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ABSTRACT

Accurate Band Energies of Metals with Quadratic Integration

Jeremy John Jorgensen
Department of Physics and Astronomy, BYU

Doctor of Philosophy

Materials play an important role in society. Historically, and even at present, materials have 
been discovered by trial and error, and many of the most useful materials have been discovered by 
chance. The high-throughput approach aims to remove (as much as possible) chance and guesswork 
at the experimental level by filtering out materials candidates that are not predicted to exist. Many 
successes have been recorded.

In the high-throughput approach to materials discovery, machined-learned models of materials 
are created from databases of theoretical materials. These databases are the result of millions of 
density-functional-theory (DFT) simulations. The size and accuracy of the data in the databases 
(and, consequently, the predictions of machined-learned models) are most affected by the band 
energy calculation; most of the computation of a DFT simulation is computing the band energy in 
the self-consistency cycle, and most of the error in the simulation comes from band energy error. 
The band energy is obtained from a two-part multidimensional numerical integral over the Brillouin 
or irreducible Brillouin zone.

A quadratic approximation and integration algorithm for computing the band energy in 2D and 
3D is described. Analytic and semi-analytic integration of quadratic polynomials over simplices 
improves the accuracy and efficiency of the calculation. A method is proposed for estimating the 
error bounds of the quadratic approximation that does not require additional eigenvalues. Error 
propagation of approximation errors leads to an adaptive refinement approach that is driven by band 
energy error. Because adaptive meshes have little symmetry, integration is performed within the 
irreducible Brillouin zone, and a general algorithm for computing the irreducible Brillouin zone is 
described.

The efficiency of quadratic integration is tested on realistic empirical pseudopotentials. When 
compared to current integration methods, uniform quadratic integration over the irreducible Brillouin 
zone sometimes results in fewer k-points for a given accuracy. Adaptive refinement fails to improve 
integration performance because band energy error bounds are inaccurate, especially at accidental 
crossings at the Fermi level.

Keywords: Brillouin zone integration, electronic band structure, band theory, density-functional 
theory, Fermi level, Fermi surface, band energy, total energy, band crossings, high-throughput, 
materials discovery, materials science
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1.1 Materials ancient and modern

Materials are the often overlooked building blocks of all societal comforts. The clothes on our

backs, the house over our heads, the paper or screen from which you read are possible because of

the unique properties of materials. All technologies, both ancient and modern, are dependent on

suitable materials. If left unconstrained, the scope of materials science could touch all aspects of the

physical universe itself. Because materials play an important role in many aspects of life, materials

with properties heretofore unknown will make possible unimaginable scientific advancements.

Figure 1.1 Ancient Chinese cauldrons called dings were made of bronzes or ceramics
and used to cook and store food and for religious offerings. The ding above is from the
Los Angeles County Museum of Art (Commons 2019). It is estimated to have been made
between 1300-1100 B.C. and is made of cast bronze with a black paste inlay.

In the past, primitive tools made of naturally occurring materials helped ancient people survive

in a competitive environment. Flint was used to craft spearheads, axes, knifes, and start fires. Wood,

another naturally occurring material, has been made into a many useful and varied objects, such as
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furniture and housing. Ceramics were used anciently for dish-ware and enabled a greater variety

of foods to be cooked over fire. Materials are so essential to the development of civilization that

periods of history have been named after the predominant materials of those ages (stone, copper,

bronze, iron, and now silicon). It is hard not to downplay the importance of materials in the

evolution of society. Even today, from synthetic fabrics to field-effect transistors in computing

and communications circuitry, there is scarcely any aspect of society that materials science has not

influenced.

The materials of today use all of the naturally occurring elements of the periodic table, whereas

materials from not too long back used a small fraction of the elements available. Advancements

in materials used to be a process of taking a known material and improving it by mining it more

effectively, bringing down the cost of production, and producing it more consistently. This aspect

of materials development continues today but in addition, materials with superior properties than

those off-the-shelf are discovered and developed for specific applications. This approach to the

development of materials is called materials by design or inverse design. There are often many

applications of a material that have not been considered at the time of discovery.

1.2 Materials prevent tragedies

One of the most notable tragedies in history could have been avoided if materials with superior

mechanical properties had been implemented. The Titanic was called unsinkable because it was

designed to stay afloat if as many as four of its sixteen water-tight compartments were flooded. It

is believed that when it collided with an iceberg at speed, five compartments were compromised.

Examination of the hull and its rivets has shown that they played a large part in the sinking of the

Titanic (Foecke 2008). It is possible the Titanic may have not capsized or at least capsized at a

slower rate and made it to a nearby dock at Carpathia, if the poor quality material of the rivets in
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the Titanic’s hull had been high-quality wrought iron or steel. Another possible cause of sinking is

brittle fracture of the steel plates of the ship’s hull. Metals with greater mechanical properties could

have prevented both failures. There were materials available with suitable mechanical properties

but they were not used for financial reasons, so bringing down the cost of materials is an important

aspect of materials science and engineering.

Figure 1.2 The sinking of the titanic is one notable disaster that could have been prevented
had it been constructed with materials of superior mechanical properties. This photo of the
Titanic was taken in 1912 (Commons 2021).

Corrosion is a problem that may forever affect materials science that comes with heavy costs to

the economy, environment, and human lives. It is estimated that the financial burden of corrosion

is 3% to 4% of the global gross domestic product (El-Sherik 2017), which today runs about $3

trillion USD. It is estimated that this cost could be reduced by up to $1 trillion from improvements

in corrosion-resistant materials.

Corrosion is responsible for many industrial accidents. For example, in 1987 in Los Angeles,

8 employees were killed and 18 injured in an oil refinery explosion that resulted from corrosion
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of a vapor line. (OSHA 1988). Accidents caused by corrosion affect the environment and human

livelihood. On March 3, 2000 in Hunt, Texas, corrosion caused a leak in a fuel line and spilled

500,000 gallons of gas. The fuel made its way to Lake Tawakoni, which provides the the city of

Dallas with 1/3 its clean water. When traces of a cancerous gasoline additive were found in the

lake, the water line was closed for 5 months until the additive was undetectable (Rieken 2016).

More recently, two teenagers riding ATVs in Huntersville, North Carolina came across a bubbling

liquid in the ground and reported the finding to the local fire department. Their discovery would

eventually become, after many investigations and a 1,600 page report, one the largest pipeline spills

in US history at 1.2 million gallons of fuel (Martin 2021). The cause of the spill was a crack in the

pipeline caused by external corrosion. The leak occurred even though the pressure in the pipeline

was well below the operating threshold. The integrity of the entire 5,500-mile Colonial Pipeline is

currently being questioned and investigated (Sorg 2021).

1.3 Materials win wars

Materials developments affected the outcome of World War 2. Military equipment at the time

required large amounts of rubber: 1,000 pounds for an airplane, 2,000 pounds for a tank, 75 tons for

a battleship, and 32 pounds for each soldier’s equipment (Museum 2021). When the Japanese seized

Indonesia, they cutoff the supply of natural rubber to the United States. Subsequently, the U.S.

was forced to mass produce synthetic rubber which was coincidentally discovered shortly before

the onset of the war but had not previously been produced in such quantities as those required for

military equipment.

Synthetic rubber was also used to insulate radar equipment, which was pivotal to the allies

winning the war. The inventor of radar, Robert Watt, commented on the influence of synthetic rubber

(Roberts 1989), polythene or polyethylene, “The availability of polythene transformed the design,
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Figure 1.3 Shown above is a slab of synthetic rubber from a production facility in Califor-
nia around 1940 (Image: Library of Congress, LC-USW33-028402-C.).

production, installation, and maintenance problems of airborne radar from the almost insoluble

to the comfortably manageable (owing to its almost ideal properties of insulation and structural

integrity) . . . A whole range of aerial and feeder designs otherwise unattainable was made possible,

a whole crop of intolerable air maintenance problems was removed. And so polythene played an

indispensable part in the long series of victories in the air, on the sea, and on land, which were made

possible by radar.”

Teflon and high octane fuels, both developed during the war, also gave the allies an advantage in

combat: high octane fuels gave aircraft more power and teflon was essential in the development of

the nuclear bomb.
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1.4 Current and future needs for materials

The advancement of machinery, communication, robotics, and computing depend on and are limited

by available materials. Vacuum tubes in computers were replaced by transistors and integrated

circuits once scientists were able to obtain very accurate material purities. Between 1968–2014, the

rate at which fuel was burned in commercial aircraft dropped 45% (Kharina & Rutherford 2015).

This was due in part to running the motor at higher temperatures, which was made possible by

the discovery of superalloys with higher melting points. Traditional incandescent lights are being

replaced at a fast rate by LED lights, which consume 85% less electricity and last 25 to 100 times

longer than traditional incandescent lights (Popovich 2019). LED lights are possible because of

the discovery of semi-conducting materials with specific band gaps that emit light in the visible

spectrum. The tremendous benefit to mankind of LED lighting was recognized when those who

took part in the discovery of the blue light-emitting diode, without which white light could not be

created, won the 2014 Nobel Prize in Physics. There are countless examples of materials improving

the technologies and the quality of life of people, especially those of meager financial means.

Many materials have yet to be discovered that could solve problems currently faced by society

regarding clean energy, corrosion, and computing. Often there are materials that could solve

problems (such as high-efficiency solar panels) but are impractical because they are too expensive

to manufacture, difficult to work with, or are too rare to be produced at large scale and meet demand.

Many practical aspects of a material’s lifecycle from production to disposal are concerns of materials

science and engineering.

Fusion reactors that produce more energy than the energy required to start and maintain the

fusion reaction have been a pipe dream for scientists and conservationists for a very long time.

The latest attempt at mimicking the thermonuclear processes of stars comes from one of the most

ambitious and expensive collaborative science experiments in the history of humankind. The

International Thermonuclear Experimental Reactor (ITER) located in the south of France hopes
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to return 10 times the energy required to initiate the thermal reaction, despite many failures and

not one success at a net positive energy return (Rincon 2014). One prominent attempt is the Mirror

Fusion Test Facility at Lawrence Livermore National Laboratory that was mothballed a day after

it was constructed and whose facility still remains as a ghost and testament to the indomitability

of nuclear fusion (Booth 1987). With its abandonment came the eventual collapse of all mirror

fusion research. Yet optimism can still be found and new facilities are under construction such as

the SPARC tokamak at MIT (Creely et al. 2020).

Figure 1.4 The ITER fusion reactor is a massive, collaborative scientific venture that seeks
to make fusion energy a reality. Progress in materials science brings technological dreams
like thermonuclear fusion closer to reality by accelerating development. The diagram of
the tokamak (Wikipedia contributors 2021) above illustrates its size and complexity (the
people dressed in orange give an idea of the scale).

Materials that are capable of withstanding bombardment of neutrons and extreme temperatures

are necessary for magnetic confinement fusion (the ITER reactor will reach 100 million degrees).

One isotope used in fusion reactions is extremely rare—the world supply of tritium is estimated to be

20 kg (Gibney 2021). Other hydrogen isotopes are readily available and could help fusion account
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for a substantial amount of our energy demands. Once the fusion reaction starts, the inner region of

the tokamak becomes radioactive, and humans cannot enter to make adjustments to experiments for

many months (18 months for the ITER reactor). Materials that can withstand neutron bombardment

without becoming radioactive would make fusion experiments by magnetic confinement easier to

perform. During fusion, radioactive particles would damage diagnostic and observational sensors

if they were not protected by a concrete barrier. This makes it difficult to observe all that occurs

during the reaction. Sensors resilient against radiation would improve the accuracy of observations

and potentially speed up development.

Batteries are becoming more popular than ever with the electrification of all things related to

transportation. Most batteries in electric transportation and consumer electronics are lithium-ion.

These batteries are often made of heavy, rare, and toxic metals, such as cobalt, that are difficult

to dispose of properly and are not found in abundance (University 2020). Progress has been

made in looking into materials that could replace these metals while not compromising aspects

of the performance of the battery, including lifecycle, charge capacity, and rates of charging and

discharging. One such material that could replace the cobalt cathode of lithium-ion batteries is a

synthetic organic material made of phosphaviologens within carbon nanotubes (Bridges et al. 2020).

This particular material delivered similar performance of traditional heavy metal cathodes while

also being abundant and easily recycled because its elements are naturally interconverted with the

earth in the carbon cycle. Organic batteries will have a greater role in sustainable energy storage in

the future.

Hence, we see that materials and engineering applications of materials will continue to solve

outstanding problems that society faces, and there is a great need to increase the rate at which

materials are discovered.



Chapter 2

The evolution of materials discovery

10



2.1 Scientific paradigms 11

2.1 Scientific paradigms

The term “scientific paradigm” (or “disciplinary matrix”) was coined by Thomas Kuhn, a philosopher

of science, in his book The Structure of Scientific Revolutions in 1962. Kuhn proposed that the

evolution of science wasn’t as rational or orderly as it was believed to be. Periods of science where

theories are not questioned or challenged, where there are incremental improvements, and where the

methods for performing science are agreed upon are termed by Kuhn “normal science”. In normal

science, the community holds in common certain ideas as truths, ways of thinking, and ways of

performing science. Normal science occurs within the context of a scientific paradigm. The value

of a paradigm comes from its ability to solve scientific puzzles and its explanatory and predictive

power. Examples of scientific paradigms are Newtonian or quantum mechanics.

Discrepancies between reality and paradigm are found as more scientific puzzles are solved. At

first, these are explained away or ignored. Eventually, there are too many anomalies or the anomalies

are too severe to ignore, and a process of revision occurs. This revolutionary process or paradigm

shift is a destructive and creative process. According to Kuhn, this process is often arational and

influenced by social and political forces. Kuhn described paradigm shifts as “the greatest and most

original bursts of creativity.” (Horgan 2012) A paradigm shift is a time of disagreement. Often

scientific progress is slowed during the revolution because individuals are expending effort disputing

science instead of doing science and solving scientific puzzles. Some fields, many related to social or

political science, never settle into normal science because the community never reaches a consensus.

This may be related to the nature of the problems they are trying to solve. If agreement is reached,

normal science again ensues. The accepted ideas and methods of science for the next paradigm

are influenced by authority figures and majority opinion. The new paradigm usually maintains the

predictive power of the previous while giving explanations for the anomalies the previous paradigm

failed to explain or predict. The classification of organisms in biology or taxonomy is a theory of

science undergoing dispute or a paradigm shift, and it may never reach the state of normal science
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if the community fails to achieve consensus.

Some paradigm shifts occur without motivation from anomalies that the paradigm fails to predict.

Revolutionary discoveries may occur within normal science that spur a new scientific paradigm.

The discovery of the double-helical structure of DNA is one such example.

It was put forth by Jim Gray in The Fourth Paradigm that there have been four general, overar-

ching paradigms that apply to all of science (Hey et al. 2009). It is important to note that scientific

paradigms build upon the previous paradigms and do not replace them; importantly, the methods of

performing science in one paradigm continue into the succeeding paradigms. For example, the first

general paradigm was experimental exploration of the universe through trial and error. This method

of science continues today and may forever be the method of separating scientific fact from fiction.

Theoretical science, the second paradigm, began with such figures as Newton or Kepler. In this

paradigm, reality, the universe, physical phenomenon,. . . are modeled with mathematical formulas

and tested against empirical measurements. A body falling under the force of gravity may be

modeled mathematically with an algebraic curve. A mathematical relationship between the mass

of a celestial body and its force on another may be expressed using symbols that represent the

distances between the bodies and their masses. The path traced by planets were predicted and

verified by Kepler to trace ellipses, another type of quadratic algebraic curve. In the second

paradigm, mathematics became an additional tool used by scientists to understand and predict

physical phenomenon.

In the second paradigm, progress in understanding a physical phenomenon begins with a simple

approximation that is exactly solvable (has an analytic or closed-form solution). But simple models

often do not accurately reflect reality except in specific situations or in particular limits. More

accurate but complicated models usually cannot be solved exactly. For example, a closed-form

solution to the motion of two orbiting point masses can be found, but no such solution exists

for the motion of three orbiting bodies. This is the well-known three-body problem. Problems
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in mathematics with no initial physical corollary often are not exactly solvable—the roots of

polynomials of degree 1–4 have closed-form solutions but higher degree monomials do not. And so

we see that there are many theoretical problems in many branches of science or other disciplines

that do not have closed-form solutions.

The invention and development of computers brought about the third scientific paradigm,

numerical methods or computational science, which can address a host of problems that could

not be solved otherwise. Numerical methods find approximate solutions to problems that do not

have analytic solutions, and usually these approximations become more accurate with increasing

computational resources and time. Numerical methods come with proofs that they work so there

can be confidence in the solutions they give even though the problems they solve do not have

known solutions. For the examples mentioned above, the roots of higher-order polynomials may

be approximated with numerical root-finding methods, such as Newton’s method, (Galántai 2000)

and the motion of three bodies may be determined from numeric integration methods (for example,

Verlet or Runge-Kutta).

We are currently on the cusp of the fourth scientific paradigm in which large amounts of data

control and direct more aspects of the scientific process: the questions to ask, the experiments

to perform, the data to collect, the best models for the data, and the interpretation of the data.

Several scientific fields, among them are astronomy and particle physics, have already had to make

adjustments to day-to-day science to account for more data than they are capable of storing or

processing. Currently, progress is being made towards data-intensive science with investments in

modalities of data capture, curation, and analysis. In the future, data sharing and permanence—

enduring, open-access, collaborative digital libraries of scientific data—will be integral to individual

and interdisciplinary science (Bell et al. 2009). The fourth paradigm is in its infancy and can be

found in approaches to science like machine learning, but it may eventually give way to another

scientific paradigm in which human involvement is very limited. This could happen if general
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artificial intelligence or superintelligence is achieved (Bostrom Accessed Oct, 2021).

The scientific paradigms in materials science started with physical experiments on materials

through trial and error or guesswork. Afterwards, empirical measurements and mathematics were

used to describe and predict the properties of materials. Simulations of materials on computers later

became a tool for understanding materials and processes of materials too complex to model by pen

and paper. Today materials are better understood, studied, and predicted with data-driven materials

science. These paradigms are shown diagrammatically in Fig. 2.1.

Figure 2.1 Shown in the diagram (Schleder et al. 2019) are the four scientific paradigms
and their influence on materials science. One paradigm doesn’t replace another; subsequent
paradigms build upon previous ones.

2.2 The role of chance in materials discovery

Chance has played a role in some of the most influential discoveries. It will continue to play a role

in discovery because it isn’t possible to know everything there is to know. It is surprising how many

of the most common, everyday materials have been discovered serendipitously (not sought after
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and discovered by accident) or pseudo-serendipitously (sought after but discovered accidentally).

Although many materials discoveries happen by chance, there is almost always someone involved

with the discovery with expertise that recognizes the novelty and potential of the discovery.

Rubber, given its name when it was found that it could rub off pencil markings, is a tree

emulsion that natives of South America used to form into a ball to play games. Many tried to find

useful applications for it, but their attempts were frustrated because rubber becomes brittle at low

temperatures and loses its shape at high temperatures. Charles Goodyear attempted for many years

to stabilize rubber, going into excessive debt in the process. During one such attempt, rubber and a

sulfur solution accidentally mixed on a hot stove. Charles noted that the rubber did not melt. He

later left a piece outside in the cold over night and found out the next day that it was still flexible.

He eventually canonized the process, produced a patent, and called his creation vulcanized rubber.

Variations of this rubber are used to this day in car tires.

Synthetic rubber was pseudo-serendipitously discovered when an unexpected liquid from a

chemical separation process of acetylene polymerized on its own when left out over the weekend at

a Du Pont lab. This synthetic rubber would become Neoprene, which is used commonly for shoe

soles, industrial hoses, window gaskets, and the bonding agent in double-sided belts (Roberts 1989).

At 18 years old, William Perkin decided that during the holiday break he would attempt to create

a synthetic anti-malarial drug because the only known remedy came from the bark of a tree it the

East Indies. He eventually tried adding carbon and hydrogen to the organic compound aniline but

obtained instead a black mass. While cleaning out the flask, he noticed the water turned purple and

thought it might be able to color fabrics. He sent a sample to a local dye company where his idea

proved correct. With the financial support of his parents, he abandoned his studies to create the first

artificial dye factory. The synthetic dye was so cost effective that practically everyone could afford

purple fabrics, which until then were limited to the very wealthy because, to produce just one gram

of natural dye, thousands of mollusks had to be harvested (Roberts 1989).
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Figure 2.2 Shown is a re-enactment (Tullo 2016) of the cold drawing to create nylon at a
DuPont Laboratory by Julian Hill.

Carothers and Hill, two scientists at a DuPont lab, were attempting to create the largest polymers

possible using a molecular still. After one run, Hill noticed that the polymer solution was thick and

sticky. He created a game where others in the lab were given a small amount of the polymer and

tasked with stretching it as far as possible. This process is the same as cold drawing. Hill noticed

that the fibers created when the polymer was stretched became stronger. When Hill and Carothers

later studied the strings, they found that stretching the polymer aligned its molecules and created

crosslinks between the molecules. After further study and experimentation, these polymer fibers

would become the first synthetic fabric, nylon (Gaughan 2010).

Another DuPont scientist, Roy Plunkett, was hired to study chlorofluorocarbon (CFC) refriger-

ants. He prepared tetrafluoroethylene, a component gas that would later be needed to create CFC

gas, and left the container of gas in dry ice over night. The next morning, he at first thought the gas

had leaked out when no gas came out of the container. He sawed the container in half and found that

the gas had polymerized into a substance waxy and white, which went against the best knowledge



2.2 The role of chance in materials discovery 17

Figure 2.3 Shown is a re-enactment (Poffenberger 2021) of the discovery of Teflon at a
DuPont Laboratory by Roy Plunkett and colleagues.

of the behavior of tetrafluoroethylene at the time. Plunkett continued to study the waxy polymer and

found it to have excellent properties: it was resistant to heat and corrosion, and very slippery. Its

first application was containing a very corrosive, intermediary gas in the development of radioactive

materials for the nuclear bomb in WWII (Gaughan 2010).

The previous materials mentioned are just a few examples of the many materials discovery

by accident. The list of materials discovered by accident is quite long and includes shatterproof

glass, super glue, silly putty, play dough, penicillin, stainless steel, cellophane, saccharin, dynamite,

anesthesia, scotch guard, chewing gum, velcro, and silk (Roberts 1989).

Materials scientists would like chance to play a smaller role in the discovery of materials. In

other words, they would like to predict materials that exist before they are discovered instead of

coming across new materials by accident. There are so many elements and known crystal structures

that testing each possible combination would take longer than the age of the universe, and these are

only the crystalline materials! It simply isn’t practical to search the space of all possible materials

by trial and error.
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2.3 Challenges to materials modeling

Modeling materials is a challenging task because of the many varieties of materials. Materials come

in many different phases (solid, liquid, gas, . . . ). They can have an organized structure (crystals)

or a disorganized structure (glass). The atoms in solids can be held together by different types or

competing bonds: metallic (copper and aluminum), ionic (table salt), covalent (diamond), molecular

(paraffin wax), and others. The electrons may be localized (insulators), delocalized (conductors), or

in between (semi-conductors). There are many length and time scales at which a material may be

modeled, from microscopic atomic models to the macroscopic continuum models.

As an example of the complexity of materials modeling, it took a book with over 400 pages

to catalog just the 1D continuum models (Steinmann & Runesson 2021), very specific and low-

dimensional models. Entire scientific disciplines are devoted to studying materials at one scale.

Phenomena of materials that occur at one scale can affect the properties of the material at another

(nanoporous materials). Some properties of materials are dynamic and time-dependent. A model

may build in phenomena from different time and length scales (multiscale modeling). There are

many properties of materials that can be modeled (mechanical, thermal, electrical, chemical, . . . ),

and often different models are employed to study each property separately. One could spend an entire

career studying the mechanical properties of a metal without ever considering its electrical properties.

The properties of the material can vary by the direction of measurement (non-isomorphic). The

number of possible materials is uncountable, as are the categories of materials.

Often tradeoffs have to be considered when approaching a materials model because, at present,

it simply isn’t possible or practical to use the most accurate quantum mechanical models for any

macroscopic amount of a material for any observable time scale. It is common belief that the more

physical phenomena a model can capture, the greater the predictive power of the model (Steinmann

& Runesson 2021). Because phenomena for smaller scales affect those at larger scales, the most

accurate models typically are those smallest in scale as possible (quantum), but they are also so
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computationally expensive as to render them impractical today. Density-functional theory and

codes built on this theory have become very practical as a compromise between speed and accuracy.

Density-functional theory will be explored in greater detail in subsequent chapters.

2.4 Examples of the successful prediction of materials

Not all materials are discovered by chance, and it is hoped that in the future scientists will be able

to predict the existence and properties of the most exotic materials before discovery. Anticipating

the composition of promising materials is important because there are simply too many possibilities

to realistically attempt to synthesize them all, and knowledge of available materials will allow

engineers to make informed decisions for applications of materials.

Historically, one of the greatest tools for describing the properties of materials has been the

periodic table. Invented by Dmitri Mendeleev in part from inspiration obtain from a dream and in

part by grouping elements by their properties, it has facilitated the discovery of many base elements

from which all materials are made. Mendeleev himself (who did not know about protons, neutrons

or electrons) accurately predicted several elements that were missing from the table, including

germanium, gallium, and scandium.

A recent research review by Saal et al. highlighted many of the materials that were predicted

with machine-learning based approaches to materials prediction (Saal et al. 2020). The robust and

general nature of materials prediction by machine learning is evident in the variety of materials

successfully predicted: small molecules, inorganic solids, half-heusler alloys, high-entropy alloys,

perovskites, glasses, polymers, and metallic glasses. Despite these successes, it is pointed out by the

authors that only a small fraction of predictions of materials are verified experimentally, indicating

a potential need for high-throughput experimental validation of predictions. The reproducibility

crisis currently plaguing the social sciences could affect the science of materials prediction as well.
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As the companion of the Islamic Prophet Muhammad, Abu Bakr, said: “Without knowledge action

is useless and knowledge without action is futile.”

Members of the Materials Simulation Group at Brigham Young University successfully predicted

many new Ni-based, ternary superalloys from a combinatorial search over a subspace of materials

space (Nyshadham et al. 2017). Many of the alloys predicted from the search—which involved

about 2,000 first-principles calculations—were new or did not have phase diagrams reported in the

literature. At least two of the predicted alloys were later verified experimentally, and work continues

on these alloys with efforts aimed towards stabilization of the super alloy phase (Tirado et al. 2018).

Machine learning models benefit from knowledge of materials that exist and that do not exist.

Unfortunately, there is an absence of literature on experiments that have failed to synthesize

materials. This is just one area where the publication of null results is in the interest of scientific

discovery.



Chapter 3

Materials databases in the high-throughput

approach

21



3.1 Failing quickly: the high-throughput approach 22

The high-throughput approach to materials prediction is well described by Curtarolo et al.

(2013):

[High-throughput computational materials design] is simple yet powerful: create a

large database containing the calculated thermodynamic and electronic properties of

existing and hypothetical materials, and then intelligently interrogate the database in

the search of materials with the desired properties. Clearly, the entire construct should

be validated by reality, namely the existing materials must be predicted correctly and

the hypothetical ones should eventually be made. Such a reality check feeds back to

the theory to construct better databases and increase predictive power.

The high-throughput approach to materials prediction is a process in which as little effort as

possible is spent on the investigation of a material until it becomes apparent that the material is

likely to exist or have promising features. A blind search for a material with specific properties

would likely start with a uniform sampling of a materials subspace, possibly informed by previous

success or knowledge. A machine-learned model would be built on these simulations and be used

to inform subsequent DFT simulations. Eventually, a collection of the most promising materials

candidates from DFT simulations would be investigated experimentally. In this way, materials are

investigated at first with the computationally inexpensive machine-learned interatomic potential,

then simulated with computationally expensive DFT, and finally experimentally. This chapter

looks at the generation of materials databases from DFT simulations and the pros and cons of the

high-throughput approach for materials prediction.

3.1 Failing quickly: the high-throughput approach

Failure is the most likely outcome of any endeavor, and nowhere is this more often the case than

for attempts to discover new materials. Experimental synthesis of materials is a painstaking and
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arduous endeavor that can often feel like guesswork due to the complexity of systems of materials,

the non-intuitive nature of submicroscopic interactions over a variety of time and length scales. For

example, Edison is reported to have failed 1,000 times before discovering a filament that would

keep a light bulb lit for 14.5 hours (Matulka & Wood 2013). The high-throughput approach is a

way to fail quickly with less effort.

The materials of primary interest are metals. It is well known that density-functional-theory

(DFT) simulation of metals are computationally expensive, but this expense is small in comparison

to the experimental methods of synthesis of metals: arc melting (Abu et al. 2014), induction melting

(Frenzel et al. 2004), Bridgman solidification (Zuo et al. 2015), powder metallurgy (Torralba et al.

2019), spark plasma sintering (Shen et al. 2002), and mechanical alloying (Benjamin 1976), to

name a few. There is a significant advantage, as far as time and effort go, to simulating materials

with DFT before attempting to synthesize materials experimentally.

To further reduce the computational effort required to filter out the best candidates of materials

for experimental validation, machine-learned models that are even more computationally efficient

(about a thousand times faster than DFT) are trained on databases of DFT data (Hart et al. 2021).

These surrogate models can be used to make informed decisions about what systems of materials

that, when simulated with DFT and added to the database, would make the model more accurate.

In summary, machine-learned models inform decisions of what materials to simulate with more

expensive DFT, and DFT informs decisions of what materials merit attempts at experimental

synthesis. This process is summarized in Fig. 3.1.

3.2 Querying databases of materials

Given a database of materials, the next step is to search through the database for materials often

with extreme properties—for example, materials with extreme electrical conductivities or strength.
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Figure 3.1 Above is a summary of the high-throughput approach to materials discovery
(Nyshadham 2019). Instead of running inefficient electronic structure calculations of
candidate materials (the upper path) to get properties of the materials, efficient surrogate
models (the lower path) trained on electronic structure calculations (density functional
theory calculations) can be used to obtain the same properties more efficiently. Once a
sufficient number of materials have been computed, an intelligent search is performed to
identify materials to be simulated with electronic structure methods. The end result is a
list of materials that are very probable to exist to experimentally investigate.
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The manner in which a database is searched is by means of a “descriptor.”

A descriptor is a variable that relates the microscopic properties of a material (band energy,

band gap, density of states, etc.) to a desired macroscopic property (critical temperature, thermal

conductivity, magnetic susceptibility, etc.) (Curtarolo et al. 2013). A descriptor can be composed

of many microscopic properties, which means there are practically endless possibilities for a valid

descriptor. One such descriptor in the literature is the minimum ratio of effective masses of electrons

to holes or holes to electrons for characterizing non-proportionality in scintillators (Setyawan et al.

2009). One advantage of machine-learned models is they can automatically select the optimal

descriptor for a macroscopic property based on correlations in the materials database (Imbalzano

et al. 2018).

In the high-throughput approach, the search for optimal materials is not limited to the materials

contained in the database. A suitable descriptor may recommend simulations to be performed to

augment the database and thereby improve the accuracy and efficiency of the machine-learned

model. In other words, the algorithm may identify optimal materials for a given property from a

certain descriptor that may not be in the database. Algorithms that implement this type of extrinsic

search for materials include support vector machines (Sundararaghavan & Zabaras 2005) and neural

networks (Sha & Edwards 2007). The automatic selection of a descriptor allows a less-informed

scientist to perform the search, although including greater physical insight into the factors that affect

a given material property is advantageous.

3.3 Generation of databases of materials

Reproducibility is a hallmark of good science that it is no less important in the high-throughput

approach to materials discovery. To this end, it is important to understand all the parameters that

go into the DFT simulations that are used in the generation of the database, knowledge of which
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Figure 9.3 Band structure plots of empirical pseudopotentials along paths of high symme-
try throughout the Brillouin zone. These models are used to test the performance of the
quadratic integration algorithm.
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Another factor that affects the band energy accuracy is the expansion size of the plane wave

expansion of the wave function that happens at each k-point. If the expansion is too small, attempting

to increase the accuracy of the band energy by adding more k-points is ineffective (see Fig. 9.4.

The expansion size affects the values of the eigenvalues and if the basis is too small, there are large

discontinuities in the band structure when terms in the expansion are added or removed. When

the expansion size is large enough, these discontinuities are small enough to not affect the band

structure or band energy. The cutoffs for 3D EPMs was chosen so that there were at least 1,000

terms in the expansion at the origin.
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Figure 9.4 The band energy error of an EPM for indium with different numbers of terms
in the plane wave expansion of the wave function.
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9.2 Quadratic integration performance in 2D

In integration tests, we compare integration over the BZ with the rectangular method to polynomial

interpolation and integration of the band structure over the IBZ. The k-points are reduced by

symmetry when integrating with the rectangular method; no symmetry reduction is necessary for the

polynomial integration methods. We include result for uniform meshes over the IBZ with exact fits

(instead of least-square fits) for linear and quadratic polynomials and least-squares fits for quadratic

polynomials also with uniform meshes. Integration with adaptive mesh refinement is only shown for

interpolation of the band structure with least-squares quadratic polynomials because it is the only

method that gives approximated interpolation errors. The integration performance of the various

methods is presented as error convergence plots in Fig. 9.5, 9.6, 9.7. The inset in the figures shows

the Fermi curve in red and the shadows of the partially occupied sheets in black.

In the figure legends, R is rectangles, L is linear polynomials with uniform meshes, Q is quadratic

polynomials with uniform meshes, LSQ is least-squares quadratics with uniform meshes, and A is

least-squares quadratics with adaptive meshes. The rectangular method uses Monkhorst-Pack grids

with a symmetry preserving offsets. There are better-performing uniform grids for the rectangular

method (generalized-regular grids) that are about 60% more efficient on average (Morgan et al.

2018). Consequently, in the convergence plots that follow, the polynomial methods need to have 60%

fewer k-points than rectangles to have the same performance as rectangles with generalize-regular

grids.

We say one integration method performs better than another if it has less band energy error

than the other method at the same k-point density. Linear interpolation shows very consistent

error reduction with increasing numbers of k-points but consistent poor performance compared to

rectangles (this is comparable to the tetrahedron methods in DFT codes shown in Ch. 6. Quadratic

interpolation with uniform meshes has better or roughly the same performance as rectangles;

the gap in performance increases the higher the k-point density. Least-squares quadratics with
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Figure 9.5 A comparison of integration methods for 2D toy models M1 and M2. The
integration methods are: R - rectangular method, L - uniform sampling of the IBZ with
linear interpolation, Q - uniform sampling of the IBZ with quadratic interpolation, LSQ
- uniform sampling of the IBZ with quadratic interpolation and a least-squares fit, A -
adaptive sampling of the IBZ with quadratic interpolation and least-squares fitting. The
inset shows the the IBZ, the occupied region of the partially occupied sheets as black
regions, the unoccupied regions as white regions, and the Fermi curve in red.
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Figure 9.6 A comparison of integration methods for 2D toy models M3 and M4.
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Figure 9.7 A comparison of integration methods for 2D toy model M5.
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uniform meshes usually performs similarly to quadratic interpolation; in a few cases and at low

k-point densities, least-squares quadratics perform similar to linear polynomials but transition in

performance to the performance of quadratic polynomials at higher k-point densities. Least-squares

quadratics with adaptive meshes most often perform similar to quadratic polynomials; in a few

cases, their performance lies between linear and quadratic polynomials.

In cases where the Fermi surface does not have fine features (high curvature, sharp corners,

islands or thin “strips”), we expect uniform meshes to perform as well as adaptive meshes. Inte-

gration errors are concentrated at fine features, and we expect adaptive meshes to have superior

performance to uniform meshes in the presence of fine features. However, as mentioned in Sec.

8.3.5, containment often fails at sheet crossings, which reduces the estimate of errors where the

errors are largest. This is not a problem if the estimated errors at sheet crossings are still large

in comparison to other integration errors since simplices with the largest errors relative to other

simplices are refined first. Typically, the more atoms or electrons a material has, the more sheets

are included in the calculation of the band energy and the more likely is the occurrence of sheet

crossings at the Fermi level. Also, the more atoms or electrons in a system, the more basis functions

are needed to obtain accurate eigenvalues, so there is a greater cost to evaluating the band structure.

We expect adaptive meshes to perform best when the system has many atoms or electrons, many

basis functions in the plane-wave expansion of the wavefunction, and high accuracy of the band

energy is sought after. We suspect that error bounds are inaccurate if adaptive meshes do not

perform well in the presence of fine features when compared to uniform meshes, which is the case

for M13.

To get a sense of how well the adaptive algorithm works, a detailed example of mesh refinement

for M42 is shown in Fig. 9.8. This figure gives understanding to the poor performance of the adaptive

quadratic method at low k-points densities and its superior performance at high k-point densities.

When refinement begins, the mesh is so sparse that the estimated Fermi curves (green) and bounding
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Figure 9.8 A case study of adaptive refinement for M42 with a k-point target of 200 points.
The band energy error for each iteration of refinement is shown in the plot at top. The
mesh and approximate Fermi curves are shown for each iteration of refinement from top to
bottom and left to right. The IBZ is the domain of the plot. The true Fermi curves are the
red curves, the approximate Fermi curves are the green curves, and the bounding Fermi
curves are the cyan curves. The shading of the triangles indicates relative band energy
error where the darker the shading, the larger the error relative to other triangles in the
mesh.



9.3 Quadratic integration performance in 3D 167

Fermi curves (cyan) are very inaccurate and practically meaningless. As refinement progresses,

triangles near the Fermi curve are preferentially refined, the outcome of which is triangles near the

Fermi curve are smaller and triangles away from the Fermi curve are larger at the end of refinement.

The largest band energy errors occur in smaller triangles with a portion of the Fermi curve or in the

largest triangles away from the Fermi curve, as expected. Since the band structure is approximated

with quadratic polynomials whose coefficients are obtain by least squares, there is no continuity

constraint on the approximation, and the quadratic band structure is discontinuous across triangles.

This is manifest as jump discontinuities in the plot of the approximate and bounding Fermi curves.

9.3 Quadratic integration performance in 3D

Integration performance for 3D empirical pseudopotentials are shown in Figs. 9.9 and 9.10. Various

uniform quadratic integration methods that vary only in the order of the degree of the polynomial

approximation are included in the results. Integration with higher order polynomials is possible

with purely numeric integration but the convergence rate was prohibitively expensive, so tests were

not performed for polynomials of degree greater than 2. Details of the integration methods are

shown in Table 9.1.

Integration methods

Legend R C L Q A

Domain BZ IBZ IBZ IBZ IBZ

Degree 0 0 1 2 2

Fit Exact Exact Exact Exact Least-squares

Mesh Uniform Uniform Uniform Uniform Adaptive

Table 9.1 A summary of integration methods tested on the 3D empirical pseudopotentials
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Uniform constant integration over the IBZ is an attempt at a rectangular method over the IBZ

instead of BZ. The IBZ is split into simplices and each simplex is sampled at its centroid. Integration

is performed the same as rectangular integration except what would be the area of the base of the

rectangle in the rectangular method in 2D is the area of a triangle (the volume of a tetrahedron in

3D). Integration performance with uniform constant integration over the IBZ is consistently a little

worse than rectangles over the BZ.

Uniform linear integration over the IBZ has similar performance to the uncorrected tetrahedron

method in DFT codes: integration error consistently decreases with increasing k-point densities but

integration error is orders of magnitude worse than the rectangular method.

Uniform quadratic integration performs as good or better than rectangles for many of the tested

EPMs (Ag, Au, Cs, Cu, Li, Na, K, Rb, Zn). We suspect that EPMs with accidental crossing are

present in the EPMs where quadratic integration performed no better than rectangles (Al, In, Sn). In

several cases, the integration error with uniform quadratic integration is orders of magnitude better

than rectangles (Cu, Li, Na, K, Rb, Zn). The flatting of the band energy error is caused by error in

the “true“ band energy for each EPM, which was limited to around 10−5 to 10−6 eV on average.

Results for adaptive integration are very poor. In many cases (for example, Ag), the band energy

error goes flat over a range of k-point densities. This happens when the estimates of the band energy

error in each tetrahedron is inaccurate, causing the the tetrahedra with most error to not be refined.

In other cases (for example, Li), the band energy error convergence for adaptive refinement is

similar to uniform refinement with linear quadratics. This occurs when the tetrahedra over the IBZ

are refined more or less uniformly (the performance is worse than uniform quadratic integration

because the coefficients are calculated using constrained least squares; at higher k-point densities,

the convergence will be closer to uniform quadratic integration). In both cases, adaptive refinement

performs worse than rectangles because the error estimates of the band energy errors are inaccurate.
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Figure 9.9 The performance of various integration methods on empirical pseudopotentials
for Ag, Al, Au, Cs, Cu, and In.
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Figure 9.10 The performance of various integration methods on empirical pseudopotentials
for Li, Na, K, Rb, Sn, and Zn.



Chapter 10

Conclusion

We have presented an algorithm for computing irreducible Brillouin zones for any crystal structure

and a quadratic integration algorithm for computing the band energy over the IBZ. Integration within

the irreducible Brillouin zone permits greater freedom in the selection of integration points and

subcells and is not limited to quadratic integration or the proposed integration methods. Higher order

integration or integration approaches differing from those presented may yield further improvements

to the error and efficiency of the band energy computation, which is made possible from integration

within the irreducible Brillouin zone.

A quadratic integration algorithm for computing the band energy in density-functional-theory

codes has been described. The uniform quadratic algorithm generally requires fewer k-points for a

given accuracy than the rectangular method. Consequently, DFT codes that implement quadratic

integration have the potential to be more efficient and accurate, which will be reflected in the quality

of materials databases, interatomic pseudopotentials, and materials predictions.

In 3D, we suspect adaptive quadratic integration fails to perform better than uniform integration

due to poor estimates of the band energy error in each tetrahedron. These inaccurate band energy

errors cause refinement of tetrahedra to not occur where band energy errors are largest. Band energy

errors are especially inaccurate when there are sheet crossings at the Fermi level. A more accurate
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method of estimating band energy error or a method of resolving accidental crossing at the Fermi

level could improve the performance of adaptive quadratic integration.

One goal that failed to materialize was estimating the error in the band energy for a given

number of k-points. Approximation errors of the quadratic polynomials lead to band energy error

bounds that bound the error but are not minimal. Consequently, estimates of the band energy error

from summing error bounds are often orders of magnitude greater than the true error. Should a

method of estimating errors accurately be developed, the k-point mesh could be made to only be as

dense as needed for a provided accuracy. Accordingly, the simulation of a material would take close

to as little time as possible for the provided accuracy. In this way, the quality of materials databases

can be made guaranteed. If error bounds of materials data are found, machined-learned models will

be able to weight the data according to the accuracy of the data. The end result is a more robust,

accurate, efficient approach to materials prediction.
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Here we prove that Algorithm 2 is correct for computing an IBZ from the Brillouin zone and

the group G of point operators of the space group of a crystal structure. The algorithm works even

when the the atomic basis breaks some of the point symmetries of the lattice.

To begin we need a precise definition of an IBZ and the interior of a half-space or polytope.

Definition A.0.1. For any half-space H = {x ∈ Rn|d(x,v)≤ d(x,v′)} ⊂ Rn, the interior H̊ of H is

the set

H̊ = {x ∈ Rn|d(x,v)< d(x,v′)}.

For any closed polytope Z ⊂ Rn defined as the intersection Z =
⋂

H∈C H of a finite collection C of

closed half-spaces, the interior Z̊ of Z is the set

Z̊ =
⋂

H∈C
H̊.

Definition A.0.2. Given a Brillouin zone (BZ) consisting of a closed polytope P⊂ Rn with finite

symmetry group G, an irreducible Brillouin zone (IBZ) is a closed polytope Q⊂ P such that

1. For every point x ∈ P, there exists a g ∈ G such that gx ∈ Q.

2. For every point y ∈ Q̊ in the interior of Q and every g ∈ G, if gy 6= y, then gy 6∈ Q.

Note that in our definition an IBZ has no interior points that are equivalent under the action of

G, but it can have equivalent faces or edges. Equivalent faces or edges may occur when the crystal

structure has fewer point symmetries than the lattice, and they may come up even when the atomic

basis does not break symmetry. To find an IBZ without equivalent faces or edges, any face of Q that

is symmetrically equivalent to another face would need to be removed. See Fig. A.2 for an example

in 2D. For BZ integration, the fact that two faces are equivalent under the action of G poses no

fundamental problem because the faces have measure zero (contribute nothing to the integral).

Theorem A.0.3. Assume a finite symmetry group of a polytope P (the BZ) is G ⊂ O(n) (every

operator g ∈ G acts linearly and preserves distance in Rn) and that P is the intersection of a
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collection M of half-spaces. Assume further that the group G acts faithfully on the set V of vertices

of P, meaning that if gv = v for all v ∈ V , then gx = x for all x ∈ P. Under these assumptions,

Algorithm 2 correctly computes an IBZ as the intersection of the half-spaces returned by that

algorithm.

v1
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Figure A.1 The stabilizer stabG(v1) is the set of operators in G that fix v1. Here, for the
square lattice, the reflection g = Refy=x about the line y = x leaves the point v1 unmoved
(v1 = gv1), so g ∈ stabG(v1).

Proof. Begin by giving V = {v1, . . . ,vm} the ordering used in the algorithm (in the loop starting at

line 7). Let G0 = G, and for each k ≥ 1 let

Gk = stabGk−1(vk) = {g ∈ Gk−1|gvk = vk},

be the stabilizer, inside of Gk−1 of vk; see figure A.1. Let

Nk = {Hvk,g}g∈Gk−1\Gk
.
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Note that Nk is the set of all the hyperplanes associated to vertex vk that are added to N by the

algorithm. Since G acts faithfully on V , only the identify element lies in the stabilizer of every

vertex, so we have F = G\{I}=
⋃m−1

k=0 Gk \Gk+1.

If N0 = M is the set of hyperplanes defining P, then the final state of N is

N =
m⋃

k=0

Nk.

Let P0 = P, and for any `≥ 1 let

P̀ =
⋂̀
k=0

⋂
H∈Nk

H

be the polytope constructed by intersecting all the hyperplanes added for all the vertices v1, . . . ,v`.

We can characterize the polytope P1 as

P1 = {x ∈ P0|d(x,v1)≤ d(x,gv1)∀g ∈ G0 \G1}

= {x ∈ P0|d(x,v1)≤ d(x,gv1)∀g ∈ G0}.

And more generally, we can characterize the polytope P̀ as

P̀ = {x ∈ P̀ −1|d(x,v`)≤ d(x,gv`)∀g ∈ G`−1 \G`}

= {x ∈ P̀ −1|d(x,v`)≤ d(x,gv`)∀g ∈ G`−1}. (A.1)

The algorithm stops on or before vertex vm and returns N, from which we can construct Pm, which

we show below satisfies the requirements to be an IBZ.

To see that Condition 1 of Definition A.0.2 holds, consider any x0 ∈ P0 = P. For each ` ≥ 1

we will iteratively choose g` ∈ G`−1 \G` such that x` = g`x`−1 lies in P̀ . Therefore, we will have

gmgm−1 · · ·g2g1x0 ∈ Pm, as required.

For each `≥ 1, assume we are given x`−1 ∈ P̀ −1. Since G`−1 is finite, there exists g ∈G`−1 that

minimizes the distance d(x`−1,gv`); that is, d(x`−1,gv`)≤ d(x`−1,hv`) for any h∈G`−1. Operating

by g−1 gives d(g−1x`−1,v`)≤ d(g−1x`−1,g−1hv`) for all h ∈ G`−1. But the set {g−1h|h ∈ G`−1}
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is equal to the entire group G`−1. Thus we have

d(g−1x`−1,v`)≤ d(g−1x`−1,γv`) ∀γ ∈ G`−1. (A.2)

Setting g` = g−1 and using Equations (A.1) and (A.2) gives g`x`−1 ∈ P̀ . Iterating from ` = 1 to

`= m shows that gmgm−1 · · ·g2g1x0 ∈ Pm, as required. Thus Condition 1 holds.

Rot60�
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Figure A.2 Example of symmetrically equivalent IBZ edges. In the figure, the BZ is
outlined in black and the IBZ in blue. In this example, the atomic basis has broken reflection
symmetries; only rotational symmetries remain. The IBZ edge in red is symmetrically
equivalent to the opposite edge by a 60◦ rotation, which is an operation in the point group
of a hexagonal lattice.

To see that Condition 2 in Definition A.0.2 holds, first note that for every v ∈V if g ∈ F satisfies

gv 6= v, then we also have g−1v 6= v. This implies that if Hv,g ∈ N, then Hv,g−1 ∈ N. Now consider

any y ∈ P̊m and any operator g ∈ G with gy 6= y. Since G acts faithfully on V , there exists at least

one vertex v ∈V such that gv 6= v. Let v be the first such v ∈V encountered in the loop (at line 7)

over vertices in V , so that Hv,g and Hv,g−1 ∈ N. Since y ∈ P̊m, we must have y ∈ H̊v,g−1; hence

d(gy,gv) = d(y,v)< d(y,g−1v) = d(gy,v), (A.3)

where the two equalities in (A.3) follow from the fact that any operator g ∈ G ⊂ O(n) preserves

distances in Rn. This implies that gy 6∈Hv,g, and thus that gy 6∈ Pm. Therefore Condition 2 holds.
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B.1 Parametrization of Conic Section

Our discussion involves points in R2 (2-dimensional Cartesian coordinates), points in R3 (3-

dimensional Cartesian coordinates), and points in B2 = {(s, t,u)|s, t,u ∈ R,s + t + u ≡ 1} (2-

dimensional Barycentric coordinates). Define a projection operatore Π(x,y,z) = (x,y) and a

selection operator Z(x,y,z) = z.

Given a reference triangle with vertices vs,vt ,vu ∈R2, the Barycentric coordinates of an arbitrary

point v ∈ R2 uniquely satisfy

v = svs + tvt +uvu. (B.1)

The implicit equation of a line in Barycentric coordinates is

z100s+ z010t + z001u = 0, (s, t,u) ∈ B2, zi jk ∈ R (B.2)

Such a line can be thought of as the intersection of the plane z = 0 with the plane

V(s, t,u) = V100s+V010t +V001t,

(s, t,u) ∈ B2, Vi jk ∈ R3 (B.3)

where Π(V100) = vs, Π(V010) = vt , Π(V001) = vu, and Z(Vi jk) = zi jk. The lines bounding the

reference triangle have the following implicit equations: line vt–vu is s = 0, line vs–vu is t = 0, and

line vs–vt is u = 0.

Similarly, the implicit equation of a degree-two curve (i.e., a conic section) is

z(s, t,u) = z200s2 + z020t2 + z002u2 +2z110st

+2z101su+2z011tu = 0. (B.4)

This curve can be thought of as the intersection of the plane z = 0 with the triangular explicit Bézier
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surface patch

V(s, t,u) = V200s2 +V020t2 +V002u2 +2V110st

+2V101su+2V011tu, (B.5)

(s,t,u) ∈ B2

with Vi jk ∈ R3, Z(Vi jk) = zi jk, and

Π(Vi jk) =
ivs + jvt + kvu

2
. (B.6)

Such a representation has been called a piecewise-algebraic curve of degree two (Sederberg 1984).

Eq. (B.6) assures that Π(V(s, t,u))≡ svs + tvt +uvu.

The three boundary curves of (B.5) are simply degree-two Bézier curves. For example, the

boundary curve corresponding to the edge of the reference triangle vs–vt is obtained by setting

u = 0 in (B.5). Since s+ t+u = 1, we can further substitute s = 1− t in (B.5) to obtain the boundary

curve expressed as a degree-two Bézier curve V(t) = V200(1− t)2 +V1102t(1− t)+V020t2.

For fixed Barycentric coordinates (sm, tm,um), V(sm, tm,um) can be computed using the de

Casteljau algorithm, as follows (Sederberg 1984). Set Vm,0
i jk = Vi jk, then compute

Vn
i jk = smVn−1

i+1, j,k + tmVn−1
i, j+1,k +umVn−1

i, j,k+1, (B.7)

n = 1,2; i+ j+ k = 2−n.

Specifically, for our degree-two case, for n = 1, we compute

V1
100 = smV200 + tmV110 +umV101 (B.8)

V1
010 = smV110 + tmV020 +umV011

V1
001 = smV101 + tmV011 +umV002

and for n = 2,

V(sm, tm,um) = V2
000 = smV1

100 + tmV1
010 +umV1

001. (B.9)
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The plane T that is tangent to the surface at that point is defined by the three points in (B.8). If

z2
000 = 0, the point V(s, t,u) lies on the curve (B.4) and the line that is tangent to the curve at that

point is the intersection between T and the plane z = 0. As in (B.2) and (B.3), the equation of that

tangent line is

z1
100s+ z1

010t + z1
001u = 0 (B.10)

where, from (B.7),

z1
100 = sz200 + tz110 +uz101,

z1
010 = sz110 + tz020 +uz011, (B.11)

z1
001 = sz101 + tz011 +uz002.

A useful property of conic sections is that they can be represented exactly as rational Bézier curves.

This is not true in general for implicit curves of degree higher than two. We now explain, without

derivation, how to express a segment of a conic section given by (B.4) as a rational Bézier curve

P(τ) =

2

∑
i=0

wiPiB2
i (τ)

2

∑
i=0

wiB2
i (τ)

, Pi ∈ B2 (B.12)

The algorithm is based on implicitization—the process of finding an implicit equation for a given

planar parametric curve. A discussion of implicitization that requires no background other than

high-school algebra can be found in Ref. 134 and Chapter 17 of Ref. 133.

Let Pi = (si, ti,ui), i = 0,2 be any two distinct points on the curve. For our application, we

generally choose points at which the edges of the triangle intersect the curve (B.4) (hence, at least

one of the si, ti,ui equals 0). Assign w0 = w2 = 1 and solve for P1 = (s1, t1,u1) and w1 as follows.

We compute P1 using the property that a quadratic Bézier curve is tangent to its control polygon

at P0 and P2. So we first find the two lines given by

ais+bit + ciu = 0, i = 0,2
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that are tangent to the curve at P0 and P2, respectively. As discussed above, those lines are

ai = z200si + z110ti + z101ui,

bi = z110si + z020ti + z011ui, (B.13)

ci = z101si + z011ti + z002ui.

P1 is the point of intersection between the two lines. Denoting a×b = a0b2−a2b0 etc,

P1 = (s1, t1,u1) = (
c×b

D
,
a× c

D
,
b×a

D
), (B.14)

D = b×a+a× c+ c×b.

Finally,

w1 =±
√
− z̃110

2z̃002

where

z̃002 = z(s1, t1,u1), (B.15)

zh110 = 2z(
s0 + s2

2
,
t0 + t2

2
,
u0 +u2

2
).

Bezout’s theorem states that two curves of degree two intersect in four points, and if they intersect

in more than four, they are the same curve. So while the derivation of the equations for P1 and w1 is

beyond the scope of this dissertation, the validity of these results can be verified by showing that

z(P(t)) = 0 for at least five values of t.

B.2 Extrema and Saddle Points

A surface (B.5) degenerates to a plane if all Vi jk are coplanar. Otherwise, the surface could be an

elliptical paraboloid that contains one extremum, or a hyperbolic paraboloid that contains one saddle

point. Extrema or saddle points are identifiable by the fact that their tangent planes have constant
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z. A tangent plane is defined by the three points in Eq. B.8. Thus, the Barycentric coordinates

(se, te,ue) of an extremum or saddle point on (B.5) satisfy

sez200 + tez110 +uez101 = sez110 + tez020 +uez011 = sez101 + tez011 +uez002 (B.16)

or 
z200− z110 z110− z020 z101− z011

z200− z101 z110− z011 z101− z002

1 1 1




se

te

ue

=


0

0

1


Once (se, te,ue) are known, translate the reference triangle to have new vertices ṽs, ṽt , ṽu

ṽs = sevs + tevt +uevu, (B.17)

ṽt = vt + ṽs−vs, ṽu = vu + ṽs−vs.

Changing the reference triangle does not change the overall surface, only the triangular domain of

the region of interest. The respective Barycentric coordinates of points ṽs, ṽt , ṽu with respect to the

original reference triangle vsvtvu are

(se, te,ue), (se−1, te +1,ue), (se−1, te,ue +1).

For the new reference triangle

z̃200 = z̃110 = z̃101 = z(se, te,ue)

z̃020 = z(se−1, te +1,ue)

z̃002 = z(se−1, te,ue +1)

z̃011 = 2z(se−1, te + .5,ue + .5)− (z̃020 + z̃002)/2

We can classify the surface by computing the discriminant

D = (z̃011− z̃200)
2− (z̃020− z̃200)(z̃002− z̃200). (B.18)
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If D > 0, the surface is a hyperbolic paraboloid, and if z̃200 = 0, the conic section splits into two

straight lines that intersect at the saddle point. If D < 0 the surface is an elliptical paraboloid that

has a minimum or maximum, and if z̃200 = 0, the conic section is simply a point. If D = 0, the

surface is a parabolic cylinder, and if z̃200 = 0, the conic section is a double line.

If the extremum or saddle point has an elevation z = 0, then the curve z(s, t,u) = 0 will have a

singularity at that point. This means that the curve can be factored into

(a1s+b1t +c1u)(a2s+b2t +c2u) = z200s2+ z020t2+ z002u2+2z110st +2z101su+2z011tu (B.19)

a1a2 = z200, b1b2 = z020, c1c2 = z002

Replace u = w− s− t to try and find discriminant

z200s2 + z020t2 +2z110st + z002(w− s− t)2 +2z101s(w− s− t)+2z011t(w− s− t) (B.20)

Set w = 0,

s2(z200 + z002 +2z101 +2z011)+ st(2z110−2z002−4z101−4z011)+ t2(z020 + z002 +2z101 +2z011)

(B.21)

B.3 Validity Test

In our application, P0 and P2 will always be points at which the curve g(s, t,u) = 0 intersects the

boundary triangle. If more than two such points exist, any pair of such points can be chosen for

P0 and P2, and the Bézier curve given by the equations in Section 1 will exactly define part of the

curve; using the negative weight will exactly define the remaining piece of the curve.

For a Bézier curve to be valid for our purposes, no points of the Bézier curve should lie outside

of the reference triangle. Thus, one way to determine validity would be to sample a large number of

points on the curve and check to make sure they are all inside the reference triangle. A faster, and
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more robust, way is to compute the intersection between the candidate Bézier curve P(t) and each

line of the reference triangle. If no such intersection occurs for t ∈ [0,1], and if, say, P(0.5) is inside

the reference triangle, the entire curve is inside the reference triangle and the curve is valid. If a

candidate curve is not valid for w1 =+
√
− h110

2h002
, try again with w1 =−

√
− h110

2h002
. The parameter

values at which a degree-two Bézier curve (Eq. B.12) intersects a line ax+by+ c = 0 are the roots

of the polynomial equation

w0(ax0 +by0 + c)(1− t)2 +w1(ax1 +by1 + c)2t(1− t)+w2(ax2 +by2 + c)t2 = 0. (B.22)

In our case, we always have w0 = w2 = 1

B.4 Small loops that do not intersect the triangle

It is possible for the curve g(s, t,u) = 0 to be a small loop that does not intersect the triangle. Such

loops can be detected as follows. Inside the loop will be a point that is a local minimum or maximum

on the surface z = g(s, t,u). The (s, t,u) coordinates of that point will satisfy the equations

g200s+g110t +g101u = g110s+g020t +g011u = g101s+g011t +g002u, (B.23)

s+ t +u = 1.

This can be re-written
g200−g110 g110−g020 g101−g011

g200−g101 g110−g011 g101−g002

1 1 1




s

t

u

=


0

0

1


Solve these equations for (s, t,u) and by checking the sign of g(s, t,u), one can determine the

existence of a closed loop.
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B.5 Singular Cases

B.5.1 Parallel tangent lines

It might happen that, for a candidate Bézier curve, the lines tangent to P0 and P2 are parallel.

For example, this would happen if the curve is the unit circle x2 + y2−1 = 0 and P0 = (1,0) and

P2 = (−1,0). This case may arise frequently due to the symmetry of the eigenvalues. This case is

detected when D in (Eq. B.18) equals zero. As a result, P1 would lie at infinity. This case is handled

by splitting the triangle.

B.5.2 g(s, t,u) is reducible

It is possible for g(s, t,u) to be reducible, i.e., expressible as the product of two polynomials:

g(s, t,u)= g200s2+g020t2+g002u2+2g110st+2g101su+2g011tu=(a0s+b0t+c0u)(a1s+b1t+c1u)

(B.24)

If this happens, the curve splits into two lines, defined by a0s+b0t + c0u = 0 and a1s+b1t +

c1u = 0. If we use the equations in Section 1 to try to represent g(s, t,u) = 0 with a Bézier curve,

this case is detected when h002 = 0, or a very small number. This case is resolved by repeatedly

splitting the triangle until all subtriangles contain a single line segment. Should the the two lines

intersect, we place one of the vertices of the subtriangles at the position where the lines intersect.

The reducible case can also mean that the portion of g(s, t,u) = 0 within a given reference

triangle is a single line segment. This would mean that the lines tangent to P0 and P2 are in fact the

same line. In this case we ignore the intersections and treat the Bézier patch as if it were completely

below or above the cutting plane.
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B.5.3 Floating point arithmetic

A challenge in handling singular cases is that, in floating point arithmetic, we can only declare a

case to be singular to within floating point precision. For example, rarely is D exactly zero. Our

code uses a relative and absolute tolerance of 10−9.

B.6 Finding a parametric equation for a degree-2 algebraic curve

B.6.1 Solution using Cartesian Coordinates

Given a degree-two curve given by the implicit equation

f (x,y) = ∑
i+ j≤2

fi jxiy j = 0

and two points Pi = (xi,yi), i = 0,2 that lie on the curve. Find a rational Bézier curve

P(t) =

2

∑
i=0

wiPiB2
i (t)

2

∑
i=0

wiB2
i (t)

that is equivalent to a portion of the curve f (x,y) = 0. We assign w0 = w2 = 1 and solve for

x1,y1,w1 as follows.

First, find the two lines given by

aix+biy+ ci = 0, i = 0,2

that are tangent to the curve at P0 and P2, respectively. The coefficients are

ai = f20xi + f11yi + f10,

bi = f11xi + f02yi + f01,

ci =−xiai− yibi. (B.25)
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Control point P1 = (x1,y1) lies at the intersection of those two lines:

x1 =
b0c2−b2c0

a0b2−a2b0
, y1 =−

a0c2−a2c0

a0b2−a2b0
. (B.26)

Using Mathematica, and without explaining the derivation,

w1 =
√

((2 f00 + f01y0 + f01y2 +2 f02y0y2 + f10x0 + f10x2 + f11x0y2 + f11x2y0 +2 f20x0x2)/

−4( f00 + f01y1 + f02y2
1 + f10x1 + f11x1y1 + f20x2

1)) (B.27)

B.6.2 Example

Let the curve be a unit circle

f (x,y) = x2 + y2−1 = 0

and (x0,y0) = (1,0) and (x2,y2) = (0,1). From Eq. B.25,

a0 = 1,b0 = 0,c0 =−1

and

a2 = 0,b2 = 1,c2 =−1

and (x1,y1) = (1,1). From Eq. B.27,

w1 =±
√

1
2

Using Mathematica, we obtain a similar equation for w1 in terms of Barycentric coordinates.

Interestingly, w1 is independent of the reference triangle

w1 =
√

(− (g200s0s2 +g110s2t0+

g110s0t2 +g020t0t2 +g101s2u0+

g011t2u0 +g101s0u2 +g011t0u2 +g002u0u2)/ (B.28)

(2g200s2
1 +4g110s1t1 +2g020t2

1 +4g101s1u1+

4g011t1u1 +2g002u2
1))
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