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ABSTRACT

Ion Friction at Small Values of the Coulomb Logarithm

Robert Tucker Sprenkle
Department of Physics and Astronomy, BYU

Master of Science

We create a dual-species ultracold neutral plasma (UNP) by photo-ionizing Yb and Ca atoms in
a dual-species magneto-optical trap. Unlike single-species UNP expansion, these plasmas are well
outside of the collisionless (Vlasov) approximation. We observe the mutual interaction of the Yb
and Ca ions by measuring the velocity distribution for each ion species separately. We model the
expansion using a fluid code including ion-ion friction and compare with experimental results to
obtain a value of the Coulomb logarithm of Λ = 0.04.

Keywords: dual-species MOT, calcium, ytterbium, strongly coupled plasma, PIC, particle in cell,
Vlasov, plasma expansion, Coulomb logarithm
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Chapter 1

Introduction

Ultracold neutral plasmas open a unique window for studying strongly-coupled plasmas. High

accuracy laser spectroscopy tools can be used in the ultracold low-energy system to diagnose the

plasma state with extreme precision. Surprisingly, ultracold neutral plasmas share similarities with

fusion-class plasmas. In both, the influence of nearest-neighbor collisions are more important than

the influence of the much weaker, but much more frequent, long range collisions.

Of particular interest is the time scale for which the plasma returns to its equilibrium state,

known as energy relaxation. In fusion systems, energetic alpha particles resulting from fusion

need to deposit their energy back into the plasma to drive a self-sustaining reaction. Monte-Carlo

simulations can be used to understand this energy relaxation process because direct measurements

in fusion systems are somewhat challenging. In our experiment, we measure the energy relaxation

in a Yb/Ca dual species ultracold neutral plasma where the mass ratio is nearly identical to the

proton-to-alpha mass ratio. Thus, the study of ultracold neutral plasmas will give us information

about fusion class plasmas [1].

Plasmas can be characterized using two dimensionless parameters. The first is the ratio of the

nearest-neighbor electric potential energy to the average kinetic energy of the plasma. This is called

1
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the strong coupling parameter Γ, given by

Γ =
e2

4πε0aws

1
kBTi

, (1.1)

where aws = (3/4πn)1/3 is the Wigner-Seitz radius, n is the density of the plasma, kB is Boltzmann’s

constant and ε0 is the vacuum permittivity constant, and Ti is the ion temperature of the plasma. For

our experiment Γ is on the order of 2. The Coulomb logarithm in the Landau-Spitzer interpretation

is given as the ratio of the Debye length, λD, to the classic distance of closest approach r0,

Λ = ln
λD

r0
, (1.2)

although choices other than the Landau-Spitzer picture are made [34]. In this equation, λD =√
ε0kBT

ne2 and r0 =
e2

4πε0
1

kBTi
. Formally, the distance of closest approach, r0, is the impact parameter

corresponding to 90◦ deflection in the Rutherford scattering picture. We can rewrite the Coulomb

logarithm in terms of the the strong coupling parameter, Γ, as

Λ = ln
[(

3Γ
3)−1/2

]
. (1.3)

We can see that large values of Λ means Γ must be small. This representation also puts a non-

physical limit on Γ = 3−1/3 = 0.693. In the strongly coupled regime Γ is measured to be larger than

0.693 [35], making the Coulomb logarithm negative.

The second dimensionless parameter is the inverse scaled screening length, κ ,

κ =
aws

λD
. (1.4)

From this equation we find that κ ∝ n1/6/T 1/2
e . Larger values of κ correspond to stronger electron

screening, effectively reducing the influence of nearest neighbor collisions. Both κ and Γ are used

in characterizing strongly coupled plasmas. The red line in Fig. 1.1 shows the dividing line for

strongly and weakly coupled plasmas, where Γ = 1

In a dual species Ca/Yb plasma the dimensionless plasma parameters are Γ ≈ 2, κ = 0.5,
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Figure 1.1 This figure shows the many different forms of plasmas. The red line indicates
Γ = 1. Ultracold neutral plasmas exist in the high density low temperature regime where
Γ > 0. [36]
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and in the Landau-Spitzer picture Λ < 0. The standard plasma collisional cross-section for the

ions in the plasma is proportional to Λ. A negative value is clearly nonphysical and indicates the

failure of standard kinetic plasma models. Molecular dynamics (MD) simulations have become a

valuable alternative to kinetic theory in trying to model such strongly coupled plasmas for finding

better values for the Coulomb logarithm [3]. These MD models, while helpful, need experimental

verification. Our aim is to provide an expression for the Coulomb logarithm in the strongly coupled

regime that can be used to verify MD simulations.

Using the precision of laser spectroscopy we are able to measure the time-dependent velocity

of ions in a strongly coupled plasma. We develop a particle in cell (PIC) method for modeling

the dual species evolution and compare with experimental results. Comparing the model and the

data provide values for the Coulomb logarithm that are used to verify the Coulomb logarithm that

extends into the strongly coupled regime.

Previous studies of strongly coupled plasmas include measurements of three body recombination

rates [4–10, 19–21], plasma wave damping [11–13], and DC and RF Plasma response [14–18].

Computational work also provides insights into energy relaxation expectations [3, 22–26]. All

previous work in this field has used a single species plasma. Our work will be measuring the energy

relaxation of a dual species ultracold neutral plasma and finding the value of the Coulomb logarithm

in this strongly coupled regime.



Chapter 2

Methods

2.1 Magneto optical trap and ionization

Our first objective in creating a dual species plasma is to trap Ca and Yb neutral atoms. This is

achieved by superimposing two magneto optical traps (MOT). A MOT consists of six circularly

polarized laser beams intersecting in the middle of a magnetic quadrupole field [33]. The quadrupole

field shifts the excited state energy levels of the atom when the atoms move from the center of the

trap. The lasers excite the neutral atoms on the edge of the trap and provide state selective radiation

pressure confining the atoms to the center of the trap.

The quadrupole magnetic field is formed using an anti-Helmholtz coil configuration. In tra-

ditional Helmholtz coils the magnetic field is produced by two coils oriented parallel to the x− y

plane carrying current in the same direction. The coils are displaced some distance from the origin

in the ±z direction. The current through the coils produce a uniform magnetic field at the origin

pointing in the z direction, as indicated by the right hand rule. This produces a field in which the

magnetic field gradient is zero at the origin, ∇B = 0. In contrast, the anti-Helmholtz configuration

contains no magnetic field at the center but which increases linearly with distance from the origin,

5



2.1 Magneto optical trap and ionization 6

Figure 2.1 Represent magnetic field strength, Eq. 2.1, along the z axis due to the
quadrupole magnetic field produced by anti-Helmholtz coils.

as shown in Fig. 2.1 and is given by,

B =
1
2
(
Iµ0r2)( 1

(r2 +(z− z0)2)3/2 −
1

(r2 +(z+ z0)2)3/2

)
. (2.1)

In this equation I is the current through the coil, µ0 is the permeability constant in free space, r is

the radius of the coils and z0 is the displacement of the coils from the origin.

The presence of the magnetic field induces an energy splitting in the excited states of Ca and

Yb, known as the Zeeman effect, as illustrated in Fig. 2.2. For Ca in the presence of a magnetic

field, the energy splitting is represented by the Hamiltonian,

H = H0 +Vmag(r) (2.2)

where H0 is the unperturbed Hamiltonian for the calcium atom in the absence of external fields and

Vmag(r) is the magnetic potential perturbation. By applying simple first order perturbation theory

we can see that the presence of the magnetic field will induce an energy shift, to first order, of

∆E = 〈Vmag(r)〉= µBm jBext , (2.3)
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Figure 2.2 A: The energy splitting that occurs due to Zeeman splitting from a linear
magnetic field. The 1P1 state experiences energy splitting, m = ±1 in the presence of a
magnetic field. The circularly polarized light from the MOT beam excites the neutral
atoms and provides state selective radiation pressure that push the neutral atoms to the
center of the magnetic quadrupole trap. B: This diagram shows the relevant energy levels
for Ca and Yb. Laser beams at 423 nm for Ca and 399 nm for Yb are used for the MOT.
Pulsed laser beams at 423, 390 nm and 399, 394 nm cause two photon excitation to the
continuum, for Ca and Yb, respectively

where m j is the magnetic quantum number, Bext is the external magnetic field, and µB = eh̄
2me

is the

Borh magneton. The energy splitting also occurs for Yb with a comparable magnitude [28–30],

allowing us to trap both species in the same magnetic field.

Six laser beams at 399 nm and 423 nm intersect in the middle of the magnetic quadrupole

field, as shown in Fig. 2.3. In Cartesian coordinates, there are two counter-propagating beams with



2.1 Magneto optical trap and ionization 8

Figure 2.3 Diagram of the experimental apparatus. 6 Ca and Yb MOT beams at 423 nm
and 399 nm, respectively, are overlapped in space by a 405 nm dichroic mirror (423 nm
transmitted, 399 nm reflected). The beams pass through quarter waveplates that are aligned
to give opposite polarization to the beams traveling in opposite directions along the same
axis. The ionization beams for Ca and Yb are (423 nm,390 nm) and (399 nm,394 nm)
respectively. The probe lasers are used to fluoresce the plasma at 397 nm for Ca and 370
nm for Yb. The photo multiplier tubes (PMT) are filtered to measure the energy relaxation
of the plasma from the florescence.

opposing circular polarization on each axis for each atomic species. A 405 nm long-pass dichroic

mirror transmits the 423 nm laser beam and reflects the 399 nm laser beam providing spatial overlap

of the Yb and Ca Beams. These laser beams excite the 4s2 1S0→ 4s4p 1Po
1 transition for Ca and

6s2 1S1/2→ 6s6p 1Po
1 transition for Yb.

If the Lande g-factor is 1 then the Zeeman energy shift is 1.4 MHz/G. If the magnetic field

gradient is 100 G/cm then the quadrupole magnetic field shifts the atomic energy levels for the

m j = ±1 in the 1P1 state by 14 MHz at r = 1 mm. Circular polarization provides state selective

radiation pressure, resulting in a force that pushes the atoms to the center of the trap, as shown in

Fig. 2.2.

The atoms are supplied by heating up metal pieces of Yb at 430 ◦C and Ca at 500 ◦C. At
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Figure 2.4 A: The atomic beam is created through collimation of the atoms so that only a
directional velocity is selected. These atoms are then slowed by means of Doppler cooling.
B: Illustrates the process of Doppler cooling. The atoms that are Doppler shifted above
resonance will absorb photons from the slower beam. The photon can then radiate in any
direction. On average the atom will emit the photon in the opposite direction resulting in a
momentum transfer that slows the atom down, as indicated by the magnitude of the red
arrows.

these temperatures the metals sublimate. Collimation micro tubes are used to select the atoms

that are moving towards the MOT, forming an atomic beam [32]. The majority of the atoms in

the atomic beam have too much kinetic energy to be trapped. We slow the atoms down using a

counter propagating laser beam as illustrated in Fig. 2.4. The laser beam is detuned −250 MHz

from resonance. As the atoms enter the trap they are continuously being laser-cooled while the trap

supplies state selective radiation pressure confining the neutral atoms to the center of the trap.

Once the atoms are trapped, we photo-ionize them using a Nd:YAG-pumped pulsed dye laser.

For Ca we use 3 ns laser pulses at 423 nm and 390 nm to excite the Ca atoms to the Ca+ ground

state. Likewise in Yb, we use 7 ns laser pulses at 399 nm and 394 nm to excite the Yb atoms to

the Yb+ ground state, as shown in Fig. 2.2. Once the atoms are ionized, the plasma is no longer

confined by the MOT and starts expanding. The expansion and evolution of the plasma contains

information about the electron temperature, ion temperature, equilibration rates, ion-ion friction and

the Coulomb logarithm.
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2.2 Probing techniques

Information about the neutral atoms and the ions can be extracted using laser induced fluorescence

and absorption. Probing the neutral atoms and ions provide empirical measurements that are used in

determining the neutral atom and ion cloud densities, plasma expansion, equilibration rates, ion-ion

friction and the Coulomb logarithm. Using absorption we determine the size and density of the

neutral atom cloud trapped in the MOT. Laser induced fluorescence tells us the relative number of

atoms ionized and in turn gives us the initial ion cloud density. Laser induced fluorescence is also

used to measure the expansion of the plasma in real time.

The neutral atom cloud density of Ca and Yb is determined using absorption. A weak laser

beam on resonance illuminates the neutral atoms within the MOT. The atoms absorb the photons

and emit them isotropically. The Gaussian laser beam profile has a dark spot in the middle when

the MOT atoms are present, compared to when they are absent. The ratio of the two background

subtracted laser beam images tells us the percentage of photons absorbed,

100
(

1− Fabs−FMOT

Flaser−Fdark

)
= %Absorption, (2.4)

where Fabs is the absorption signal, FMOT is the signal of only the trapped atoms in the MOT, Flaser

is the signal from the laser beam and Fdark is the background signal with no trapped atoms and no

absorption laser beam present. This is visualized in Fig. 2.5. Using Beer’s Law, we determine the

peak density by,
dI
dz

=−Iσn (2.5)

where I is the intensity of the laser beam, σ is the absorption cross section of the atoms and n is the

density. Assuming a Guassian density profile with an rms width of r0 and peak density n0, we can

write,

ln
(

I f

I0

)
=
∫
−σn0 exp(−z2/2r2

0)dz. (2.6)
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Figure 2.5 Demonstrates pictorially how the absorption measurement is taken, analogous
to Eq. 2.4. Image Fabs: This is an image of absorption of the MOT. Image FMOT : This
is an image of the fluorescence of the MOT. Image Flaser: This is an image of the laser
beam used to make the absorption measurement. Image Fdark: This is an image of the
background.

In this equation I0 is the intensity of the laser beam prior to interacting with the neutral atoms and

I f is the intensity of the laser beam after interacting with the neutral atom. Solving for the peak

density, n0, we get

n0 =
1

σr0
√

2π
ln
(

I0

I f

)
. (2.7)

Using r0 as a fit parameter of the absorption image to a two dimensional Gaussian, we find the size

and density of the neutral atom cloud. A typical size and density for our trapped neutral atoms are

300 µm and 1010 /cm3 respectively.

Beer’s law works under the assumption that the atoms are not influenced or stimulated by other

light sources. If the MOT density is low enough, on the order of 1010 /cm3, we can assume the

lasers associated with the MOT do not perturb the absorption measurements in any measurable way.

If the density is too high our absorption measurements are no longer reliable. As an alternative we

detune the frequency of the absorption beam from resonance and use the Lorentzian line shape for
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Figure 2.6 This is a plot of the normalized, background subtracted, neutral Yb fluorescence
signal as a function of time. Initially there are no ions so our signal, S0, is from the MOT.
The MOT beams are blocked at time t = 0.5 and the background is measured, Sb. Then
the ionization pulses ionize the Yb atoms and the MOT fluorescence is measured, S f . Use
in reference with Eq. 2.10.

Ca, Γ = 35, and Yb, Γ = 28, to correct the measurement. The absorption cross section is given by,

σ =
3λ 2

2π

1
1+(2∆/Γ)2 , (2.8)

where ∆ is the detuning from resonance, λ is the wavelength and Γ is the FWHM. The ratio of on

resonance, ∆ = 0, to off resonance will provide a scaling factor for the density,

n = noff
[
1+(2∆/Γ)2] , (2.9)

where noff is the density found off resonance and n is the true density.

Both the ion density and the ion expansion are determined by laser induced fluorescence. A

probe laser tuned to 397 nm and 369 nm for Ca+ and Yb+ respectively is used to fluoresce the

ions. The fluorescence is then measured using two photo multiplier tubes (PMT) that are optically
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filtered to the respective wavelengths for Ca+ and Yb+. They can be used to tell us how the plasma

is evolving in time. A second set of PMT’s, one optically filtered at 423 nm for Ca and the other at

399 nm for Yb, is used to track the number of trapped neutral atoms as a function of time. Before

the ionizing pulses come in, all the atoms are in the trap. Once the neutral atoms are ionized they

no longer fluoresce at 399 nm and 423 nm, for Ca and Yb respectively. The difference in the

background subtracted fluorescence signal before and after the ionizing pulses give us an ionization

fraction, which we use to scale the trapped neutral atom density to give us the ion density,

nion =

(
1−

S f −Sb

S0−Sb

)
n. (2.10)

In this equation nion is the ion density, S0 is the PMT signal before the ionizing pulse, S f is the PMT

signal after the ionizing pulse, Sb is the background signal and n0 is the neutral atom peak density,

also illustrated in 2.6. Typical ionization fraction for Ca and Yb are 99% and 50% respectively.

2.3 Timing and control

In 2005 Theodor W. Hansch and John L. Hall shared the Nobel prize for their invention of the optical

frequency comb [44]. We reproduce their frequency comb in our lab. It serves as an ideal reference

for control, such as; continuous wave (CW) laser frequency stability and frequency scanning for

fluorescence measurements.

One of the most important controls is that of laser frequency stabilization. Frequency shifts

on the order of 1-10 MHz results in measurable differences in the number of atoms trapped and

the size of the trapped atom cloud. The frequency comb provides a reference for stabilizing laser

frequencies to the 10 kHz level. An integral feedback lock circuit locks the frequency comb and CW

laser beat note to a variable control frequency generator [41]. Feedback control can be illustrated

using a simple schematic, as shown in Fig. 2.7. A controller transfers an input voltage to a laser

frequency. The frequency is compare to the desired frequency and the difference influences the
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Figure 2.7 A: Illustrates the beat note between the frequency comb and the fundamental
frequency of the MOT laser beam. This beat note is used to lock to the desired frequency.
B: A block diagram of a simple integrated lock circuit. A mathematical representation
is shown in Eq. 2.11-2.13. x = control voltage, G = controller, y = laser beatnote, y0 =
desired beatnote, H = feedback controller.

controller input. Referring to Fig. 2.7 we find,

y =Gu (2.11)

u =x−H(y− y0) (2.12)

which gives,

y =
Gx+GHy0

1+GH
. (2.13)

In this equation y is the beat note, y0 is the desired beat note set by a frequency generator, x is the

input voltage on the laser controller, G is the controller transfer function and H is the feedback gain

on the lock circuit. The comb is stable to the 10 kHz level. When locked, the frequency generator,

y0, allows us to make fine adjustments to the laser frequency. This method of locking to the comb is

used for the MOT laser beams, ion fluorescence probes and optical pumping lasers.

For Ca and Yb a Nd:YAG pulse laser is used for ionizing the atoms. Laser beam pulses at
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846 nm and 798 nm, for Ca and Yb respectively, are amplified by means of harmonic generation

though a double pass dye laser and then frequency doubled to 423 nm and 399 nm. Another pulse is

sent through a dye laser cavity where 390 nm and 394 nm wavelengths are resonant for Ca and Yb

respectively. By adjusting the cavity length of the dye lasers we can control the wavelength of the

laser that drives the 4s4p 1P1 (Ca) and 6s6p 1P1 (Yb) to continuum transitions. The dye laser cavity

length in turn controls the electron temperature. The energy of the pulse above the continuum limit

is proportional to the electron temperature,

3
2

kBTe(0) = hν−Econtinuum, (2.14)

where kB is Boltzmann’s constant, Te(0) is the initial electron temperature, h is Plank’s constant,

ν is the sum of the frequencies of the ionizing lasers and Econtinuum is the threshold energy for

ionization. The electron temperature drives the expansion of the ions by means of the ambipolar field,

ai(r, t) =−
kBTe(t)

mi

∇nt(r, t)
nt(r, t)

, (2.15)

where mi is the ion mass and nt is the total plasma density. Increasing the electron temperature

increases the rate at which the plasma expands. As we will see later in section 2.5, this control

allows us to map out the Coulomb logarithm of a dual species plasma as a function of the electron

temperature.

The timing for the ionization of the neutral atoms is controlled using a pulse generator. Since

we are dealing with pulses, instead of CW laser beams, timing matters. Our pulse lasers create

approximately 5 ns pulses which translate to about 1.5 m long pulses of light. For Ca, the 423 nm

and 390 nm ionizing pulse laser beams are incident with the MOT at the same time. The pulses

need to be overlapped in time in order to achieve two photon ionization. The same is done for the

399 nm and 395 nm Yb ionizing pulses. We control the relative Ca+ and Yb+ plasma formation to

±2 ns by controlling the trigger delay for each set of pulses.

Unfortunately the 390 nm pulse laser for Ca ionizes excited Yb atoms and the 394 nm pulse
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Figure 2.8 A: In this figure we see the Ca (blue) and the Yb (black) fluorescence signals
as functions of time. We can see that in both cases at time t = 50 µs the AOM for Ca and
EOM for Yb perturbed the MOT beams off the atoms, and at time t = 150 µs Yb and Ca
are ionized. B: This shows the timing of the experiment. The MOT beams are shut off
100 µs prior to ionization and the Ca pulse is delayed some ∆t after Yb.
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Figure 2.9 This graph illustrates what can happen if the Ca ionizing pulse is delayed 2 µs
without correcting for the electron temperature evolution. In this case there will be extra
heating of the ions due to electron thermalization.

laser for Yb ionizes excited Ca atoms. This is referred to as cross-ionization. This introduces

a problem because the electron temperature is determined by the energy of the pulse above the

ionization limit, and the expansion of the plasma is determined by the electron temperature. Cross

ionization complicates our control of the electron temperature and therefore the plasma expansion.

This problem is fixed by turning off the MOT beams 100 µs prior to the ionizing pulses and delaying

the pulses by some ∆t relative to one another, with Yb ionizing first. Turning off the MOT beams is

achieved using an acousto optical modulator and an electro optical phase modulator. As shown in

Fig. 2.8, the electron temperature changes as the plasma expands, and if the two plasmas are not

ionized simultaneously then the electron temperatures will not be the same at time t = ∆t, as shown

in Fig. 2.9. The electron evolution is determined by [7],

Te(t) = Te(0)
1

1+ t2/τ2 , (2.16)
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where Te(0) is the initial electron temperature and τ is the characteristic expansion time [31],

τexp =
√

miσ(0)2/kB[Te(0)+Ti(0)]. (2.17)

In this equation mi is the mass of the ion, σ(0) is the initial absorption cross section and kB is

Boltzmann’s constant. There are two ways we can fix the inequality of the electron temperatures.

First, we can delay Ca+ by a small amount, ∆t = 40 ns. At short time delays the electrons have

not had enough time to cool and are essentially the same temperature as when the plasma was first

formed. Second, we could increase the initial electron temperature of Yb+ so that at time ∆t it is

equal to the electron temperature of Ca+. The electron temperatures for Ca+ and Yb+ are chosen

such that at time ∆t they have equal electron temperatures. This ensures there is no extra heating or

cooling due to thermalization of the electrons.

Once the plasma is formed, laser induced fluorescence is used to probe the ionization fraction as

well as the expansion. The pulse laser intensity contributes to the ionization fraction. Attenuation of

the pulse laser results in a smaller ionization fraction. This gives us control over the ion density for

both Ca and Yb. For this experiment we are interested in a Yb/Ca ion density ratio of 1. In future

work we hope to use this control to probe much large and smaller fractions of the ion density.

Ion expansion is observed by scanning the frequency of 370 nm and 397 nm lasers for Ca+ and

Yb+ respectively, as shown in Fig. 2.10. The probe beam frequency is offset-locked to the optical

frequency comb and controlled using an RF generator [41]. We can detune the second harmonic

probe beam from the resonant frequency by ±360 MHz. Different velocity classes of atoms will

become Doppler-shifted into resonance with the probe beam at different laser frequencies. This

allows us to velocity select, projected in the direction of the beam propagation, which atoms we

wish to probe. We scan the plasma in 30 MHz increments and measure the expansion as a function

of time. The intensity of the probe beam controls how much signal we get from the ions. Higher

intensities introduce unwanted dark state transitions. For this reason the probe intensity is set to be
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Figure 2.10 This diagram shows the relevant atomic transitions for Ca+ and Yb+. The
laser induced fluorescence probes and the optical pumping excitation beams are indicated
with red arrows, and the respective wavelength to the left of the respective arrow. The
possible decays from each state are given as dashed blue arrows with the respective
branching fractions to the right [39].

about 10% of the saturation intensity Isat ,

Isat =
πhc

3λ 3τ
, (2.18)

where h is Planks constant, c is the speed of light in vacuum, λ is the wavelength and τ is the

lifetime of the excited state. The saturation intensity is defined by the intensity needed to have

50% of the atoms or ions in the excited and ground states. Operating at a fraction of the saturation

intensity allows the atoms to spend less time in the excited state which means less of a chance of

falling to dark states.

Dark states are metastable atomic states in the ion that do not interact with the ion probe laser

beam. To measure the expansion of the plasma we fluoresce the ions. As long as the ions fall back

into the respective ground states they can continue to be excited by the probe laser beams. In Ca+,

the ions are excited to the 4p 2P1/2 state. From the 4p 2P1/2 state the ions will fall to either the

ground state, 4s 2S1/2, or to the 3d 2D3/2 dark state, with branching fractions of 93.56% and 6.44%
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respectively [37]. The ions that end up in the 3d 2D3/2 dark state are excited to the 4p 2P3/2 state

using a laser beam at 850 nm. 93.47% of these ions will fall to the ground state, 4s 2S1/2, while

the remaining will fall to either the 3d 2D3/2 or 3d 2D5/2 dark states, with branching fractions of

0.66% and 5.87% respectively [38]. For Yb+ ions, there is only one dark state, 5d 2D3/2. Similar

to Ca+, Yb+ can be optically pumped using a laser beam at 935nm, where all the relevant states

and branching fractions for Ca+ and Yb+ are shown in Fig. 2.10. If we operate at a fraction of Isat

and are only interested in the first 5 µs of expansion we can safely neglect the Yb+ 5d 2D3/2 and

the Ca+ 3d 2D5/2 dark states.

2.4 Geometrical considerations

It is important to understand the geometry of our experiment so that we can understand which

measurements we are taking. There are a number of things that need to be considered such as: MOT

spatial overlap and shape, probe beam size vs plasma size, and how time and timing effects the

geometry. Controlling these aspects allow us to observe dual species plasma expansion in an ideal

setting.

One of the most challenging aspects of the experiment is the Ca and Yb MOT overlap and shape.

We have constructed a 6 beam MOT for both the Ca and Yb neutral atoms. The 6 beam configuration

gives us control over the MOT placement and shape. If we view the beam configuration in Cartesian

coordinates then the beams will be counter-propagating along the 3 coordinate axes. We can control

the position of the MOT by adjusting the power balance between the counter propagating beams.

For example, we can move the trapped atoms in the positive x direction by increasing the power in

the x+ beam and decreasing the power in the x− beam, as shown in Fig. 2.11.

If the beam profile was a perfect Gaussian we would have a perfectly spherical MOT. This is not

the case. The laser beam profile that couples out of the laser cavity is astigmatic. Also diffraction is
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Figure 2.11 A: Diagram of the MOT laser beams. B: The MOT laser beam passes through
a 1/2 waveplate and is split using a polarizing beam splitter. This makes up the coaxial
counter propagating laser beams shown in A. The power balance between the two beams
is controlled by rotating the 1/2 waveplate. The Yb and Ca MOT beams are overlapped in
space using a dichroic mirror.

introduced when passing through polarizing beam splitter cubes, modulators and apertures. These

effects contribute to structure in the MOT. We correct for MOT shape by adjusting the pointing of

the 6 MOT beams until the overlap is near perfect and the shape can reasonably be approximated as

a Gaussian. We confirm the shape and overlap by observing the fluorescence of the MOTs from two

different angles, as shown in Fig. 2.12. We then further help smooth-out the structure by shutting

off the MOT beams 100 µs before ionization. This allows the Ca and Yb atoms to move around and

average out the structure to give us a more Gaussian looking profile at the expense of about 12%

decrease in the Ca density and 3% decrease in Yb density.

Once the dual species MOT overlap and shape problems are solved we then probe the ions. We

want to see how Yb+ influences Ca+ expansion. In order to do this we need to consider the size of

the probe beam that fluoresces the plasma. A typical plasma in our experiment, initially, is on the

order of 300 µm. We are interested in observing the expansion for 5 µs. This puts a lower limit on
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Figure 2.12 False color images of the MOT fluorescence. The first row of images is from
camera 1 while the second row is camera 2. The two cameras collect images from different
angles to verify MOT shape and overlap. The first two columns show typical MOT shapes
for Yb (blue) and Ca (red). The last image in each row is a superposition of the first two
images to show the Ca/Yb MOT overlap.

the size of our probe beam. If we look at the asymptotic behavior of the expansion, Eq. 2.20, at

long times we find that,

vi,rms = c

√
kBTe(0)

mic2 (2.19)

where Te(0) is the initial electron temperature, kB is Boltzmann’s constant, mic2 is the rest mass

energy of the ions and c is the speed of light. If we let kBTe(0) = 0.035eV, corresponding to 400

cm−1 above ionization threshold, and the ion mass energy of Ca is 40 GeV, then we get vi,rms = 280

m/s. Giving an expansion of 2.8 mm. If we want to observe all the ions for 10µs then the beam size

needs to be about double this value. Limiting the beam size of the probe laser limits how far out in

time we can look.
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2.5 Analysis and modeling

Analysis and modeling of the raw data provide insights on one of two things, what we are doing

wrong or the physics of the experiment. It is important to have a “check” to ensure that we are not

measuring an artifact or some other mistake. For this purpose, single species expansion data is taken

and verified with the known Vlasov model. Once the analysis is complete a particle in cell (PIC)

model with friction is used to understand the physics by comparing with the experimental data.

The PMT’s produce a current that is proportional to the number of photon counts per second as

a function of time. We take this information and represent it as plasma expansion. How this is done

will be more thoroughly addressed in chapter 3. It will suffice to say that there are several steps

to the analysis that help us understand and represent the evolution of our Yb+/Ca+ dual species

plasma.

Single species plasma dynamics are exactly realized in the Vlasov equation [31], with the

expansion velocity given as

vi,rms =

√√√√kB

mi

{
t2

τ2
exp

[Te(t)+Ti(t)]+Ti(t)

}
. (2.20)

In this equation τexp is the characteristic expansion time given in Eq. 2.17, Ti and Te denote the ion

and electron temperatures found in Eq. 2.16 and mi is the ion mass. The rms size of a single species

plasma evolves according to

σ
2(t) = σ

2(0)(1+ t2/τ
2), (2.21)

where σ(0) is the initial plasma rms size. During data collection, single species and dual species

expansion data are taken. This provides a way for us to indirectly check our work by making sure

the single species data matches the known Vlasov solution as shown in Fig 2.13. We represent all

data on a velocity vs time plot, which represents the characteristic plasma expansion.

In a dual species plasma the Vlasov equation fails. The Vlasov equation assumes collisions

do not change the velocity distribution. This is not true for a dual species plasma because the two
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Figure 2.13 This is a plot of the experimental Ca+ plasma expansion (black) compared
with the expansion predicted by Vlasov’s equation (red).

plasmas are coupled together and experience ion-ion friction forces. The next step in the analysis is

to generate a model that explains the relevant physics and matches experimental data.

For a single species plasma we know that the expansion is driven by the ambipolar field, given

by Eq. 2.15. Assuming a Gaussian density profile for a single species plasma, this can be simplified

down to,

ai(r, t) =
kBTe(t)

mi

r
σ2(t)

. (2.22)

In this equation σ(t) is the plasma size and r is the distance from the center of the plasma. The

ambipolar field acceleration can be modeled very nicely with the adoption of a particle in cell (PIC)

method.

PIC is ideal when the driving force between particles cannot be cut off due to an inverse square

law. Since our driving force is linear in r the PIC method is a good platform to build from. The

electrons exert a force on the ions described by the ambipolar field, Eq. 2.15. Compared to the

alternative of MD simulations, where every ion and electron interact through some Yukawa or

Coulomb potential, we have a field that acts on all the ions. This is the beauty of PIC, it cuts down
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Figure 2.14 In both figures, black represents experimental data and red show the results
predicted by the PIC model. (a) Shows the success of the PIC model for a single species
plasma, Ca+. Where the expansion In PIC is driven by the ambipolar field, Eq. 2.22. (b)
Demonstrates the failure of treating the expansion of a dual species plasma using only the
ambipolar field, Eq. 2.23.

the number or computations from N2 to N and still maintains the relevant physics. It is shown

in Fig. 2.14 that this treatment of the electrons follows the experimental data for a single species

plasma.

In a dual species plasma the expansion is much more complicated. The ambipolar field contains

terms that make the Valsov equation analytically unsolvable,

ai(r, t) =
kBTe(t)

mi

nCa
r

σ2
Ca

exp
[
−r2

2σ2
Ca

]
+nY b

r
σ2

Y b
exp
[
−r2

2σ2
Y b

]
nCa exp

[
−r2

2σ2
Ca

]
+nY b exp

[
−r2

2σ2
Y b

]
 . (2.23)

We also realize that if we only include this acceleration term in a PIC model it fails to describe the

evolution, Fig. 2.14. The failure suggests there is more to the picture than just the ambipolar field.

Ion-ion interactions are included by having the fluid flow of Yb+ influence the Ca+ ions,

F12 =−µn2π

(
e2

2πε0µ

)2
(v1−〈v2〉)
|v1−〈v2〉|3

Λ, (2.24)
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where v1 is the Ca+ ion velocity for each ion, 〈v2〉 is the hydrodynamic flow of the Yb+ ions

collectively at the location of the Ca+ ion, n2 is the density of Yb+ at the location of the Ca+ ion, µ

is the reduced mass of Ca and Yb, e is the fundamental unit of charge, and ε is the permittivity in

free space. The Coulomb logarithm, Λ, is used as a constant. This treatment of the friction force

preserves Newton’s third law for fluids and is consistent with the plasma formulary [2,40]. One may

notice that under the condition where v1 = 〈v2〉 there is a singularity. This is corrected by adding

in the thermal velocity from disorder induced heating in quadrature, where the disorder induced

heating is given by [27],

vdih =

√
kBTdih

mi
, (2.25)

with

Tdih =

(
1
Γ

)
2
3

e2

4πε0awskB
. (2.26)

In this equation Γ is the strong coupling parameter given by Eq. 1.1. Using Eqs. 2.23 and 2.24 to

evolve the Ca+ ions in time we can compare the model and experiment by choosing a value for the

Coulomb logarithm. This allows us to extract a value for the Coulomb logarithm in the strongly

coupled regime.



Chapter 3

Results

3.1 Introduction

Through comparison and contrast of the model to experimental data we we learn about the physics

of our dual species plasma. We analyze the known behavior of a single species plasma as well

and the unknown behavior of a dual species plasma. The single species plasma acts as a guide for

verifying each step of the analysis for the dual species plasma. Unlike that of a single species plasma,

the dual species plasma is observed to have ion collisions that change the velocity distribution

function. The ion collisions are modeled as a fluid friction force to the Ca+ plasma evolution. We

are able to extract the Coulomb logarithm, Λ, in the strongly coupled regime for a Ca+/Yb+ density

ratio of 1 by comparing to a PIC numerical model.

3.2 Experimental analysis

The PMT photo-current can be analyzed to tell us nearly everything we need to know about the

dual species plasma. Building off chapter 2 section 5, we represent the data in many forms to gain

intuition about the behavior of the plasma. The analysis provides information about the plasma

27
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Figure 3.1 The fluorescence signal measured by a PMT as a function of time. Each
frequency detuning from resonance measures a specific velocity class of the plasma
expansion.

expansion and is compared to the results of a PIC model.

Stepping the frequency of the 394nm probe laser for Ca+ and measuring the ion fluorescence as

a function of time provides 3-dimensional data for understanding the plasma evolution. In Fig. 3.1,

we represent the ion fluorescence in a signal strength vs time plot. This representation tells us

relatively how many ions are Doppler shifted into resonance with the Ca+ probe laser beam. When

the neutral atoms are trapped in the MOT there is no Coulomb potential and virtually no collisions.

The atoms are very cold, ≈ 1 mK, with very little kinetic energy. Once the neutral atoms are ionized

they still have the same kinetic energy but now we have a Coulomb interaction between the cold

ions. This causes a rapid heating and thermalization known as “disorder induced heating” [27].

Initially the plasma is stationary but the ions accelerate outward as they gain kinetic energy from the

ambipolar field. If our probe laser is on resonance, then the zero velocity class ions are fluoresced.

The peak fluorescence is at t = 0 and decays as the plasma’s average ion velocity increases, as can
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Figure 3.2 Similar to Fig. 3.1, this false-color plot shows the time vs. detuning for the
first 5 µs of the plasma expansion. The color indicates the fluorescence signal, yellow
representing high signal and dark blue representing low signal.

be seen in Fig. 3.1. Likewise if the probe laser beam frequency is detuned by some amount, ∆, then

we expect less fluorescence initially. As the ions accelerate, we see an increase in the fluorescence as

more ions become Doppler-shifted into resonance with the probe laser beam. Then the fluorescence

decreases again as the average ion velocity continues to increase as, seen in Fig. 3.1.

We represent the ion fluorescence as a function of time and frequency using a false-color plot,

with the color being the fluorescence signal, as shown in Fig. 3.2. The fluorescence indicates

the relative number of ions at a given velocity at a particular time. This figure only represents

the component of velocity along the propagation direction of the laser beam. The false color plot

represents the plasma velocity (x) and ion number (color) as a function of time (y). The false color

plot provides a good visualization of how the plasma expands. We do this for Ca+ in the presence

of Yb+ and also Ca+ by itself. In Fig. 3.3 we can see that for the case of Ca+ + Yb+ the expansion

is slower than Ca only.

The velocity is extracted from the Doppler-broadened atomic line shape. The atomic line shape
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Figure 3.3 This is a contoured false-color plot. The contours show the equal signal lines
of the false-color plot. The plot on the left shows the evolution of Ca+ while the plot on
the right shows Ca+ evolution in the presence of Yb+. Comparing the two together, it is
evident that the presence of Yb+ slows down the expansion of Ca+.



3.2 Experimental analysis 31

Figure 3.4 This is the same plot in Fig. 3.2 but in 3D, with the signal strength in the z
direction. The semi-transparent plane in the figure is used to visualize a slice of data used
for fitting a Voigt profile.

is determined by extracting the fluorescence vs. detuning at a particular time from the false-color

plot, as shown in Fig. 3.4. We fit a Voigt profile to the experimental data, as shown in Fig. 3.5.

A Voigt profile is a convolution of a Gaussian profile, from the Doppler broadening, and a

Lorentzian profile, from the atomic line shape, given by

V (ν) =
∫

L(ν−ν
′)G(ν ′)dν

′. (3.1)

In this equation L and G are the Lorentzian and Gaussian profiles, expressed as

L(ν) =
γ/π

ν2 + γ2 (3.2)

and

G(ν) =
1√

2πνrms
exp(ν2/2ν

2
rms), (3.3)
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Figure 3.5 The comparison of the experimental data against a fitted Voigt profile.

where ν is the frequency detuning from resonance and γ is the half width half max (HWHM) of

the atomic transition. The root mean square (rms) Gaussian width is νrms, and is used as a fitting

parameter to the Gaussian distribution.

The data is averaged in 10 ns increments and fit using the Voigt profile up to 5 µs in time. This

allows us to plot out the vrms as a function of time for the first 5 µs of expansion for Ca+ and Ca+ +

Yb+ plasmas, as shown in Fig. 3.6. From the expansion plot, comparing the Ca+ and the Ca+ +

Yb+, it is clear to see that Yb+ is coupled with Ca+. The fact that Ca+ in the presence of Yb+ has a

slower expansion suggests that Yb+ exerts a friction force on the Ca+ ions in the plasma expansion.

A comparison of the exact solution to the Vlasov equation to experiment can be seen in Fig. 2.14.

The Vlasov equation is limited in that it assumes collisionless expansion. Knowing this we

can see that in the single species case collisions can safely be neglected. In the dual species case

if we neglect collisions then we would expect Ca+ and Yb+ to expand under the influence of

the ambipolar field alone. Illustrated in Fig. 2.14, it is clear that this is not the case and that ion

collisions cannot be neglected. This is because the Ca+ ions are collisionally coupled to the heavy
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Figure 3.6 A comparison for various density ratios for Ca+ plasma expansion. The blue
curve is the expansion of Ca+ with no Yb+ present. The other 3 curves show the influence
of different Yb+ densities where the red curve is Yb+/Ca+=1. ND stands for neutral
density, larger numbers correspond to larger attenuation. The ND filters attenuate the
ionizing laser beams for Yb+.

Yb+ ions in the plasma. The Vlasov equation must be solved with a friction term added. It is no

longer analytically solvable in this case and so a numerical PIC method is adopted.

3.3 Dual species plasma model

A PIC numerical model is used to determine the relevant physics in both the single and dual species

plasmas. The single species plasma PIC model is compared to experimental data to verify the code.

Ion friction is then added to the code and compared with the dual species plasma experimental line

shape. The model was developed by Dr. Ross Spencer at Brigham Young University.
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3.3.1 Single species case

In the collisionless regime, Ca+ expansion is driven by the ambipolar field, Eq. 2.15. The PIC code

assumes an initial Gaussian density profile and evolves Ca+ ions according to Newton’s second

law under the influence of the ambipolar field. The initial ion temperature is set to zero, Ti = 0,

and the disorder induced heating, Eq. 2.25, is added in quadrature at the end of the calculation. In

our experiments we are only able to probe the projected velocity in the z direction. The PIC code

tracks the density, acceleration, position and radial velocity of the ions. In order to compare the

PIC code with experiment, we project the radial velocity of the ions in the z direction. Plotting the

rms velocity as a function of time, the PIC method realizes the experimental data for a Ca+ single

species plasma, as shown in Fig. 2.14.

3.3.2 Dual species case

We have already seen that the single species collisionless treatment does not work in the dual species

plasma case because of the collisional coupling between the two plasmas. For this reason a friction

force is added to the PIC code to account for ion-ion collisions, Eq. 2.24. Also the density is

adjusted to include both Ca+ and Yb+ ion density profiles,

nt = nCa exp
[
−r2

2σ2
Ca

]
+nY b exp

[
−r2

2σ2
Y b

]
, (3.4)

where nα is the Ca+ and Yb+ ion densities, σα is the Ca+ and Yb+ absorption cross section and r

is simply the radial coordinate. The Ca+ ions are evolved just as the single species expansion case

with the ambipolar field given in Eq. 2.23 as well as the friction force caused by the hydrodynamic

flow of the Yb+ ions, Eq. 2.24. The additional force will “steal” kinetic energy from the Ca+ ions

and impart that energy into the hydrodynamic flow of the Yb+ ions. Future work in measuring Yb+

expansion with and without Ca+ present would complete the dual species expansion picture and

verify this claim. Comparisons between Yb+, Ca+and Ca++Yb+ shows that the Ca+ expansion



3.4 Coulomb logarithm (Λ) 35

Figure 3.7 Similar to Fig. 3.5, this figure shows the velocity line shape at 0.2, 1.0, 2.0 and
3.0 µs vs numerical PIC results for various values of the Coulomb logarithm (red, blue,
black and green curves). From this plot we determine the Coulomb logarithm to be 0.04.

in the presence of Yb+ expands more slowly. Likewise, we would expect Yb+ expansion in the

presence of Ca+ to expand more rapidly.

The dual species friction term, Eq. 2.24 includes the Coulomb logarithm, Λ. In the PIC code

we assume Λ is a constant that does not vary in time. We then compare the PIC method with

experimental data by comparing the line-shapes at t =0.2, 1, 2 and 3 µs for various values of the

Coulomb logarithm, Λ, as shown in Fig. 3.7. We can see that the best value for the Coulomb

logarithm in this strongly-coupled plasma is Λ = 0.04.

3.4 Coulomb logarithm (Λ)

The Coulomb logarithm in the strongly coupled regime does not follow the Landau-Spitzer model,

Eq. 3.9. Various attempts have been made by plasma theorists to extend the Coulomb logarithm

into the strongly coupled regime, [34, 45]. None of these have been experimentally verified. We
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compare the best value of the Coulomb logarithm given by experimentally verified PIC calculations

to a theoretical extension into the strongly coupled regime.

Theoretical work done by L. G. Stanton and M. S. Murrillo gives the Coulomb logarithm in the

strongly coupled regime as [34],

Λ =
1
2

ln

[
1+
(

λ

r̃

)2
]
. (3.5)

In this equation λ is the total screening length and r̃ is the distance of closest approach with an

electron screening correction,

r̃ = r0W (r0/λD) . (3.6)

Where r0 is the classical distance of closest approach as interpreted in the Rutherford model, λD is

the Debye length and W (x) is the Lambert-W function. If we include ion and electron screening

then the total screening length is,

λ =

(
1

λ 2
D
+

1
λ 2

ion

)−1/2

, (3.7)

where λion is the screening length due to the ions. The ion screening length is given as,

λion =

(
ε0kBTi

nie2

)−1/2

. (3.8)

Using the inverse scaled screening length, κ , found in Eq. 1.4, we can write Eq. 3.5 in terms of κ

and the strong coupling perameter, Γ,

Λ =
1
2

ln
[

1+
κ2

(κ2 +3Γ)W 2(κΓ)

]
. (3.9)

In our PIC model we assume that the Coulomb logarithm does not change in time. This is

not entirely true, both Γ and κ evolve as the plasma evolves [42, 43]. When recombination is

insignificant, the electron and ion temperatures fall adiabatically as the plasma expands. Using

the analysis in Fig. 6 of Ref. [42], the strong coupling parameter is Γ = 2.1±0.2 during the early
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stages of the plasma evolution. The inverse scaled screening length, κ , however evolves in time

according to the characteristic expansion time for the plasma, τ ,

κ = κ0

(
1+

t2

τ2

)1/4

. (3.10)

In our experiment the initial inverse scaled screening length κ0 = 0.51. After 3 µs κ changes by

8%. Since the change is small, we assume κ is constant and take the 8% change as an uncertainty

in κ . Plugging in κ = 0.51±0.04 and Γ = 2.1±0.2 into Eq. 3.9 gives,

Λ = 0.05±0.01. (3.11)

Comparing the theoretical value for the Coulomb logarithm with the experimental we see reasonable

agreement,

Λtheory = 0.05±0.01 ⇔ Λexp = 0.04. (3.12)



Chapter 4

Conclusion

The strongly coupled regime is rich with unsolved problems that are becoming more and more

experimentally accessible. In this work we have experimentally created the first dual species

ultracold neutral plasma. We present measurements of the Ca+ ion velocity distribution in a Ca+

+ Yb+ strongly-coupled plasma. We show that the dual species evolution cannot be solved using

the collisionless Vlasov equation. We develop a PIC calculation that models dual species plasma

evolution. Comparing the PIC calculation with the experimental Ca+ ion velocity distribution we

determine the Coulomb logarithm to be 0.04.

The current work opens up a wide range of possibilities for future experiments. In this work we

measured the evolution of Ca+ in a Ca+ + Yb+ dual species plasma. Our measurements indicate

that kinetic energy is being taken from Ca+ in the dual species plasma. This suggests that the energy

is being imparted into Yb+ causing a more rapid expansion. Measurements of Yb+ evolution in the

presence of Ca+ would complete the evolution picture.

More measurements could also provide a more thorough test for verifying Eq. 3.9. We could

make real temperature measurements of the ions to determine how the ions thermalize inside

hydrodynamic flow. We could vary the time delay between Ca+ and Yb+ generation to study

thermalization and stopping power. This will provide a better formulation of the ion friction force,
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Eq. 2.24, and potentially two stream instability observations in an idealized environment.

Dual species ultracold neutral plasmas provide a unique window into exploring the strongly

coupled regime. In our experiment we create a Ca and Yb plasma, which has a mass ratio Yb/Ca

of 4. This provided a self similar study of fusion class plasmas. This means that the Coulomb

logarithm in a Ca + Yb UNP can be used to describe fusion class plasmas. Our next step is to

measure the Coulomb logarithm, Λ(κ), as a function of the electron temperature.
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