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ABSTRACT
Simulations of Magnetic Vortex Nucleation at Grain Boundaries in RF Superconducting Cavities

Jared Carlson
Department of Physics and Astronomy, BYU
Bachelor of Science

Superconducting Radio Frequency (SRF) cavities are important components of particle acceler-
ators. SRF cavity performance is limited by a maximum allowed applied magnetic field, known as
the superheating field (Hg,) at which magnetic vortices spontaneously enter the material and cause
the superconducting material to quench. Previous work has calculated the theoretical maximum
field a superconductor can withstand. However, this calculation assumed a perfectly smooth surface
with no material inhomogeneities or surface roughness. Real world cavities are polycrystalline
(typically Nb or Nb3Sn) and exhibit surface defects near grain boundaries. Cavity preparation
methods also lead to material inhomogeneities. I use the time-dependent Ginzburg-Landau theory
and finite element methods to model the role of surface defects and material inhomogeneities in
magnetic vortex nucleation. Results show the amount by which Hsh is reduced depends on the
concentration of impurities as well as the physical dimensions of the defect. Reducing the size
of grain boundaries and material inhomogeneities found therein has the potential to significantly
increase SRF cavity performance.

Keywords: Superconductor, Superheating Field, Inhomogeneities, Grain Boundary, Computation,
Simulation, SRF Cavities
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Chapter 1

Introduction

1.1 Motivation

Many particle accelerators transfer energy to charged particles though large oscillating electric elds
in superconducting radio frequency (SRF) cavities. This involves driving large currents through the
superconducting cavities, whose geometry aids in amplifying these elds. These currents occur
on the interior of the cavities where the superconducting material is present. In most SRF cavities
the superconducting material used is Nb, bugSiis also being explored as a possible candidate.
As patrticles pass through these cavities, they gain forward momentum from the electric eld. The
oscillations are timed such that for each pass by the particle it is accelerated in the same direction.
The main source of power loss in these cavities comes from the ac resistance, and the power needed
to keep the cavities cooled t010 K [1].

The limiting component in SRF cavities is the superconductor, which loses its superconductivity
when exposed to high magnetic (H) elds. This effect, which is addressed more in Sec. 1.2,
increases the resistance of the cavity, which increases the heat loss. In SRF cavities, H elds form

due to the oscillating electric eld. Thus the limitation of a maximum H eld imposes a limitation
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on the maximum electric eld, which therefore limits the effectiveness of the cavity. The maximum
H eld above which the superconductor begins to lose some of its superconductivity is called
the superheating eld (k) and is discussed in Sec. 1.5. Our research seeks to understand the

mechanism of this limitation so that more effective SRF cavities can be made [2].

1.2 Superconductors

Magnetic elds are normally expelled from superconductors due to the Meissner effect. This effect
occurs when a material is cooled to below its superconducting temperature, at which point the H
eld is expelled from the superconductor. This expulsion process and the resulting possibility of
trapped pockets of magnetic ux within a superconductor after it has been cooled, is an active
area of study [3]. Once the material is in a superconducting state, applied H elds are kept out by
screening currents, which form on the surface of the material. These currents, also called persistent
currents, continue to exist with no resistance due to the superconducting state of the material. The
end effect is an exponential decay of the H eld from its value at the surface to zero as it enters into
the superconductor. The length at which the magnetic eld has decayle® its original value

de nes the characteristic length, which is called the London penetration depth (

At high applied H elds, quantized pockets of H elds, called vortices, can push into the
superconductor, causing the portion of metal they occupy to lose its superconducting properties. This
processes is called vortex nucleation and is a distinguishing characteristic of Type-ll superconductors.
In Type-I superconductors, this transition from superconducting to non-superconducting involves a
bulk change (the magnetic eld pushes in all at once) instead of the formation of vortices [4]. Our
research focuses on Type-Il superconductors.

In Type-Il superconductors, there are four states that a superconductor can exist in, the boundary

of each being characterized by an applied magnetic eld, see Fig. 1.1. The rst state is the
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superconducting state, where the entire bulk is superconducting. At higher applied elds the next
state is the meta-stable state. In the meta stable state, it is energetically favorable for vortices to
exist within the superconductor but there is not enough energy for them to enter. This is analogous
to superheated water; it is hot enough to boil, but the surface tension keeps it from doing so. This
meta-stable state is where most accelerator cavities opdtatas the boundary between the
superconducting state and a meta stable state. The next state is the mixed state, where vortices
enter into and Il the bulk. The vortices repel each other and create an array, leaving the space in
between them superconducting. The boundary between the meta-stable and mixed state is called
the superheating eldHgn, which is dependent on the material, its surface features, and purity. The
nal state is the normal metal state, where the magnetic eld completely lIs the bulk and there is

no longer any superconducting regions remaining. The transition between the mixed and normal
metal state is calleH. Because cavities are operated in the meta stable state, it is important to
know how to increasels, so that higheH elds can be reached without entering the mixed state,

which is undesirable.

1.3 Grain Boundaries

Grain boundaries—which are defects in the interface between two grains in a material, see Fig.
1.2—are thought to be a major contributing factor to the loweringgfin real superconductors.

One of the materials being investigated as a replacement for Nb (niobium) as the material used in
SRF cavities is NgSn, which the theory predicts to have a highigy than Nb [2]. Efforts to reach

this theoretical maximum, however, have come up short. Grain boundaries are suspected to be the
culprit to the lowering oHgp, [5] [6]. A picture of such a grain boundary is shown in Fig. 1.2. This
research seeks to understand how grain boundaries kifgct

Grain boundaries can also be sources of material inhomogeneities. An example of this is shown
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Figure 1.1 A phase diagram showing the states of a superconductor. H is the magnetic
eld, Hc is the critical H eld at which Type-I superconductors transition into normal
metals,H¢1 andHc, are the lowers and upper bounds for phase transition of Type-ll
superconductors, ands, is when vortices begin to entek is a material dependent
superconducting parameter.
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Figure 1.2 A image of a grain boundary found in WBn deposited on a layer of Nb.
The black gap above the Nbn is free space with a protective casing above that. Images
courtesy of Jaeyel Lee at Cornell University.

in Fig. 1.3, where excess Sn (Tin), or Sn segregation, has been found at grain boundaries. The
implications of this are that Sn has different superconducting properties thfSnNind thus can

change the maximum H eld that can be present at these locations before vortices begin to enter [2].

1.4 Modeling Superconductors

The superconducting properties of a metal can be modeled using the Ginzburg-Landau equations.
These equations come from a Taylor approximation of the Helmholtz free energy of a supercon-
ductor. The derivation and resulting equation, shown in Eqg. (1.1), are found in Introduction to
Superconductivity by Michael Tinkham. By minimizing the free energy of the superconductor,
equations that model the superconductivity of a material, called the Ginzburg-Landau equations

(1.2) [7], are obtained:
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Figure 1.3 An image of Sn segregation across3Sh grain boundary. This is scan-
ning perpendicular to the grain boundary and was provided by of Jaeyel Lee at Cornell

University.

F=f+ajyiz+91yi4+ij( iAN 26’A)yj2+jH—j2 (1.1)
n 2 2m 2m '

0=ay +bjy Py + 5 ( i 2eA)%y
2EeRe‘y ( iIAN 2eA)yg
An important component in these equationy isthe complex order parameter. An order

(1.2)
j =

parameter describes a phase transitog, water evaporating into steam. In this case, it is the phase
transition from non-superconducting to superconducting. Wiyejf= 1 the material is completely
superconducting, and whé¢y j%= 0the material is a normal metal. As seen in equations 1.1-1.2,
the solution toy is dependent on the magnetic eld and potentialgndA), and other parameters.
One of these parametees, represents speci ¢ material proprieties and is discussed in Sec. 2.4.

When vortices enter into a material, the order parameter becomes zero within the vortex, which size
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is related to two length scales,andl .

The relative length scales to consider in vortex penetration are the penetrationldegtial
coherence lengthx(. The coherence lengtl ) is the characteristic length over which variation in
the superconducting order parameterj? can vary without undue variations in the free energy of
the superconductor. The penetration depthi¢ the characteristic length over whiehdies off in a
superconductor. Thus for a vortex that has penetrated into a superconductor, the vortex has a radius
of x over which it destroys superconductivity and a radiuk @iver which the magnetic eld is
spilling over into the superconductor [2]. These valué @ndx are material dependent.

The ratio of the two length scaleslofandx is known as the Ginzburg-Landau paraméter ';

As discussed in Sec. 1.R distinguishes between Type-I and Type-Il superconductors. The dividing
line is atk = p% with Type-Il superconductors havingaabove this value. For our simulations,

we setl = 1 and adjusk to simulate different materials.

1.5 The Superheating Field Hgy)

The superheating eldHsy) is the maximum magnetic eldH) that can be applied before vortices
begin to enter into a Type-Il superconductor with or without geometric and material inhomogeneities.
This is slightly different from other de nitions in that it includes defects in materials, whereas other
de nitions rely on purely theoretical ideal cases [2].

Theoretical results for an ideal case predict a hidghgithan found experimentally [2]. One
of the goals of our research is to see if defects and material inhomogeneities are the cause of this
divergence of experimental results from theoretical predictions.

Grain boundaries are suspected to be the cause of the discrepancy between experimental and
theoreticaHgp, predictions. Theoretical calculationsldf, use a perfect superconductor occupying

a half space (3D space with free space in -x and superconductor in +x). These results predict a
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higherHgp, than found experimentally. One theory attributes this to vortex penetration at grain
boundaries, which have a curved geometry and Sn segregation, as shown in Figs. 1.2 and 1.3. To
measure the effects of grain boundariedp we computationally estimatedg, for geometries
similar to those observed in real grain boundaries [2].

To computationally estimatdgy, we start by solving the Ginzburg-Landau (GL) equations (Eg.
1.2) using nite element methods for a given applied eld. After stepping through time until the
dynamics of the systems approach equilibrium, we add noise and calculate the decayyaje of
back to the steady state. This process is repeated for many applied elds to estimdig the

more in-depth explanation of this is given in Sec. 2.6.

1.6 Overview

The purpose of this research is to explore the effects grain boundaries have on superconducting
properties. This work is motivated by the need for more ef cient SRF cavities in particle accelerators.
The limiting factor in these cavities is the maximum magnetic diy) that can be present before

the superconducting material loses its superconducting properties. This magnetic eld is produced
by a large oscillating electric eld within the cavity. Grain boundaries in the superconducting
material are suspected to lowg;,

In Ch.2, an explanation of the numerical methods used to model grain boundaries and calculate
their Hgp is given. We do this by explaining the formulation of the Ginzburg-Landau equations and
how we use nite element methods to solve them. A case where there are no grain boundaries is
examined and compared to previous theoretical work. Then the formation of vortices in cases where
surface defects and material inhomogeneities are present is veri ed. Our methods used to calculate
Hsh are then explained.

In Ch.3, we present the results of our calculated valigdor three different con gurations:
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symmetric, surface roughness and material inhomogeneities. Our results show that both material
inhomogeneities and surface roughness in ueHge We conclude with an analysis of our results

and a discussion on future work and limitations.



Chapter 2

Numerical Methods

To better understand the effects of grain boundarieslgnl develop simulations modeling the
geometry and material inhomogeneities present at grain boundaries. First, the problem is formulated
such that nite element methods can be used. Next, | con rm the theoretical estimation for an ideal
symmetric case and describe how grain boundary geometries and inhomogeneities are introduced
into the simulation. This chapter concludes with a brief description of saddle node bifurcations and
how Hgp is estimated. Results from the exploration of the relevant parameter space due to material

inhomogeneities and grain boundary geometries are presented in Ch.3.

2.1 Solving the Ginzburg-Landau Equations

To simulate a superconductor | use the formulation of the Ginzburg-Landau time dependent equa-
tions as given by Buyang and Zhang [8]. Using these formulations, a nite element solver was
created using FENnICS. The derivation of this formulation is beyond the scope of this thesis but is
presented in the cited paper.

The Ginzburg-Landau (GL) equations are solved using nite element methods. The GL equa-

tions are coupled partial differential equations that describe the superconductivity of a material over

10
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a domain, given initial and boundary conditions. Two important variables in this formulation are the
order parametefy j2) and the applied magnetic eldH). The boundary conditions ¥, while the

order parametgly j>—a measure of the superconductivity of the material—is the main observable.
The domain over which the problem is solved is discretized using nite element methods: Each
point is connected to other points creating a mesh of points.

In our problem, each point has a series of scalar variables, which are solved for such that they
best approximate the solution the GL equations over the domain of the mesh. Vector quantities, such
as the magnetic potential, are broken into multiple scalar variables. Because the GL equations are
time dependent, the solution of the variables over the mesh is dependent on their previous values.

In solving the GL equations, the ideal situation is to look at the dynamics of the solution for an
in nite half plane with anH eld applied to one side, perpendicular to our 2D representation. This
is a good representation of the exterior of an SRF cavity, as the curvature of the cavity is much larger
than any length scale that contributes to the dynamics of our simulation. Due to nite computational
resources, a circular mesh is used which, in the limit that length scales are small compared to the
curvature of the mesh, approximates an in nite plane.

The mesh's construction is based on the point density needed to capture the dynamics of the
system and the geometry of the surface roughness. The density at the boundary of the mesh also
needs to be dense enough to capture the curvature of the disk. Along with the geometry, the
mesh must be ne enough that the dynamics of interest, e.g., vortex penetration, can be accurately
captured. If distances between mesh points are greater than the size of a vortex, the vortex might
disappear if it enters one of these regions. Because re ning the mesh increases the computational
resources needed, | re ne the boundary more than the interior, because the boundary is where the
most important dynamics happen.

FENICS acts as our nite element solver. FEnICS is an open source solver that uses C/C++ at its

core to compute the solutions and has a Python interface. The Python interface allows for rapid
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prototyping and development while having a C/C++ core allows for fast computations.

2.2 Symmetric Case

The simulation of a perfectly smooth and homogeneous SC cavity begins with approximating it as a
smooth half space, which can then be approximated as a disk. Mesh generation is done by creating
concentric circles of points, as shown in Fig. 2.3a. The circle locations are biased outwards to give
more re nement at the boundary. The points are then aligned in such a way that they are symmetric
with the previous and next layer of points. This symmetry increases the accuracy of the solutions.

As a rst step in calculatingdsy, @ magnetic eld H) is applied uniformly throughout the mesh
through an exponentially increasing function, shown in Fig. 2.2. This function starts at zero and
asymptotically approaches a desired applied eld. Due to the Meissner effect, as the applied eld is
increased screening currents begin to form near the surface that keeps the magnetic eld within the
superconductor zero. If the eld exceeHs, vortices begin to enter into the bulk.

As the rst step in veri cation of our simulations, | verify that vortices penetrate in a uniform
array above theélg, as predicted by theory [2]. By raisirg above the known value of thegy,
and evolving the system, we observe vortex penetration into the bulk as seen in Fig. 2.3b. This
gure shows the order parameter squareg,j?, which is a measure of the superconductivity of
the material j(y j?= 1 being fully superconducting), over the mesh. At the sfartj? it is one
everywhere. Once the applied eld is raised, vortices begin to penetrate in a regular array into the
interior of the mesh. If more time were allowed to elapse, the bulk would I with vortices. As
expected, the value ¢f j2 at the center of a vortex is zero, witl j2 exponentially increasing
radially from the vortex's center to one, wity the coherence length, being the characteristic length

of decay, i.e. whefy j2 has decay back to=¢ of its original value, in this case beify j%= 1.
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Figure 2.1Pro le of Applied Field

Figure 2.2 The applied magnetic eltH exponentially decays to its max valtig,ax-

(&) Symmetric mesh (b) Vortex formation

Figure 2.3 (a) Symmetric mesh over which the Ginzburg-Landau equations are solved.
(b) Formation of vortices when a magnetic eld, is applied that is greater than the
superheating eldHgn, on a symmetric mesh with no material inhomogeneities.
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2.3 Introducing Grain Boundary Geometries

To add realism to the model, a mesh is generated to replicate the geometry of a grain boundary on
the surface, with increased re nement along the regions of higher curvature. The mesh is generated
by de ning concentric regions, each with its own density of points. The boundaries of these regions
are curved such that they have the form of a grain boundary, see Fig. 1.2. This adaptation allows
radial control of the mesh's re nement.

The rst step in generating the mesh is to create the domains. Domains are de ned by rst
creating a list of points that make up a ring. The points are equal distances along a curve de ned by
i aRj .

2s ’

r(q)= R Bexp (2.1)

whereRis the radius of the ringB is the depth of the grain boundaxy,s the angle from the y-axis,
ands is the half width of the grain boundary. The domain is de ned as the region between this
ring and the next interior ring, or the center of the disk if it is the innermost ring. Depending on the
different levels of desired density, rings are made such that each region corresponds to an area of
desired density, e.g., two rings close together at the boundary and one halfway to the center would
allow for high density at the surface, medium density in the outer half, and low density in the center.
To increase the accuracy of the simulations, | create meshes with a high density of points on the
boundary and decrease density towards the center, as seen in Fig. 2.4a. Creating high density at
the boundary accurately captures the dynamics of vortex penetration and other dynamics important
to calculatingHsy—discussed in Sec. 2.6—that happens near the outer boundary. | validate our
hypothesis that grain boundaries contributéltg by raising the applied magnetic eld abotkp,
and observe initial vortex penetration at the grain boundary before other places on the mesh, as seen

in Fig. 2.4b.
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(a) Grain boundary mesh

(b) Vortex formation

Figure 2.4(a) A mesh with a geometry matching a grain boundary. (b) The order parameter,
jy j% shows that vortices rst begin to enter in at the grain boundary whenHg. At

the center of a vorteky j2= 0, which then exponentially decays back to one radially from
the vortex's center.

2.4 Introducing Material Inhomogeneities

To introduce material inhomogeneities into our simulations, | reformulate the Ginzburg-Landau
equations to include a spatially dependent variahlevhich represents the superconductivity of
the composition (the superconductor plus inhomogeneities). A valae-ol corresponds to no
inhomogeneitiesa = 0 correspond to the composition acting like a normal metal. This formulation
follows the approach of Tinkham (Eq. 4.13) [4], with all the same variable de nitions. | start with

the traditional GL equations Eqgs. 2.2 and add in a spatial varying componardrdb.

1 -~ e 2
ay+beJy+2m iN c:A y=0 (2.2)
1 h., e 2
apa(r)y + bob(r)jy jcy + o N CA y =0: (2.3)

Following the same process as Tinkham, | arrive at the same non-dimensionalized equations as
Tinkham, only there are now two spatially dependent teanfs) andb(r), see Eq. 2.4. Because
is approximately constant, | sbfr) = 1, leaving one spatially dependent paramedé€r,), which |

use to model the inhomogeneities present at grain boundaries. The same procedure can be done for
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equation (4.14) in Ref. [4].

1 h. e P- 2
o A N2 Q M, f=0 (2.4)

a(r)f+b(r)f3+

With a material dependent term ) introduced, the pro le ofa is chosen to resemble the
inhomogeneities in a grain boundary—an example of the inhomogeneities along a grain in Nb3Sn

is shown in Fig. 1.3. Namely,

(2.5)

whereA is the upper limit ofa, which is set to oneB is the lower limit ofa, q is the angle from the
y-axis,Ris the radius of the mesh, asdis the characteristic half width @. A con guration fora

over a symmetric mesh is shown in Fig. 2.5a. In the limit that our curvature is larger than relevant
length scales, the pro le o mimics the inhomogeneities observed in grain boundaries as seen
from the surface, as shown in Fig. 1.3. To con rm that inhomogeneities are responsible for lower
Hsh, | verify that vortex penetration happen where material inhomogeneities are praseri)

at an applied magnetic eld lower thath, for the same mesh with no material inhomogeneities

present, shown in Fig. 2.5b.

2.5 Saddle Node Bifurcations

One of our major results is the estimationHb,, which is done by treating the transition of the
superconductor from a meta stable state to a mixed state as a saddle node bifurcation. In this section,
| brie y explain what it means for our system to be a saddle node bifurcation by using a made-up
system,f(x), shown in Fig. 2.6.

The shape of (x) depends upon a bifurcation parameter r (which is different fronm theeq.

2.1), which is an adjustable parameter. Given a starting positinspace, the system tends towards
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(a) Value ofa (b) Vortex formation

Figure 2.5(a) The material inhomogeneitiess, varied over a symmetric mesh simulating
the material inhomogeneites at a grain boundarg 1 correspond to material inhomoge-
nieties. (b) The order parametgy; j2, shows vortex penetration for the same meshand
con guration shown in (a). The vortex penetration happens whetel for an applied
magnetic eld less theilg, for the same mesh without material inhomogeneities present,
as shown in Fig 2.3b.

the local minimum off (X)—picture the path of a ball rolling down the curves. The system also
experience damping, so it eventually comes to rest at the minimum—imagine the ball experiences
friction.

For low r, there are two minima and one maximum. As the bifurcation parameter r is increased,
f(x) changes form, as shown in Fig. 2.6a-2.6c. As r changes, one of the minir(x)ok
annihilated by a maximum df(x), leaving just one minimum.

If the system starts with a low r value and at the minimum to the right in Fig. 2.6a and is
perturbed, imagine giving the ball some energy; it oscillates around the minimum until dissipative
factors bring it back to the minimum. This decay back to the minimum follows an exponential
decay, with a characteristic decay rate ofAs r increase and changes states form Fig. 2.6a to 2.6b,

t increases. At the critical value of r, Fig. 2.6b, the minimum and maximum annihilate each other,
and the slope is zero where the minimum was. With a slope of tesmmuld be in nite, as the
system would never return to the minimum. After r has changed past the critical value, the system

always tends towards the left minimum, shown in Fig. 2.6c.
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This system is analogous to Type-Il superconductors, where r is some parameter that is dependent
on the applied eld. While the applied eld is below some critical valtie,, a meta stable state
exists, analogous to Fig. 2.6a: The left minimum is where vortices Il the bulk, and the right
minimum is where no vortices exist. If the superconductor starts in a superconducting state and the
applied eld is raised, the system settles into the right minimum. If we perturb the system enough,
vortices begin to form, and the system moves to the left minimum.

The eld at which ris at its critical point i$ls, for H > Hgp, the system tends to a state where
vortices exist within the bulk. By perturbing the system from its local minimum and calculating the
decay rates, we can nd the r value that corresponds to a given applied eld. A detailed explanation

of why this is a saddle node bifurcation can be found in Alden Pack's Masters Thesis [9].

2.6 Calculating the Superheating Field Hgp)

The superheating transition is a saddle node bifurcation, where the bifurcation parameter, r, is
dependent on the applied magnetic eld)( Thus, methods in bifurcation theory are used to
estimate the superheating elHgn,, where £ 0. Using these methods, calculations are done for
H < Hgn, where the dynamics, and therefore calculations, are fadigrs then extrapolated from
those results.

The superheating eld is calculated computationally by rst solving the time dependent
Ginzburg-Landau (GL) equations over a mesh of points using nite element methods. The output
is the solution to the equations after a given time step at all the points in the mesh. Using this
method, the simulation iterates long enough for system dynamics to emerge and reach a steady state.

Convergence to a steady state is measured using the tolerance

. .2 . .2
max Jyt”% <10 & (2.6)

where dt is the time step.
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(a) System before critical point. (b) System at critical point.

(c) System after critical point.

Figure 2.6 Different stages in a saddle node bifurcation. The transition from having two
stable points and one unstable point (a) to one stable point (c) happens at the critical value
of the bifurcation parameter r (b).
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