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Chapter 6 summarizes all the work done and points to additional work that is being actively 

explored. It also includes suggestions of future work that can be done. 

Overall, this work shows physical explanations and a way of understanding the modulation 

of waves near arrays of resonators. This work presents a method for parameterization studies of 

resonator arrays and shows the results from some such studies. Results shown here describe the 

ability of focusing over an array of resonators in a reverberant space. Using the models in this 

dissertation, the quality of the focus can be explored, and more confidence can be obtained 

before modifying or fabricating a resonant material. Results show subwavelength resolution (as 

compared to free space) is obtainable when imaging sources above a resonant material even 

when the receivers are in the far field, even in a reverberant environment. 
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Chapter 2 

Super-resolution within a one-dimensional phononic crystal 

of resonators using time reversal in an equivalent circuit 

model 

An equivalent circuit model is able to accurately describe the acoustic propagation in a one-

dimensional system. A simulation of an equivalent circuit model was used to predict the 

pressures inside a finite duct with anechoic terminations. This duct has evenly spaced Helmholtz 

resonators that contribute to a shortening of the wavelength not seen by any individual resonator. 
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dimensional phononic crystal of resonators using time reversal in an equivalent circuit model,” J. 

Acoust. Soc. Am. 152(3), 2022 https://doi.org/10.1121/10.0013832. It is reprinted in this 
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ABSTRACT:
An equivalent circuit model has been developed to model a one-dimensional waveguide with many side-branch

Helmholtz resonators. This waveguide constitutes a phononic crystal that has been shown to have decreased phase

speed below the resonance frequency of an individual resonator. This decreased phase speed can be exploited to

achieve super-resolution using broadband time reversal focusing techniques. It is shown that the equivalent circuit

model is capable of quantifying this change in phase speed of the crystal and also the small-scale wave-resonator

interactions within the crystal. The equivalent circuit model enables the parameterization of the physical variables

and the optimization of the focusing bandwidth by balancing the combination of increasing resolution and decreasing

amplitude near the resonance frequency. It is shown that the quality factor—in this case, the quality factor deter-

mined by the geometric shape of each resonator—controls the range of frequencies that are strongly affected by the

Helmholtz resonators.VC 2022 Acoustical Society of America. https://doi.org/10.1121/10.0013832
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I. INTRODUCTION

Time reversal (TR) is a signal processing method to

obtain a focus of waves.1–3 Originally called matched signal

processing,4,5 it combines an exploration step (forward

step), where the impulse response is obtained, with a focus-

ing step (backward step), which uses the time-reversed

impulse response to generate a constructive interference of

waves. First used in underwater acoustics, TR has found

application in several fields, including seismology,6 litho-

tripsy,7 and nondestructive evaluation.3

TR has been used to localize acoustic sources.

Applications include locating finger taps to use a solid

media as a touch interface,8 localizing the source of a gun-

shot in an urban environment,9 and localizing and character-

izing the great Sumatra earthquake.10 These methods of

localization require a backward step that is performed by

modeling the environment, including scatterers, and numeri-

cally back propagating the impulse response signals from

the receivers to find a point of maximum convergence. TR

localization and imaging is well known to be limited by the

diffraction limit, though if the finite size of imaged sources

exceeds a half wavelength, then the true spatial extent is

clouded by interference in focused waves.11

When focusing waves using TR, both direct and scat-

tered waves simultaneously converge to a point in space cre-

ating a constructive focus that is diffraction-limited.

Focusing to a spatial extent smaller than the diffraction limit

is termed super-resolution. The diffraction limit has multiple

useful definitions but typically constrains the spatial extent

of the converging of waves to be no smaller than a half

wavelength, k=2.12 The primary assumption of the diffrac-

tion limit given is that the focus must be in the far field of

the source. Several examples exist where super-resolution

was achieved in a modified system, several of which used

TR. One example is of microwaves focusing among resona-

tors.13 In this work, the authors placed small antennae

receivers among many resonating antennae. Similar work

was also done with focusing acoustic waves among soda can

resonators,14 though later it was shown that TR was not nec-

essary due to the regular arrangement.15 Super-resolution

has also been achieved experimentally by using absorbers16

surrounding the focus as well as numerically17 by simulating

a similar region of absorption near the focus. Obtaining

super-resolution with TR has also been demonstrated with

near field amplification18 and by using an active acoustic

sink19 as well as a passive acoustic sink.20 Each of these

examples was done with objects located within or informa-

tion obtained within the near field.21

As described by Maznev et al.,12 the diffraction limit

cannot be broken. They assert that sub-diffraction-limited

focusing is only possible when violating an assumption of

the diffraction limit. A simple physical explanation is that

the waves will conform to boundary conditions with perhaps

higher spatial frequency than the wave contained elsewhere.

Applying this additional restriction would mean that the dif-

fraction limit requires that the focus not only must be in the

far field of the source but also must be in the far field of any

subwavelength objects. Focusing in a phononic crystal

clearly violates this restriction, so although the diffraction

limit is not being broken, according to this definition, the

properties of the crystal allow for super-resolution focusing

compared to waves outside the crystal.a)Electronic mail: bea@byu.edu
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The spatial extent of a TR focus in a one-dimensional

(1-D) system is limited by principles like those in

diffraction-limited systems. Although in the 1-D case, there

is no aperture for diffraction to occur, the interference of

direct and scattered waves creates a focal peak limited by

the smallest wavelength. Because the measurement axis is

the same as the propagation direction, there is no increase in

measured wavelength due to oblique angles of approach.

Previous work in TR has shown that focusing near reso-

nators or absorbers can produce a spatial focus much smaller

than a wavelength. In this paper, a 1-D duct with periodic

side-branch resonators is modeled that constitutes a pho-

nonic crystal.22 This model has been studied in the context

of transmission spectra,23 band structure,24 and the influence

of detuned resonators.25 However, previous studies26,27 use

an effective medium approach, and the resonators’ effect is

spread over the length of the duct. To predict the wave-

focusing ability that TR offers in this system, it is essential

to know the influence of resonator geometric properties as

well as focus position relative to resonator position.15 In

essence, the equivalent circuit model allows characterization

of the wave field within the crystal.

The purpose of this paper is to present an equivalent cir-

cuit model of focusing waves in a duct with many resona-

tors, using TR. Typically, the TR process involves

measuring an impulse response, hA;B, between two points (A

and B), reversing that impulse response (flipping it in time),

and playing the reversed impulse response from one of the

two points, which can result in focused energy at the other

point.1–3 Tanter et al. mention that TR focusing is equiva-

lent to an autocorrelation of an impulse response.28 More

specifically, simulating TR in the time domain consists of

obtaining hA;B and then performing an auto-correlation of

hA;B, thereby obtaining the temporal response (“focal sig-

nal”) at point B due to broadcasting the time-reversed

impulse response, hA;B �tð Þ, from point A. Mathematically,

this is calculated as

rB tð Þ ¼ hA;B �tð Þ � hA;B tð Þ; (1)

where rB is the response of the signal at point B. When cal-

culating the response at other locations (such as point C)

due to the broadcast of hA;B �tð Þ, the response becomes

rC tð Þ ¼ hA;B �tð Þ � hA;C; (2)

where rC is the response at point C while focusing occurs at

point B. In the frequency domain, an auto-correlation is an

auto-spectrum, and the cross correlation is a cross-spectrum.

Thus, the temporal relations become spectral relations

through a simple Fourier transformation,

hA;B tð Þ � hA;B �tð Þ ! HA;B xð ÞH�
A;B xð Þ (3a)

and

hA;C tð Þ � hA;B �tð Þ ! HA;C xð ÞH�
A;B xð Þ: (3b)

Note that � denotes a convolution, whereas * denotes a

complex conjugation. A parametric study of the quality fac-

tor of the resonators and focusing position on the spatial

extent and amplitude of waves in the duct is also presented.

It is shown that the focusing bandwidth and resolution can

be improved by using resonators with low absorption and a

low quality factor. The model presented here enables a

quick study of many other physical properties of interest.

Note that continuous waves are employed here, which can

be focused with TR even with single frequencies.29

Equivalent circuit, or lumped element, models have

been used in acoustics30 to study 1-D systems and the inter-

action of waves with side branches, changing cross section,

and arbitrary impedances.31–36 This model can only explore

the plane wave propagation of waves in the duct, and conse-

quently, side branches occur at discrete points along the

duct rather than over an area. However, this simplified

approach allows for faster numerical studies of physical

parameters over a range of frequencies.

II. EQUIVALENT CIRCUIT MODEL

The equivalent circuit model utilizes electrical elements

that represent lumped acoustic elements but also includes

complex, frequency-dependent impedance elements to

account for the phase changes of the wave as it propagates

some distance. To model an infinite domain outside the

region of resonators, anechoic terminations are added to

both ends of the duct as resistors. An anechoic termination

matches the characteristic acoustic impedance of the duct

(with a resistance value of q0c=S), where q0 is the density of

air, c is the speed of sound, and S is the cross-sectional area

of the duct. This impedance element simulates a semi-

infinite duct. This element also eliminates the standing

waves that would be created in a duct of finite length, which

we want to avoid since the standing waves can overshadow

the effects we are trying to study.

Sources can be added as side branches in the duct. The

equivalent circuit represents the source by placing it in par-

allel with the anechoic termination. This implies that some

of the energy radiated by the source propagates toward the

network of resonators, and some directly propagates toward

the anechoic termination. Loudspeakers can be modeled as

constant current sources because their internal impedance is

much higher than q0c=S. The source strength is chosen to be

unity in the appropriate units as the resulting transfer func-

tion is ultimately the desired result of the model, and it does

not depend on source strength (i.e., linear acoustic propaga-

tion is assumed).

Propagation through a duct segment of constant cross

section is accomplished by use of the acoustic “T-

network.”37 Three reactive, frequency-dependent elements

placed in a T-shaped configuration model the proper evolu-

tion of the phase as the wave propagates through the circuit

(see Fig. 1). The two elements on the horizontal branch of the

T are each of value ðjq0c=SÞtan kL=2ð Þ, while the element on

the vertical branch of the T has a value �ðjq0c=SÞcsc kLð Þ.
1264 J. Acoust. Soc. Am. 152 (3), September 2022 Kingsley et al.

https://doi.org/10.1121/10.0013832

15



Each T-network can span an arbitrary distance with respect

to a wavelength of a constant cross section portion of the

waveguide just by changing the single length, L, parameter

(and by modeling the appropriate cross-sectional area). In

this model, there is a T-network between the source and the

first resonator and then a T-network between each resonator.

An acoustic resonator can be modeled using an equiva-

lent electrical resonating circuit consisting of the series com-

bination of a resistor, inductor, and capacitor, forming an

“RLC circuit.” The inductive element represents the mass-

like inertia of the air in the neck that undergoes a lumped

acceleration without compression. This acoustic mass has an

equivalent inductance of MA ¼ q0l=S, where l is the length

of the neck (including end corrections) and S is the cross-

sectional area of the neck. The volume of the resonator

below the neck can be considered a lumped compliance that

undergoes compression but no acceleration. The volume is

then represented as an equivalent capacitor with a capaci-

tance of CA ¼ V= q0c
2

� �
, where V represents the volume of

the resonator below the neck. Without any absorptive mate-

rial in the resonator, the losses are due to thermoviscous

effects38 and can be represented by a resistor with an acous-

tic impedance value of RA ¼ 2mcaw, where m is the total

acoustic mass of the neck and aw is the absorption coeffi-

cient for wall losses.39 For the dimensions of the system,

the value of the acoustic resistance changes by only �7%

across the frequency band of interest; thus, we obtained a

frequency-averaged value for these losses and used this

single number value for RA. The RLC circuit is naturally

resonant in the same way the Helmholtz resonator has a sin-

gle lumped-element resonance. The study presented in this

paper uses Helmholtz resonators that always have a reso-

nance frequency of 700Hz. This frequency was arbitrarily

chosen. We expect similar findings to occur for resonators

having different frequencies of resonance.

In the assembled circuit, the only circuit nodes exist

within the T-network (non-physical) and at the junctions

with resonators and sources (see Fig. 1). For arbitrary

spacing of measurement points at locations along the

waveguide/duct between resonators, additional nodes

must be introduced. Measurements of the wave field at

locations along the waveguide can be done in the circuit

through the introduction of a circuit node represented at

the physical location of interest for a measurement. This is

accomplished by splitting the T-network into a pair of

T-networks that span the same physical distance as the

original network. This produces a node between the net-

works at the measurement position. Calculating the elec-

tric potential (i.e., voltage) at the measurement point is

equivalent to measuring the acoustic pressure at the physi-

cal point in space.

Figure 1 shows a simplified waveguide system with

only four resonators in the lower half of the figure. The

equivalent electrical circuit is shown above. Circuit ele-

ments depicted as boxes represent frequency-dependent

impedances with values given previously. The RLC circuit

FIG. 1. (Color online) An equivalent circuit model of a waveguide with four side-branch resonators. The equivalent circuit (top) is shown with the corre-

sponding acoustic system (bottom). Dashed lines represent the direct analog between domains. Solid (blue) triangles represent anechoic wedges in the acous-

tic domain and are modeled as purely resistive, impedance matched elements in the electrical domain. The loudspeaker source is modeled as a current

source in the electrical domain. Two of the six “T-networks” for modeling propagation in the electrical domain (labeled [1] and [2]) match the portions of

the waveguide that they represent.
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components are represented by classic electrical imped-

ance equation forms for the electric analogs of those

acoustic elements. The acoustic system shows a micro-

phone measuring the pressure at a point in the waveguide

where a node has been introduced in the model by splitting

the T-network.

Iterating over a list of measurement points, each produ-

ces a unique circuit as each measurement point requires the

insertion of a node. Using Kirchhoff’s voltage law for loop

analysis, the circuit can be formed into a system of equa-

tions. Each equation consists of the sum of potential drops

over the elements in the loop due to the current in the loop

as well as the current in the adjacent loops through shared

loop elements. In matrix form, this linear system of equa-

tions can be represented as Z~I ¼ ~V , where Z is the matrix

of impedance values (here representing acoustic impedan-

ces), ~I is the vector of unknown current values (here repre-

senting acoustic volume velocities), and ~V is the known net

potentials (here representing acoustic pressures) for each

loop. The resulting potentials in ~V will all be zero except

for the loops that contain a source. Because the source is

modeled as an ideal flow source and is in parallel with the

anechoic termination, a Thevenin equivalent potential

source was substituted that places the new potential source

in series with the anechoic element.40 This reduces the cir-

cuit by one loop and provides a known net voltage for that

single loop. Solving for the unknown currents can then be

done with a numeric linear solver. We used MATLAB’s built-

in linear solver, mldivide. Once the currents are calcu-

lated, the voltage at the measurement point can be calcu-

lated by finding the potential relative to ground. This is

achieved by calculating the potential drop across the ele-

ments that lead to ground. To calculate the potential at the

measurement node labeled in Fig. 1, the potential drop

along the shortest path to ground is calculated. In the case of

Fig. 1, that is two of the elements of propagation T-network

[1], just downstream of the node. First the potential across

the vertical element is calculated using the currents from the

loops on both sides of that element, and then the potential

across the left horizontal element is calculated using just the

current in that loop. Summing the potential from both ele-

ments results in the complex acoustic pressure at that mea-

surement point due to a single source. Solving the circuit at

each frequency in the bandwidth provides the desired trans-

fer function between the source and that single measurement

point.

After obtaining the transfer function at each measure-

ment point, the spatial extent of TR in the frequency domain

is performed by choosing a focal location and calculating

the cross-spectra of the transfer function of the target loca-

tion with the transfer function of every measurement posi-

tion.41,42 The resulting set of cross-spectra describe the

response at each measurement point when producing a focus

at the focal location. Repeating the process for a source at

each end and summing the results generated by each of the

sources provide the spatial extent of the focus when both

sources are active.

To conduct a parametric study of physical parameters, a

model was chosen that would remain the same between

studies except for the specific parameter to be varied. The

model used represents a system with a 3m long waveguide

with a cross-sectional diameter of 10 cm. Cross-modes are

not expected in this waveguide until frequencies greater

than 2 kHz. A velocity source was added at each end of the

duct with equal amplitudes. The resonator region consists of

51 side-branch resonators positioned every 2 cm in the cen-

tral third of the waveguide from 1 to 2m. The resonators

have a resonance frequency that is held at 700Hz. The spac-

ing between resonators is 0.04k (where k is the wavelength

of the resonance frequency) or 2 cm in this case.

Measurements are made throughout the duct with a spacing

of 0.0025k or �1.2mm by changing the length variable in

the T-network circuit elements. A focus position was chosen

to be equally distant between two resonators at 1.51m

(nearly equidistant between the sources). The bandwidth

studied was 550–710Hz.

Figure 2 shows the process of simulating TR focusing

for a single source at a single frequency. Figures 2(a) and

2(b) show the magnitude and phase of the transfer function,

H, between a source and the target focus position with a line

marking 625Hz. Figure 2(c) shows the relative response,

realðHÞ, at every position within a duct at this same fre-

quency of 625Hz. Performing the cross-spectrum between

the single value of H at 625Hz and the response at all posi-

tions returns the response everywhere when focusing at this

one frequency to this one position. Because Fig. 2 shows the

normalized response, this is equivalent to a phase shift that

produces a large response at the target focus position. This

phase-shifted response is shown in Fig. 2(d). A movie show-

ing the response as a function of phase shift is shown in

Mm. 1. This process can be conducted at every frequency,

FIG. 2. (Color online) The process of simulating TR in the frequency

domain. The magnitude and phase of the frequency response at a target

focal location are shown in (a) and (b), with 625Hz marked with a black,

dashed line. The relative response (the real part of the response) throughout

the duct is shown in (c). The conjugate of the response at the focal position

is then multiplied by the complex response at every position to produce a

focus at the target focal location (d).
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and the results are summed to produce the response across

the whole bandwidth.

Mm. 1. Movie illustrating the phase-shifting of a single

frequency to make the source emission produce a posi-

tive peak at the focal location. This is a file of type

“mp4” (0.8 MB).

In summary, each simulation includes the following

steps:

(1) Create a circuit with impedance values calculated for a

single frequency.

(2) Split a T-network into two T-networks to create a node

where the response can be measured.

(3) Solve the circuit for the flow in every loop of the

circuit.

(4) Calculate the potential at the spatial measurement point

relative to ground using Ohm’s law and the known

flows and impedances.

(5) Repeat steps 2–4 for every spatial measurement point

in the duct.

(6) Repeat steps 1–5 for every frequency in the bandwidth

of interest.

(7) Calculate the cross-spectra between the frequency

response at the target focal location and the frequency

response at each spatial measurement point.

(8) Sum the real part of the cross-spectrum at each spatial

measurement point.

(9) Repeat steps 1–8 for a second source on the other end

of the duct.

(10) Superpose results from both sources.

III. RESULTS

In one dimension, the diffraction limit can be defined as

the full width at half maximum (FWHM) of the highest fre-

quency sine wave in the bandwidth. For a sine wave, the half

maximum points occur at kx ¼ ½p=6; 5p=6� or, equivalently,
x ¼ ½k=12; 5k=12�. Thus, the FWHM of the pressure distribu-

tion of 1-D waves is k=3. Figure 3 shows a representative TR

focus within the waveguide composed of the focusing that

occurs over a range of frequencies. The focus shows a

FWHM of �kmin=12, or a fourfold improvement over focus-

ing that would be obtained without the presence of the reso-

nators. By inspecting individual frequencies in Fig. 2, the

shortened wavelength components are visible within the reso-

nator region. In the absence of resonators, the waves propa-

gate with a free-space wavelength. Because the interaction of

waves near the resonance frequency of a resonator leads to

more reflection of those waves, the pressure amplitude drops

within the phononic crystal. However, these strong interac-

tions also result in a higher spatial frequency. TR focusing is

defined as being at the location where the amplitude is the

largest. In the case of Fig. 3(d), the amplitude is largest at the

target focal location. However, the neighboring “sidelobe”

peaks have significant amplitudes. The amplitude of the side-

lobes is largely influenced by the limited bandwidth

employed in the focusing, as would be expected from super-

position and Fourier analysis. The use of a wider bandwidth

reduces the amplitudes of the sidelobes relative to the focal

amplitude. Known TR methods for reducing the amplitude of

sidelobes include the idea of iterative TR (Ref. 14) and the

inverse filter.28 These methods typically achieve relative side-

lobe amplitude reductions at the expense of a lower focal

amplitude. In this paper, no additional methods have been

applied, and the results use only the most basic TR process. It

is important to note that it is more difficult to achieve lower

sidelobe amplitudes in a 1-D medium, with only two sources,

and using continuous wave TR.29,43 The focus amplitude is

larger because the spatial extent of the focusing at each fre-

quency constructively interferes at that location due to the TR

process.29 Note that frequencies above the resonance fre-

quency do not spatially oscillate and are heavily attenuated

by the resonators, and although those frequencies do not con-

tribute significantly to the focus, they do worse than the dif-

fraction limit, resulting in less significant super-resolution (if

they are included in the bandwidth).

The focusing achieved at frequencies near resonance

lends itself to an analysis of the effective wavelength of each

frequency at the focal location. An effective wavelength, keff ,
for each frequency component, f , of the focusing can be

found by measuring the FWHM of the peak closest to the tar-

get focal location and setting the FWHM equal to keff=3 (the

FWHM of a sine wave in a 1-D system). This keff can be

larger or smaller than the free-space wavelength due to the

interactions with the resonators. Using keff and f , the phase

speed of the wave can be calculated, v ¼ fkeff .
Figure 4 shows the phase speed versus frequency for

this example network of resonators. Below resonance, the

phase speed is below the speed of sound in the model. In

this model, the phase speed is below the speed of sound for

all frequencies down to 47Hz with a phase speed of 257m/s,

which is the lowest frequency that can be measured in the

domain. Near resonance, the wave field is oscillating with

a spatial frequency that matches the physical spacing of the

resonators, though with very small amplitudes. However,

immediately after crossing the resonance frequency, the

wave ceases to spatially oscillate within the resonator

FIG. 3. (Color online) Focus over a uniform bandwidth of 600–650Hz.

Individual frequencies are shown [(a), (b), and (c)] as examples with the

entire combined bandwidth shown on the right (d).
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network, and instead the wave exponentially decays across

the resonator network. Because the waves do not spatially

oscillate in the resonator network, the effective wavelength is

greater than the length of the resonator network. At higher

frequencies, the acoustic waves do not interact strongly with

the resonators, and once again, the signal propagates with

effective wavelengths less than the length of resonator net-

work, allowing for the phase speed to be measured. At even

higher frequencies, the effective wavelengths eventually

return to the normal, plane-propagation wavelengths, and the

phase speed converges back to the speed of sound.

To validate the results from the equivalent circuit model,

the dispersion relation given by Bradley26 and later by

Sugimoto and Horioka27 is used to compute a phase speed for

the physical system presented here. This phase speed is a

large-scale effect of the phononic crystal, and the equivalent

circuit model should result in the same phase speed while

allowing for finer exploration of the focusing waves. The two

systems being modeled are only different in the length of the

phononic crystal. The effective medium models use an infi-

nite crystal, but the equivalent circuit model requires a finite

length to the phononic crystal. Representation of an infinite

domain would require knowing the input impedance to a

semi-infinite crystal and using that impedance as the termina-

tion on the finite domain. As shown in Fig. 4, the analytical

model by Bradley26 as presented by Sugimoto and Horioka27

shows excellent agreement with the results from the equiva-

lent circuit model. This agreement lends confidence to the

equivalent circuit model approach to explain large- and

small-scale interactions with the resonators.

IV. PARAMETRIC STUDYOF RESONATOR
IMPEDANCE

Of the variables used to construct the model, perhaps

the most conspicuous is that of the impedance of the

resonators. In previous research utilizing phononic crystals

of soda cans, the impact of the resonator shape (and, hence,

its impedance or impact on quality factor) on the resolution

improvement was not studied. If the frequency bandwidth of

study is small compared to the resonance frequency and is

close to the resonance frequency, f0, the shape of the imped-

ance curve of the resonators is governed by the mass and

compliance of the resonator. The shape of a resonator’s

impedance curve is often described by the quality factor of

the resonator. This acoustic quality factor, Q, incorporates
three variables, namely, mass, compliance, and resistance,

Q ¼ f0
fu � fl

¼ x0MA

RA
¼ 1

RA

ffiffiffiffiffiffiffi
MA

CA

r
; (4)

where fu and fl are the half power frequencies above and

below f0, respectively, and x0 ¼ 2pf0 ¼ MACAð Þ�1=2
is the

angular resonance frequency. Because of the dependence on

resistance, the Q is frequently used to study the behavior of

a resonator as the damping is changed. For our study, we

keep the resistance as well as the resonance frequency the

same. However, the values of mass and compliance can

change (one going up while the other goes down proportion-

ally) while maintaining the same resonance frequency, but

the MA=CA ratio changes and, therefore, Q changes.

Changing this ratio causes the resonance peak in the imped-

ance magnitude to sharpen or broaden. A high Q leads to a

sharp resonance peak, where a low Q leads to a broad reso-

nance peak. It is important to note that although one is sharp

and one is broad, if the resonance frequency and the resis-

tance are kept constant, the values of the impedance minima

will be the same (see Fig. 5). The pressure amplitude of the

response of an individual resonator will also remain the

same for a forced excitation.

The acoustic mass and compliance are constrained by

physical necessity. One constraint that we used was to

ensure that the acoustic mass and compliance must maintain

the lumped-element characteristics of a Helmholtz resonator

(though a higher order model for the resonator could have

been used that would have modeled something like a quarter

FIG. 4. (Color online) Comparing phase speed between equivalent circuit

model and the effective medium approach used by Bradley (Ref. 26) as pre-

sented by Sugimoto et al. (Ref. 27). Solid blue line, calculated wave speed

from the FWHM of the closest peak to the focus. Dotted-dashed green line,

from the model presented by Sugimoto et al. Dashed black line, bulk wave

speed in air. Dotted red line, resonance frequency of an individual resona-

tor. A drop in phase speed is visible below resonance, and above resonance

the wave eventually propagates and the phase speed drops to that of the

speed of sound in air.

FIG. 5. (Color online) Impedance curves for three different shaped resona-

tors. The quality factors of the resonators (going from top to bottom) are 30,

20, and 10. The acoustic impedance of a 4-in. diameter duct is also plotted

as the dashed line. Resonance is 700Hz. To increase visibility, the resona-

tors shown are not scaled with size. Inset, impedance curves at resonance.
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wavelength resonance and higher order modes along the res-

onator’s length). This constraint means that every dimension

of the neck and volume must be small compared to a wave-

length so that no standing waves can form. To separate these

regions and use the classical equations for resonance, it has

been found44 that the cross section of the neck must be less

than �40% of the cross section of the volume.

A range of Q was calculated with the physical con-

straints that the neck must be strictly less than k=4 and the

cavity must have the largest dimension less than k=4. The
minimum neck length is also restricted as its physical length

goes to zero and only the acoustic end corrections remain,

and this provides a nonzero lower bound to the acoustic

mass. As the neck gets longer, the acoustic mass increases,

but so does the thermoviscous resistance. For the examples

given, the Q was limited to a range of 10–30 (these values

were determined for an individual resonator unattached to

the waveguide). These resonators produce shapes like those

found on the right side of Fig. 5.

Figure 5 shows that with the same resonance frequency,

a lower Q results in a broader impedance curve near their

minima. A resonator couples well to the acoustic waves if it

has an impedance similar to that of the waveguide. A

broader impedance curve results in more frequencies close

to the impedance of the waveguide and stronger interactions

with the resonators. Thus, a lower Q resonator will interact

with the waves in the waveguide over a broader range of fre-

quencies. It is similarly desirable to have a lower Q when

using Helmholtz resonators for filtering acoustic waves.38 A

lower Q implies a smaller length neck, a large neck cross-

sectional area, and a larger volume for the resonator.

Across the range of Q, competing priorities arise.

Figure 6 shows that frequencies closer to the resonators’ res-

onance frequency and resonators with a lower Q lead to a

smaller effective wavelength. However, in Fig. 7, it is appar-

ent that the amplitude of the focus is lower in these condi-

tions. Although a broader resonance peak allows the

resonator to influence a greater range of frequencies and

thus provide a sharper focus (as shown by the effective

wavelength; Fig. 6), the amplitude of the focus also goes

down (as shown by the focal amplitude; Fig. 7). These same

competing priorities are found at every Q as the frequency

approaches resonance; the overall peak amplitude goes

down, but the spatial extent of the focusing also becomes

narrower. Thus, there is a trade-off between the spatial reso-

lution one may obtain and the amplitude of the focusing. It

was also found, when using a finite bandwidth of frequen-

cies, that the sidelobe amplitudes become more comparable

to the focal amplitude as the frequencies in the bandwidth

approach the resonators’ resonance frequency.

The oscillations visible in the amplitude dependence

displayed in Fig. 7 are a result of attempting to focus

between two resonators. Each of the sources produces a

maximum near the focal location, but the maximum is

always over a nearby resonator. As the source frequency

changes, the maximum may move between resonators. The

ability for the two sources to be in phase at the focal location

is not always guaranteed.

As mentioned in the Introduction, part of the advantage

of using equivalent circuits is the ability to explore the dis-

cretization of the space. Maznev et al. previously found that

for single frequency focusing, the peak amplitude was

always over a resonator, whether the intended focus location

was over a resonator or not.15 The equivalent circuit model

treats the intersection of the resonator and the duct as occur-

ring at a single point in space. Although this intersection is

not physical, this behavior of the focusing reported in the

experimental findings by Maznev et al. is replicated in the

equivalent circuit model. Figure 8 shows the peak amplitude

at the intended target location of the focusing as the target

focal location is moved across the locations of four of the

resonators, including attempts to focus sound at many loca-

tions between the resonators. Also shown is the spatial

extent of two representative foci at 1.48m (nearly exactly

between resonators) and 1.517m (near, but not exactly at, a

resonator). Focusing near a resonator produces a higher

amplitude. In fact, focusing near a resonator can produce a

higher amplitude focus at other points than an attempt to

FIG. 6. (Color online) Fractional effective wavelength (keff=k) of waves

among the resonators across a range of frequencies. Data omitted for unde-

termined effective wavelengths.

FIG. 7. (Color online) Amplitude of the focus across a range of quality fac-

tors and frequencies. The oscillations visible in the data are a result the

maximum moving between resonators.
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focus at that point. This is shown in Fig. 8, where the (dotted-

dashed cyan) focus occurring near the 1.52m resonator produ-

ces amplitudes over an interval of 6.6mm that are greater than

an attempted focus at those positions. The resonators then are

the target of the focusing, and reducing the spacing increases

the focusing resolution. Thus, as stated by Maznev et al., no
matter how small the FWHM may become, the space has

been effectively discretized by the resonators, and the true res-

olution is that of the resonator spacing. It seems likely then

that focusing between the resonators is simply a superposition

of focusing at the adjacent resonators.

V. CONCLUSION

An equivalent circuit model has been presented that

describes the behavior of waves in a phononic crystal with

finite length and anechoic terminations. The model has been

verified by comparing the phase speed to results from the lit-

erature. Effects among the resonators that have been previ-

ously observed in experiments have been observed in the

equivalent circuit model. It has been shown that the pres-

ence of the resonators decreases the phase speed and leads

to super-resolution when combined with TR focusing tech-

niques. The quality factor of the resonators has been

explored, and it has been shown that broadband focusing is

more easily achieved with low quality factors when the

resistance is kept constant. The trade-off between resolution

and focal amplitude, and hence the quality of the focusing

(here lower quality focusing means high sidelobe ampli-

tudes relative to the focal amplitude), has also been

explored, with frequencies near resonance yielding better

spatial resolution but also contributing lower amplitude

toward the focusing over a bandwidth of frequencies. This

model can be used to explore other phononic crystal config-

urations in one dimension to obtain both phase speed behav-

iors and wave-resonator interactions.

This equivalent circuit model fits the analytical models

as presented by Sugimoto et al. when looking at the effect

of the medium on the large-scale parameter of phase speed.

Although the methods of arriving at the phase speed are

very different, the close agreement in the results shows that

the equivalent circuit model can describe a crystal as if it

were an effective medium. It also can be used to study

waves within the crystal, and results match the small-scale

effect of the focus snapping to an individual resonator as

seen in the experimental results of Maznev et al. Although
super-resolution has been shown, it has also been shown

that the limiting resolution is the placement of the resona-

tors, which serve as the effective measurement apparatus,

with the resonators acting as individual pixels, and a focus-

ing resolution below the spacing of the resonators is not

possible.

The equivalent circuit model can describe large and

small effects that are exhibited by a wave traversing a 1-D

phononic crystal. This model has been used to parameterize

some of the physical variables present in the model and has

shown that the Q influences the bandwidth of contributing

frequencies. This model has been shown to be useful for

exploring this model and can describe other configurations.

Previous work in phononic crystals has explored the influ-

ence of losses and alternating resonance frequencies on the

absorption and phase speed of the waves.25 This model

could be used to explore additional and arbitrary complica-

tions in the configuration of resonators.
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show faint signs of creating the target patterns but not all of the poles are captured in the 

resulting image, whereas with the resonators present the spatial extent of the patterns is much 

tighter. 

 

Figure 5.7 Pressure amplitudes at focal time for vertically-oriented longitudinal (left) and 
lateral (right) quadrupole. These patterns show nodal lines and spatial extent that is much 
smaller than could be reproduced without the resonators. White represents high pressure 
and blue represents low pressure. A blue circle marks a target positive pole. A red dot 
marks a target negative pole. 

 

Figure 5.8 One dimensional plot of the normalized pressure of the longitudinal 
quadrupole along the vertical axis. The positions of the positive and negative poles are 
denoted by vertical lines with blue and red colored arrows, respectively. 
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Chapter 6  

Conclusions 

This dissertation outlines the three approaches used to analyze the sub-diffraction limited 

focusing of acoustic waves in the presence of near field resonators. The research approaches 

include analytical, numerical, and experimental methods that together describe the wave physics 

interactions of the acoustic waves near an array of resonators. These interactions of wavelengths 

that are much smaller than free-space wavelengths may appear to be unusual, but the compact 

spacing of the arrays of resonators and the impact of each resonator on the phase of propagating 

waves causes these effects. By building the arrays from the properties of single resonators, a 

better understanding of the physics involved has been presented. 

6.1 Equivalent Circuit Analytic Model 

The first major approach taken to model these systems was in using an equivalent circuit 

analytic model. In the waveguide, the resonators cause partial reflections and thus attenuate the 

incoming waves. Without anechoic terminations these reflections would immediately lead to 

large standing waves outside the array of resonators with amplitudes that would be many orders 

of magnitude greater than the amplitude of the waves found among the resonators. By 

introducing losses at the ends of the waveguide, the response among the resonators is easier to 

see. The geometric properties of the resonators have been studied and especially their influence 
70



condensing all of the terms not associated with the eigen-

functions into a single variable An,

An ¼
k2 � k2n � j2kn

dn
c

� �
Kn

�jkq0cQ=V
: (5)

An auto-spectrum can then be represented by the product of

the original summation with its complex conjugate,

y r0; r; kð Þ ¼
X1
n¼0

Gnðr0; rÞ
An

�
X1
n¼0

Gnðr0; rÞ
A�
n

; (6)

where Gnðr0; rÞ represents the product of the eigenfunctions
Wnðx0; y0; z0ÞWnðx; y; zÞ and in the case of a rigid walled

room is a real quantity. This product of summations can

then be expanded as

y r0;r;kð Þ¼ �� �þGn�1 r0;rð Þ
An�1

þGn r0;rð Þ
An

�

þGnþ1 r0;rð Þ
Anþ1

þ���
�
� � � �þGn�1 r0;rð Þ

A�
n�1

 

þGn r0;rð Þ
A�
n

þGnþ1 r0;rð Þ
A�
nþ1

þ���
�
: (7)

A careful analysis of the product of the summations allows

them to be rewritten as the sum of same-indexed terms and

a sum of cross-terms (where the indices are different),

y r0; r; kð Þ ¼
X1
n¼0

Gn r0; rð Þ2
jAnj2

þ
X1

l 6¼m¼0

X1
m 6¼l¼0

Gl r0; rð ÞGm r0; rð Þ
AlA�

m

: (8)

The pressure contribution from a single mode can be

evaluated as a fixed source while the receiver is moved

throughout the space. Thus, the impact on the response from

each mode when having the receiver against one or more

walls may be determined. For any given mode, the first sum-

mation term in Eq. (8) yields an average increase in 6 dB

when the receiver position is moved from the diffuse field

region to up against one wall. Another 6 dB is gained when

the receiver position is placed at an edge. And again, there

is another 6 dB increase when the receiver position is in the

corner. The second summation term yields no average

increase whether the receiver is in the diffuse field or up

against any walls. Thus, when summing many modes in Eq.

(8), the overall result is that a 6 dB increase should be

expected when the receiver is placed exactly against each

additional wall.

This analysis suggests a higher increase at the surface

regions than is found both experimentally and numerically.

This is likely due to the positions of the microphones being

0.01m from the walls in both the experiments and the

numerical simulation. Experimentally, this was done to

avoid direct contact with the surfaces, so that mechanical

vibration between the walls and the microphone would be

avoided. Also, placing the microphones exactly in the corner

or at an edge of a room is not possible due to the practical,

finite size of microphones. The microphone positions used

in the numerical calculation were mostly the same as in

experiments in order to replicate the experiment as closely

as possible with the numerical simulation. However, when

the microphone positions are moved exactly against the

walls in the simulation, the increase is 6 dB for each wall

added, just as the mathematics in this section suggests.

VI. CONCLUSIONS

The results presented in this paper have shown that,

using the TR process, a relative uniformity of the peak focal

amplitude may be expected within a diffuse field (or when

against one wall, against two walls, or against three walls).

The standard deviation of the obtained focal amplitudes

across each type of focal amplitude region is small. This

indicates that no matter where a receiver is placed within a

specific region (diffuse field, single wall, etc.), the amplitude

may not fluctuate more than 1 dB. As described in Sec. II B,

diffuse field theory predicts a deviation in SPL for any given

frequency of up to 11 dB (þ5/–6 dB above and below the

mean) across a reverberant space.23 The TR technique pro-

vides a peak focal amplitude that varies far less across a

reverberant space, having a deviation of up to 1 dB

(þ0.5/–0.5 above and below the mean) experimentally and

0.9 dB (þ0.4/–0.5 above and below the mean) in the model-

ing results.

The proximity of the focal location with respect to adja-

cent walls has a significant effect on the amplitude of a gen-

erated focus. The increase in amplitude expected when the

focal location is placed exactly against each additional wall

TABLE I. Comparison of the average results for the increase in focal amplitude when the focal location is moved from one focal location region to the next

(adding a wall each time) in each of the reverberation chambers as well as the numerical results. Values shown represent peak SPLs in decibels (ref 20 lPa).
The average values for one-wall locations are given relative to the average diffuse field location values. The values for edge locations are given relative to

the average one-wall values. The values for corner locations are given relative to the average edge location values. Values in parentheses represent one stan-

dard deviation above and below the mean pressure value given.

Focal location Experimental LRC Experimental SRC Numerical LRC

Diffuse field 0.0 dB (þ1.0/�1.4 dB) 0.0 dB (þ0.5/�0.5 dB) 0.0 dB (þ0.4/�0.5 dB)

Wall þ3.8 dB (þ1.0/�1.2 dB) þ3.1 dB (þ0.6/�0.7 dB) þ3.0 dB (þ0.3/�0.3 dB)

Edge þ2.2 dB (þ1.0/�1.2 dB) þ2.1 dB (þ0.7/�0.8 dB) þ3.4 dB (þ0.2/�0.2 dB)

Corner þ2.4 dB (þ0.9/�1.1 dB) þ3.0 dB (þ0.6/�0.7 dB) þ4.0 dB (þ0.4/�0.4 dB)
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is 6 dB. However, according to the presented experimental

results, an increase in amplitude on the order of �3 dB per

wall can be seen as the focal location is made to be adjacent

to each additional wall, likely due to the practical inability

to place a microphone exactly against a wall, edge, or corner

of a room. This indicates that placement near three walls (in

a corner of a room) produces the highest possible TR focal

amplitude, approximately 9 dB higher than focal amplitudes

obtained in the diffuse field. These experimental results are

verified with a numerical model. This knowledge is impor-

tant for the use of TR in reverberant environments.

These conclusions are based on experiments conducted

in a SRC (volume 61m3) and in a LRC (volume 204m3).

The full TR process (both forward and backward steps) was

conducted for several different focal locations within these

rooms while keeping the loudspeaker locations fixed. The

focal locations included many positions away from walls in

the diffuse field, near one wall, near two walls (edges of the

room), and near three walls (corners of the room). A numeri-

cal model of the LRC was constructed to simulate TR in a

rectangular room. The model was based on normal mode

summation theory.

The size of a room also has an effect on the amplitude

of the TR focusing. The facilities used in this study differed

in volume by approximately a 3:1 ratio. The smaller of the

two chambers produces focal amplitudes that average 2.4 dB

higher for each type of focal location region. This agrees

with the finding by Denison and Anderson20 that a smaller

volume room can contribute to the generation of a higher

focal amplitude than a larger volume room.
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Appendix D 

The physics of knocking over LEGO minifigures with 

time reversal focused vibrations for use in a museum 

exhibit 

 

Lucas Barnes was an undergraduate researcher developing an exhibit of time reversal 

focusing that was successfully assembled as an exhibit in a museum about waves in Switzerland. 

This author assisted in testing the experimental setup as well as developing the tools within the 

time reversal software to test a variety of configurations. This appendix is an article published as 

L. A. Barnes, B. E. Anderson, P.-Y. Le Bas, A. D. Kingsley, A. C. Brown, and H. R. Thomsen, 

“The physics of knocking over LEGO minifigures with time reversal focused vibrations for use 

in a museum exhibit,” J. Acoust. Soc. Am. 151(2), 738 (2022); 

https://doi.org/10.1121/10.0009364. It is reprinted in this dissertation under the terms of ASA’s 

Transfer of Copyright Agreement, item 3. I hereby confirm that the use of this article is 

compliant with all publishing agreements. 
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ABSTRACT:
Time reversal (TR) is a method of focusing wave energy at a point in space. The optimization of a TR demonstration

is described, which knocks over one selected LEGO minifigure among other minifigures by focusing the vibrations

within an aluminum plate at the target minifigure. The aim is to achieve a high repeatability of the demonstration

along with reduced costs to create a museum exhibit. By comparing the minifigure’s motion to the plate’s motion

directly beneath its feet, it is determined that a major factor inhibiting the repeatability is that the smaller vibrations

before the focal event cause the minifigure to bounce repeatedly and it ends up being in the air during the main

vibrational focal event, which was intended to launch the minifigure. The deconvolution TR technique is determined

to be optimal in providing the demonstration repeatability. The amplitude, frequency, and plate thickness are

optimized in a laboratory setting. An eddy current sensor is then used to reduce the costs, and the impact on the

repeatability is determined. A description is given of the implementation of the demonstration for a museum exhibit.

This demonstration illustrates the power of the focusing acoustic waves, and the principles learned by optimizing

this demonstration can be applied to other real-world applications.VC 2022 Acoustical Society of America.
https://doi.org/10.1121/10.0009364
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I. INTRODUCTION

Time reversal (TR) is a wave focusing method, which

can be used to achieve spatial focusing.1–3 The process

involves reversing an impulse response obtained between

two points in space and emitting it from one of these loca-

tions such that the waves constructively interfere at the other

location. In fact, the time reversed impulse response (TRIR)

may be emitted from either location, and the same focusing

signal will result at the other location because of the acous-

tic reciprocity in a linear, time-invariant environment.

TR was originally called matched signal processing and

developed for underwater acoustic applications.4,5 During

the traditional TR process, waves sent through the system

are affected by the transfer function of the system during the

forward step (when the impulse response is obtained) and

again during the backward step (the broadcast of the TRIR).

This double filtering of the system (the matched signal pro-

cess) decreases the spatial resolution of the TR focusing and

introduces relatively high temporal sidelobes compared to

the focus peak, which reduce the quality of focus. One solu-

tion to this issue is a TR method termed inverse filtering or

deconvolution TR,6–9 which compensates for the forward

step transfer function prior to the backward step. This

provides improved spatial and temporal confinement when

the TR focusing is impulsive in nature but at the cost of a

reduced TR focusing amplitude. Other uses include energy

focusing, secure communications, and source imaging. As an

example of energy focusing, TR has been used to focus ultra-

sonic waves to the location of kidney stones to break them

into smaller pieces non-intrusively.10,11 TR is used to gener-

ate high-amplitude energy focusing of loud audible sound in

a room,12 ultrasound to generate a difference frequency,13

and to excite structures with focused sound.14,15 In communi-

cations applications, TR is used to send a private message

that would only be discernable at the target location, whereas

elsewhere it would just sound like noise.4,16–19 TR can also

be used to image earthquakes20–23 and aero-acoustic sour-

ces24–26 by modeling the propagation of time reversed

recordings. TR has been used in nondestructive evaluation

applications to focus energy to various points of interest to

locally quantify the nonlinear response of those points, which

allows cracks and defects to be imaged because they are the

sources of that nonlinear response.3,27–29

One demonstration of TR acoustics was presented by

Fink30 in 1999. In the demonstration, an array of loud-

speakers and microphones were used, which is called a TR

mirror, to record sounds, reverse them, and then focus the

reversed sounds back to their source. If a person stood in

front of the array and said “hello,” the TR mirror would

focus the sound as “olleh” back to the person’s mouth,

a)This paper is part of a special issue on Education in Acoustics.
b)Electronic mail: bea@byu.edu, ORCID: 0000-0003-0089-1715.
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where the sound originated. It is stressed in the paper that

the sound is not just being retransmitted to spread out into

the room like normal sound, and instead it converges only at

the person’s mouth via the constructive interference of

waves generated by the loudspeaker array and the virtual

array made up of the appropriately timed reflections from

the room boundaries.

In another demonstration by de Mello et al.,31 TR was

used to focus the surface water waves in a tank. The border of

the tank was lined with 148 transducers, which could record

the incoming waves and then emit the reversed recordings of

them. For their TR experiments, first, an object was dropped

into the tank as an impulsive source of the surface waves. The

transducers recorded the reflections of the waves off of the

sides of the tank and then after the water had settled, the

reversed recordings were broadcast, causing the waves to con-

verge at the original source location and create a focused

motion of the surface, which was clearly visible to observers.

More recently, Heaton et al.32 developed a visual demon-

stration of TR focused vibrations in a thin plate. A single

vibration speaker or shaker was used to excite the vibrations

in the plate after which a scanning laser Doppler vibrometer

(SLDV) was used to quantify the reverberation time and

vibration coupling efficiency from the shaker to the plates.

The various plate materials were tested to explore the possible

spatial confinement of the TR focus as well as the highest

focal amplitude possible in the different plates. They found

that glass, while fragile, provided the highest coupling effi-

ciency and focal amplitude at the lowest cost, whereas alumi-

num provided results that were nearly as good while being

much more durable. To demonstrate the focusing visually, salt

was distributed on the plate. Using a slow-motion camera, the

observers could then see the salt thrown off the plate at the

location and time of the focus, whereas the salt elsewhere on

the plate stayed mostly in contact with the plate during the

focus. Additionally, some small objects, such as cardboard

cylinders, wooden corks, and LEGO minifigures, could be

placed at the focal location and knocked over (fall onto ones

side) during the focus but not knocked over when placed away

from the focal location. However, the ability to knock over the

target object was not repeatable enough to use for a consistent

demonstration (this is known because B.E.A. was a coauthor

on the work of Heaton et al.32). Their work focused mainly on

achieving the highest possible focal amplitude for the purpose

of creating a visual demonstration of TR focusing, but they

did not optimize the repeatability of knocking over small

objects at the focal location. This resulted in a very loud and

shrill sounding demonstration, which sometimes launched an

object, such as a minifigure, several centimeters into the air

before falling over and sometimes only made the object rattle

on top of the plate, but it would remain standing.

This paper expands on the results of Heaton et al.32 to
create a more repeatable, interactive, user-friendly demon-

stration of TR focusing for a museum exhibit. Because the

demonstration would be in an exhibition hall, reducing the

audible noise of the demonstration was also a goal. A 100%

reliable means of knocking over a target LEGO minifigure

while leaving surrounding minifigures standing is deter-

mined in this work by using the TR inverse filter (or decon-

volution) method at an optimal excitation level from the

multiple shakers. Previously, the repeatability of knocking

over a target LEGO minifigure with TR acoustics in a thin

aluminum plate was around 30%, which was not previously

reported by Heaton et al. An explanation is given here for

why the target minifigure might not be knocked over despite

a sufficiently large TR focal amplitude. The work of Heaton

et al. focused on obtaining the largest possible peak focal

amplitude through the use of the clipping TR (a variant of

one-bit TR33,34), whereas, here, it is shown that the higher

temporal quality of the TR focusing obtained with the decon-

volution TR is critical to the successful repeatability of this

demonstration. Additionally, a much less expensive noncon-

tact vibration sensor is used to make the demonstration more

practical in its implementation.

This paper will first describe the physics behind the

main issue with creating a repeatable demonstration. A dis-

cussion of the experiments conducted to optimize the dem-

onstration will then be given. The optimal plate thickness,

frequency bandwidth, and input voltage to the shakers are

explored. Then the use of an eddy current sensor (ECS)

instead of a laser Doppler vibrometer is optimized. This

paper explores the use of a velocity sensor versus using a

displacement sensor to create the TR focusing of the plate’s

velocity or displacement. Finally, the details are provided

about how the demonstration was adapted for an exhibit at a

wave propagation museum, which is planned to be hosted at

ETH University in Zurich, Switzerland.

II. UNDERSTANDING THE TR LEGO
DEMONSTRATION

The experimental setup used to create the results dis-

cussed in this section and Fig. 1 consists of a 1.27mm thick

aluminum plate which is elevated 2 cm above an optical table

by four rubber stoppers placed at the corners of the plate.

Custom LabVIEW software (Austin, TX) is used to create a

logarithmic chirp signal with a bandwidth of 100–2000Hz,

which lasts 0.5 s with 0.3 s of leading zeros and 0.2 s of trailing

zeros. A 14-bit 4-channel Spectrum M2i.6022-exp generator

card is used to output the chirp signal to one Mighty Dwarf

7W shaker (Milton, ON, Canada). The acquisition is done

with a Polytec PSV-400 SLDV (Baden-W€urttemberg,

Germany) and a 16-bit 4-channel Spectrum Instrumentation

GmbH M2i.4931-exp digitizer card (Grosshansdorf,

Germany) with a sampling frequency of 30 kHz. The SLDV is

mounted above the plate and aimed at a patch of retroreflec-

tive tape on top of the plate. The impulse response is mea-

sured, normalized, and reversed in time and then any

additional signal processing techniques, such as the clipping

TR or deconvolution TR, are implemented. Finally, the resul-

tant signal is broadcast from the shaker, creating a focus at the

location where the SLDVmeasured the impulse response.

Heaton et al.32 used the clipping TR and deconvolution

TR together in an attempt to generate the largest focal

amplitude possible, thinking that this was the only important
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goal for a repeatable demonstration of the localized focus-

ing. However, as will be presented in this section, there

were problems with the technique they used. To illustrate

these issues, we will discuss the basics of the traditional TR,

clipping TR, and deconvolution TR and discuss a critical

finding that was made, which helped explain why the

method used by Heaton et al. was not optimal for high

repeatability. Their technique launches LEGO minifigures

very high into the air but it is not very repeatable. The

deconvolution TR technique can be used to obtain high

repeatability of launching the LEGO but perhaps not quite

with the same altitude. We will repeat the technique used by

Heaton et al. along with some further measurements to illus-

trate its flaws along with similar measurements on the opti-

mal deconvolution TR technique.

A. Traditional TR

In the traditional TR, a signal s tð Þ is broadcast from a

source into a system. A convolution of s tð Þ with the impulse

response of the system, h tð Þ, represents the response signal,

r tð Þ, which would be recorded at some receiver location in

the system

s tð Þ � h tð Þ ¼ r tð Þ: (1)

If s tð Þ is an impulsive signal, such as a delta function, d tð Þ,
then r tð Þ ¼ h tð Þ, and it can be used with further signal proc-

essing to achieve different types of TR focusing. Although

this direct measurement of h tð Þ seems theoretically easy to

accomplish, it is difficult for realistic sources to produce a

perfect impulse and attempts to do so result in a poor signal-

to-noise ratio. Instead, the chirp method is used to indirectly

obtain the impulse response.35,36 In this method, a chirp or

sweep through a range of frequencies is broadcast into the

system as s tð Þ. The response to the chirp, r tð Þ, can then be

–cross correlated with the chirp to produce a band limited

impulse response, h tð Þ.
Once h tð Þ is obtained, reversing it in time and broad-

casting h �tð Þ into the system yields

h �tð Þ � h tð Þ ¼ y tð Þ; (2)

meaning that y tð Þ is an autocorrelation result—a time-

symmetric signal with a peak at the center—which corre-

sponds to the peak focused amplitude that is characteristic

of the TR process.6 The method just described, simply

broadcasting an unmodified h �tð Þ is what we will refer to as

the traditional TR. Two variants of TR, which were men-

tioned in the Introduction, the clipping TR and deconvolu-

tion TR, will now be described.

B. Clipping TR

The aim of the clipping TR method is to maximize the

peak amplitude delivered to the focal location. The method

is similar to the traditional TR except that before the

reversed and normalized impulse response is broadcast into

the system, a clipping threshold C is defined between zero

and one. Then, every data point in the normalized impulse

response that has a value >C is set equal to C and every

data point that has a value <� C is set equal to �C. The
clipped signal is then normalized such that the clipped por-

tions of the signal are at61. The clipping of the signal alters

the amplitude of the wave arrivals in the impulse response,

but the timing of the waves is still preserved. Thus, the

FIG. 1. (Color online) The TRIRs, including the modified ones, are displayed in the (a) traditional TRIR, (b) clipping TRIR, and (c) deconvolution TRIR.

The focal signals obtained with these respective TRIR signals are displayed in the (d) traditional TR focus, (e) clipping TR focus, and (f) deconvolution TR

focus. Note the differences in the ranges of the ordinate axes of the focal signals in (d)–(f).
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waves that are emitted in this clipped TRIR have a much

larger relative amplitude than when using a traditional

TRIR, and the amplitude is increased at the focal location.

Figure 1 shows a comparison between a traditional TRIR in

Fig. 1(a) and a clipping TRIR in Fig. 1(b) along with their

corresponding focal signals, Figs. 1(d) and 1(e), respec-

tively. As seen in a comparison of the signals displayed in

Figs. 1(d) and 1(e), the clipping TR method creates a higher

peak amplitude focus but at the cost of a lower signal-to-

noise ratio (the peak amplitude compared to the amplitudes

elsewhere).

C. Deconvolution TR or inverse filtering

The deconvolution or inverse filtering TR method seeks

to maximize the signal-to-noise ratio of the focal signal by

compensating for the resonances of the system. When the

chirp signal described previously is broadcast into the sys-

tem, its frequency content is affected by the resonances of

the system transfer function, H fð Þ ¼ F h tð Þ� �
, where F rep-

resents a Fourier transform operation. During the traditional

TR, with an impulsive signal, the focal signal is equivalent

to an autocorrelation of h tð Þ or an autospectrum of H fð Þ.
This means that the system resonances impact the focal sig-

nal during the forward and backward steps of the TR, hence,

this is why the TR was originally called a matched signal

process.4,5 To compensate for these resonances, the inverse

filter (or inverse transfer function) of the system H�1ðf Þ is
computed and then transformed into the time domain, nor-

malized, time reversed, and broadcast into the system. When

this modified impulse response is sent into the system, the

inverse filter mixes with the resonances of the system, result-

ing in a relatively constant frequency response,

H fð Þ�1 � H fð Þ ¼ 1: (3)

The inverse filter or deconvolution TRIR [Fig. 1(c)] results in a

focal signal with a lower peak amplitude than the traditional

TR but yields a much better signal-to-noise ratio [Fig. 1(f)] than

was achieved with the traditional TR or clipping TR.

D. TR technique optimization for high repeatability

Both the clipping TR and deconvolution TR were com-

bined by Heaton et al.32 by first calculating the

deconvolution TRIR and then applying the clipping TR

method to that signal before broadcasting it. This was used

to achieve a moderately clean focus signal but with a higher

peak amplitude focus than in the results with the deconvolu-

tion TR by itself. Despite having a high amplitude focus that

could easily knock over a LEGO minifigure (an example

result is shown in Fig. 2), an attempt to replicate the experi-

ment using this method and a somewhat lower input ampli-

tude and a thinner plate, resulted in a repeatability of 45% in

the success rate of knocking over the target LEGO minifig-

ure when performed on an aluminum plate with 2 shakers

for a set of 40 trials. The LEGO minifigure might be

launched up to 4 cm into the air before falling down 45% of

the time. The rest of the time, the target LEGO minifigure

would visibly vibrate (rattle on the plate surface) and rotate

a bit, but it would not be launched into the air and instead

would remain standing. The thickness of the plate used in

these experiments, 1.27mm, was smaller than that of the

plates used in Heaton’s experiments, which contributed to a

slightly higher repeatability than the approximate 30%

repeatability that Heaton et al. experienced. The optimiza-

tion of the plate thickness is discussed in Sec. III.

To understand the reason for this low degree of repeat-

ability, a SLDV was aimed at the top of a target LEGO min-

ifigure’s feet to measure the velocity over time of the

minifigure during a broadcast of the TRIR. Then the experi-

ment was repeated with the SLDV aimed to measure the

velocity of the plate below its feet. The plate velocity

recorded during the deconvolution plus the clipping TR and

during deconvolution TR focusing is shown in Figs. 3(a)

and 3(b), respectively. The velocity of the minifigure’s feet

during each of these focusing events is shown in Figs. 3(c)

and 3(d), respectively. In Fig. 3(c), there are several abrupt

increases in the velocity with each followed by a consistent

downward sloping velocity, whose slope corresponds to the

acceleration resulting from the gravity. Thus, it was discov-

ered that the minifigure was repeatedly losing contact with

the top of the plate for just a few milliseconds at a time but

with enough vertical displacement from the plate to often

miss the main focal event entirely. This discovery led to the

critical understanding that if the smaller vibrations leading

up to the focal event (termed sidelobes in the TR literature)

were high enough in amplitude, they would cause the mini-

figure to lose contact with the plate and, thus, decrease the

FIG. 2. (Color online) The (a) setup of the LEGO demonstration with two shakers in the background and the SLDV aimed (from above the plate) at the min-

ifigure in the middle and (b) airborne minifigure after the focus are shown.
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chances of the minifigure being knocked over by the main

focal event.

With this understanding in mind, it is clear that a better

approach to increasing the repeatability of the demonstration

is to use the cleanest TR method possible, such as only

deconvolution the TR without any clipping to minimize the

amplitude of the sidelobes while maintaining enough ampli-

tude in the focus to launch the minifigure. The repeatability

experiment was performed again, this time only using the

deconvolution TR, and the resulting repeatability was 75%

for a set of 40 trials. Figure 3 shows a comparison between

the clipping TR and deconvolution TR focal signals and

examples of how the LEGO minifigures react to those sig-

nals. All further experiments discussed use the deconvolu-

tion TR.

III. OPTIMIZING THE DEMONSTRATION IN A
LABORATORY

A set of experiments were designed and performed to

optimize the parameters of the demonstration for increased

repeatability. These included the plate thickness, chirp fre-

quency range and bandwidth, and TRIR amplitude.

A. Plate thickness

While Heaton et al.32 explored the use of different types
of plate materials for the demonstration, the thickness of the

plate was not previously explored. The TR experiments

were performed on three different aluminum plates, whose

thicknesses were 6.35mm, 3.18mm, and 1.27mm. The

dimensions of the 6.35mm and 3.18mm thick plates were

0.91m� 1.22m. The 1.27mm thick plate was initially the

same dimensions but was cut and bent into the shape of a

bridge, which is the same shape that was used in the

museum exhibit. The plate thickness is expected to play a

more significant role in the trends observed than the plate’s

shape or area. Four shakers were used with their amplifica-

tion settings at maximum on each plate along with a chirp

bandwidth of 100–2000Hz. The shakers were placed near

the corners of the plate, but the shaker position was not

explored in detail. Two metrics were used to quantify the

results: temporal quality and peak amplitude. For these

experiments, the temporal quality is defined32,37 as

nT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AP½ �2
1

M

XM
m¼1

A x0; y0; z0;mð Þ� �2
vuuuut ; (4)

where AP is the peak amplitude at the focus location,

A x0; y0; z0;mð Þ is an amplitude measurement at the focal

location, x0; y0; z0ð Þ, at a given time sample m, and M is the

total number of time samples in the signal. nT provides a rel-

ative indication of the focal amplitude as compared to the

sidelobe amplitudes. Because high amplitude sidelobes are

undesirable, a high nT is desired. As the plate thickness

decreased, several trends were noticed. As indicated in

Table I, the smaller plate thickness yields both a higher peak

FIG. 3. The (a) plate velocity during the deconvolution plus the clipping TR focusing, (b) plate velocity during the deconvolution TR focusing, (c) LEGO

minifigure velocity measured at their feet during the deconvolution plus clipping TR, and (d) LEGO minifigure velocity measured at their feet during the

deconvolution TR are shown.
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amplitude as well as a higher temporal quality, which are

both desirable traits for the TR focusing.

Another noticeable trend was that when the demonstra-

tion uses a thicker plate, the sound radiated by the plate is

louder and has a shrill sound quality, which is undesirable

for the demonstrations. The bending waves (or zeroth-order,

antisymmetric Lamb waves) in the plate, which are assumed

to dominate in these experiments, are dispersive. The phase

speed of these bending waves, cb, is proportional to the

square root of the frequency, f (and angular frequency,

x ¼ 2pf ), and proportional to the square root of the plate

thickness, h,

cb ¼ x2Eh2

12q 1� v2ð Þ

 !1=4

; (5)

where E is Young’s modulus, q is the mass density, and v is
Poisson’s ratio.38 The expected wave speeds for the three

plates studied are all subsonic (slower than the speed of

sound in air) with the exception of the wave speeds in the

6.35mm plate above 1880Hz. As the bending wave speed

increases, the radiation efficiency of the sound generated by

these waves traveling in the plate generally increases (for

the subsonic wave speeds).38 This is the reason why thicker

plates and higher frequencies are heard better and result in a

shrill sound quality because of the higher bending wave

speeds. Thus, the thinner plates are more desirable for the

museum demonstration because the noise made by the dem-

onstration can be annoying for users and others nearby.

However, if the plate is too thin, then it is not structurally

stable enough to support the weight of the equipment for the

demonstration. From these experiments, it was concluded

that the 1.27mm thick plate was optimal.

B. Frequency range and bandwidth

Next, the interaction between the plate and target

LEGO minifigure was optimized. When the downward

acceleration of the plate underneath the minifigure exceeds

the acceleration due to gravity, the minifigure loses contact

with the plate. Thus, if the downward acceleration exceeds

9.8m/s2 just prior to the TR focusing peak, then the minifig-

ure is not maximally launched into the air, leading to the

repeatability problem described in Sec. II. Thus, reducing

the acceleration of the plate prior to the arrival of the focus-

ing peak increases the amount of time that the minifigure is

in contact with the plate and the likelihood that the minifig-

ure will be hit by the main focal peak and be launched off of

the plate. The acceleration amplitude, a tð Þ, in a time-

harmonic motion is a function of the velocity amplitude,

v tð Þ, and angular frequency, x,

a tð Þ ¼ xv tð Þ: (6)

A parametric study was conducted on the amplitude, fre-

quency range, and bandwidth to find the optimal values for

both of these parameters. The optimal values of the ampli-

tude, frequency range, and bandwidth are defined as the val-

ues that lead to the target minifigure being knocked over

most repeatably while leaving the other nontarget minifig-

ures on the plate standing. There are trade-offs, however,

with the amplitude and frequency. Lower amplitudes and

lower frequencies decrease the acceleration of the plate, but

the amplitude still needs to be high enough to launch the tar-

get minifigure during the main focal event, and high fre-

quencies are desirable because they increase the spatial

confinement of the TR focusing, reducing the likelihood of

the nearby minifigures being knocked over.

First, repeatability as a function of the frequency range

of the chirp signal was studied, i.e., whether low, mid, or

high frequencies are most important. These repeatability

experiments were conducted with a set of fixed frequency

bandwidths (each of 1000Hz), but the range of the frequen-

cies was changed (the starting and ending frequencies were

changed by the same amounts). The chirp signal used to get

the impulse response was set to a fixed bandwidth of

1000Hz. A set of 40 trials were performed for each of the

12 different frequency ranges with the starting frequencies

ranging from 100 to 1200Hz in 100Hz intervals [Fig. 4(a)

gives the starting and ending frequencies for all of the

ranges tested]. These experiments were performed on a

0.91m � 1.22m � 1.27mm aluminum plate with four shak-

ers and a SLDV. In an individual trial, the forward and

backward steps of the TR were conducted and then a LEGO

minifigure was placed at the focal location to see if it would

be knocked over. Nine additional minifigures were placed at

other locations on the plate at least 10 cm away from the

shakers and the focal location. A successful trial was one in

which the target minifigure was knocked over (fell down).

The results of these fixed-bandwidth, varying-range experi-

ments are shown as percentages of the success (repeatabil-

ity) in Fig. 4(a) with 100% meaning that the target

minifigure was knocked over 40 out of 40 times. Note that

the results in Fig. 4(a) represent 12� 40 ¼ 480 individual

trials of the demonstration. The results indicate that the

1000Hz ranges at the lower frequencies were more effective

in launching the target minifigure, and the success rate (or

repeatability) dropped off quickly as the frequency

increased.

To explore the effects of varying the bandwidth with a

fixed starting frequency, 40-trial repeatability experiments

were performed for 9 different bandwidths with each start-

ing at 100Hz but ending at frequencies ranging from 400Hz

to 10 kHz. Figure 4(a) shows that the lower frequency

ranges are better, but Fig. 4(b) shows that the inclusion of

TABLE I. The experimentally obtained results when using TR in the differ-

ent thickness aluminum plates for the peak amplitude of the TR focusing,

AP, and temporal quality, nT .

Thickness (mm) AP (mm/s) nT

6.35 96 60.2

3.18 662 69.4

1.27 1490 73.9
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the higher frequency content (a wider bandwidth) increases

the repeatability.

C. TRIR amplitude

Next, a similar set of repeatability experiments were

conducted for the different TRIR broadcast amplitudes to

understand the effect of the amplitude on the repeatability of

the demonstration. At this point, the 1.27mm thick plate had

been cut and bent into the shape of a bridge because the

museum demonstration would use a bridge-shaped plate

(one potential application of TR, which visitors could under-

stand, is to detect and locate cracks in bridges and other

structures). The TR experiments were performed starting

with a low amplitude TRIR, which rarely knocked over the

target minifigure and was not strong enough to ever knock

any of the other minifigures over. For each of 12 different

input amplitudes, 40 trials were performed. These repeat-

ability results are shown in Fig. 5. The SLDV was again

used along with a frequency bandwidth of 100–2000Hz.

Although the specific input voltages greatly depend on

the instrumentation used, the experimental results in Fig. 5

illustrate that a certain amplitude threshold is needed to

repeatedly knock over the target minifigure. However, too

much amplitude actually reduces the likelihood that the tar-

get will be knocked over and increases the likelihood of

knocking over the other minifigures. The reduction of

knocking over the target and the increase in knocking over

nontarget minifigures can be explained by the higher ampli-

tude sidelobes caused by a higher output amplitude from the

shakers. The higher amplitude sidelobes can cause the target

minifigure to be in the air when the main focal event hap-

pens, and the higher sidelobes will correspond to larger

vibrations elsewhere in the plate, knocking over the nontar-

get minifigures. It is important to note that because the

museum exhibit will only use two shakers, these repeatabil-

ity versus amplitude experiments were done with two shak-

ers, whereas the repeatability versus frequency experiments

were done using four shakers. Using less shakers is the main

reason why the highest repeatability achieved in these

experiments was 92.5% (37/40) despite being performed

with a bandwidth of 100–2000Hz, which achieved 100%

repeatability in the previous experiments [see Fig. 4(b)].

Based on the optimization experiments for the plate

thickness, input amplitude, fixed bandwidth, and varying

bandwidth, the optimal parameters for this specific setup

with two shakers were determined to be 1.27mm plate

thickness, 1.5V input amplitude to the shakers, and

100–2000Hz frequency range for the chirp signal. With

these optimal parameters, a repeatability of 92.5% was

achieved. When using 4 shakers instead of 2 and an input

voltage of 1V, 100% repeatability was achieved for a set of

80 trials.

FIG. 4. The repeatability tests of the demonstration. Each data point represents the success rate (repeatability percentage) from 40 trials to knock over the

target minifigure. The (a) repeatability when using various fixed frequency bandwidths of 1000Hz while varying the range of the frequencies, and (b) repeat-

ability when varying the bandwidth are depicted.

FIG. 5. (Color online) The repeatability of the demonstration when using

different input amplitudes to the shaker sources. Here, the percentage of the

times that the target minifigure was knocked over is tracked as well as the

percentage of the times that the nontarget minifigures fell down. Each data

point represents the success rate (repeatability percentage) for 40 trials con-

ducted at each input amplitude. The SLDV was used here to create the

velocity foci for these experiments.
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IV. USING DIFFERENT SENSORS BETWEEN STEPS
OF THE TR PROCESS

The SLDV was used for all of the laboratory experi-

ments previously discussed, but it is too expensive to use in

a practical demonstration setting such as the planned

museum exhibit. The SLDV is a velocity sensor, meaning

that throughout the usable frequency bandwidth of the

SLDV, the voltage output is proportional to the velocity of

the plate. The SLDV shines monochromatic light at a vibrat-

ing surface, and some of this light must be reflected back to

the SLDV’s detector. The vibrating surface dynamically

changes the frequency of the reflected light as the surface

moves because of the Doppler effect. A comparison between

the incident light and reflected light yields the velocity

amplitude as a function of the time.

One relatively inexpensive sensor that was still able to

measure the 100–2000Hz frequency range adequately was

an ECS, which is a noncontact displacement sensor. The

ECS uses an active coil of wire to generate an alternating

magnetic field in the vicinity of a conducting surface. The

magnetic field causes small electric currents, called eddy

currents, to be induced in the conductive surface, in this

case, an aluminum plate. These eddy currents oppose the

excitation current and cause a drop in the voltage across the

sensor, which is measured and converted to an output volt-

age that is proportional to the displacement between the

plate and sensor head. An additional advantage of the ECS

over the SLDV is its portability, which is useful for per-

forming this demonstration in various venues with ease. The

purpose of this section is to contrast the use of the ECS

(approximate cost $1.3k USD), a displacement sensor, to

that of the SLDV (approximate cost $250k USD), a velocity

sensor, in the TR experiments.

The ECS sensor used here is a Micro-Epsilon DT3001-

U8-A-SA eddy current measuring system (Ortenburg,

Germany) with a sensing range of 8mm from the ECS sur-

face. Because the ECS outputs a voltage proportional to the

displacement relative to the sensing head, the signal

response has a direct current (DC) offset [Fig. 6(a)], corre-

sponding to the overall distance between the plate and ECS.

The DC offset was removed by subtracting the mean of the

dynamic signal recordings as in the chirp response pictured

in Fig. 6(b). The ECS measurement range corresponds to an

output voltage range from 0.5 to 9.5V. To allow for the

motion of the plate toward and away from equilibrium, it is

optimal to place the plate well within the measuring range

such that the alternating current (AC) voltages will not

exceed the dynamic range of the digitizer card. This ECS

also picks up quite a bit of low frequency noise, therefore, a

second-order Butterworth filter, which had a bandpass

response between 100 and 2000Hz, was used to filter the

signal response, as shown in Fig. 6(c). After removing the

DC offset and filtering the chirp response signal, the cross

correlation is performed to obtain the impulse response.

Because the ECS is a displacement sensor, the impulse

response obtained between the shaker and ECS is a displace-

ment signal. Thus, the use of this impulse response results in

a TR focus that has a displacement peak [Fig. 7(a)]. If this

displacement focus is recorded using a velocity sensor, such

as a SLDV, the signal would instead show up as the “N-
shaped” time derivative of the displacement focus signal

[Fig. 7(b)]. If a SLDV is used to obtain the impulse

response, which is subsequently used to create a TR focus, a

SLDV recording will show a standard symmetric TR focus,

which has a velocity peak [Fig. 7(d)]. A displacement

recording of that velocity TR focus will appear as a back-

wards N-shaped time integral of that focus signal [Fig. 7(c)].

It is conceivable that the ESC could be used to create a

backwards N-shaped displacement focus signal, similar to

the one in Fig. 7(c), by modifying the displacement impulse

response. This would allow a peak velocity to be created

during the focusing. One way to create a backwards N-
shaped focus and mimic the phase shift that an integral

imposes would be to introduce a phase shift of �90� at all

frequencies in the spectrum of the TRIR. The displacement

during this TR focusing would look similar to that pictured

in Fig. 7(c), but the velocity would look like that pictured in

Fig. 7(d). A velocity sensor could be used with a modified

impulse response to create a focusing like that pictured in

Fig. 7(b) to create a displacement peak in the focusing like

that pictured in Fig. 7(a). Applying a 90� phase shift to the

velocity TRIR would create a velocity signal like that shown

FIG. 6. The example signals recorded with the ECS. The (a) unfiltered chirp response with the DC offset, (b) unfiltered chirp response with the DC offset

removed, and (c) filtered chirp response with the DC offset removed are shown.
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in Fig. 7(b) during the TR focusing, whereas the displace-

ment signal would look like that shown in Fig. 7(a). An

accelerometer or another acceleration-based vibration sensor

may also be used to create a displacement or velocity TR

focus peak by applying a 180� or 90� phase shift to the

TRIR, respectively. The authors verified that each of these

experiments work as described by using the ECS and

SLDV. A similar idea, called phase inversion or pulse inver-

sion, introduced the idea of applying a 180� phase shift to

the TRIR to create a symmetric, negative-value, TR focus

peak.39 Third-order phase symmetry analysis introduced the

idea of implementing 120� and 240� phase shifts to the

TRIR so that the 0�, 120�, and 240� phase shifted TRIR sig-

nals could be used to create three different focal signals,

which may be combined in such a way to detect the pres-

ence of even or odd harmonics caused by the nonlinearities

in a high amplitude TR focus.40

With the ability to create the different shaped focal sig-

nals comes the question of what focal shape will launch a

LEGO minifigure the highest into the air to increase the

chances of knocking over the minifigure? In Sec. III, it was

found that the lower velocity and acceleration amplitudes

were desirable to reduce the likelihood of the LEGO mini-

figure losing contact with the plate and being in the air when

the focus peak arrives. The optimal, local motion of the

plate would be a large upward velocity to give the minifig-

ure a large upward momentum followed by a large

downward acceleration (steep negative slope of velocity

versus time) such that the minifigure would lose contact

with the plate, and the plate would travel downward while

the minifigure continued to rise further above the plate. The

higher the minifigure travels, the more likely it will be to

fall over on returning to the plate surface.

Because the displacement focus and velocity focus,

measured in the velocity [Figs. 7(b) and 7(d), respectively],

exhibit a large, positive-velocity peak followed by a large

negative slope, it is expected that both types of foci could

launch a LEGO minifigure. The experiments confirmed that

a displacement focus and velocity focus were equally capa-

ble of launching the LEGO minifigure and knocking it over.

In comparing Fig. 8 with Fig. 5, it can be seen that the ECS

provided a similar overall repeatability trend as for the

experiments performed with the SLDV in Sec. III with a set

of 40-trial repeatability tests. These repeatability trials were

also performed with only two shakers on the bridge-shaped

plate as was performed with the SLDV repeatability versus

amplitude trials. Using the ECS and two shakers on the

bridge, the demonstration had a repeatability up to 92.5%

(37/40) at an input voltage of 1.8V to the shakers, which is

the same maximum repeatability achieved with the SLDV

and two shakers on the bridge. We expect that the findings

for the plate thickness and general findings of the frequency

optimization work hold when using the ECS instead of the

SLDV. Some brief optimization checks were performed

FIG. 7. The (a) displacement amplitude recording during the displacement TR focusing, (b) velocity amplitude recording during the displacement TR focus-

ing, (c) displacement amplitude recording during the velocity TR focusing, and (d) velocity amplitude recording during the velocity TR focusing are shown.
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with the ECS to determine that the optimizations performed

with the SLDV still held when using the ECS.

Whereas the low frequencies were found to contribute

significantly to the successful launching of the target mini-

figure, they also have larger wavelengths and lead to a wider

spatial focus. This is not desirable because a larger focal

area will be more likely to knock over the nontarget minifig-

ures. Because the ECS is more sensitive to the lower fre-

quency motion than the SLDV, the spatial extent of the

focusing was a concern. Also, as the ECS induces currents

in the target material, the manufacturer states that the

required sensing area is about 3–5 cm in diameter, which is

much larger than the sensing area of the SLDV (�30 lm).

This larger sensing area of the ECS also likely contributes to

a wider focus. Heaton et al.32 showed what the velocity pro-

file of a velocity focus looks like. For comparison, in Fig. 9,

the displacement profile of a displacement focus at the time

of the maximal focusing using the ECS is shown. Note that

the scan area was 51� 51 cm, and the flat, top surface of the

bridge-shaped plate was 61� 91 cm in area. The full width

at half maximum of this displacement focus was determined

to be 6.2 cm.

V. MUSEUM EXHIBIT

This section will focus on describing how the demon-

stration was made more practical and cheaper for the

museum exhibit “Waves” at focusTerra, the Earth and

Science Discovery Center of ETH Zurich, Switzerland.41

The “Waves” exhibition showcases the many facets of wave

phenomena in daily life.42 The exhibition allows visitors to

playfully and experimentally explore the characteristics of

the waves and how they are used in nature and technology.

Figure 10(a) shows a bird’s eye view of the exhibition. TR

is a great example of focusing energy via waves and, thus,

the demonstration described and optimized throughout this

work was a perfect fit for the “Waves” exhibition. The visi-

tors are shown videos of the wave propagation during the

forward (Mm. 1) and backward steps, focused to two differ-

ent locations (Mm. 2 and Mm. 3, respectively) as obtained

by a SLDV and slowed down for visualization purposes.

Mm. 1. Video presented to the museum visitor, which

describes the forward propagation step of the

demonstration during the broadcast of the chirp signals.

A video of the vibrations as acquired with a scanning

laser vibrometer is shown. This is a file of type “mp4”

(9.3 MB).

Mm. 2. Video presented to the museum visitor, which

describes the backward propagation step of the

demonstration during the broadcast of the reversed

impulse responses. A video of the vibrations as acquired

with a scanning laser vibrometer is shown for the focus

position A. This is a file of type “mp4” (8.0 MB).

Mm. 3. Video presented to the museum visitor, which

describes the backward propagation step of the

demonstration during the broadcast of the reversed

impulse responses. A video of the vibrations as acquired

with a scanning laser vibrometer is shown for the focus

position B. This is a file of type “mp4” (7.5 MB).

For the museum exhibit setup, a bridge-shaped alumi-

num plate with a thickness of 1.5mm and top surface mea-

suring 91 cm � 61 cm was used. The bridge shape illustrates

a possible application in which the TR may be used. Two

Mighty Dwarf 7W shakers were placed at an offset at oppo-

site ends of the bridge. Less output channels meant lower

cost, but this also decreased the repeatability of the demon-

stration somewhat. The ECS was mounted on three

computer-controlled FUYU FSL40 linear motion stages

(Chengdu City, China) in the shape of an “H” so that the

ECS can be translated in two dimensions underneath the

plate and acquire the necessary displacement recordings.

FIG. 8. (Color online) The repeatability of the demonstration when using

different input amplitudes to the shaker sources. Here, the percentage of the

times that the target minifigure was knocked over is tracked as well as the

percentage of the times that the nontarget minifigures fell down. Each data

point represents the success rate (repeatability percentage) for 40 trials con-

ducted at each input amplitude. The ECS was used here to create the dis-

placement foci for these experiments.

FIG. 9. (Color online) The surface plot of a displacement TR focus peak

during the time of peak focusing. An ECS was used to obtain the impulse

response and a SLDV was used to record the displacement at each scan

position.
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The data acquisition and generation are managed with a

National Instruments (Austin, TX) USB-6211 multifunction

input/output device. This device had a lower amplitude reso-

lution than the data acquisition cards used in the laboratory,

and this reduced the temporal quality of the TR focusing

somewhat, which reduced the repeatability some. The com-

plete setup is shown in Fig. 10(b). A user interface, a screen-

shot of which is shown in Fig. 10(c), along with an overhead

camera allows users to select a location on the plate where

they want to create a TR focus. The translation stages under-

neath the plate then move the ECS to the selected location

and a chirp is emitted in turn from each shaker while the

ECS records the response between each shaker and the tar-

get location. The impulse responses are determined through

filtering and cross correlation. Then, the ECS is moved

away from the target location, and the two shakers simulta-

neously broadcast their respective TRIRs, creating a focus

at the target location.

As shown in Figs. 10(b) and 10(c), the bridge is popu-

lated with LEGO minifigures, arranged to resemble two

opposing soccer teams. The visitors to the museum exhibit

then take turns trying to knock over the players of the other

team using the TR focusing. The user interface, provides

further information on how the TR aims to focus waves to a

selected location and its application in science and industry.

Moreover, the user can view three animations of the plate

vibrations acquired with a SLDV system when sending the

chirps and a TR focus at two fixed positions on the plate

(the videos can be seen in Mm. 1–Mm. 3).

Of note is the Plexiglas enclosure covering the alumi-

num table visible in Fig. 10(b). The museum focusTerra is

integrated into the Earth Science building. Thus, one

requirement that the demonstration had to meet was to not

disturb the students and employees working in the building.

The findings introduced in this paper have allowed the dem-

onstration to be much quieter than the previous version of

the demonstration presented by Heaton et al.32 The use of a
thinner plate and reduced bandwidth both help to reduce the

radiated noise. The deconvolution TR technique and the use

of multiple shakers also allows smaller vibration amplitudes

to be used while still yielding a sufficiently large focal

amplitude to launch the minifigure. However, the noise

broadcast by the shaker’s interaction with the aluminum

plate was still too loud. Consequently, a soundproofing

FIG. 10. (Color online) The (a) “Waves” exhibition at focusTerra (Courtesy of Matthias Auer of focusTerra), and (b) TR demonstration described in this

work, found in the upper left corner of the exhibition [see (a)], are depicted. The aluminum table with the two shakers and LEGO minifigures is enclosed by

a soundproofing enclosure. (c) The user interface requires the visitors of the museum to first select a LEGO minifigure on the soccer field and then press

“GO.” The ECS below the aluminum plate then records the impulse response at the location of the target minifigure while successively exciting the two

shakers. After which, the TRIR is broadcast. (d) The overlay of the three consecutive photographs shows a targeted Lego minifigure jumping and falling due

to the TRIR (courtesy of Matthias Auer of focusTerra).
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enclosure was designed and manufactured in cooperation

with Kanya AG (R€uti, Switzerland) to ensure an acceptable

noise emission. The enclosure can be opened at the front to

allow users to place the minifigures on the soccer field

(pitch). The camera is mounted at the top, directly above the

soccer field. Moreover, 5 cm thick soni WAVE sound

absorbing foam (Soniflex, Denmark), targeting sound

absorption in the 400Hz–5 kHz range) was attached to the

lower back face (35� 114 cm) and the face was adjacent to

the hardware box (35� 92 cm).

The sound pressure level (SPL) was then measured using

the XL2 audio analyzer by NTI audio (Schaan, Liechtenstein)

at a distance of 1m and height of 1.5m without and with the

soundproofing enclosure present. Figure 11 shows a reduction

in the SPL of 18.5 dB when emitting the chirps and a reduc-

tion in the SPL of 26.7 dB when the TRIR is introduced to

the aluminum plate. As a result, using the soundproofing

enclosure, the demonstration is quiet enough but still audible

to the user when directly interacting with it. The latter point

is important as it makes it easier for the user to establish the

link between the waves and the focusing of energy.

The initial testing found that repeatable TR focusing

results, i.e., the LEGO minifigure either jumping or falling,

were only found when manually increasing the volume of

the two Mighty Dwarf shakers to their maximum (this is

required to do every time the shakers are powered on).

However, this is not practical for an exhibition piece, which

should require the least amount of maintenance possible.

Thus, the output of the National Instruments USB-6211

(Austin, TX) is amplified by a Monacor SA-100 stereo

amplifier (Bremen, Germany) prior to being sent to the

Mighty Dwarf speakers. Also, in an effort to streamline the

processing of the data, the experiment was tested without

bandpass filtering the recordings. These factors led to a

decrease in the repeatability compared to the repeatability of

the laboratory demonstration at Brigham Young University

(BYU), which was described previously. Further reduction

in the repeatability was observed due to the user’s accuracy

when interacting with the demonstration and camera

alignment precision. In other words, if the user does not

exactly select where the target minifigure is or the position-

ing system for the ECS is not aligned with the camera view

on the user interface, the target minifigure might not be

standing at the exact TR focal spot.

The settings for the exhibition are as follows. The chirp

signals span a range from 100Hz to 1.6 kHz and are played

for a duration of 500ms. Additionally, the signal measured

by the ECS is averaged twice. It was found that the averag-

ing leads to a better calculated TRIR as the ambient vibra-

tions are a factor when the visitors interact with the

exhibition. The amplitude of the TRIR emitted by the two

shakers is 11.6 times as large as the amplitude of the initial

chirps.

The repeatability was tested using these settings. Out of

40 trials, the target minifigure visibly jumped in the air 75%

of the time but only fell over 30% of the time, and the non-

target minifigures were knocked over 15% of the time.

However, because the demonstration is presented in a game

format, a decreased repeatability is desirable because it adds

an element of unpredictability, which makes it more fun for

the users. Figure 10(d) shows an example of a jumping and

falling soccer player. When compared with Fig. 2(b), the

minifigure does not jump as high. However, the desired

effect of playfully and experimentally demonstrating the

focusing of the energy in a medium via waves is clearly con-

veyed to the user.

VI. CONCLUSION

This paper proves a better physical understanding and

optimization of a demonstration of TR acoustics introduced

by Heaton et al.32 First, a comparison between the tradi-

tional TR, deconvolution TR, and clipping TR was pre-

sented. This led to the experimental discovery that large

amplitude sidelobes were causing the target minifigure to

bounce prematurely, sometimes causing it to be in the air

during the main focal event and not be knocked over. This

critical insight indicates that the best TR method to use for

high repeatability in the demonstration is deconvolution

because the deconvolution method leads to a better signal-

to-noise ratio than is typical of traditional TR or clipping

TR and, therefore, smaller sidelobes, while maintaining

enough amplitude in the focus to launch the minifigure.

Several parameters of the setup and TR process were

optimized, including the thickness of the plate, frequency

range of the chirp, and amplitude of the TRIR. Three differ-

ent plate thicknesses were studied, and it was found that the

thinner plates yield higher peak amplitudes as well as a

higher temporal quality. These are both desirable traits for a

TR focal signal so long as the structure is strong enough to

stand and support any required equipment. Additionally,

less noise is radiated from the thinner plates because the

waves are more likely to be traveling at subsonic speeds.

For the chirp frequency range optimizations, one set of

repeatability experiments was performed while varying the

upper bound of the chirp and holding the lower bound

FIG. 11. (Color online) The difference in the sound pressure level as a func-

tion of time when covering the TR demonstration with a soundproofing

enclosure. The (red) dotted line shows the measured SPL without the sound-

proofing enclosure. The (light blue) dashed line shows the drop in the SPL

when covering the demonstration with the soundproofing enclosure. Each

chirp is broadcast twice from each of the two shakers. After which, the

TRIR signal is broadcast. A drop of 18.5 dB is measured for the chirps and

26.7 dB for the TRIR. Finally, the (yellow) line indicates the measured

average background noise.
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constant, and another set of experiments were performed

while holding the bandwidth constant and raising the lower

and upper bounds of the chirp together. It was found that the

lower frequencies are the most effective in knocking over

the target minifigure, but the higher frequencies are also

necessary to reduce the number of times the nontarget mini-

figures were knocked over by reducing the spatial extent of

the focusing. In the end, the frequency range of

100–2000Hz was determined to be optimal for the

demonstration.

Another set of repeatability experiments was performed

while varying the output amplitude of the TRIR. An impor-

tant trade-off discovered was that there needs to be enough

amplitude to knock over the target but too much amplitude

would cause the sidelobes to be too large, and the minifigure

could prematurely bounce into the air and miss the main focal

event. Therefore, a balance must be found, but the specific

amplitude will vary from setup to setup. The optimal parame-

ters for our specific setup with two shakers were determined

to be 1.27mm plate thickness, 1.5V input amplitude to the

shakers, and 100–2000Hz frequency range for the chirp sig-

nal. With these optimal parameters, a 92.5% repeatability for

a set of 40 trials was achieved. Additionally, when using 4

shakers instead of 2 and an input voltage of 1V, a 100%

repeatability for a set of 80 trials was achieved.

The main differences in the state of the demonstration

before and after the contributions of this paper are that the

launch height of the minifigure is lower, which is quieter

and much more repeatable, a cheaper sensor was imple-

mented, and there are less nontarget minifigures falling

over. These optimizations made the demonstration suitable

for the implementation as an exhibit in a wave propagation

museum at ETH Zurich in Switzerland. Due to the hardware

limitations, the repeatability in the museum exhibit was

30%, which was lower than the repeatability found in the

laboratory. Fortunately, the lower repeatability provides for

a more fun game of chance, and the demonstration remains

an effective way to visualize the focusing power of the TR

acoustics.

Videos of the TR LEGO minifigure demonstration can

be found in Refs. 43–45.

Reference 43 includes a description of the demonstra-

tion as narrated by B.E.A. Reference 44 shows the demon-

stration conducted in the BYU laboratory using an ECS, and

illustrates the repeatability with these conditions. Reference

45 shows the focusing waves followed by the initial video

of the first demonstration along with an optimal launch

result as conducted in the BYU laboratory.
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