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ABSTRACT
Ultracold Neutral Plasma Evolution in an External Magnetic Field

Chanhyun Pak
Department of Physics and Astronomy, BYU
Master of Science

We study the expansion velocity and ion temperature evolution of ultracold neutral plasmas
(UNPs) of calcium atoms under the influence of a uniform magnetic field that ranges up to 200
G. In the experiments, we use a magneto-optical trap (MOT) to capture the neutral atoms and
laser-induced fluorescence (LIF) to take images of the plasma. We vary the magnetic field strengths
and the initial electron temperatures and observe the plasma evolution in time. We compare the
ion temperature evolution to the theory introduced in the paper by Pohl et. al. [Phys. Rev. A 70,
033416 (2004)]. The evolution of the gradient of expansion velocity suggests the presence of ion
acoustic waves (IAWs). We speculate that our measurements showing that the ion temperature
remains relatively high throughout the evolution is a biproduct of the IAW.

Keywords: Coulomb coupling parameter, Debye screening length, ultracold neutral plasma, alkaline
earth metals, magneto-optical trap, laser-induced fluorescence, Zeeman shift, frequency comb,
Nd:YAG-pumped dye laser, Doppler shift, Doppler broadening, Voigt profile, ion acoustic waves.
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Chapter 1

Introduction

Ultracold neutral plasmas are a useful platform for understanding strongly coupled Coulomb systems
in a relatively slow time frame [1]. We use the Coulomb coupling parameter I to express the ratio
between the electrical potential energy and the kinetic energy:

B e? 1
B dregaws kgT ’

(1.1)

where e is the unit charge of the particles, & is the vacuum permittivity, ays is the Wigner-Seitz

radius and can be expressed as the following:

3\ 1/3
aws = ( ) (1.2)

47n

where n is the number density of the plasma. Another parameter K = ays/Ap is the inverse scaled
screening length [2], where Ap = \/eolqg,f/ne2 is the Debye screening length. This is also used to
describe plasma ion interaction. We can map many different kinds of plasmas in I'-x space and
consider those plasmas in overlapping I'-k to be thermodynamically similar [3]. As an example,
UNP overlaps in the I'-x space with some high energy density plasma (HEDP) for fusion that are
generated in the National Ignition Facility (NIF) [3]. Thus, using UNPs can provide insights on

understanding plasmas for fusion.
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There are many studies done on the evolution of UNP; the creation [4], the theory [5—8], the
electron screening [9], the electron temperature evolution in the UNP [10], the ion temperature [11],
ion acoutic waves (IAWs) [12, 13], the crossover study between UNP and HEDP [3], the evolution
of the UNP under magnetic field [14—-16]. Reviews were written by Killian [1] and Lyon [2].

Studying the effects of the magnetic field on plasma has been a subject of interest in various
sub-fields of plasma physics study [17-28], including the study of HEDP [29] and UNP [14, 30-33].
An initial study of the spatial distribution and the expansion velocity evolution of UNP under
external magnetic field is presented by Sprenkle et. al. [16]. They attempted to use a self-similar
plasma exansion model to explain the evolution of the partially magnetized UNP. It predicts the
evolution in the parallel direction well. However, in the transverse evolution, there is a disagreement
in predicting the plasma expansion velocity between the self-similar plasma expansion model and
the phenomenological model that depends on the strength of the applied magnetic field. We extend
the study of plasma evolution in external magnetic field by studying the ion temperature evolution
and the hydrodynamic velocity.

In our experiment, we first create the UNP by trapping Ca atoms in a MOT, ionize them using
pulsed lasers, and use lasers to probe the plasma using the method of LIF. LIF is a method of
exciting atoms or ions and measuring the spontaneous emission. To create a uniform magnetic field,
we use a pair of Helmholtz coils. We lock the laser frequencies to a frequency comb and control
the timing of electronic devices using a pulse generator. The gradient of the hydrodynamic ion
expansion velocity and the ion temperature is extracted from a line shape model fit to the LIF data.
We observe the LIF when the probe laser propagates in directions parallel and transverse to the
magnetic field direction. We use various strength of external magnetic field and vary the initial
electron temperature, 7,, to map out the resulting evolution of the UNP.

We measure the fluorescence images, showing the ion Doppler shift for typically eleven different

probe laser frequency detunings. For density measurements, these 11 images are summed together
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and then projected onto either z-axis or x-axis the UNP for observing size evolution in the parallel
direction or transverse direction respectively. For temperature and hydrodynamic velocity analysis,
the fluorescence intensity in each pixeel, as a function of probe laser detuning, is fit to a Voigt
profile. The center frequency and rms Gaussian widths are fit parameters. Using the Doppler shift,
these are converted to hydrodynamic velocity and rms velocity (temperature).

In the Results section, we introduce a hydrodynamic theory from which we deduce a set of
coupled differential equations for the evolution of the spatial distribution, expansion velocity, ion
temperature, and electron temperature in asymmetrical Gaussian plasma distribution functions.
The differential equations provide a prediction for the ion temperature evolution of the partially
magnetized UNP which qualitatively agrees with experimental results.

In the partially magnetized UNP evolution, the gradient of the expansion velocity oscillates
in time. We speculate that this is an IAW, or plasma mode. A relatively high ion temperature,
compared to the unmagnetized case, is observed throughout the plasma evolution, consistent with
IAW heating. The significance of our experiment is the careful measurement of the magnetized
UNP evolution in both the parallel and the transverse directions, confirmation that the hydrodynamic
theory qualitatively predicts the evolution of the ion temperature, and exploring the possibility of

IAWs in magnetized UNP.
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Experimental Methods

2.1 Introduction

Alkaline earth metals, such as calcium and strontium, have been subjects of interest in AMO physics
for their inherent properties due to their two-valence-electron structure. These properties provide
narrowband transitions, which makes precise laser spectroscopy possible to study atomic clocks
[34-37] and Bose-Einstein condensates [38, 39]. Calcium and strontium atoms can be used to build
quantum-bits with high fidelity [40—42]. Trapping and ionization of the calcium atoms also take
advantage of the structure of the two-valence electrons. There are several trapping method for
calcium atoms, such as optically trapping [43] or using a MOT [44, 45].

In this section, we explain the experiment procedure and the details of the measurements. First,
we trap the atoms by using the MOT which consists of anti-Helmholtz coils and six near-resonant
continuous wave (CW) lasers. Then, two-photon ionization is used to ionize the Ca atoms to the
ground state of Ca™. We apply external magnetic field that is uniform in the z-direction to restrain
the plasma expansion in the transverse direction. To observe the UNP evolution in either the parallel

or the transverse direction, we use a weak probe laser beam at 393 nm that propagates either along
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or transverse to the magnetic field directions. We vary the strength of the external magnetic field
in the range of 0 G to 200 G. We vary the initial electron temperature from 50 K to 400 K. The
study by Sprenkle et. al. [16] was limited to observing the evolution of the density distribution from
which the expansion velocity of the plasma was calculated. The objective of our experiments is
to broaden this study to observe the evolution of the ion temperature and the expansion velocity

directly.

2.2 Trapping the Ca atoms

2.2.1 Magneto-optical trap

Before the formation of the plasma, it is necessary to capture atoms in place. While there are many
different kinds of traps([46]) for neutral atoms such as magnetic traps, dipole force optical traps,
and radiation pressure traps, we use magneto-optical trap. MOT is a hybrid of magnetic and optical
trap, thus having feature from both kinds. The laser radiation produces a strong radiating force for

laser cooling.
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— — = MOT 423 nm beam
E Mirror

Figure 2.1 Bird’s eye view on the vacuum chamber and the arrangement of optics.

We sublimate solid calcium atoms by heating a solid Ca source to 500 C°. The atomic beam
is formed using an aligned microcapillary array, similar to what is described in the paper by
Senaratne[47]. To reduce the velocity of the neutral atoms, a 423 nm "slower" laser beam is placed
antiparallel to the atomic beam. The —304 MHz detuning of this laser beam from 4s? 'S to 4s4p
P, Doppler-cools thermal atoms in the beam. The number of atoms in the MOT is increased
because many atoms are Zeeman-shifted into resonance with the "slower" laser beam due to the
fringing field of the MOT coil. The absorption of a photon by an atom entails the change of
momentum, thus decreasing the velocity of the atom traveling parallel to the atomic beam. The
excited calcium atoms have isotropic radiation probability, meaning that it has an equal probability
of radiating a photon in a spontaneous emission process.

The magnetic part of MOT is an anti-Helmholtz pair of coils which creates a quadrupole

magnetic field. The z-axis is the axis of symmetry of the quadrupole magnetic field and its equation
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(¢) Zeeman splitting and the laser cooling.

Figure 2.2 The MOT depicted in Fig. 2.2a consists of anti-Helmholtz coils with incoming
423 nm lasers in 6 orthogonal directions. Fig. 2.2b is a plot of quadrupole magnetic field
in the z-direction of each experiment in the parallel and transverse direction. The gradient
of the magnetic field in the center of the MOT was calculated to be 137.8 G/cm. Fig. 2.2¢
depicts the Zeeman splitting in the excited energy level 4s4p ' P; of an atom. The polarized
beams o & each corresponding to the sub energy level m j = =1 will resonate with the atom
as a specific position in space and laser cool the atoms.
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of the field in the z-direction is written as the following:

1 1 !
Bz =5 2 N A7 >
5 (THoa”) <(az+(z_z(,)2)3/2 (a2+(z+zo)2)3/2) ’ D

where a is the radius of a coil, zg is the distance of a coil away from the center of the MOT. From
Eq. (2.1) we plot the strength of the magnetic field in Fig. 2.2b and can deduce that the magnetic

field is linear near the center of the chamber. The following is the expansion in the Taylor’s series:

3lpoa*z0z , .
BZ ~ WZ = 137.8zz G/cm. (22)
We see from Eq. (2.2), that magnetic field is approximately linear. The magnetic field of the MOT
causes a Zeeman shift in the 4s4p ' P, energy level, splitting it into three states, my = —1,0, 1. The

presence of the magnetic field shifts the excited state energy by:

AE = (Vinag(r)) = Upm jBex, 2.3)

which is also linear in space since B,y is linear according to the approximation of Eq. (2.2).

The MOT uses a set of 423 nm laser beams from six sides that are detuned 54 MHz below the
resonance with 4s4p ' P. The linear Zeeman shift results in a position-dependent force for the trap.
The circularly polarized beams 6" and ¢~ are respectively resonant with the m = 1 and m = —1

level at a particular location at space, as shown in Fig. 2.2c.

2.2.2 Extracting density and size information

We use the absorption imaging method to probe the neutral atoms in the MOT. To get the density and
the size of the atom cloud, we use absorption imaging. In this method, we consider four different
images. The 423 nm laser used for absorption f,.,, the photon absorption by the calcium atoms
fabs» the spontaneous emission by the calcium atoms f; ., and the background signal and noise
from all sources fz,,«. Using these four images, we calculate the ratio between the intensity of the

incident light and the transmitted light necessary for an absorption measurement. From Fig. 2.3a,
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flaser + fabs
+fs.e. + fdark fc.e. + fdark

flaser + fdark fdark

(a) Absorption images without the 424 nm laser repump

flaser + fabs
+f:9.e. + fdark f;.e. + fdark

flaser + fdark fdark

(b) Absorption images with 424 nm laser repump

Figure 2.3 The image fj.ser + fabs + fs.e. + faark 1S obtained when the 423 nm probing
laser shutter and the MOT laser shutter are open. Image fs.. + fsqrx 1S When only the
probing laser shutter is closed. Image f,ser + faark 1S When only the MOT laser shutter is
closed. Image fy,,« is when both shutters are closed. We have an enhanced signal when
we use the 424 nm repumper laser.
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left top image is superposition of fi ser, fubs> fs.e.» and fgq1. Meanwhile, the right top image is taken
after the 423 nm absorption laser is removed from the MOT. This image includes the fluorescence
from the spontaneous emission from the excited calcium atoms and the background, f; . and fy,.
Next, the left bottom is image is taken of the 423 nm absorption laser. It is a superposition of fj,ser
and fy,,. Lastly, the bottom right is f,,,+ when the MOT and absorption lasers are all blocked. The

following equation calculates the absorption ratio:

(flaser + fabs + f:v.e. + fdark) - (fs.e. + fdark) _ flaser + fabs _ If(x7y>
(flaser + fdark) - fdark flaser IO

(2.4)

This ratio of the incidence intensity over the transmitted intensity is used to calculate the optical

depth (OD) that is related to Beer’s law:

Beer’s law: I = I(o0) = Ipe) ="%% (2.5)
_ . (1o = 2752
OD(x,y) =In )= / ono(x,y)exp(—z~/2ry)dz (2.6)
f —o0

where o is the absorption cross section, Iy is the incident intensity, /7 is the transmitted intensity
calculated previously. Also, here we assumed that the density has a Gaussian profile with the rms
width of ry and the peak density ng. Solving this equation for the peak density over the entire space

we have:

1 I
ng=———In|( -2 2.7
*" Grovan (If) &7

In Eq. (2.7), the ry is the rms size of the Gaussian. This equation is used to find the size and the

3

density of the neutral atom cloud. In our experiments, the typical density is 1.5 x 10'® cm=3 and

the rms radius is typically 300 um without the 424 nm repumper.
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2.2.3 Branching ratio and re-pumping

The density in the order of 10! cm™3 and the rms radius 300 wm are sufficient scales to carry out
the experiments. However, we can enhance the fluorescence of the images and increase the signal
to noise ratio by increasing density and the rms radius of the atom cloud using a re-pumping laser.
By understanding the branching ratio of the spontaneous emission transitions we can implement

necessary re-pumping lasers with appropriate wavelengths. The Table 2.1 is from the Yu et. al. [48]:

\ Continuum

Figure 2.4 The schematic of the state transition including the repumping.

After the atoms are excited from the 4s° 1Sy to 4s4p ' P;, almost 100 % of atoms decay back to
the ground state with the lifetime 4.6 ns, but some of the atoms by the probability of 0.002 % decay
to 4s3d ' D, state, which has a lifetime of 1.8 ms. The lifetime is 4s3d ' D, state is shorter than the
lifetime of the MOT, which is typically 10 ms. The 4s3d ' D, state decays to 4s4p 3P, which is
has a lifetime of 0.37 ms and 4s4p 3P, which is metastable. Atoms in the 4s4p 3P, state are lost
from the MOT. This reduces the number of atoms in the MOT. To prevent this, we use a 424 nm

laser to excite atoms of the 4s3d ' D, state to 4s7 p 1P, [49]. This state has lifetime of 33.5 ns back
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Initial Final ~ LA;(10%)s™! BR.(%) lifetime
4s4p3P,  4s*1Sy  2.7380E-05 100 0.37 ms
4s4p 'Py 452158, 2.170E+00 100 4.6 ns
4s4p 'P,  4s3d 3D,  3.7670E-08 0.00 -
4s4p'P;  4s3d3D,  1.000E-07 0.00 -
4s4p'P;  4s3d 'D,  5.341E-05 0.00 -
4s7ip P 45215 1.295E-01 55.13 ~33.5ns
4s7p'P  4s5s'Sy  1.135E-02 2.79 -
4s7p'Py  4s3d'D,  1.575E-01 38.64 -
4s3d 'D, 4s4p3P  4.059E-06 83.12 1.8 ms
4s3d 'D, 4s4p3P,  8.245E-07 16.88 -

Table 2.1 Branching ratio is the probability of the transition between the states. To calculate
the lifetime of a state, the inverse of the sum of the spontaneous emission rates (A;f) in
length (L). The lifetime of 4s7p 'P; is an approximation considering only three major
transitions out of many. This is part of the table from [48].

to the ground state 45> 'Sy with the branching ratio approximately being 55.13 %. Typically, the

enhanced density of the atoms in the MOT is 3.5 x 10'% cm ™ and the radius is typically 500 um,

corresponding to nearly 10® atoms in the MOT.
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2.3 Two-photon ionization and spectroscopy

4p 2P3/2 : —
1 \ \
4p *Py — "\
1 v
1 v
1 v
1 ‘\ \\
| Ly 3d 2D5/2
393 nm |, '
: — = 3d D3/2
:
45 Sy, v

Figure 2.5 Partial energy level diagram for Ca™.

Once the calcium atoms are trapped in the MOT, the MOT is turned off and the atom cloud expands
for typically 1 ms before we ionize the calcium atoms using two-photon ionization process. The 423
nm and 390 nm pulses are generated using Nd: YAG-pumped dye lasers. The 423 nm laser beam
excites the Ca atoms from the 4s% 1Sy to 4s4p IP,. Then, the 390 nm laser ionizes the calcium
atoms in the excited state of 4s4p 'P; to the continuum. In our experiment, 99% of the neutral
atoms are ionized.

We use the 393 nm laser for the laser-induced fluorescence measurement of the plasma ions.
The 393 nm laser excites the Ca™ ions from 4s 25, ptodp ’p, /2- In the mentioned atom density for
the MOT before expansion which is in the order of 10!° cm ™3, the remaining neutral atoms do not
result in any significant effect on the ions. The distribution of the ions is Gaussian and it expands

3 and

self-similarly when there is no magnetic field. The typical density of the plasma is 10° cm™
the typical rms width of the plasma is 1 mm. The larger size and lower density come from the MOT

expansion before ionization.
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2.79 MHz/G
0.93 MHz/G
0.93 MHz/G
-2.79 MHz/G

4p 2Py —

393 nm
\
N
Q
+

o

1.40 MHz/G
4p?Sy) _%

1.40 MHz/G
Figure 2.6 The external magnetic field results in Zeeman splitting. The perturbation is

calculated in the units of frequency over the applied magnetic field (MHz/G). Polarizations
of the 393 nm beam is given for respective resonant transitions.

In the presence of the magnetic field, Zeeman splitting must be considered in the LIF. In Fig. 2.6
is the energy diagram with the Zeeman splitting and we see that different transitions are resonant
with different polarizations = and 7. We used the o™ transitions for the experiment to observe the
parallel plasma evolution. As in Fig. 2.6, the 6~ resonates with the —1/2 — —3/2and 1/2 — —1/2
transitions and the 6+ resonates with the —1/2 — 1/2 and 1/2 — 3/2 transitions. Thus, using the
o polarization result in four peaks. We use either the 1/2 — 3/2 or the —1/2 — —3/2 transitions
in our analysis because they are optically closed. We fit these observed peaks to a Voigt profile to
extract data.

We use 7 polarization to observe the plasma evolution in the transverse plane. In Fig. 2.6, we
see that 7 polarization is resonated with the 1/2 — 1/2 and —1/2 — —1/2 transitions. To enhance
the signal in the experiment to observe the plasma evolution in the transverse direction, we used
two 393 nm lasers to create four peaks with two of them coinciding in the frequency domain. We
fit this superpositioned signal to a Voigt profile to extract data. In the experiment for the plasma
evolution in the transverse plane, we also used the 424 nm repumping laser to increase the number
of atoms in the 4s4p ' P; state, but we did not apply the repumper for the experiment for the plasma

expansion in the parallel direction.
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2.4 External magnetic field coils

Supply o
Fuse
D L, D L,
R R
v R D v R D
] b

—i

Figure 2.7 The schematic of the circuit for the bias magnetic field and the load inductors.
Ly and L, indicate the Bias coils and the loading coils respectively. The diodes D that is in
series with resistors R are placed to mitigate the problem of high voltage spike when the
switches are opened. The varistors R, are also placed to cut the voltage spike.

For uniform external magnetic field, Helmholtz coils were place inside the vacuum chamber when
we observed the parallel expansion, but they were removed from the vacuum chamber when
observing the transverse expansion and put a bigger Helmholtz coils out side the chamber instead.
The Helmbholtz coils produce uniform magnetic field in the vertical direction. We also have load
coils for the bias coils since we are concerned about the timing and it takes time to fully load
the current for the maximum magnetic field the coils can create in the chamber. We also need
to minimize the response of the power supply to the coils’ back EMF. Thus, from Fig. 2.7, we
first close S3 and open S1 and S,. This runs the current through the short circuit. Approximately
5 ms before the ionizing laser pulse, we close S> and open S3. This forces the current through
the load coil, L,. Finally, 0.5 ms before the ionizing laser pulse, we open S, and close S;. This
forces the current through the Helmholtz coils. This method of switching minimizes the impedance

mismatch when the Helmholtz coils are active. For the parallel evolution experiment, we applied
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the current up to 24 A in the coil which was situated in the vacuum chamber. For the transverse
evolution experiment, we applied the current up to 250 A in the coil which situated outside the
chamber. The linear relationship of the applied current to the generated magnetic field is 8.33 G/A
for the experiment to observe the parallel expansion and we varied the current with the strength of
0, 6, 12, 18, and 24 A which correspond to 0, 50, 100, 150, and 200 G. We also varied the initial
electron temperature to be 48 K and 96 K. For the transverse direction measurements, we have
the current to be 0 A (to observe the symmetrical expansion in the tranverse direction) and 250 A
(which corresponds to 183 G in the vacuum chamber) for the experiment to observe the transverse

evolution but we varied the initial electron temperatures to be 0, 50, 100, 200, 400 K.

2.5 Calibration and Timing

2.5.1 Frequency Comb

Frequency comb is a useful tool for setting the frequency of the lasers. The absolute certainty of the
frequency comb is 10 kHz [50, 51] in the near-infrared. To make use of the frequency comb, we
offset lock one mode of the frequency comb to a Rb stabilized diode laser. Then, the other other
lasers for the experiment such as 846, 780, and 786 nm lasers are offset locked to their nearest
comb modes. Then the beat notes between the lasers and their nearest comb modes are measred to

calculate the following equation:

ﬁaser = be :I:beb j:Nfrep:l:fbeat' (2.8)
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where the fgy, is the 87 Rb D,F =2 — F' = (2,3) crossover transition frequency of the Rb laser
[52], frob 1s the beatnote between the Rb-stabilized diode laser and the nearest frequency comb
mode, fieat 1 the beat note between the near-infrared lasers in the fundamentals such as 846, 780,
and 786 lasers and the nearest frequency comb mode, and N is an integer. The beatnote between the

near-infrared lasers and the frequency comb is lock by an integral feedback lock circuit.

2.5.2 Timing on electronics

t=0
[ At=1.5ms MOT Slower
] At = 1.4ms R

[ MOT B and lasers

Bias B

| At =1.2ms

lonization Pulse

Figure 2.8 The schematic of the timing for the bias magnetic field.

We must set the right timing for the MOT to turn on and off, then wait for the time to load the
current to the bias coils to create sufficient magnetic field strengths, and then ionize the atoms. Such
timing is controlled by the pulse generator to send out voltage signal to AOM of the MOT and the
slower, etc. Fig. 2.8 shows a schematic of the timing for the MOT slower, MOT magnetic field,
bias magnetic field, and the laser pulse for ionization. We turn off the MOT slower and the MOT
magnetic field 1.5 and 1.4 ms respectively before the ionization pulse. The bias magnetic field is

turned on 1.2 ms before the ionization pulse.
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2.6 The initial electron temperature

After the ionization, the initial kinetic energy of the electrons are converted into ion expansion
energy in the evolution[10]. Thus, it is natural to investigate how different electron temperatures
brings effect to the expansion of the UNP. To vary the initial temperature of the electrons, we use
the 390 nm pulse laser. The excess energy of the photons above the ionization energy determines
the initial kinetic energy of the electrons. Thus, we can control the initial electron temperature of

the plasma by controlling the wavelength of the pulse lasers.



Chapter 3

Results

3.1 Introduction

In this chapter, we discuss applying the hydrodynamic theory introduced by Pohl et. al. [5] to our
experiment. We modified the differential equations from the hydrodynamic theory to describe the
asymmetrical evolution of the plasma. We compare the the theoretical result to the experimental
outcome.

We also introduce an analysis method that merges the pixels from the images from an ICCD
camera to bigger pixels to extract the information of the ion temperature and the plasma expansion
velocity. The results of the analysis is then compared with hydrodynamic theory.

We confirm that the differential equations derived from the hydrodynamic theory qualitatively
follows the behavior of the ion temperature evolution in the asymmetrical expansion. We also

speculate the presence of the IAWs by comparing with the results reported from Killian et. al. [4].

19



Chapter 3 Results 20

3.2 The kinetic theory

The kinetic theory describing the behavior of the plasma is derived from the Vlasov model. The
following references we use are specifically derived for UNPs: [5], [6], and [8]. The papers
explain the UNP evolution with radial symmetry. However, the theories have a limit when there
is a magnetic field. In our experiment, the magnetic field causes the asymmetry in the transverse
direction. Some of the work done before our experiment is described in the paper by Sprenkle et.
al. [16]. It includes studying the UNP evolution by observing the spatial density evolution in the
parallel and the transverse direction. In the study, the expansions in both directions were identified
to be self-similar. However, the behavior of the evolution did not follow the prediction of the
theories such as the ambipolar diffusion model and the self similar magnetized plasma expansion
model.

We start with the Vlasov model which describes the dynamic of the plasma using the fy(r,v,?)
as the distribution function of particles. We follow the derivation from the paper [5]. The Vlasov
model can be written as:

dfi

In Eq. (3.1), the first term describes how the distribution changes over time, the second term
considers the expansion velocity of the distribution, and the third term considers the acceleration
of the distribution. According to the idea of Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY)
hierarchy, a distribution of a-order particle can be describe with an integral of the degree of freedom
other particles. In Eq. (3.1), this corresponds to the acceleration term. Pohl et. al. introduce this

term as the integration of the Coulomb interaction of the charged particles in the distribution of fy4:
ma(A+v- ) fa(r,v,) = Y / 0@ (1,1, fop (1, v,V )dX dV. (3.2)
B

The right-hand side of Eq. (3.2) includes @up = qaqﬁ/ |r — r/| which describes the Coulomb
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interaction between the charge particles. Here, we apply near-equilibrium approximation:

= 2
£.(r,v) o< exp (g?) exp <—2kVBT > . (3.3)

From Eq. (3.1)-(3.3), we derive a set of coupled differential equations that will be introduced in the

following section.

3.2.1 Predicting the behavior of asymmetrical evolution

According to the paper by Pohl et. al. [5], when here is no magnetic field, we have the following
equations from the hydrodynamic flow expansion model for the gradient of expansion velocity 7,

the width of the plasma cloud o, and the temperatures of ions and electrons respectively, 7; and 7:

_ 2
81‘ —2'}’(1‘)6 (t)7 (34)

oy(t)  ksT.(t)+Ua(t)/3

at - m,-O'Z(Z) ,)/Z(t)7 (35)

8T,(t) _ A 2 ) 8U,-,-(t)
) — 2o - 3 (vowa+ 250, 66)
) — oyiymo), ()

ot
where o is defined in the ion distribution function f, as

r? m;(v —u)?

fi(r,v) < exp <_2T.-2> exp <_W) ; (3.8)

the definition of the gradient of expansion velocity is given as

u =, (3.9)
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and Uj; is the total correlation energy, m; is the mass of an ion, and kg is the Boltzmann constant.
These are the differential equations for describing hydrodynamic expansion that is radially symmet-
rical. However, in our experiment, we apply uniform external magnetic field along the z-direction
and the equations do not apply in our experiment with such condition. Thus, they must be modified
to fit our situation. The magnetic field constrains the electrons, but not the ions. As a 0_order
extension of this theory, we allow for an asymmetric expansion where it is radially symmetrical
in the transverse plane, but considering a different rate of evolution in that plane compared to the
evolution in the parallel direction. In this case, we modifiy Eq. (3.4)-(3.7) by applying:

2y 2 mi ((e=%)* | (=%, (=)
Jic<exp [— (26)%—#26)62%—2622)}6)@ [——( T + T + T )}, (3.10)

and

u = Y XX+ %y + Y:2Z, (3.11)

—notice how the condition is radially symmetric in the transverse plane, thus 6, = oy and §, =

Y«—resulting in a series of new equations:

8(;"2t(t) = 2% (1)o7 (1), (3.12)
290 _opinato. @13
aygta) _ k;;ﬂ(;i ; l(f;;(ﬂ/?’ R0, (3.14)

dT;(1)
ot

4 4 2 o2 20U; 1 m
= _§%Tl_§'}’)cUii/kB_gszl_g'}’zUii/kB_g atllg+2;ﬁ%iTe, (3.16)
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P — IO - SROTO) ~ 2w (O, G.17)

where oy is the width of the plasma cloud in the x-direction and the y-direction considering radial
symmetry in the transverse plane. Similarly, o, is the width of the plasma in the parallel direction
to the magnetic field. The variables 7, and ¥, are the gradient of expansion velocity respectively
in the transverse plane and the parallel direction. The terms with the variable ,; are electron-ion
thermalization terms introduced from McQuillen et. al. [8].

Theoretically, the electrons are constrained to move only along the magnetic field lines, we can
require that there must be no change of the gradient of the expansion velocity in the transverse
direction. This implies that the y, terms are set to zero in Eq. (3.12), (3.14), (3.16) and Eq. (3.17),
resulting in an asymmetry of the evolution between the transverse plane and the parallel axis.

We solved the equations for the asymmetrical plasma evolution and plotted out the ion tempera-
ture over time in Python. The Python code is included in the appendix A. From Fig. 3.1, we see that
this model predicts that the temperature in the asymmetric expansion of the UNP is higher than for

the symmetric case after the initial DIH heating.
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=
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0.2 .
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0.0 0.5 1.0 15 2.0

time/Texp

Figure 3.1 In the plot, the symmetrical evolution refers to the plasma expansion with
radial symmetry in three orthogonal directions. The asymmetrical evolution refers to a
case with an asymmetry in evolution rises from the constraint of the expansion in the
transverse plane. The orange line for symmetric expansion is the application of the kinetic
equations from Pohl et. al. [5] with the parameters suggested from McQuillen et. al. [8]
where n = 1.1 x 10°m~3, 7,(0) = 50 K, and Texp = 15um. The blue line representing
the asymmetrical expansion has the same density and the initial eletron temperature and
Y. = 01in Eq. (3.12), (3.14), (3.16), (3.17). Notice the time is in a scaled unit.

3.3 Analysis

After the ionization of the neutral atoms, the plasma expands with the kinetic energy resulted from
the disorder-induced heating (DIH). In Fig. 3.2a, at early times, such as 0.5 us, the plasma is
relatively small and the expansion velocity is relatively slow. This implies that most of the ions do
not have a significant magnitude of velocity in the parallel direction to the 393 nm probing laser.
Thus, most part of the plasma is resonant to the probing laser and thus we have a round shape
captured in ICCD, just like the image of 0.5 us and 0 MHz detuning from Fig. 3.2b. At later times,
such as 20 us, the expansion velocity is higher. This implies that the ions with the velocity in the

z-direction that is resonant to the probing laser is a thin line. From Fig. 3.2a and Fig. 3.2b, we see
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that as the frequency of the 393 nm laser is detuned, the regions of the plasma that is resonant to
the probing laser is different. For example, at +40 MHz detuning, the ions in the lower part of the
plasma is traveling away from the probing laser, Doppler shifted in resonance. The fluorescence of
the plasma is captured with ICCD camera with its pixel size being 13 um. The thickness of the
line indicate the distribution of the different kinetic motion of each particle, which is related to the
temperature of the plasma. We measure the Doppler shift of the plasma to calculate the temperature
of the ions. Also, the amount of distance the line is moving in the ICCD images along the frequency

detuning tells us the information of how fast the plasma is expanding.
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(a) Plasma expansion in time and its resonance with the detuning in the fundamental.
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(b) ICCD images of UNP expansion and their resonances with the detunings.

Figure 3.2 The schematic of the UNP expansion and the detuning of frequency resonated
into fluorescence captured from the ICCD. For these images, the probing laser is directed
downwards. The expansion velocity is mapped in coordinate space due to the fact that the
gradient of expansion velocity Y is proportional to the positioin in space r. In other words,
expansion velocity u(t) = y(t)r, where y(t) = (t/7%)/(1 +t*>/7?). Both ion temperature
and the hydrodynamic expansion velocity contribute to the resonance in the images. In the
early stage of the evolution, the ion temperature is dominant, while, in the late stage of the
evolution, the expansion velocity is dominant.
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(a) Animage thatis the sum of all the images (b) The intensities of the center pixel over
for different detuning frequencies. the different frequency detunings are fit to a
Voigt profile.

Figure 3.3 Pixel analysis.

To capture these desired sets of information, we do not use raw ICCD image, rather we merge
small pixels to bigger pixels to create and use these “super pixels’ for convenience. Fig. 3.3a is the
fluoresence image that is summed over all the detuning frequencies with the fluoresence signals
given in super pixels. We combine several neighboring pixels to create into a super pixel with its
value being the average of the values of the combined pixels. Using these super pixels we measure
how the fluorescence intensity changes in each pixel along the frequency detuning. The change
of intensity is shown in Fig. 3.3b. We fit this intensity vs. laser frequency to a Voigt profile. We
extract the rms Gaussian frequency width and use it to calculate the ion temperatures. To calculate
the expansion velocity of the plasma, we use the fitted center frequency of the Voigt profile. We
convert the units from frequency to velocity using the Doppler shift.

Voigt profile is the convolution of the Gaussian function and the Lorentzian function. In the
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experiment, we consider the velocity distribution of the atom cloud which can be read in the
frequency distribution:

vw):/Lw—vmxwmw, (3.18)

where Vv is the frequency and the L and G are each Lorentzian and Gaussian function:

o/m
and
G(v) L v (3.20)

N V2T Vpms

where 0 is power-broadened natural half linewidth

8 = Sy /1+1/Ia. (3.21)

In our experiment, the value of oy = 11.49/2 MHz in the laser fundamental and I,; = 50 mW/cm?
[53].
We extract the frequency information from the Gaussian distribution above to calculate the ion

temperature in the following equation:

, 2
T = M (3.22)
kg

In the equation V,,,;, is the rms Gaussian width, measured in the fundamental (786 nm), and A is the
wavelength of the laser in the fundamental (786 nm). This equation was derived from equating the

kinetic energy with the thermal energy:

kpT; = mp* = mi(VemsA )% (3.23)



Chapter 3 Results

29

3.4 Evolution along the parallel axis
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Figure 3.4 The applied current through the coils are 0, 6, 12, 18, and 24 A and they
correspond to 0, 50, 100, 150, and 200 G respectively. The plots of the scaled gradient
of expansion velocity and the scaled ion temperatures for 7,(0) = 48 K and 96 K. The
black dotted lines in Fig. 3.4a,Fig. 3.4b, Fig. 3.4c and Fig. 3.4d are according to the
hydrodynamic flow expansion theory from Pohl et. al. [5].

We first introduce the experiment which we observe the evolution of the plasma in the parallel

direction, using the 6 polarization and its resonating energy transitions. In this experiment, we

had external magnetic field with the strength of 0,50, 100, 150,200 G as a varying parameter and

we also tried for two temperatures, 48 and 96 K. Fig. 3.4 are the scaled gradient of the expansion
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velocity and scaled ion temperature evolving in time. In Fig. 3.4 we observe that the gradient of the
expansion velocity follows the universal curve that is a description of the hydrodynamic expansion
from Pohl et. al. [5] when the external magnetic field isn’t applied. However, gradient of the
velocity is slightly higher when the external magnetic field is applied. Fig. 3.4c¢ and 3.4d are the
plots of the temperatures scaled to the disorder-induced heating temperature, Tp;g. In Fig. 3.4c and
Fig. 3.4d, the Tp;y are calculated as the following:

62

Ty = —— 3.24
bid 47r£0aW5FkB ( )

where I is the Coulomb coupling parameter assigned to be I' = 2.3. The Wigner-Seitz radius
aws = (3/ (47mplasma))1/ 3 where the number density of the plasma Nplasma 18 calculated by the

following :

Oatom 3

(3.25)

Nplasma = natom(
plasma

where n4;0m 18 the number density of the atom cloud and 6/45mq and Oyrom are the rms width of the
plasma and the atoms cloud respectively. The calculation of the characteristic time T,y is as the

following [1]:

Texp = |/ miG(0)2 kg [T(0) + T0)]. (3.26)

When the magnetic field is not applied, the ion temperature evolution follows closely, but not
exactly the universal curve model since the model does not consider collisions [1, 8]. When the
external magnetic field is applied, the ion temperature does not decrease quickly at late times and
maintains relatively high temperature.

The phenomena that the ion temperature is staying high is consistent with the prediction from
the Python code and the resulting plot, Fig. 3.1. However, the limit of the equations that predicts this
phenomena does not take a magnetic field as a independent variable. A necessary model to connect
the strength of the magnetic field to the asymmetric evolution of the plasma must be developed in a

future study.
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Figure 3.5 The plots of the UNP evolution in the transverse direction.
3.5 Evolution along the transverse plane

In the experiment to observe the plasma expansion in the transverse direction to the external
magnetic field, we applied the magnetic field with the strength of 183 G which is equivalent to the
current with the strength of 250 A in the coils. We varied the initial electron temperature to be 0, 50,
100, 200, and 400 K.

In Fig. 3.5, when the external magnetic field is not applied, the scaled gradient of the expansion
velocity ’E% follows the model. However, when the external magnetic field is applied, it seems
that the scaled data all follow one universal curve that oscillates and decays with time. We also
present the temperature evolution in the transverse plane. When the magnetic field is not applied,
the ion temperature surges due to the disorder-induced heating in the earlier times and drops rapidly
after 1/ > 1. However, when the external magnetic field is applied, the ion temperature evolution

behaves differently and maintains relatively high temperature.
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In the following section, we attempt to explain the qualitative behavior of the gradient of the
expansion velocity as the ion acoustic wave and use the ion temperature evolution as a supporting

evidence of the presence of the ion acoustic wave.

3.5.1 Ion acoustic wave theory

Studying the ion acoustic waves are useful for studying the dispersion relationship of the strongly

coupled systems [12, 13].The IAW frequency has the following dispersion relation:

<w>2 _ kgT,/m; (3.27)

k) 1+k2AZ

where m; is the ion mass and Ap is the Debye screening length Ap =/ €9kpT, /n.e? with the electron

density n, and charge e. In the long-wavelength limit, this takes the form of an ion acoustic waves

with o = k\/an/mi.
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3.5.2 Evolution of the gradient of the expansion velocity
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Figure 3.6 The blue dot indicates the points of all the scaled gradient expansion velocity for
different initial electron temperatures. The orange line is purely phenomenological fitting.
The model function A(r) = Age L " sin(ae~"n), where n) = ¢/7. The fitting parameters
are Ag = —4.377¢ — 2,17 =0.1965, a = 4.2848, b = 0.3845.

In Fig. 3.5a, we observe the gradient of the expansion velocity to oscillate in time instead of
a rapid surge and then the decay, thus implying the restraint in the transverse UNP expansion.
This oscillation slightly resembles the ion acoustic wave oscillation that was created by a spatial
modulation in the paper of Killian et. al. [13]. We speculate that a plasma mode is initiated in the
magnetized plasma. In the paper of Killian et. al. [13] the following phenomenological equations

are suggested for fitting the evolution expansion velocity of the ion acoustic wave:
U :
Upaw = EAOe sin (kx) sin (o) (3.28)

where @ and k are time dependent:

ko

3.29
(ETNEE G2

k(t) =
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and

o = k(t)\/ksT.(t)/mi, (3.30)

where Eq. (3.30) is a long wavelength limit (Ap < 1), ko is a fit parameter, and Texp = v/m;0 /kp(T, + T;).
We modify Eq. (3.28) to fit the plot in Fig. 3.6. We take the derivative of Eq. (3.28), then let the

x = 0 and use the scaled unit time n =1¢/7:

dl/l[AW A() _F/n . ”
T = (l 2)p€ Sin (l Z)q s (3 3 )

where Ag and I are fit parameters and p,q = 1/2 or 1 depending on deciding whether the k and Te
is time-dependent. However, the data does not fit well to the model.
We also tried developing a purely phenomenological model following the traits of the gradient

of the expansion velocity. We focuse on three traits of the evolution:
1. Oscillation in time — sin(wt)
2. The frequency ®(z) decays with time — @(r) = e~ *, where o > 0.
3. The Amplitude decays with time — A(r) = Age 1.

Thus, we can build the following model:

d ,
T ”;’;:W = Age T sin(ae 1), (3.32)

where Ag,I”,a, and b are fit parameters. We could find the value of the parameters, however, the
it is left for the future to study if this model and the pertaining parameter values are physically

meaningful.
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3.5.3 Excessive heat in the ion temperature evolution

In addition to the evolution of the gradient of the expansion velocity, the ion temperature evolution
that maintains relatively high temperature over time suggests that we have IAW in our experiments.
In our experiment the ion temperature is isothermal and in Fig. 3.4c and Fig. 3.4d, we observed
that the ion temperature is high throughout the plasma evolution in the parallel direction. Also,
in Fig. 3.5b we observe the high temperature in the transverse evolution. The work by Killian et.
al. [4] demonstrates that spatial density modulations create ion acoustic heating. Similarly, we
speculate that the IAW observed in Fig. 3.5a causes heating. In Fig. 3.5b, we see that the initial
electron temperature influences the ion temperature. This is also left as a challenge for a future

study.
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Conclusion

We successfully created a Ca UNP in a MOT and we took images of the UNP evolution in a
magnetic field using the LIF method. We had two types of experiments, one for observing the
UNP evolution in the parallel direction and other for observing the transverse direction. In the
experiment for observing the parallel direction, the magnetic field strengths 0, 50, 100, 150, and
200 G were applied and we also had the experiments for 48 and 96 K initial electron temperatures.
In the experiment for observing the transverse direction, the magnetic field strengths were 0 G
or it was fixed to be 183 G. We varied the electrons temperatures to be 0, 50, 100, 200, and 400
K. The images of the evolution were analyzed using a Voigt profile from which we extracted the
Doppler broadening, that can be converted to the temperature of the plasma, and the hydrodynamic
expansion velocity. We compared the experimental result to the theory of the hydrodynamic flow
expansion model by Pohl et. al. [S5]. We also used the study of Killian et. al. [13] to explore the
possibility of [AWs in our UNP.

We modified a set of differential equations for symmetric expansion that are derived from the

hydrodynamic flow expansion theory so that it describes the case for asymmetric expansion.

36
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The modified differential equations predict the evolution of the ion temperature when the magnetic
field is applied in the parallel direction. The limitation of the model is that we did not use the
magnetic field as an independent variable when describing the asymmetry.

Our measurement of the gradient of expansion velocity in the transverse direction when the
magnetic field is applied seemed to point to the presence of IAWs. When the gradient of expansion
velocity is scaled using the characteristic expansion time 7, data forms one evolution line, suggesting
the evolution of an IAW. We attempted to fit our experimental results to the [AW model suggested
by Killian et. al. [13], but we were unsuccessful. In the same paper by Killian, it also explains that
the additional heating comes from the IAW motion due to the density modulation in space. We
speculate that the heating that we observe in the UNP evolution in our experiments indicates the
presence of the [AWs.

In conclusion, our research using UNP has been successful in confirming the theory of hy-
drodynamic flow expansion in an asymmetrical evolution, but we were not successful in clearly
identifying whether the UNP evolution in the magnetic field has IAW in it. The challenge of the

future work is to connect the asymmetry of the differetial equation with the magnetic field.
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Python code

I # -*- coding: utf-8 -x*-

5 o nnn

3 Created on Fri Apr 28 23:01:29 2023

4

5 @author: Chanhyun Pak

nnn
6

o from scipy.integrate import odeint
10 import numpy as np

1 import matplotlib.pyplot as plt

3 plt.close('all")

4 plt.rcParams.update ({'font.size':

ic # constants

17 kb = 1.38e-23
18 mi = 88%1.661e-27 # in kg
19 me = 9.11e-31 # in kg

16})

38
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e = 1.6e-19
epsO = 8.8b6e-12
n0 = 1.1el5 * 0.5 # Killian paper Fig. 5 (a)
brought it closer.
; sigmaOx = 0.001035
sigma0z = 0.001035
Tio0 = 0.002

#tauexp = 15e-6 # Killian paper Fig. 5 (a)

tauexp = np.sqrt(mi*xsigmaOx**2/kb/(50)) # ours

de

f odes(x, t):

# assign each ODE to a vector element

sigmax = x[0]
sigmaz = x[1]
gammax = x[2]
gammaz = x[3]
Uii = x[4]
Ti = x[5]
Te = x[6]

# define other variables

# Changing this to 0.1elb

n = n0 * (sigmaOx**2 / sigmax**2) **x(2/2) *(sigmaOz**2 / sigmaz*x*2) **x(1/2)

aws = (4*np.pi*n/3)**x(-1/3)

omega np.sqrt (n*e*x*2/me/eps0)
tau = np.sqrt(mi*epsO0/e**x2/n)
Gammae = ex*x*2/(4*np.pi*epsO*aws)/(kb*xTe)

Lambda

1/np.sqrt (3) /Gammae **(3/2)

gammaei = np.sqrt(np.pi) * np.sqrt(2/(3*np.pi))*Gammaex**(3/2)*omega*np.
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log (Lambda)

Gamma = ex*x*2/(4*np.pi*epsO*aws)/(kb*xTi)

A1l = -0.9052

A2 = 0.6322

A3 = -np.sqrt(3)/2-A1/np.sqrt (A2)

Uiieq = kb*Ti*Gammax**(3/2)*(Al/np.sqrt(A2+Gamma)+A3/(1+Gamma))

# define each O0DE

# dsigmaxdt = gammax*sigmax
dsigmaxdt = O
dsigmazdt = gammaz*sigmaz

# dgammaxdt = (kb*Te+Uii/3)/(mi*sigmax**2) -gammax**2

dgammaxdt = 0

dgammazdt = (kb*Te+Uii/3)/(mi*sigmaz**2)-gammaz**2

dUiidt = -(Uii-Uiieq)/tau

# dTidt = -2*xgamma*Ti-2/3/kb*(gamma*Uii+dUiidt)+2*me/mi*gammaeix*Te

# dTidt = -4/3*xgammax*Ti-4/9xgammax*Uii/kb-2/3*gammaz*Ti-2/9*gammaz*Uii/

kb-2/3%dUiidt/kb+2*me/mi*gammaei*Te

dTidt = -2/3*gammaz*Ti-2/9*%gammaz*Uii/kb-2/3%dUiidt/kb+2*me/mi*gammaei*
Te

# dTedt = -2*gamma*Te-2*me/mi*gammaeix*Te

# dTedt = -4/3*gammax*Te-2/3*xgammaz*Te-2*me/mi*gammaei*Te

dTedt = -2/3*gammaz*Te-2*me/mi*gammaei*Te

return [dsigmaxdt, dsigmazdt, dgammaxdt, dgammazdt, dUiidt, dTidt, dTedt
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# initial condition

x0 = [sigmaOx,sigmal0z,1,1,0,Ti0,50]

# declare a time vector

np.linspace (0,

plt.subplots(1,1)

time =

x = odeint (odes,
sigmax = x[:,0]
sigmaz = x[:,1]
gammax = x[:,2]
gammaz = x[:,3]
Uii = x[:,4]
Ti = x[:,5]
Te = x[:,6]

; fig, ax

1001) *1e-6

ax.plot(time/tauexp,Ti,label="'asymmetrical')

#%h

# constants

kb
mi
me

e
epsO

n0

brought it closer.

1.38e-23
88%1.661e-27 # in kg
9.11e-31 # in kg
1.6e-19

8.85e-12

1.1e15 * 0.5 # Killian paper Fig.

5 (a) # Changing this to 0.1el5
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0.

sigmaO

TiO

0.

001035

002

#tauexp = 15e-6 # Killian paper Fig. 5 (a)

tauexp = np.sqrt(mi*xsigmaO**2/kb/(50)) # ours

def odes(x,

# assign

sigma
gamma =

Uii =

# define

# n =

t):

each ODE to a vector element
x [0]
x [1]
x [2]
x [3]

x [4]

other variables

n0/ (1+t**2/tauexp**2) **x(3/2) #*np.exp(-1/2) # Includes 't'. #

Having the extra term improved the accuracy.

n = n0 x*

aws =

omega

tau =

Gammae

Lambda

gammaei =

(sigmaO**2 / sigma**2) **(3/2)
(4*np.pix*n/3) **(-1/3)

np.sqrt (n*xe*x*2/me/eps0)

np.sqrt (mi*eps0/e**2/n)
e**x2/(4*np.pixepsO*aws)/(kb*Te)

1/np.sqrt (3) /Gammae ** (3/2)

np.sqrt(np.pi) * np.sqrt(2/(3*np.pi))*Gammae**(3/2)*xomega*np.

log(Lambda) #######4####S#HS#SH#SMHSMH#HRHSRS

# gammaei

Gamma

A1l

A2

=0
e**x2/(4*np.pi*xepsOxaws) /(kb*Ti)
-0.9052 # The numbers here do not make significant change

0.6322 # The numbers here do not make significant change
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#

x0

#

A3 = -np.sqrt(3)/2-A1/np.sqrt (A2)

Uiieq = kb*Ti*Gammax**(3/2)*(Al/np.sqrt(A2+Gamma)+A3/(1+Gamma))

# define each O0ODE

dsigmadt = gammax*sigma

dgammadt = (kb*Te+Uii/3)/(mi*sigma**2) -gamma**2
dUiidt = -(Uii-Uiieq)/tau

dUiidt = O

# From Killian
dTidt = -2*gamma*Ti-2/3/kb*(gamma*Uii+dUiidt)+2*me/mi*gammaei*Te
# The equation we derived from PPR
dTidt = -2xgamma*Ti-2/3/kb*gamma*Uii+2/kb*dUiidt+2*me/mi*xgammaei*Te

dTedt = -2*gamma*Te-2*me/mi*gammaeix*Te

return [dsigmadt, dgammadt, dUiidt, dTidt, dTedt]

initial condition

= [sigma0,1,0,Ti0,50]

declare a time vector

s time = np.linspace (0, 35, 1001)*1le-6

x = odeint (odes, x0, time)
sigma = x[:,0]
gamma = x[:,1]
Uii = x[:,2]
Ti = x[:,3]
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Te = x[:,4]

# Below are with trouble shooting
ax.plot(time/tauexp,Ti,label="'symmetrical')
ax.set_xlabel ('time/$\\tau_{exp}$"')
ax.set_ylabel ('$T_i$ ' + '(K) ')
plt.legend ()

plt.tight_layout ()

fig.show ()

Listing A.1 Python code for solving the differential equations from the McQuillen et. al.
paper [8].
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