kohn-Sham approach is, in principle, ex-
act. Unlike Hartree-Fock theory, which introduces an approximation right from the
start by using Slater determinants as approximations to the N-electron wave function,
density-functional theory only contains approximations in the exchange-correlation
potential. This potential contains a portion of the kinetic energy that cannot be
treated exactly and the non-classical exchange and correlation effects [2]. Many ap-
proximations to the exchange-correlation potential exist such as the local-density
approximation (LDA) the generalized gradient approximation (GGA) etc. and their
accuracy has the greatest influence on the quality of the density-functional approach.

The mathematical machinery used in DFT is very similar to that found in the

Hartree-Fock method. In the Kohn-Sham formalism of DFT we again have a min-
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imization problem of nonlinear equations which must be performed using the self-
consistent-field method. These nonlinear equations are called the Kohn-Sham equa-
tions and the orbitals that yield the smallest energy in the minimization are termed
the Kohn-Sham orbitals. Although Slater determinants of these orbitals do not pro-
duce the exact wave function of the system in question, they do prove to be very

useful in excited-state calculations.

1.2.4 Time-dependent Density-functional Theory and Gorling

and Levy Perturbation Theory

The Kohn-Sham orbital energies found in DFT play a very important role in both
time-dependent density-functional theory (TDDFT) and Goérling and Levy pertur-
bation theory (GLPT). Both TDDFT and GLPT use the Kohn-Sham eigenvalue
differences as a starting point for finding the excitation energies of a given system.
Both theories also need additional integrals containing the Coulomb interaction kernel
in order to correct these eigenvalue diffences and find the true excitation energies.
The Kohn-Sham eigenvalue differences play a key role in GLPT. Gorling shows
in [4] that these differences are well-defined approximations of the excitation energies.
This result is achieved through a combination of his Kohn-Sham formalism for excited
states and the DFT perturbation theory first described in [5]. Based on this approach,
which is exact in principle, the first order correction to the Kohn-Sham eigenvalue

differences is:
'AE (T, i — v) = (¢] 02" — 0y [n0] |60) — (#1]0z [n0] |60) — (vilvi) (1.4)
for the triplet state and

'AE(S,i—v) = (@u|0)" — 0 [n0] [¢0) — (dil 02" — b2 [n0] ) — (vilvi) + 2 (viliv)
(1.5)
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for the singlet state [4]. In 1.5 and 1.4 7 is a nonlocal exchange operator, ¥, [ng] is

the local density exchange potential, and

(ijlst) = /dr/dr’cﬁ? (r) &5 (r) és (7) &1 (7') / [ — 7' (1.6)

In these transitions one electron is being excited from an occupied Kohn-Sham orbital
¢; to an unoccupied orbital ¢,. It is important to note that none of the integrals in 1.5
and 1.4 involving the Coulomb interaction kernel, 1/ |r — 7’|, are needed in DFT so
incorporating GLPT in a normal DFT program requires the additional computation
of these integrals.

TDDFT also uses the Kohn-Sham eigenvalue differences and two-electron integrals

involving the Coulomb interaction kernel in its calculations of excited-state energies

[6].

1.3 Additional Two-electron Integrals

Due to their common basis in density-functional theory (DFT), TDDFT and GLPT
are particularly attractive theories for finding the optical properties of many-body
systems. Unfortunately, both TDDFT and GLPT require additional two-electron
integrals containing the Coulomb interaction kernel as shown in 1.2.4 and 1.2.4. The

computation of these integrals for use in TDDFT and GLPT is the main focus of this

paper.



Chapter 2

Computation of Coulomb and

exchange integrals

The two-electron integrals that describe electron interactions for use in time-dependent
density-functional theory, (TDDFT), and Gorling and Levy perturbation theory,
(GLPT), are challenging both theoretically and computationally. In this paper we
show how to compute these two-electron integrals composed of the Coulomb operator
and four fireball orbitals. By only considering two-center integrals and making other
analytical considerations we significantly reduce the complexity of these integrals so

as to effectively compute them for use in the FIREBALL program.

2.1 Orbital Composition

The atomic orbitals in our four-orbital integrals are slightly excited pseudo-atomic-
orbitals commonly called fireballs. These orbitals are each composed of a radial wave-
function multiplied by a corresponding real spherical harmonic. The radial wavefunc-

tions are created using a Herman-Skillman-like program [7] and are slightly excited
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Radial wavefunctions
4.5 T T T

T
S orbital on H atom ——
S orbital on C atom
P orbital on C atom --------

Radial probability

Distance from origin (A)

Figure 2.1 Radial fireball wavefunctions for hydrogen and carbon have
finite cutoffs.

due to their finite cutoffs. (For more information on how the finite cutoffs are chosen
see [8].) Although complex spherical harmonics are easier to work with theoretically
we use real spherical harmonics (RSH) because the orbital rotations in the FIREBALL
program are based on RSH. (It is possible to perform the integrations using complex
spherical harmonics and then convert the answers to real spherical harmonics but this
requires additional computational time and memory.) For other advantages to using
RSH and to see their relationship to complex spherical harmonics see [9].

Using the radial wavefunctions and spherical harmonics described above we can
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write a general fireball orbital ¢ centered at the origin as

V2sin (jm| ¢)if m < 0
Pijm| (cos0) ¢ 1ifm =0 (2.1)

V2 cos (me) if m > 0

2 +1) (I — |m|)1 2
4t (I + |m])!

=R(r) (

where R (r) is the radial wavefunction, P, |, (cosf) is the associated Legendre poly-
nomial without the (—1)" Condon-Shortly factor, € is the angle between the z-axis
and the radial vector r, and ¢ is the angle between the x-axis and the projection of
the radial vector on the x-y plane. To help visualize these orbitals the radial wave-
functions for hydrogen and carbon are shown in Fig. 2.1 and their corresponding

spherical harmonics are seen in Fig. 2.2.

2.2 Two-electron integrals

The two-electron integrals that we compute for excited-state calculations are com-
posed of the product of four fireball orbitals and the Coulomb kernel all integrated
over the spaces of both electrons. (For those readers familiar with Hartree-Fock
theory, linear combinations of these integrals can be used to form the Hartree and ex-
change integrals.) The four fireball orbitals can be located on one, two, three, or four
different atoms to form what are called, respectively, one-, two-, three-, or four-center
integrals. At this point in time we restrict ourselves to the computation of one- and
two- center integrals based on the assumption that the three- and four-center integrals
are very small at normal molecular bonding distances.

In the FIREBALL program all integrals are precomputed on a numerical grid and
stored in tables. When the integrals for specific geometries and configurations of

atoms are needed their values are found by interpolation and rotation of the tabular
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values. Since we are only considering one- and two-center integrals we use a similar
setup found in [7] for the kinetic and overlap matrix elements. In this setup the first
atom lies at the origin and the second atom lies on the z-axis a positive distance d
from the first atom. We are able to compute both the one- and two-center integrals
with the same code because the two-center integrals are really one-center integrals
when d = 0. With this arrangement of atoms we have three unique types of two-
electron integrals to compute based on the position of the fireball orbitals. We call
these three types of integrals no-overlap, one-overlap, and two-overlap integrals.

The no-overlap integrals have two orbitals centered on the first atom in the first
coordinate system and two orbitals centered on the second atom in the second coor-
dinate system. The one-overlap integrals have two orbitals centered on the first atom
in the first coordinate system, one orbital centered on the first atom in the second
coordinate system, and one orbital centered on the second atom in the second coor-
dinate system. The two-overlap integrals have one orbital centered on the first atom
in the first coordinate system, one orbital centered on the second atom in the first
coordinate system, one orbital centered on the first atom in the second coordinate
system, and one orbital centered on the second atom in the second coordinate system.
Diagrams of these unique arrangements can be seen in Fig 2.3.

The ¢ integrations in both coordinate systems of all three integral types described
above are performed analytically thus leaving at most four dimensions of these six-
dimensional integrals to be integrated numerically. With the aid of Gaunt’s formula
[10] the € integration in the first coordinate system of the no- and one-overlap integrals
can also be performed analytically thus leaving three dimensions to be integrated
numerically. These remaining numerical integrations are performed using an adaptive
Simpson quadrature routine as described in [11] but with a recursive approach as

opposed to the suggested stack approach. The complete integral derivations are
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No-overlap layout

One-overlap layout

Two-overlap layout

Figure 2.3 Placement of orbitals on different atoms to form two-, one-, and
no-overlap integrals.
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13

shown in Appendix A.



Chapter 3

Results and Conclusions

Plots of all unique two-center two-electron integrals needed for excited-state calcu-
lations are displayed below. Since all of these integrals contain the Coulomb op-
erator as explained in chapter 2 we do no write it explicitly for each integral in
order to save space. We use Dirac’s notation to distinguish between integrals so that
(100,21 — 1]|210,211) means that orbital A is a s orbital, orbital B is a p, orbital,
orbital C is a p, orbital, and orbital D is a p, orbital where orbitals A, B, C, and D
appear in the same order as shown in the derivations of appendix A. The first number
describing each orbital is the shell number while the second and third numbers are

the [ and m values respectively.

3.1 Results

The no-overlap integrals for the hydrogen-hydrogen, hydrogen-carbon, and carbon-
carbon interactions are shown in figures 3.1, 3.2, and 3.3. All of these integrals have
an absolute error of 10~* and the grid between the two atoms has a spacing of 0.05

A. Notice that the integrals with squared orbitals in both the bra and the ket follow

14
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Figure 3.1 First plot of no-overlap integrals for hydrogen and carbon atoms.

a strict 1/d relationship after about 4 A where d is the separation distance between
the two atoms.

The one-overlap integrals for the hydrogen-hydrogen, hydrogen-carbon, and carbon-
carbon interactions are shown in figures 3.4, 3.5, 3.6, 3.7, 3.8. All of these integrals
have an absolute error of 1074 and the grid between the two atoms has a spacing of
0.05 A. Notice that at a 3.5 A separation distance between the two atoms the absolute
value of all of the one-overlap integrals is less than 0.12 eV.

The two-overlap integrals for the hydrogen-hydrogen, hydrogen-carbon, and carbon-
carbon interactions are shown in figures 3.9, 3.10, and 3.11. All of these integrals have
an absolute error of 107* and the grid between the two atoms has a spacing of 0.05
A. Since the sum over ! does not terminate for the two-overlap integrals, (see A.2),

we stop the summation at [ = 4, at which point the contributions to the integral are
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Figure 3.3 Third set of plots of no-overlap integrals for hydrogen and carbon
atoms.
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Figure 3.4 First set of plots of one-overlap integrals for hydrogen and
carbon atoms.
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carbon atoms.
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Figure 3.7 Fourth set of plots of one-overlap integrals for hydrogen and
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less than 1073 eV. Notice that at a 2.75 A separation distance between the two atoms

the absolute value of all of the two-overlap integrals is less than 0.18 eV.

3.2 Conclusions

Although all three types of two-center two-electron integrals studied here make signif-

icant contributions to the integrals needed for excited-state calculations, it is obvious

from our plots in 3.1 that the no-overlap integrals make the largest contribution.

Furthermore, the no-overlap integrals with squared orbitals in both the bra and the

ket make significant contributions even at large separation distances due to their 1/d

relationship, where d is the separation distance between the two atoms.

It is also

apparent from the aforementioned plots that in general the one-overlap integrals are

larger in magnitude than the two-overlap integrals.
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Figure 3.10 Second set of plots of two-overlap integrals for hydrogen and
carbon atoms.
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Figure 3.11 Third set of plots of two-overlap integrals for hydrogen and
carbon atoms.

Our derivations of the two-, one-, and no-overlap integrals show that it is possi-
ble to perform two-center two-electron integrals with real spherical harmonics versus
the more commonly used complex spherical harmonics. Instead of relying on the
Clebsch-Gordon coefficients for the analytical evaluation of integrals with three com-
plex spherical harmonics, we use Gaunt’s formula to analytically integrate products
of three associated Legendre functions. We also use a phase factor in the ¢ and ¢’
integrals to write all of the terms as cosine terms and analytically integrate their sum.

As efficient as our computations of the two-center two-electron integrals are,
there are many improvements that could be made. Although our adaptive Simp-
son quadrature subroutine is much improved over the normal Simpson quadrature
subroutines used throughout FIREBALL, there do exist more efficient quadrature al-

gorithms such as Gauss-Kronrod and Clenshaw-Curtis quadrature. What’s more,
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these other quadrature methods are much better at handling discontinuities such as
those resulting from the Coulomb operator. We have also found that the Monte-Carlo
based quadrature rules found in the Cuba library (see [12]) are very efficient at com-
puting these two-electron integrals even when left as six-dimensional integrals. The
ability to compute these six-dimensional integrals numerically may lead in the future

to the inclusion of three- and four-center integrals.
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Appendix A

Two-electron integral derivations

In the following derivations number subscripts refer to atoms and letter subscripts
refer to orbitals. All integrals without limits indicate integration over all space. Let
R; be a vector in the r coordinate system that gives the location of the ith atom
and ¢, (r) = R, (1) Yi, m, (0,9) be a specific type of orbital (i.e. ¢, () is a s orbital
when [, = 0 and m, = 0). Each orbital consists of a radial wave function R, (r)
and a real spherical harmonic Y;, ,,, (f,¢). Thus orbital x located on atom 4 can be
written as follows: (Diagram and further explanation of §; and ¢;. The associated

Legendre polynomials do not contain the Condon-Shortley factor.)

G (1 — Bi) = Ry, (|7 = Bal) Y m,, (03, 03) = By (i) Yo, m,, (03, 1)

Vasin (jm, | 67) if m, < 0
Py, jm,| (cos0;) < 1if m, =0

V2 cos (mug;)ifm, >0

(2lu +1) (lu - |mu|>! 2
4m (lu + ’mul)!

=Ry, (r;)

25
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With the above notation a general four-center two-electron integral with the Coulomb

kernel can be written as

62

/drgbA (r—Ry) ¢p(r — Ry) / dr’ dc (1" — R3) dp (r' — Ry)

=

_ 62/dr¢A (r— Ry) 65 (r — Ry)

/dr’ T i (2= 6n0) 8 — Z;z (T;lfl) P (cos )

1>

Bym (cos ') cos [m (¢ — &) ¢c (r' — Rs) op (r' — Ry)

|

_ 6222 (1 —m;‘ /dTRA (1) Yiama (61, 1)

(l+m

I
72) Yigmp (02, ¢2) P (cos 0) /d'r/ <Tl1—+<1) Py (cos )

1>

=
t

(2 = o) cos [m (¢ — @) Re (5) Yig e (03, 05) B (13) Yip mp, (63, 6)

—e S I [ anRa ) o ()

/dQYlA,mA (01, 01) Yigmp (02, ¢2) P (cos 0)

l

:
J 0002 (115 ) Re ) R () [ d90Yicme (065) Vi (006

1>

Py (c0s0") (2 = 0pm) cos[m (¢ — ¢')],

where we have used the Addition Theorem for spherical harmonics to replace the
1/ |r — 7’| term with a double sum of associated legendre polynomials multiplied by

cosine terms (see [13]).

A.1 Two-center integrals

Consider the cases where all orbitals are centered on only two atoms. These integrals

are commonly known as two-center integrals. We place the center of the first atom
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at the origin and the center of the second atom a positive distance d from the first
atom along the z-axis. One of the benefits of such an arrangement is that ¢; = ¢»
and ¢} = ¢, so we can let ¢ = ¢ = @5 and ¢/ = @] = ¢,. We call the three unique
cases that arise depending on which orbitals lie on which atoms the two-, one-, and

no-overlap integrals. The general equation for these integrals is

S
Z Z = m)| / (r1)*driRa (1) Rp (T1or2) /dQYlA,mA (01,0) Yigmp (B10r2, 9)

=0 m=0

~

Tl
P costy) [ (017" (15 ) Re (o) R (03) [ 490Yicine (010 )

1>

Yipmp (03, 6") Prm (cos0y) (2 = 6m,0) cos [m (¢ — )]
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Both the ¢ and the ¢’ integrals can be solved analytically after expanding the real

spherical harmonics as follows:

— Z Z (1 — m)' /(7’1)2 driRs (r1) R (T10or2) /dQle (cosBy)

( , )(l | |>' ) ﬂsin(\mA\¢)ifmA<0

2A+1 A — |Tal): 2

[ o (ZA+|mA|)!:| P, jm.a) (cos by) lifmy =0
V2cos (mag)ifmy >0

(2 +1) (1a — ms)!] von sl )it <0
{ Zw (z§+|m§|)!} Bip mp| (05 O10r2) 1if mp = 0
V2 cos (mp@)if mp > 0

l
[ 0002 (215 ) Re0wa) R (5 [ P fcost) (2= B cosm 6 = &)

1>

(Rl +1) (e~ e} Vsin (fmel ¢) i me <0

200+ 1) (lc — Ime])!] 2

|i 4 (lo—i—’mc|)l:| PZC’|mC|(COS‘9/10r2> 11fmC:O
\/Ecos(mcgb’) if mg >0

Cip+1) (ip — o) V2sin (Imol ¢) fmp <0
2D+1 D — |Mpl): 2
[ ir <zD+|mD|>!} Floimo (0039 Hitmp =0

V2 cos (mp¢')if mp >0
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o 1 3 ~ Imp)?
_ ! > (l—m)? |:(21A+1) (gA_ |mA|):} {(213+1> (;3 Ims|)!

1672 2= 2= (I + m)! (La + [ma))! (U5 + [mz))!

ﬂsin(]mA] ¢) ifmy <0
/ 0P, 1 (€08 61) oy ) (€0861) Py g (€05 01012) Lif g = 0
V2cos (mag)ifmy >0
V2sin (|mp|¢)if mp < 0
l
titm =0 | [ 000 (55 ) Re 0l R0 )
1>
2cos (mpo)if mp >0
/dQ le C089 Plc Imc| (cos 910r2) P jmpl (0089 ) (2= 0m )COS[ G ¢,)]
V2sin (|me| @) if me < 0 V2sin (lmp| ¢')if mp < 0
11fmc—0 11me:0

QCos (meg')if me >0 V2 cos (mp¢')if mp >0
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l
(I —m)! o0
Z (l+m) ClA maClg,mpCle,mcClp,mp ; (7’1)2 dTlRA (7”1) RB (T10r2)

sin 01d61 Py, (€08 61) Pry jma) (€08 61) Pry | (€08 010r2)

I
[

1>

sin 61d6; Py, (cos 0) Pig jme| (€08 0] or0) Pip jmp) (€O 605)

V2sin (|ma| @) if ma <0 V2sin (|mp|¢)if mp < 0
7T2 27
— | di lifmy =0 lifmp =0
™ Jo

V2cos (mag)ifmy >0 V2cos (mpo)if mp > 0

/Oﬂdqba@ o) €08 [m (6 — &)

V2sin (|me| @) if me < 0 V2sin (|mp|¢')if mp < 0
lifmec =0 lifmp =20
V2 cos (meg') it me >0 V2 cos (mp¢')if mp >0
Z fo l_ m 'Cl maClg,mpClc,mcClp,m /Oo (7’1)2 drlRA (Tl) RB (T10r2>
]_67T2 e = m A,iA~B,MpB~tc,Mc~tp,Mp 0

00 ’I“l
/0 sin 61d61 Py, (cos 01) Pr, jm.a (€08 01) Pryy | (cos 910r2)/0 (r)? dr! (ﬁ)

1>

R (1 or2) R (1) / S 030 Py (03 05) P s (€05 0 15) Py (c5 05)
0

7T2 : phlphlp (m7 ma,mp,mc, mD)
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where we have let

_ 1132
Clyim, = (QZH + 1) M} 7

(lu+ |mu|)!

mmin = max (|[ma| — |msl|, [[mc| = [mpl),
mmax = min (||ma| + |mzl|,||/mc| + |mpl|, 1), and
, V2sin (|mya| ¢)if m, <0
phiphip (m, my1, myue, mys, mus) = %/0 do lifmy, =0
V2 cos (m,n¢)if m,, >0
V2sin (|mys| ¢)if m,s < 0

27
i my = 0 | ot 2= 50 coslm (0 - )
V2 cos (my2¢)if mys >0

V2sin (|mys| @) if mus < 0 V2sin (|mya] @) if mu, < 0
Lif mys = 0 1if myy = 0
V2 cos (mysd)) if mys > 0 V2 cos (M) if myy > 0

For a complete derivation of the phiphip integral see A.4.

mmax

l —m)!
=16 Z Z T m) ClA maCly,mpClo,meClp,mp PRPWIP (M, ma, mp, me, mp)

=0 m=mmin

/ (r1)* driRa (r1) Rp (rlorg)/ sin 6, d6, P" (cos 0;) P| mal (cos 6;)
0 0
m * / / /rl / /
1>

/0 sin 61d0] P" (cos 6) Pl‘;nCl (cos b .,5) Pl‘;”" (cos 65) (A1)

A.2 Two-overlap integrals

In our canonical ordering for the two-overlap integrals we place orbitals A and C on

atom 1 and orbitals B and D on atom 2. Applying this definition to A.1 allows us
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to write the general two-overlap integral as

1
:EZ Z (l_i_—Tn;'ClA,mAclB,mBClcmCClD,mDphlphlp(m ma, Mg, Mc, Mp)
/ ()2 dri R (1) R (r2) / sin6,d6, P (cos 6,) P (cos )
0 0

m > / / Tl ! !
Pz|B 5 (cos 92)/ (r)? dr, (%) Re (r}) Rp (r5)

0 1>

/ sin 07d0; P (cos 6}) Pl‘;nCl (cos07) Pll;nD‘ (cos 05) .
0

Since the ¢ integrals have already been computed we are only left with integrals in r

and 0, which can easily be arranged into polar coordinates:

mmax

(I —m)! L
E , § : l+m ClA,mAClB,mBClc,mcch,mD phiphip (m>mA>mB7m07mD)

=0 m=mmin

/ rldrl/ dfirysin01 Ry (r1) Rp (r2) P (cos ;) P‘ mal (cos by )Pl mp| (cos )

/ rldrl/ dfyry sin 0} ( l+1) Rec (1)) Rp (1)

Pi" (cos6) B! (cos6;) P! (cos 0)

Now we switch from polar coordinates to cartesian coordinates: p = rsinf, z =

rcos, tanf = £, r = VR4 22, J rdr [ doy = [7_dz [ dp. To shorten the
derivation we continue to use the r variable but with the understanding that it is now
a function of z and p: 71 (2,p) = /22 + p%, 1o (2,p) = /(2 —d)* + p2.  With this
notation we can write sinfy = p/rqy, costy = z/ry, and cosfy = (z — d) /ry. Since

p1 = p2 we let p = p; = po so that the two-overlap equation becomes:
mmax

(I —m)! .
E E l + m ' lA,mAClB,mBClC,mCClD,mD phlphlp (m7 ma,mp, mc, mD)
=0 m=mmin

/ dzl/ dpri~Fa(r1) Rp (r2) P (r_l) P (1"_1) Py (r_g)
/ N T1< Pl pine pinol
s [Capn e (B5) Re 6 o () %
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Since our orbitals are FIREBALL orbitals (see [7]) they have finite radial cutoffs that
we will write as rcy, rcg, rcg, and rcp.  These finite cutoffs affect the limits of

integration as follows: (see diagrams for more info)

1 o0 mmax l -m ! . '
- 16 Z Z El + m;; Cl,maClp.mp Cle,me Clpmp PHIPHIP (M, ma, mp, ma, mp)

=0 m=mmin

min(rc4,d+rcg) min(\/rCQA —zf,\/rczB —z%) 2
/ dz / dpip1Ra (1) Rp (r2) B (—>
max(—rca,d—rcg) 0 1
min(rce,d+rep) min \/rc% f(zi)Q,\/rczD 7(zé)2
o (2 e (2) [ o [ ( ) as
r T2 max(—rco,d—rcp) 0

rt m {21 m 2 m 2
(45 ) reehro Gy p () et (2 ppel (2)
1> 1 1 2

A.3 One- and no-overlap integrals

Now we consider the cases where both orbitals A and B are on atom 1 and therefore

are centered at the origin.

1 [ —m)! o
16 Z Z (l + m)[ ClamaClgmpClemcClpmp phlphlp (m7 ma,mp, Mc, mD)

/ (r1)* driR4 (r1) Rp (r1) / sin 0,d6; P (cos 6;) PZT“‘l (cos ) B':Bl (cosby)
0 0

o8] l ™
[T (55) Re G Ro o) [ sindtar
0 0

1>

P (cos0y) P (cos By ,,0) PP (cos 0))

D

Since the phiphip (m, ma, mp, mc, mp) function must have m = |ma| + |mpg| or
|ma| = m+ |mp| or |mp| = m + |ma| to be nonzero we can apply Gaunt’s formula

to the 6, integral after a simple change of variables (u = cos#;) and multiplication
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- 16 Z Z L+ m)! ClAWZAClB mpCle.me Clpmp PHIPHID (M, ma, mp, mo, mp)
[T s e @ (5 [ durr @ R 0 P )
00 l 0
/ (r)? dr! (%) R (1) Rp (15) / sin 0,d0; P (cos 6)
0 0

1>

PV (cos 0 orp) P (cos 0y)

Imax mmax

(I —m)! .
-3 Z Z (+m) ClAvaclechlC,mCClDJnD phiphip (m, ma, mp, me, mp)

l Imin m=mmin

min(rca,rcp) 00
gaunt (1, Ly, . U, ) [ () drsRa () B () [ 01)? )
0 0

l s
(2450 ) B (turn) o ) [ sin 18, cos) P17 co ) Py cos)
0

1>

Imax mmax

(I —m)! -
- Q Z Z l + m Cl/hmA Clymp Clo,me Clp,mp PRIPhIP (m7 ma, mp, Mc, mD)

l Imin m=mmin

gaunt(l,m,lA,mA,lB,mB)/ (r')? drt R (1, o.5) Rp (7‘;)/ sin 6 d6]
0 0

P (cos0y) P! (cos 0y ,,5) P77 (cos 0))
min(rc4,rcp) l

/ ()’ dr1< z+1) Ra(r1) Ry ().
0

1>

where we have let Imin and lmax be as defined by the triangular condition given

n [10].

Since the r; integral has no dependence on d we can compute it once for all d and

then store it as a function of 71:

min(rc4,rcp)
rlintegral, p (r]) = / (r1)*dry (rio/ri5Y) Ra (r1) R (1),
0

for each pair of orbitals A and B. Since we only store the integral for discrete values

of r} we must interpolate when using this function in the remaining integrals. Using
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this function we can once again simplify the one- and no-overlap integrals:

Imax mmax

l —m)!
=3 Z Z ) CzA maClp.mpClo.me Clp.mp PHPHIP (M, ma, mp, ma, mp)

l Imin m=mmin

gaunt(l,m,lA,mA,lB,mB)/o (ri)er’ch(r’loﬁ)RD(ré)

/ sin Q’Idﬂf’llml (cos6]) P);ncl (cosb],.5) PlllTDl (cos6) rlintegral p (17) .
0

As in the two-overlap case we convert the remaining integrals to cartesian coordinates:

Imax mmax

(I —|m])!
-3 Z Z l + : | ClA:mAClB:mBClC mCClD,mD phlphlp (m ma,mp, mc, mD)

l Imin m=mmin

gaunt(l,m,lA,mA,lB,mB)/ dzi/ dplr'ich(rlorg)RD(TZ)
1

Z/
pm (2L plmel P'mD| 1 integral
: <T/1) lo (rll 7’2) 7’2 e egraAB(rl)

A.3.1 One-overlap integrals

We call the integrals with orbital C on atom one the one-overlap integrals so their

general formula is

Imax mmax

(I — |m| )! L
. E E l‘i“ ' ClamaClg,mpClc,mcClp,mp phlphlp (mamAamBamCamD)

l Imin m=mmin

gaunt(l,m,lA,mA,lB,mB)/ dzi/ dpipiRe () Rp (1)
0

P < ) P‘mc‘ < > P'mD‘ ( ) rlintegral , 5 (r])
r r ry

Imax mmax

(I —|m])!
-3 Z Z l—|—; ) ClAamAClBamBClc meClpmp Phiphip (m,ma, mp, me, mp)

l Imin m=mmin

P

min(rco,d+rep) min(\/rczc —z%,\/rc% —z%)
/
gaunt (l,m,lA,mA,lB,mB)/ d21/

max(—rco,d—rcp) 0

T’l m m m
I (ﬁ) Re (r1) Bp (ry) By (T )Pl “ (r )P ! (r )rlmtegralAB(rl)
1> 1 1 2
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A.3.2 No-overlap integrals

We call the integrals with orbital C on atom 2 the no-overlap integrals so their general

formula is

Imax  mmax

l —m)!
’s E E m ClA,mAClB,chlc mcch mp phlphlp (m ma,mp, Mg, mD)

l Imin m=mmin

00 o) l
gaunt (1, m, lA,mA,lB,mB)/ dzi/ dp p} (%)
1>

Re (ry) Rp (ry) P™ ( ) lecl ( ) leD| ( ) rlintegral, p (r})
] T3 T3

Imax mmax

(Il —m)!
-3 Z Z (I+m)! T GlamaCipgmpClc,meClpmp phiphip (m,ma, mp, mc, mp)

l Imin m=mmin

dp)

min(d+rce,d+rep) min(\/rc% —(zé)Z,\/l“C%) _(Zé)Q)
gaunt (l,m,lA,mA,lB,mB)/ dzi/

max(d—rce,d—rcp) 0

Tl m m
o (255 ) Re o) B G £ (1) P! (2) B! (2t imtegnal ()
1> 1 2 2

A.4 Phi and phi prime integral

The combined ¢, ¢’ integral is used in all of our two-center integrals. ~We only

consider m > 0 and m, my, mg, mz, my € I since the loop over m is nonnegative and



A.4 Phi and phi prime integral 37

all of the m values must be integers. The derivation proceeds as follows:
phlphlp <m7 miy,mo, M3, m4)

V2sin (|my| ¢)if my < 0 V2sin (Jmg| ¢) if my < 0
= de lifm; =0 lifms =0

V2 cos (my¢)ifmy >0 V2 cos (mag)if mg >0
27
| 6,2 = G coslim (6= )

V2sin (|ms| ¢)) if ms < 0 V2sin (|my| ¢}) if my < 0
lifms =0 lifmg =0

V2 cos (ms@y)if ms > 0 V2 cos (my@})if my >0

_MWmmmm/ﬁwsmmwmm<o sin ([ma 9) if ma < 0
_ 2 0

cos (my¢)ifmy >0 cos (myg) if me > 0

/O«Qﬂ 16, cos m (6 — &) sin (|ms| ¢}) if mg < 0 sin (|my| ¢})if my <0

cos (ms¢})if mg > 0 cos (ma@))if my >0

where

lifm =0 lifm; =0 lifms =0
factor, m, me.ms.ms =

2if m # 0 V2ifmy # 0 V2if mg # 0
lifmg =0 Lifmy =0

V2ifms # 0 V2ifmy #0

Now we convert the sine terms into cosine terms using the sin (6) = cos (0 = g)

identity:

f t m,m1i,Mm2,M3,M. o
_ factory, Lima,ma 4/ dep cos <|m1|¢+')/1ﬁ> cos <|m2|¢+’)/2z>
7r 0 2 ’

[ dhcostm 6~ o cos (jmaf -+ 255 ) con (il -+ 245
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—1lifm, <0
where 7, = for a =1,2,3,4. Applying the trigonometric identity,

Oifm, >0
1
cos 0 cos p = 3 [cos (6 — @) + cos (6 + )],

repeatedly until the integrand becomes just a sum of cosine terms gives us:

1

factor,, my ma,ms,ma m I , 1
= /Od¢/0 ddh 7 > cos{

2 |
11,12,13,14=0

(1) ] + (=1 fma] =m0 6+ [(=1)" s + (=1)" [mal + m]

+ [(—1)“ Y+ (1) 9 4 (=) g5+ (-1)" 74} g}

factor,, my ma,ms,ma
i [t

11,12,13,14=0

(=1 ] + (=1)% fmal = m] 6+ [ (=1) fma] + (=) ] + | o

e 3 ?:1 (—1)” ~v; term is the phase and in this particular sum it can take on the

values %% where m ranges from —4to4. If m is odd then the integrand becomes

a +sine term and if m is even then the integrand becomes a =+ cosine term. Since

f% dgbf d¢) sin [ag 4+ b¢'] = 0 and f d(bf de) cosag + bd'] = 4n* - 840 - Oy for
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all a,b € T we have the integral simplifies to:

1
faCtOrm,ml ,M2,M3,M4 v " 1
= Z phasefactorz§:1 (—1)% /0 d¢ /o ddh

11,2,13,84=0

cos { | (=1 | (=1)" ol = 70 & 4| (=1)" ] + (1) |+ ] '}
faCtOl"m7m1,m2,m3,m4 -
N 1672 Z

11,12,13,14=0

Ar? .6

1
 factors, my mo,ms,ma E

4

phasefactors-a o

YCVERY (=D fma (=12 ma|=m,0 * (=1)*|ma|+(=1)"jma|+m

11,12,13,14=0

phasefactorzz%:l(_l)iw O 1) [ 1)72 a0 * (1) s [ (1) o om0

0if kisodd

where phasefactor, = ¢ 1if |k| = 0or4 since cos (6’ + 07“) = cos (), cos (9 + %) =
—1if [k| = 2

Fsin (0), cos (0 + 27”) = —cos(f), cos (0 + 37”) = +sin(f), and cos (9 + 47”) =

cos (0).

Notice that since m1, m2, m3, and m4 are all fixed in the delta functions above only
a certain range of m values can possibly result in a nonzero integral. Remembering
that m can only take on positive values the only values we need consider must be in the
interval from max (||m| — [ma||, |ms| — |m4||) to min (||m] + |ma||, |ms| + |mal])-

Note: rather than combine all of the terms into a sum of cosine terms it is also
possible to consider the different cases that arise from the product of the four sine
or cosine terms (the cos[m (¢ — ¢')] doesn’t change). Six unique cases arise after

ordering the numbered m values.



Index

Density-functional Theory, 4
Fireball orbitals, 8
Hartree-Fock Approximation, 3

integrals
four-center, 10
no-overlap
description, 11
plots, 15
one-center, 10
one-overlap
description, 11
plots, 15
three-center, 10, 19
two-center, 10
two-overlap
description, 11
plots, 19

Optics
important discoveries, 1

40



	Title Page
	Copyright
	Department Approval
	Abstract
	Acknowledgments
	Table of Contents
	List of Figures
	1 Introduction
	1.1 Motivation
	1.2 Approximate Solutions of the Schrödinger Equation
	1.2.1 Born-Oppenheimer Approximation
	1.2.2 Hartree-Fock Approximation
	1.2.3 Density-functional Theory
	1.2.4 Time-dependent Density-functional Theory and Görling and Levy Perturbation Theory

	1.3 Additional Two-electron Integrals

	2 Computation of Coulomb and exchange integrals
	2.1 Orbital Composition
	2.2 Two-electron integrals

	3 Results and Conclusions
	3.1 Results
	3.2 Conclusions

	Bibliography
	A Two-electron integral derivations
	A.1 Two-center integrals
	A.2 Two-overlap integrals
	A.3 One- and no-overlap integrals
	A.3.1 One-overlap integrals
	A.3.2 No-overlap integrals

	A.4 Phi and phi prime integral

	Index

