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5 Chapter 1 Introduction

Figure 1.3 A Bragg diffraction pattern sampled at five different θ rotation points near
the Bragg condition. When stacked together, these create a 3D image with coordinates
(x,y,θ). Note that the highest intensity occurs near the center in all three dimensions.

where L(r) and L̂(q) are respectively the atomic and reciprocal lattice functions, and F is the

Fourier transform [11, 12, 20]. Thus the entire three-dimensional shape and the projection of

the displacement field onto the scattering vector are both encoded into the volume around each

reciprocal lattice peak.

By “rocking” the sample (i.e. rotating by a fraction of a degree along the θ axis), we can sweep

through the Bragg condition, imaging the diffraction pattern at many points as we go, as shown in

Fig. 1.3. In reciprocal space, the rotation of the sample corresponds to a rotation of the reciprocal

lattice about the illuminating wavevector ki, which falls on the surface of the Ewald sphere, as

shown in Fig. 1.4. Thus the stack of images obtained by rocking the sample actually constitutes a

single three-dimensional region of reciprocal space—a 3D diffraction pattern, proportional to the

Fourier transform of the 3D sample.

This three-dimensional encoding of both shape and atomic displacement is unique to Bragg

diffraction, making BCDI an ideal tool for probing strain. Furthermore, assuming a perfect

measurement system (more on that in the next section), the smallest feature that can be resolved

with CDI is limited by the illuminating wavelength [21]. Because BCDI uses X rays (λ ∼ 0.1 nm),

this puts it firmly in range of the elusive mesoscale, with the potential for atomic resolution.

The Bragg diffraction pattern can be approximated in the far field as a Fourier transform of the
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Figure 1.4 A diagram showing the effect of sample rotation on the geometry of reciprocal
space. In this reference frame, the reciprocal lattice is assumed to be held constant, causing
the Ewald sphere itself to rotate about the point where ki touches the Ewald sphere. The
scattering vector, labeled Q in this diagram, is notated as q elsewhere in this document.
Figure taken from [11].

exit wave [22],

Ψ(q) = F [ψ(r)] = F
[
ρ(r)eiφ(r)

]
. (1.3)

The exit wave’s modulus ρ(r) is a measure of the reflectivity of the sample space, and is directly

proportional to the electron density of the sample itself. Assuming that the Bragg condition for

the region of interest is only satisfied by the sample itself, ρ(r) should be approximately constant

within the sample, and zero everywhere else—in other words, it represents the sample’s shape. The

exit wave’s phase φ(r) represents the projection

φ(r) = u(r) ·G (1.4)

where u(r) is the atomic displacement field and G is the normalized hkl scattering vector for that

particular Bragg peak. This is a subtle simplification of the phase factor given in Eq. (1.2), where the

displacement field is projected onto the exact scattering vector q. It is allowed since the variations

in q are very small over the scanning region.
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In theory, back-propagating the light to the object plane is as simple as taking the inverse Fourier

transform of Ψ. However, since an image detector measures only the intensity of light rather than

its amplitude and phase, more advanced techniques are required [23]. The most common of these is

iterative phase retrieval (IPR), which involves propagating a trial object back and forth between the

real and Fourier domains, applying constraints at both ends [16, 17, 24–26].

1.3 Multipeak BCDI

Each peak only contains information about the atomic displacement field projected along the

scattering vector G. Therefore obtaining the entire strain field within the sample requires combining

the reconstructed objects of at least three linearly independent Bragg peaks [15, 16, 27]. As a first

attempt, one might want to simply combine the final objects of three peak reconstructions, aligning

them based on their shared shape. However, due to the size of the phase retrieval search space, the

number of local optima, the inherent limitations of digital measurement, and the difficulty of properly

aligning independent reconstructions, this approach often comes with a high uncertainty [28].

A better approach known as coupled phase retrieval (CPR) has recently been developed, in which

the reconstructing peaks are allowed to share information [28–31]. Instead of finding an optimal

phase field φ(r) for each diffraction pattern, CPR methods seek to find an optimal displacement

field u(r) for the whole set of diffraction patterns. The additional constraints thus placed on the

optimization process lead to greater agreement between peaks and help to prevent stagnation. It has

even been shown that diffraction patterns which do not reconstruct by themselves can still be part of

a convergent CPR optimization, as they receive support from the other peaks [29].

Because each peak represents a unique experimental geometry, it necessarily also has a unique,

non-orthogonal coordinate system on which a regular sampling grid is imposed. This presents a

problem for CPR, as the various peaks must all update a single amplitude ρ(r) and displacement
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field u(r). In order to account for this, either (1) the data must be resampled onto a common

grid compatible with r, or (2) ρ(r) and u(r) must be resampled onto the coordinates of each peak.

Depending on the circumstances, either of the two methods may be preferable. The first requires only

one interpolation at the beginning of the reconstruction, and is therefore the computationally cheaper

option. However, it also inevitably introduces errors into the data being used for optimization. The

second option preserves the fidelity of the raw data, but requires a new resampling to be calculated

for each peak, each time ρ and u are updated.

1.4 Scanning Laue orientation mapping

One of the most difficult aspects of BCDI is finding the Bragg peak in the first place. A typical

experimental setup consisting of a 3 cm × 3 cm detector placed at a distance of 0.5 m from the

sample measures less than 0.1% of the 4π steradians of the Ewald sphere, itself only a thin slice

of reciprocal space. This is further complicated by the fact that the vast majority of reciprocal

space contains information well below the noise threshold of current experiments, with only the

immediate volume around each reciprocal lattice point containing measureable intensity.

If the structure and initial orientation of the crystal are known, finding Bragg peaks becomes a

matter of calculation. Thus, methods of determining crystal orientation are of the utmost importance

to BCDI. Perhaps the most common such method is electron back-scatter diffraction (EBSD)

analysis. However, EBSD is a type of scanning electron microscopy, and therefore must be done

separately from the BCDI experiment. Therefore, in addition to any errors in the measurement itself,

the orientation’s accuracy is limited by the act of moving the sample from one system to another.

Scanning Laue orientation mapping is a more recently developed technique which shares most

of the same apparatus as the BCDI experiment. It involves illuminating the sample with a large

bandwidth of X rays (referred to as a “pink” beam) and measuring the reflection on a large area
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detector placed very close to the sample. Because the incident/reflected photon energy defines the

Ewald sphere’s radius, the large-bandwidth pink beam is able to access a much wider range of peaks

than a monochromatic beam. This, combined with the large solid angle subtended by the detector,

makes it possible to detect many peaks simultaneously. The relative positions of these peaks is then

used to calculate the orientation of the diffracting crystal. By focusing the pink beam to a small

spot and rastering it over the sample, this method can be used to create a map of grains and their

orientations, all while the sample remains mounted in the X-ray beam.

1.5 Overview of Document

Chapter 2 discusses an algorithm I developed for multipeak BCDI which reconstructs significantly

faster than existing methods. This is a particularly important accomplishment as it will allow data

analysis to keep pace with data production at upgraded coherent X-ray facilities. Chapter 3 describes

the Laue diffraction analysis method for making a spatial map of crystal orientations. In Chapter 4,

I discuss the future of this project, including my plan to continue this research in a doctoral program.

Finally, Appendix A contains brief descriptions of software I have developed in conjunction with

this work.

The content in Chapters 2 and 3 of this document is taken from published or submitted research

articles. The articles’ content has been reformatted to preserve a single enumeration of figures,

equations, and citations throughout. However, there may still be minor notational discrepancies

between chapters.



Chapter 2

Cyclic-constrained optimization for

multipeak BCDI

The following article has been submitted to the journal Optics Express under the title “Experimen-

tal demonstration of rapid multipeak Bragg coherent diffraction imaging via cyclic-constrained

optimization,” authored by J. Nicholas Porter, Yueheng Zhang, Ross J. Harder, Barbara Frosik,

Wonsuk Cha, Yuan Gao, Garth Williams, Joshua Miller, Nash Karrington, Andres Herrera, Stephan

Hruszkewycz, Anthony Rollett, and Richard L. Sandberg.

My contributions to this work are: (1) developing the presented CCO algorithm for multipeak

BCDI, (2) implementing that algorithm in Cohere, the standard BCDI software at APS 34-ID-C

(see Section A.1), and (3) collecting and analyzing the data here presented.

10
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Abstract

Multipeak (or multi-reflection) Bragg coherent diffraction imaging (BCDI) allows for highly consis-

tent reconstruction of the three-dimensional strain field within nano- and microcrystals. However,

the high computational cost of such reconstructions combined with the increasing brilliance of co-

herent X-ray sources presents a problem: data production is increasingly outpacing data processing

and will soon be orders of magnitude faster. To help prevent a bottleneck, we present a multipeak

phase retrieval technique for BCDI, based on cyclic-constrained optimization (CCO), designed to

minimize both the time and memory required to perform reconstructions. We show that CCO is able

to quickly and consistently reconstruct experimentally obtained diffraction patterns from crystals

with varying levels of strain.
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Figure 2.1 Conceptual diagram of a multi-reflection BCDI experiment. Coherent x rays
enter from below and interact with the crystal lattice of the sample, producing bright peaks
where the Bragg condition is met. While a minimum of three mutually orthogonal peaks
are required to reconstruct the strain field, there is no upper limit to the number of peaks.

2.1 Introduction

Bragg coherent diffraction imaging (BCDI) is a rapidly developing field of lensless imaging. Like

other forms of coherent diffraction imaging, it is based on the retrieval of phase information from

spatially oversampled coherent diffraction intensities [17,25,26], which can then be back-propagated

to create an image of the diffracting object once phase retrieval is complete. In the case of BCDI,

this diffraction pattern is obtained by reflecting coherent X-rays from atomic planes within a

crystal, according to Bragg’s law [32]. In this geometry, “rocking” the crystal through the Bragg

condition in fine angular increments while sampling a Bragg peak is equivalent (in the elastic photon

scattering model) to sweeping out a three-dimensional volume of that crystal’s reciprocal space [11].

Furthermore, because Bragg diffraction is highly sensitive to the spacing of atomic planes, any

variation in that spacing is encoded into the coherent interference surrounding the corresponding

Bragg peak. Combining such information from at least three noncoplanar reflections provides a full

3D image of the lattice distortion (and therefore strain) within a crystal with spatial resolution on

the order of tens of nanometers [14, 15, 27, 33–44].

In the past few years, several techniques have been proposed for coupled phase retrieval of
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multiple Bragg reflections (typically 3–5, but potentially more) Fig. 2.1, and have been shown

to improve both the quality and consistency of reconstruction [28–31]. However, worldwide

efforts to create brighter coherent X-ray sources have brought the computational cost of such

methods into sharp focus. Fourth-generation synchrotrons, based on diffraction-limited storage

rings (DLSR) [45–47], will produce orders of magnitude more coherent X-ray flux, resulting in

significantly reduced measurement times for BCDI. With such an upgrade, the hours of exposure

needed to collect multiple Bragg diffraction patterns will become minutes. In order to prevent a

major data processing bottleneck, and to ensure that informed decisions can be made about in situ

and in operando experiments, it is imperative that algorithms exist to analyze such data in near-real

time.

Existing coupled phase retrieval techniques can be divided into two broad categories based on

whether they approach reconstruction as a single problem or a set of coupled problems. In the first

instance, here referred to as global optimization (GO), an advanced forward model is used to define

and minimize a single cost function for all diffraction patterns [31]. The GO approach, though

powerful, is computationally very expensive, and has yet to be implemented in a viable way for

real-time analysis.

In the second approach, each diffraction pattern is phased individually using the single-peak

forward model, but an additional "coupling" step ensures that the reconstructing exit waves all agree

on underlying physical properties, such as electron density and/or lattice displacement. We refer

to this as the constrained optimization approach, and further subdivide it into parallel-constrained

optimization (PCO) [28, 30] and cyclic-constrained optimization (CCO) [29]. In PCO, concurrently

phased Bragg peaks are brought into agreement every few iterations. In PCO, Bragg peaks are

phased in series, each passing its improvements to the next. This serial phasing reduces the memory

footprint of the algorithm, as well as the number of parallel processes required. In this letter, we

focus on the CCO technique as a good candidate for minimizing the computational cost of multipeak
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BCDI thus allowing near-real time multi-Bragg peak phase retrieval. It is worth briefly noting that,

based on the cited literature [28–31], we will assume a preference for coupled over uncoupled phase

retrieval methods for multipeak BCDI. For a justification of this assumption regarding this particular

method, see the Supplemental Information (SI).

2.2 Cyclic-constrained optimization

A constrained optimization problem is one in which some regions of the optimization space are

excluded from consideration [48]. For example, consider the reconstruction of a single Bragg

peak. The real-space electron density ρ is able to vary freely, but the lattice displacement field u

is subject to the constraint that only its projection along the scattering vector G may vary, since

no information about the orthogonal component is encoded into that diffraction pattern [15]. In

practice, this is naturally enforced by optimizing the amplitude A and phase φ of the exit wave,

assuming the relationships

A ∝ ρ, (2.1)

φ = u ·G. (2.2)

This effectively reduces the dimensionality of each point in space from four (ρ,ux,uy,uz) to two

(A,φ).

In the CCO approach to multipeak phase retrieval, the problem of finding a ρ- and u-field

that fits all the observed diffraction patterns is posed as a set of such constrained optimization

problems. Each constrained problem is initialized by projecting the current state of (ρ,u) onto an

exit wave (A,φ) corresponding to a single Bragg peak. After a small number of phase retrieval

iterations, the updated exit wave is, in turn, used to update ρ and u, and the process repeats with a

new peak. Because of the dot product in Eq. (2.2), phasing a single peak is only able to adjust the

component of u which is parallel to that peak’s G-vector. However, by making many adjustments



15 Chapter 2 Cyclic-constrained optimization for multipeak BCDI

along different vectors that collectively span three dimensions, the CCO method is able to address

the larger (unconstrained) optimization problem.

An analogy is found in the ptychographic iterative engine (PIE) developed by Rodenburg and

Faulkner [49] and later improved by Maiden et al. [50, 51], in which diffraction patterns from

partially overlapping projections of a single object are phased in series. Each phased projection

updates the larger field of view in a way that improves the initial guess for any adjacent projections.

Effective but computationally more intense solutions to the ptychography problem have also been

developed that adopt a global fitting approach [52], but the PIE approach provides simplicity and

speed which led to its widespread use.

Since each reflection is measured in a unique sample orientation, combining them in a consistent

way requires some form of resampling [53]. The interpolation inherent in such resampling is an

expensive computational process. As such, we opted to resample each diffraction pattern into a

common reciprocal-space grid prior to phase retrieval, rather than resampling the reconstruction

each time it is projected onto a new peak. This approach drastically reduces the computational

cost of reconstruction (by an order of magnitude or more) and simplifies the description of the

algorithm by dispensing with the need for transformation operators. Interpolating the raw data

before phasing is not without drawbacks—poorly resolved features in the original image are likely

to be further misrepresented in the interpolation [54]. However, in a sufficiently oversampled

diffraction pattern [55–57], the only features on those scales should be noise.

2.3 Algorithm

It is worth making a brief comment on notation before describing the algorithm in detail. In the

interest of simplicity and reproducibility, we have opted for an assignment notation (e.g. ψ← f (ψ)),

which is more akin to how such algorithms are actually implemented in code. Unless otherwise
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stated, all operations on arrays are assumed to be element-wise.

Algorithm 1 A superiteration of the CCO algorithm

function SUPERITERATE(ρ,u, I,G,β ,m)

ψ ← ρ

|G|e
i(u·G) ▷ Eq. (2.3)

for m times do

ψ ← PHASERETRIEVAL(ψ, I) ▷ HIO, ER, etc.

ρ ← ρ +β (|G||ψ|−ρ) ▷ Eq. (2.4)

u← u+β
(arg(ψ)−u·G)

G·G G ▷ Eq. (2.5)

return ρ,u

The CCO algorithm (Algorithm 1) updates a single 3D array representing a physical object.

Each element (voxel) in that array is a 4-element vector [ρ,u], where ρ is proportional to electron

density and u = [ux,uy,uz] is the lattice displacement field. We then select a diffraction pattern I

and corresponding scattering vector G and apply the relevant optimization constraint by calculating

the exit wave

ψ ← ρ

|G|
ei(u·G). (2.3)

The presence of |G| in Eqs. (2.3) and (2.4) accounts for the reduced intensity of higher order peaks.

Phase retrieval algorithms such as error reduction, hybrid input-output, shrinkwrap, etc. [17, 25,

26, 58] are then applied to ψ using the corresponding diffraction data. We refer to such a typical

phase retrieval iteration here as a “subiteration.”

After some number of subiterations, the improved exit wave is used to update the shared object

using a weighted average. In the case of ρ , this is fairly straightforward:

ρ ← ρ +β (|G||ψ|−ρ), (2.4)

where β is a weighting parameter. In the case of u, we need to take into consideration the fact that

the phase of a Bragg reflection only contains information about the displacement field parallel to
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the scattering vector G:

u ← u+β
(arg(ψ)−u ·G)

G ·G
G. (2.5)

The entire process described to this point constitutes a single “superiteration,” and is summarized

in Algorithm 1. At this point, a new peak is selected, and the process repeats.

We integrated our CCO technique for multipeak BCDI into Cohere, a freely available Python-

based software developed at APS beamline 34-ID-C. This implementation introduces several key

differences compared to the previously published CCO algorithm [29]. First, the cycle of peaks

now uses random rotations, departing from the fixed rotation used before. Second, the number

of subiterations per superiteration has been increased from one to five. Third, we now combine

information about the displacement field into the shared object at each superiteration. The previously

published CCO implementation [29] featured superiterations that didn’t update the displacement

field, but instead stored the phase in memory to be used the next time that particular peak was

treated. Lastly, we have introduced a weighting parameter β , which warrants further discussion.

If the diffraction data were perfect, the weighting parameter could be set to β = 1 (entirely

favoring each new update) for the duration of the reconstruction. In practice, however, data

often contain artifacts such as shot noise or stray reflections from other crystals. These cause the

constrained optimizations to disagree, often slightly, but sometimes significantly. With β set to

unity, the shared object will develop very quickly, but it will always prefer the most recently phased

reflection, artifacts included. By contrast, a β closer to zero will update the shared object more

slowly, but will prefer features that are common among the different datasets. With this in mind,

we chose to have a high β for most of the reconstruction, then gradually taper it to zero toward the

end. This seems to work well for the crystals we have imaged (∼ 500 nm Au particles with an FCC

structure), though we have not looked closely at other potential strategies.
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Figure 2.2 Comparative images of both halves of a Au bicrystal, viewed at (a) 0◦, (b) 30◦,
and (c) 60◦ from normal incidence. The top row shows images taken by an SEM; the
bottom row shows a 60%-density isosurface of the CCO reconstruction. In all six images,
grain A is on the left. Scale bars indicate 500 nm.
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Figure 2.3 Underside of the reconstructed Au grains, with grain A on top. From this view,
there are two clear deformations in the isosurface of grain A. The dotted line indicates the
position of the cross-section shown in Fig. 2.4.

2.4 Results

To test the efficacy of our CCO method, we measured coherently scattered Bragg peaks from a

dewetted gold (Au) nanocrystal grown on a single crystal Niobium doped strontium titanate substrate

at the 34-ID-C beamline at the Advanced Photon Source. The CCO method was used to separately

reconstruct two halves (hereafter called grains A and B) of a twinned Au bicrystal, shown in Fig. 2.2.

The crystallographic relationship between grains A and B was that of a coherent twin pair with a

60◦ rotation in a shared 111-family lattice plane. Scanning Laue diffraction analysis [59–61] was

used to determine the orientation of the two grains, from which the diffraction conditions of the 11̄1,

02̄0, 11̄1̄, 200, and 002 peaks of grain A and the 2̄00, 1̄1̄1, 02̄0, 11̄1, and 002 peaks of grain B were

determined. The diffraction patterns were measured on an ASI Quad (512x512) Timpix detector,

using 10 keV photon energy monochromatized to ∆E/E = 10−4. In the resulting reconstructions,

the edge length of each voxel in the reconstructions of grains A and B are 10.0 nm and 9.9 nm,

respectively. The two reconstructions were aligned by eye.
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Figure 2.4 Cross section of grain A, showing each of the six (unitless) strain components—
volumetric on the top row, shear on the bottom. The cross section was placed so as to
cut through the middle of the two deformations on the bottom of the crystal, as shown in
Fig. 2.3.

Of particular note in the reconstruction are two large deformations along the bottom face of grain

A, shown in Fig. 2.3. Similar features have appeared on a number of reconstructions of the same

type of sample and may indicate an imperfect coupling between the gold crystals and the strontium

titanate (STO) substrate. From the cross section in Fig. 2.4, it is clear that both deformations are

significant sources of internal strain. It is worth emphasizing that multipeak BCDI is uniquely able

to resolve these features. Their position on the underside of the crystal makes them invisible to

scanning electron microscopy. A single-peak BCDI reconstruction would reveal their existence, but

would only provided limited information about the associated strain. Multipeak BCDI is able to

provide high-resolution imaging of the full strain tensor.

The recipe used to reconstruct each grain was an alternating 180 subiterations of HIO and 20 of

ER, repeated five times for a total of 1000 subiterations (200 superiterations). After each subiteration

(both HIO and ER), shrinkwrap was applied using a gaussian (σ = 1 pixel) filtered amplitude profile
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and a cutoff threshold of 20% [26]. The weighting parameter was set at β = 1 for the first 750

subiterations, then gradually decreased to a final value of β = 0 over the last 250 subiterations. To

avoid artifacts caused by phase wraps, strain was calculated using a phase-differentiation technique

demonstrated by Hofmann et. al [44].

The reconstruction was done on an Intel Xeon (Ivy Bridge) processor, with the majority of

the computation performed on a Nvidia RTX A4500 graphics card. It should be noted that, due

to its inherently serial nature, CCO phase retrieval is not easily amenable to parallel computing

beyond GPU acceleration of array operations. After resampling, the diffraction patterns were

cropped/padded so that each was a 240×240×240 array. Reconstructing five peaks of this size

used less than 6 GB of VRAM, well within the capacity of even mid-level GPUs, and the entire

process took less than 5 minutes (100 seconds of phasing, 176 seconds of pre- and post-processing).

Thus, our CCO method solves the problems of data analysis bottlenecks at DLSR sources wishing

to perform multipeak BCDI.

To measure consistency, the reconstruction was repeated 50 times for each grain, the best of

which is shown in Figs. 2.2 and 2.4. Because its internal structure contained minimal strain, grain B

was the easier reconstruction, with all 50 attempts converging to the same density and strain fields

and only three containing a significant artifact (small region of missing density, which typically

fills in after continued phasing). However, even the more highly strained grain A only failed to

converge once, with an additional six attempts containing artifacts similar to the aforementioned.

Additionally, the 50 reconstructions for each grain were used to calculate a phase retrieval transfer

function (PRTF) [13, 62], shown in Fig. 2.5. Using 1/e as a standard, the PRTF shows 20.7 nm

resolution for grain A and 17.9 nm resolution for grain B.
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Figure 2.5 Phase retrieval transfer functions (PRTF) for both grains across 50 reconstruc-
tions, with a reference line at 1/e. The point where the PRTF crosses 1/e defines the
resolution of the corresponding reconstructions.
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2.5 Conclusion

This experimental demonstration of CCO as a rapid, memory-efficient, and robust reconstruction

method is important for near-real time analysis of multipeak BCDI data at upgraded beamlines

worldwide. By relying on the single-peak forward model, it is able to take full advantage of the

efficiency of such algorithms as HIO and ER. By phasing peaks in series rather than parallel, it

eliminates the need for multiple GPUs. By resampling the data rather than the reconstruction,

we further reduced both the conceptual and computational complexity of the multipeak problem.

Beyond efficiency, we have demonstrated that CCO provides the highly consistent reconstructions

characteristic of multipeak BCDI.

2.6 Supplemental document

2.6.1 Use of the term “exit wave"

In its purest sense, the term “exit wave" refers to the complex electromagnetic field that occurs

immediately after a coherent beam interacts with a sample. In most forms of coherent diffraction

imaging (CDI), the computational array representing the sample in direct space is simply a dis-

cretization of this field. Thus, the term is often used interchangeably to refer to both the physical

field and the computational array. This usage has, for better or worse, spread to contexts in which

the relationship between the field and the array is more complicated.

For example, in Bragg coherent diffraction imaging (BCDI), the sample is rotated through

the Bragg condition, and the beam-sample interaction forms a series of unique exit waves. Each

exit wave then propagates to a detector plane, where it is measured as an image. These images

are then stacked into a single 3D array referred to simply as “the diffraction pattern.” despite

being a compilation of many different formed at slightly different geometries Similarly, the Fourier
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inversion of this array is commonly called “the exit wave,” even though it does not necessarily

represent any of the individual exit waves that formed the 2D slices.

This article follows the above convention, referring to the computational arrays as diffraction

patterns or exit waves. Both terms leverage familiar concepts from other forms of CDI to quickly

and efficiently inform the reader of the computational role that each array plays in the algorithm.

Even so, we acknowledge that it is often important to use more explicit terminology to specify

whether a computational array is a direct representation of a physical field.

2.6.2 Comparison with uncoupled methods

This article takes for granted that coupled methods are preferred over uncoupled ones for recon-

structing strain fields from multiple Bragg diffraction patterns. This is supported by comparative

analysis for all existing coupled phase retrieval techniques [28–31]. However, in the interest of

completeness, we present the following.

In order to fairly compare the CCO algorithm to uncoupled multipeak BCDI, we use both

methods to perform reconstructions with only four of the five measured peaks for each grain. The

obtained density and displacement fields is then projected onto an exit wave corresponding to the

excluded peak and propagated into the Fourier domain. The resulting diffraction amplitude can then

be compared to the “control peak” to determine how accurately the reconstruction fits the data. We

performed 30 such reconstructions for each peak of each grain, using both CCO and uncoupled

techniques. The diffraction datasets used for the CCO reconstructions were resampled onto a

common grid (see main text). In order to fairly test the convergence properties of the algorithms,

the same resampled data was also used for the uncoupled reconstructions.

One immediate difference between the two methods is that a few coupled reconstructions (10

out of 300) altogether failed to produce any recognizable object, a phenomenon which did not occur

with the uncoupled technique. One possible explanation is that, for a sufficiently bad initial guess,
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Metric Coupled (CCO) Uncoupled Winner Margin

SSIM 0.98779 0.99154 Uncoupled 0.380%

PSNR 46.681 46.682 Uncoupled 0.002%

NRMS 102.68 103.95 Coupled 1.220%

χ2 10655 10916 Coupled 2.393%

NMI 0.31266 0.21079 Coupled 48.328%

EHD 8.39×10−5 1.16×10−4 Coupled 27.521%

EHD (log) 8.53×10−2 1.04×10−1 Coupled 17.606%

Table 2.1 A comparison of how well the CCO and uncoupled BCDI methods were able to
reconstruct the amplitude of a control peak, based on a variety of metrics. Note that SSIM,
PSNR, and NMI are similarity metrics, while NRMS, χ2, and EHD (see Eq. (2.7)) are
difference metrics. For each of the 10 peaks examined, 30 reconstructions were performed,
4 of which (those with the highest EHD) were excluded from this analysis. Thus, each
number represents an average over 260 reconstructions.

the information lost during coupling exceeds the information recovered in a superiteration. If such

is the case, then the serial coupling inherent to the CCO technique inadvertently creates a small but

non-negligible possibility of a cascading failure. However, due to the rarity of these cases, we will

leave the mitigation of such failures for another discussion and restrict our comparison to successful

reconstructions.

We compared the reconstructed diffraction patterns to the control peaks with a variety of

metrics, including structural similarity index measure (SSIM) [63], peak signal-to-noise ratio

(PSNR), normalized root-mean-square error (NRMS), chi-square error (χ2), and normalized mutual

information (NMI) [64, 65]. The results of this analysis, averaged over many reconstructions, are

given in Table 2.1. Interestingly, of the metrics hitherto mentioned, only the NMI was significantly

different between CCO and uncoupled reconstructions. As such, it’s worth examining the concept

of mutual information.
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The NMI metric was developed for medical image registration. To quote from Feixas et al., [66],

"the basic idea behind [information-based similarity metrics] is that two values are related (or

similar) when there are many other examples of those values occurring together in the overlapping

image volume." In other words, the similarity of two images is related to how often voxels of

similar amplitude in one image tend to also have similar values in the other. More quantitatively,

the normalized mutual information between two images X and Y is a number on the range [0,1],

defined as

NMI(X ,Y ) =
H(X)+H(Y )

H(X ,Y )
−1, (2.6)

where H(X) and H(Y ) are the respective marginal entropies of X and Y , and H(X ,Y ) is their joint

entropy [65]. These entropies are calculated by using a histogram to estimate the appropriate

probability density functions, p(x), p(y), and p(x,y) [64]. Because the NMI is based on information

content rather than pixel-wise error, it is a powerful metric for aligning images with differing

modalities. However, that same flexibility is potentially problematic in the present application,

where we don’t just want to show that there is some arbitrary relationship between the two images,

but that they are actually the same.

In order to confirm such a relationship, we must more closely examine the joint probabilty

density function itself. As before, this may be approximated with a 2D histogram. Furthermore,

different insights can be gained by considering both an equal-bin as well as a log-bin histogram.

This is because such a large number of the pixels in a typical diffraction pattern have intensities

toward the very low end of the dynamic range, and the logarithmic spacing of bins allows for finer

distinction between these low intensities. Figure 2.6 shows some of these histograms, calculated for

grain A with the (002) peak used as control. We may then calculate an expected histogram deviation

(EHD) from the main diagonal,

EHD(X ,Y ) =

√
2

N ∑
i, j
|i− j|(P(X ,Y ))i, j (2.7)
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Figure 2.6 Joint histograms comparing the measured and reconstructed amplitudes of
the (002) diffraction peak of grain A. Plots (a) and (b) represent the uncoupled and CCO
reconstructions, respectively. Plots (c) and (d) were calculated using the same reconstructed
images, but with logarithmically spaced bins.


