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ABSTRACT

Information Geometry Approaches to Optimal Experimental Design and Reduced-Order Modeling
in Ocean Acoustics

Jay C. Spendlove
Department of Physics and Astronomy, BYU

Master of Science

This thesis demonstrates the application of information geometry to problems in underwater
acoustics. Information geometry combines the fields of information theory and differential geometry
by interpreting a multiparameter model as a Riemannian manifold in an ambient data space.
Information geometry tools are especially powerful in context of problems of experimental design
and model selection in ocean acoustics. The application area specifically considered in this research
is geoacoustic inversion, where seabed parameter values are inferred from acoustical data. Chapter
2 contains a paper submitted to the Journal of Theoretical and Computational Acoustics, which
introduces information geometry tools such as the model manifold and Fisher information in
context of a review of work in underwater acoustics doing parameter sensitivity analysis. An
example constructing model manifolds for a sound propagation model is given in the second half
of the paper. Chapter 3 contains a paper submitted to the Journal of the Acoustical Society of
America, Express Letters, which constructs model manifolds for a sound propagation model and
compares the information content of absolute and relative transmission loss in regards to seabed
parameters, demonstrating how information geometry can be use to inform experimental design.
This thesis contains the initial application of information geometry to ocean acoustics, with many
more advances that can be pursued in future work.

Keywords: information geometry; underwater acoustics; model manifold; sound propagation;
Fisher information; sensitivity analysis; Cramér-Rao bounds; geoacoustic inversion; reduced-order
modeling; optimal experimental design; transmission loss
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Chapter 1

Overview

Sound propagation in the ocean is incredibly complex, but important to understand for countless

applications, including naval, ecological, and oceanographic applications. One complexity asso-

ciated with underwater sound propagation is that the sound speed of the water, which acts like

the index of refraction in optics, is highly variable and dependent on factors including pressure,

temperature, and salinity. Additional complexity is introduced in a shallow ocean environment

(<200 m depth), where ocean floor composition can have a large impact on sound propagation

through bottom interactions. For example, seafloor compositions that are more sandy tend to be

more reflective, while muddy seafloor compositions tend to be more absorptive. Having an accurate

understanding of the seafloor composition is therefore important in guaranteeing accuracy in the

modeling of underwater sound propagation in a shallow ocean environment.

1
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Due to the expense and difficulty of experimentally determining seafloor composition via, for

example, core sampling, a research field of great interest is the inverse problem of geoacoustic

inversion, whereby seabed properties are inferred from acoustical data. Seabed properties of interest

could include sediment layer height, density, sound speed, and attenuation. Acoustical data can

come from active sonar sources (e.g., pings) or passive sonar sources (e.g. ship noise, wind noise).

A review article by Chapman and Shang [4] provides an in depth review of developments in the

area of geoacoustic inversion.

However, the accuracy of geoacoustic inversion depends significantly on model selection. Many

methods for geoacoustic inversion require that you select a model for the ocean environment, such

as how many sediment layers to include in the model. However, if the model selected cannot

accurately represent the acoustics of the experimental setup being considered, geoacoustic inversion

can lead to the inference of inaccurate parameter values; this phenomenon is called model mismatch.

One specific challenge is when the model includes superfluous parameters that cannot be effectively

learned from the acoustical data. These parameters are referred to as “sloppy" or unidentifiable

parameters because the data and model do not contain adequate information about them. In contrast,

“stiff" or identifiable parameters are those about which the data and model does contain information.

For example, high frequency sound typically interacts with only the top sediment layer. Thus, if

the experimental setup utilizes a high frequency sound source and the model chosen has multiple

(say, three) sediment layers, acoustical data may contain sufficient information to infer sediment

parameters for the top layer but not for the bottom two sediment layers. These lower sediment layer

parameters are sloppy. Therefore, developing tools to enable model selection by determining what

proposed model parameters are sloppy is beneficial. These tools enable answering questions such as

“How many layers need to be included in this model in order to accurately represent the acoustics?"

The field of information geometry provides tools for answering these questions.
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Information geometry combines the fields of information theory and differential geometry,

interpreting a model as a manifold, or surface. The geometry of this “model manifold" gives insight

into which model parameters, given some experimental setup, are sloppy and which are stiff, and

can thus be learned via geoacoustic inversion. The model manifold can inform the choice of a model

to use for geoacoustic inversion by identifying progressively simpler models, associated with the

finite boundaries of the model manifold, which may better represent the data. Additionally, because

the model output, and thus the model manifold, depends on the experimental setup, the model

manifold can be used as a tool to identify the optimal experimental setup that will provide data with

the most information about parameters of interest. A model manifold containing more information

about parameters manifests as a wider or more “spread out" model manifold. Experimental design

parameters that could be considered are hydrophone (underwater microphone) depth, source range

(how far away the hydrophone is from the sound source?), and source frequency.

This Master’s research has focused on applying information geometry methods to different

problems in ocean acoustics. The scope of my contributions to the field have been to:

1. write a tutorial review paper introducing information geometry concepts such as the model

manifold in context of parameter sensitivity analysis methods previously applied in ocean

acoustics, and

2. provide demonstrations constructing model manifolds for underwater sound propagation

models and showing how the model manifold can be used to address questions of experimental

design and model selection.

In this thesis, Chapter 2 contains a review tutorial paper submitted to the Journal of Theoretical and

Computational Acoustics (JTCA), introducing information geometry tools in context of a review of

literature performing parameter sensitivity analyses in ocean acoustics (item #1). These information

geometry tools are then demonstrated for the case of a simple sound propagation model, motivating
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starting cases for use of information geometry in model selection in underwater acoustics (item #2).

Chapter 3 contains a paper submitted to the Journal of the Acoustical Society of America, Express

Letters (JASA-EL) which compares the information content of absolute and relative transmission

loss data for seabed sediment parameters using model manifolds, demonstrating how information

geometry methods can be utilized for experimental design (item #2). Chapter 4 contains a summary

of contributions discussed in this thesis and future work that can be pursued to build on these

efforts to apply information geometry methods to ocean acoustic modeling, including a summary of

current work training neural network surrogates for the model manifold for application of powerful

differential geometry tools.



Chapter 2

The outlook of information geometry for

underwater acoustics applications

This chapter includes the review tutorial paper submitted to the Journal of Theoretical and Compu-

tational Acoustics (JTCA) entitled The outlook of information geometry for underwater acoustics

applications, with authors Jay C. Spendlove, Michael C. Mortenson, Tracianne B. Neilsen, and

Mark K. Transtrum. The first six sections of this paper function as the technical introduction to this

thesis, introducing key concepts such as Fisher information and Cramér-Rao bounds (Sec. 2.3), and

information geometry tools such as the model manifold (Sec. 2.6), as well as providing a review

of relevant literature about parameter sensitivity analyses in underwater acoustics and information

geometry applied to sloppy models (Sec. 2.2; Sec. 2.4; Sec. 2.5).

Section 2.7 of the paper provides a tutorial demonstrating the construction of various model

manifolds to the Pekeris waveguide sound propagation model, demonstrating the application of

information geometry in ocean acoustics. Introducing these information geometry concepts to the

field of underwater acoustics, in context of other methods that have been utilized in the past, is the

5
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primary purpose of this paper. Additionally, Appendices A and B of this thesis are from this paper,

delineating the intricacies of the Pekeris waveguide implementation and deriving the “hard bottom"

limit of the Pekeris waveguide, which is empirically observed in the model manifolds created in this

paper.

Abstract

This tutorial demonstrates the use of information geometry tools in analyzing environmental

parameter sensitivities in underwater acoustics. Sensitivity analyses quantify how well data can

constrain model parameters, with application to inverse problems like geoacoustic inversion. A

review of examples of parameter sensitivity methods and their application to problems in underwater

acoustics is given, roughly grouped into ‘local’ and ‘non-local’ methods. Local methods such as

Fisher information and Cramér-Rao bounds have important connections to information geometry.

Information Geometry combines the fields of information theory and differential geometry by

interpreting a model as a Riemannian manifold, known as the model manifold, that encodes both

local and global parameter sensitivities. As an example, 2-dimensional model manifold slices are

constructed for the Pekeris waveguide with sediment attenuation, for a vertical array of hydrophones.

This example demonstrates how effective, reduced-order models emerge in certain parameter limits,

which correspond to boundaries of the model manifold. This example also demonstrates how the

global structure of the model manifold influences the local sensitivities quantified by the Fisher

information matrix. This paper motivates future work to utilize information geometry methods for

experimental design and model reduction applied to more complex modeling scenarios.



2.1 Introduction 7

2.1 Introduction

Sound traveling in the ocean contains information about both the sound source and the ocean

environment. Many ocean acoustics applications strive to passively infer information from recorded

sounds, such as estimating the direction of arrival of the sound or determining the distance to the

object producing the sound. These applications rely heavily on computational models of underwater

sound propagation. A common question is how the environment should be represented in the sound

propagation models. In particular, how much resolution is required in the water sound speed profile

and how many layers are needed to represent the seafloor in a way that adequately captures the

interaction of the sound and the sediment layers. The question of appropriate parameterization of

the ocean environment has led many to study how to quantify the impact of modeling parameters on

the model-data mismatch and, thus, quantify the information content and parameter sensitivities.

While common approaches for parameter sensitivity are based on perturbation theory or non-

local sampling-based methods, which include Bayesian methods for obtaining posterior probability

distributions, nascent methods for quantifying parameter sensitivity are found in information theory,

including the Fisher information matrix (FIM) and Cramér-Rao bounds (CRB). The combination of

information theory and differential geometry is the field known as information geometry. This paper

serves as a tutorial about how information geometry can be used to quantify parameter sensitivity

and guide the development of reduced-order identifiable models. Specific examples are provided

for the application of information geometry methods to analyze the sensitivity of seabed parameters,

but the method can be applied to any multi-parameter modeling problem.

First, examples are provided in Sec. 2.2 of a variety of approaches to estimating parameter

sensitivity, providing background for other methods presented in this paper. Then, Sec. 2.3 in-

troduces the Fisher information and how Cramér-Rao bounds can be obtained from it. A further

review of relevant papers utilizing the FIM and CRBs in geoacoustic inversion is given in Sec. 2.4.

The non-local method of rotated coordinates and its applications is discussed in greater detail in
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Sec. 2.5, and its connection to the local measures of sensitivity obtained from the Fisher information

matrix is explained. Sec. 2.6 then introduces the model manifold and other principles of information

geometry, and then, in Sec. 2.7, an example is provided that demonstrates how model manifolds

can be applied to an underwater sound propagation model. The illustrative example uses a Pekeris

waveguide model with attenuation [5]. This example builds intuition about the relationship between

model manifolds and CRBs and serves as an example of how information geometry can be applied

to finding reduced-order models in ocean acoustics and beyond. Outlook for future applications of

information geometry to problems in ocean acoustics is discussed in Sec. 2.8 which is followed by

a summary (Sec. 2.9).

2.2 Background

For context, examples are now provided of other approaches to estimating parameter sensitivity

such as perturbation theory, sampling-based approaches, which includes Bayesian methods to

obtain posterior probability distributions, and information theoretic approaches such as Fisher

information and the Cramér-Rao bound. Because uncertainty and sensitivity studies have been

completed in many ocean acoustic applications over many decades, the papers cited herein should

be considered as examples and not an exhaustive list. For example, the reader is referred to

several other review articles that have covered the impact of the sound speed on ocean acoustic

tomography [6, 7], wave propagation [8], reverberation [9], and transmission loss [10], especially in

the presence of internal solitons [11] and thermocline variability [12]. We also recommend to the

reader the references in Chapman and Shang [4] on the development of geoacoustic inversions to

obtain estimates for seabed properties; this review article provides a detailed timeline of significant

development in geoacoustic inversions including the sophisticated trans-dimensional Bayesian

approach to geoacoustic inversion.
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Perturbation theory approaches have been used to estimate parameter sensitivity of seabed

parameters. First-order perturbation theory has been applied to analytical expressions for frequency-

dependent sound pressure to obtain derivatives of pressure with respect to seabed sound speed [13],

density, shear speed, and layer thickness [14, 15]. A perturbation theory approach has also been

applied to investigate the sensitivity of sound propagation to changes in the water sound speed

[16–19].

Sampling methods have been used for parameter sensitivity efforts in a variety of ocean acoustics

applications. Many have explored how matched-field source localization [20, 21] is related to the

ocean environment, including changes in water depth [22], sound speed and seabed properties

[23, 24]. Matched-field geoacoustic inversion efforts have also conducted parameter sensitivity

studies for different receiver configurations, including single sensors [25], vertical line arrays

[9, 15, 26–30], horizontal towed arrays [31], and vector sensors [32]. Sampling-based sensitivity

analyses have also been considered for different types of sound sources, including ambient noise

[23, 33] and surface ships [30]. A Gibbs sampling approach for quantifying parameter sensitivity

and how that leads to uncertainty in estimates from geoacoustic inversions has been thoroughly

described in a pair of papers by Dosso [34, 35]. The difference between linear and nonlinear

measures of parameter sensitivities was clearly delineated in a Letter to the Editor by Dosso et

al. [36]. Many additional efforts have used sampling methods to examine how modal properties are

influenced by parameter uncertainty [13, 14, 23, 25, 37–39]. Spatial shifts in sound fields have also

been studied to obtain a stochastic sensitivity or global measure of sensitivity [40].

Bayesian methodology also utilizes advanced sampling methods in order to calculate posterior

probability distributions (PPDs). From these PPDs, marginal and joint probability distributions can

be found to evaluate parameter sensitivity and parameter coupling, respectively. Different sampling

methods have been applied to obtain PPDs, such as the freeze bath method [41,42]; Gibbs sampling

[34, 35]; grid sampling [43]; directed Monte Carlo methods, e.g., genetic algorithms [44–46];
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Markov chain Monte Carlo [47,48]; interacting Markov chains [49,50]; parallel tempering [51]; and

reversible-jump Markov-chain Monte Carlo [52–55]. Sophisticated sampling of both the parameter

space and the model space is incorporated in the trans-dimensional Bayesian approach to geoacoustic

inversion [52]; the progression of geoacoustic inversions and development of trans-dimensional

Bayesian approach are reviewed in Chapman and Shang [4].

Parameter sensitivity analysis has also been used to improve automated sampling algorithms,

such as genetic algorithms, simulated annealing, and Tabu [29] for geoacoustic inversions. For

example, genetic algorithms have been combined with the Gauss-Newton approach [45], which

estimates parameter sensitivities from an approximate Hessian, and a subspace approach [56], which

only considers the most identifiable portions of the parameter space. Similarly, simulated annealing

methods have been modified to include adaptive temperatures for different parameters [26], adding

in downhill simplex methods [57], and finding rotated coordinates to navigate the parameter

space [41, 58]. The use of rotated coordinates to aid the inference process is reviewed in Sec.

2.5, along with a description of how the parameter sensitivity and coupling obtained from rotated

coordinates relate to information theory concepts of the Fisher information and Cramér-Rao bounds.

While most of these sampling-based approaches to parameter sensitivity provide estimates of

an average parameter sensitivity over the search space, information theory uses local parameter

sensitivity analysis, which can then be extended non-locally by differential geometry. The main

tool is the Fisher information, which provides a local measure of the information content about the

modeling parameters in the model-data comparison [59]. Ocean acoustics studies have sought to

maximize Fisher information for problems of source localization [60–62], bearing estimation [63]

by optimizing off-axis targets for broadband active sonar [64], designing nonuniform linear arrays

[65], optimal active sonar waveforms [66], underwater communication [67], and for autonomous

underwater vehicle positioning [68]. The diagonal elements of the inverse of the Fisher information
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matrix (FIM) are the Cramér-Rao bounds (CRB): the lower limit on the variance of an unbiased

estimator of modeling parameters. CRBs have been used extensively in quantifying sensitivity in

ocean acoustics applications; Sec. 2.4 provides a review of many examples of the application of

CRBs in ocean acoustics.

Information geometry combines the advantages of local methods, such as the FIM and CRBs,

and of non-local sampling-based methods such as rotated coordinates by quantifying both local

and global model parameter sensitivities. Information geometry interprets multi-parameter models

as a Riemannian manifold (referred to as the model manifold) where model parameters act as

coordinates on the manifold. While previous studies in ocean acoustics have used Riemannian

manfiolds [62,69,70], these applications primarily use principles of Riemannian geometry to obtain

measures of distance between cross spectral density matrices for matched field processing and

signal detection schemes, which differs from our use of a Riemannian model manifolds to explore

environmental parameter identifiability in that our distance metric is motivated by information

theory.

Information geometry has been shown to be particularly powerful in context of the paradigm

of sloppy models. In a sloppy model, the model output is primarily affected by a few key pa-

rameter combinations, while other parameters do not appreciably change the model output. The

characteristic feature of sloppy models is log-linear spaced eigenvalues of the FIM. Parameter

combination to which the model output is most sensitive are known as identifiable, or stiff parameter

combinations; data is most informative about stiff model parameters. Unidentifiable, or sloppy,

parameter combinations are parameter combinations to which the model is not sensitive; sloppy

parameters are not well constrained by data. Sloppiness has been studied in a variety of fields

including systems biology [71–78] (such as biochemical reaction networks [79–87], cell state

dynamics [88, 89], and tumor growth [90]), neuroscience [91–95], chemical engineering [96–100],

power systems [101–104], ecology [83,105,106], solid state physics [107], deep learning [108–111],
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economics [112–114], quantum simulation [115,116], nuclear physics [117–119], cosmology [120],

ocean acoustics [121], and more [109, 122–124]. Information geometry methods can also leverage

sloppy model behavior to obtain reduced-order models which capture the relevant physics. For

example, some parameter combinations will be “practically unidentifiable," meaning that their

removal from the model will not significantly decrease model accuracy. Information geometry

methods for model reduction, such as the manifold boundary approximation method [72, 125], have

been applied to a variety of models [72, 84, 103, 104, 119, 125–127], and will be discussed in greater

detail in Sec. 2.8.

2.3 Fisher information and Cramér-Rao bounds

A local measure of parameter sensitivity provides an estimate of how small changes in a parameter

value impact the models output. Two powerful tools from information theory characterize the

local behavior of a parameterized model in the context of inverse problems: the Fisher information

matrix and the matrix inequality known as the Cramér-Rao bound. The FIM quantifies how well

the model resolves parameter estimates from information in the data, and the CRB places a lower

bound on the uncertainty of an unbiased estimator for the parameters of a model. This tutorial

begins in Sec. 2.3.1 with a derivation of the form of the FIM used in this paper, followed by a

presentation of the FIM in terms of a quadratic expansion about the best fit on a cost surface. The

CRB and other measures derived from the FIM which bound the uncertainty of inferred parameters

are introduced in Sec. 2.3.2. Throughout this tutorial, vectors are denoted with bold face. For

example, r = [r1,r2, ...].
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2.3.1 Fisher information matrix

The Fisher information matrix, denoted as I , is defined as the expectation of the Hessian of the log

likelihood, l:

I =−
〈

∂ 2l
∂θµ∂θν

〉
≡−⟨∂ 2

µν l⟩. (2.1)

For this tutorial, we consider a forward model that yields some output yθ (ti) based on modeling

parameters θθθ = [θ1, ...,θN ] at a value of the independent variable ti. For an ocean acoustics sound

propagation model, for example, the model output yθ (ti) may be sound pressure, transmission loss,

or power reflection coefficients; and θθθ may contain any combination of environmental, source,

and receiver parameters. The independent variable ti is determined by the choice of “experimental

design," such as different source-receiver ranges or hydrophone depths on a vertical line array. In

this section, a generic model is assumed, but application to an ocean acoustics model is provided in

Sec. 2.7.

Inference problems typically compare model predictions with data. The i-th data sample di is

assumed to have a mean equal to the model yθ (ti) with some Gaussian additive noise:

di ∼ N(yθ (ti),s2
i ) (2.2)

where the noise has variance s2
i . In general, s2

i is unknown and may include both random (aleatoric)

noise and systemic (epistemic) noise that might come from a measurement apparatus. To compare

the model with data, the data-model residual is defined:

ri =
di − yθ (ti)

si
, with ri ∼ N(0,1). (2.3)

The probability distribution of ri is

P(ri) =
1√
2π

e−
1
2 r2

i . (2.4)
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For M measurements, corresponding to ttt = [t1, t2, ..., tM] and rrr = [r1,r2, ...,rM], the multivariate

Gaussian probability distribution of rrr is

P(rrr) =
M

∏
i

1√
2π

e−
1
2 r2

i . (2.5)

The log-likelihood l is defined as the natural logarithm of P(rrr):

l = ln(P(rrr)) =−M
2

ln(2π)− 1
2

M

∑
i

r2
i . (2.6)

The Hessian of the log-likelihood has elements

∂
2
µν l =

M

∑
i
(−∂µri ∂νri − ri ∂

2
µνri). (2.7)

Thus, the FIM, as given in Eq. 2.1, has elements

Iµν =−⟨∂ 2
µν l⟩=

M

∑
i
⟨∂µri ∂νri⟩+

M

∑
i
⟨ri ∂

2
µνri⟩. (2.8)

Note that the derivatives of the residual, ∂µri, can be expressed in terms of derivatives of the

model yθ (ti) with respect to θµ :

∂µri =− 1
si

∂µyθ (ti), (2.9)

which does not depend on noisy data di ∼ N(yθ (ti),s2
i ). Therefore, the expectation operator in the

first term drops out (i.e., ⟨∂µri ∂νri⟩= ∂µri ∂νri). The second term can be rewritten as ⟨ri⟩ ∂ 2
µνri, so

for zero mean data the second term goes to zero. Thus, for these assumptions about the noise, Iµν

simplifies to

Iµν =
M

∑
i

∂µri ∂νri. (2.10)

By substituting Eq. 2.9 into Eq. 2.10, the elements of the FIM can be written as

Iµν =
M

∑
i

1
s2

i
∂µyθ (ti) ∂νyθ (ti). (2.11)

Thus, the FIM can be expressed as

I = JT S−2J, (2.12)
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where J is the Jacobian matrix of derivatives of yθ (ti) with elements

Jiµ =
∂yθ (ti)

∂θµ

= ∂µyθ (ti), (2.13)

and S is a diagonal matrix with elements si. A different noise assumption in Eq. 2.2 will lead to a

different form of the FIM.

As previously stated, si is unknown and experiment dependent. Therefore, for the purposes of

model analysis, it is convenient to assume si = s for all i, so that S−2 = s−2 I, and

I = s−2JT J ∝ JT J. (2.14)

Thus in calculation of the FIM in practice, the s−2 term can be neglected. This convention is adopted

herein.

This mathematical derivation of the FIM may be further appreciated by a graphical discussion

that provides a more intuitive understanding. This discussion begins by introducing a function YYY (θθθ),

known as the model map:

YYY (θθθ) =



yθ (t1)

yθ (t2)
...

yθ (tM)


, (2.15)

where M is the number of measurements. For N parameters in θθθ , the model map YYY (θθθ) forms a

mapping from an N-dimensional parameter space into an M-dimensional data space:

YYY (θθθ) : RN → RM. (2.16)

In a modeling scenario, predictions of yθ (ti) are compared to experimental data di in a cost

function, sometimes called an error or loss function, which measures how well model prediction

values match observed data. One option is the least-squares cost, which can be motivated in a

maximum likelihood sense. It can be shown that the ordinary least squares estimator for a linear
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regression model maximizes the likelihood under the assumption of Gaussian additive noise, which

is used here. The least-squares cost is:

C(θθθ) =
1
2

M

∑
i
(yθ (ti)−di)

2. (2.17)

The set of modeling parameters that minimizes the cost given some data is referred to as the best fit

parameterization θ̂θθ .

The graph of the cost C(θθθ) defines an N-dimensional surface, called a cost surface, whose peaks

correspond to parameter values that poorly fit the data and whose valleys correspond to parameter

values that fit the data well. N-dimensional surfaces are unwieldy to visualize, so two-dimensional

slices of cost surfaces are often used to gain a “topographical” intuition of the peaks and valleys of

the cost surface. One such two-dimensional slice in the neighborhood of a best fit θ̂θθ is shown in Fig.

2.1 for a cartoon cost surface; this cost surface is used for illustration throughout the present section.

Cost surfaces for nonlinear models, such as those found in modeling ocean acoustics, often

include narrow valleys, flat plateaus, and multiple local minima. However, by zooming in on a

sufficiently small region around a local minimum, the cost surface is approximately quadratic with

lines of constant C(θθθ) forming ellipse-shaped contours about the minimum. The axes of such

ellipses provide insight into the sensitivity of model parameters.

The local geometry about a minimum is described by a Taylor series of the forward model

expanded about the best fit:

ỸYY (θθθ) = YYY (θ̂θθ)+ Jδδδθθθ +O(δδδθθθ)2, (2.18)

where δδδθθθ = θθθ − θ̂θθ and J is the same M by N Jacobian matrix defined above in Eq. 2.13. In this

linear approximation, the cost function becomes

C̃(θθθ) =C(θ̂θθ)+
1
2

δδδθθθ
T JT Jδδδθθθ (2.19)
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Figure 2.1 Two-dimensional cost surface cross-section in the θ1-θ2 parameter plane
showing the neighborhood about a local minimum. Notice the elliptical contours of equal
cost about the minimum at the best-fit parameters θ̂θθ , marked by a white star. The semi-
minor and semi-major axes of the contours correspond to the FIM eigenvector directions
vvv1 and vvv2, respectively. The inverse of the square root of corresponding eigenvalues of
the FIM, λ1 and λ2, are proportional to the semi-minor and semi-major widths of the cost
ellipses. The width of the ellipses projected onto the θ1 and θ2 axes are proportional to√

I −1
j j , the square root of the corresponding diagonal elements of the inverse FIM (a

covariance matrix). I −1 is calculated when finding the CRB. Finally, the widths of the
ellipses through the best fit point and parallel to the parameter axes are proportional to
1/
√

I j j the inverse of the square root of the corresponding elements of the FIM, also
known as the conditional standard deviation.
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using the fact that the gradient is zero at the best fit. The second term contains the Fisher information

matrix I as defined in Eq. 2.14, and thus the I describes the curvature of the cost surface at the

best fit. Note that the FIM does not depend on the data, only the derivatives of the forward model;

thus the lower bounds on the informativity of potential experimental data can be established by

analyzing the model alone.

2.3.2 Bounding parametric uncertainty with the FIM

Information about model parameter sensitivities can be extracted from the FIM in several ways, and

understood in context of the cost surface in Fig. 2.1. Specifically, the eigenvalues and eigenvectors

of the FIM quantify a model’s linearized sensitivity to changes of parameter combinations. Because

the FIM is often ill conditioned, these are typically obtained by a singular value decomposition

(SVD) of J,

J =UΣV T , (2.20)

where U and V are unitary matrices, and Σ is a diagonal matrix containing the singular values of J.

The FIM can be expressed as

I = JT J = (UΣV T )T (UΣV T ) =V ΣUTUΣV T

= V Σ
2V T ,

which can be recognized as an eigenvalue decomposition of I . From this form, the eigenvalues of

the FIM are the squared singular values of the Jacobian, and the columns of V are the eigenvectors

of the FIM. These eigenvectors vvviii are the independent parameter combinations that diagonalize the

covariance matrix, I −1, which is the inverse of the FIM.
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The eigenvectors of the FIM are in general linear combinations of the original parameters and

give a natural basis for quantifying the model sensitivities. As previously mentioned, sloppy models

are characterized by roughly log-linear spacing of eigenvalues of the FIM, which manifests as

ellipses with high aspect ratios on the cost surface (Fig. 2.1). The eigenvector corresponding to the

largest eigenvalue of I indicates the most identifiable parameter combination, represented by vvv111 in

Fig. 2.1(a), which lies along the semi-minor axis of the ellipse about the best fit. Intuitively, moving

in the direction of vvv111 on the cost surface leads to the most rapid change in model output. In contrast,

the eigenvector with the smallest eigenvalue is the sloppiest parameter combination, corresponding

to vvv222 in Fig. 2.1(a), which lies along the semi-major axis of the ellipse. The inverse of the square

root of corresponding eigenvalues of the FIM, λ1 and λ2, are proportional to the semi-minor and

semi-major widths of the cost contour ellipses, as marked in yellow in Fig. 2.1(a).

The FIM also provides insight into the statistical properties of inferred parameters (i.e., the

original parameters of the model). The Cramér-Rao bound inequality states that the inverse of

the FIM, I −1, is a covariance matrix that forms a lower bound on the uncertainty of parameter

estimations. For an unbiased estimator, the Cramér-Rao bound inequality is

Cov(θ̂θθ)≥ I −1 =V Σ
−2V T (2.21)

where Cov(θ̂θθ) is the covariance of the estimator of θ̂θθ , and the matrix inequality A ≥ B is understood

to mean that the matrix A−B is positive semidefinite. An estimator that achieves this bound is said

to be fully efficient. Large-valued entries of I −1 indicate high parameter uncertainty.

Often of interest are the diagonal entries of this covariance matrix, as they correspond to the

variances in the estimate of the individual parameters. The square root of the diagonal elements of

I −1 are referred to as the Cramér-Rao bounds (CRB), and indicated as σCRB, j here:

σCRB, j =
√
(I −1) j j. (2.22)
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The CRB gives the lower bounds on the uncertainty in inferring individual parameters from data;

in other words, the CRB gives the smallest standard deviations in inferred values possible given a

model and data. The CRB for θ1 and θ2 are shown in green in Fig. 2.1(b), corresponding to the

widest part of the constant cost ellipse in the two parameter directions.

Large CRBs have two causes. First, a model might be insensitive to changes in an individual

parameter, such as is the case for parameters deep beneath the seafloor in a transmission loss model

at sufficiently high frequencies. Second, a large CRB can result from strong correlation among

parameters. In physical systems, correlation is typically due to physical mechanisms that manifest

similar effects in model predictions. In such cases the effect of one model parameter may be

cancelled by tuning another. The model is often sensitive to many of the parameters individually

but is insensitive to coordinated changes in combinations of parameters.

Alternatively, the uncorrelated parameter uncertainty could be ascertained if all other model

parameters were fixed to their true values. The theoretical uncorrelated parameter sensitivity, called

the conditional standard deviation (conditional STD) and indicated by σcond, j, can be calculated

from the FIM as

σcond, j =
1√
I j j

. (2.23)

The conditional STD for a parameter is always less than or equal to σCRB, j, meaning that σcond, j

underestimates the uncertainty in inferring parameters from data. Disparities between σCRB, j and

σcond, j are due to correlations among parameters. In terms of the cost surface, the conditional STD

corresponds to the width of the constant-cost ellipse measured through the best fit and parallel to a

parameter axis, denoted by red in Fig. 2.1(c). In the case of a model with uncorrelated parameters,

the axes of the ellipses of constant cost align with the parameter axes, meaning that σCRB, j and

σcond, j are equal.
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Because the FIM is independent of the observed data ddd and depends only on derivatives of

the forward model, the lower bounds on the informativity of potential experimental data can be

established by analyzing the model alone. Through the CRB, the FIM establishes the best-case

variance for each model parameter, quantifying the information content, and determining whether it

is feasible to infer individual parameters to the desired resolution from given data.

2.4 Local measures of parameter sensitivity

The local measure of parameter uncertainty in the FIM and CRB (Eq. 2.22) have been applied to a

variety of applications in ocean acoustics. In the literature, the context of either the experimental

setup or the inversion approach typically determines how the FIM and CRB are obtained. Where

circumstances permit, analytical expressions for the FIM and CRB are employed. When analytical

models are not available, calculation of the FIM and CRB relies upon numerical gradients of

computational models taken with respect to parameters. In this section, examples are provided to

illustrate the breadth of applications of the CRB to problems in ocean acoustics, with a focus on

work related to quantifying parameter sensitivities for the ocean environment.

CRBs have been calculated analytically for acoustic reflection measurements [128, 129], source

receiver geometry [130], array shape calibration [131, 132], and source localization [133–136],

including in deep water [137, 138]. For source localization specifically, CRBs have been used for

direction-of-arrival estimation using noise covariance matrices [139], range and bearing localization

with two hydrophones [140], underdetermined systems using sparse linear arrays [141, 142], virtual

sensor arrays to handle unsynchronized sensors [143], and semi-blind source localizations [144].

CRBs obtained analytically have also been used to quantify seabed parameter sensitivies using

ambient ocean sound [145, 146].
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Variations of the CRB have also been used, including hyrbrid CRBs for water sound speed

fluctuations [147] and direction of arrival estimates [148], a stochastic CRB for direction-of-arrival

estimates using vector sensors [134], and Bayesian CRBs for source ranging [149] and seabed

parameter estimation [150]. The citations in Baggeroer [134] provide additional references on the

development and use of stochastic formulations of the CRB.

When analytical models are not available, calculations of the FIM and CRB rely upon numerical

gradients of computational models taken with respect to parameters. However, gradients can be

difficult to obtain. Some success has been found with analytical gradients [14, 45] and implicit

adjoint methods [151] although both require a problem-specific gradient derivation. One interesting

example comes from Hawkes and Nehorai [152] who develop an efficient CRB based measure

of estimation accuracy for 3-dimensional source localization on a distributed system involving

a two stage CRB calculation, one which can be performed analytically and the other requiring

numerical derivatives. While some success has been found with calculating the FIM and CRBs using

finite-differencing, as in Gebbie and Siderius [150] for quantifying seabed parameter sensitivities,

finite-differencing has typically been difficult due to the need for appropriate step sizes for different

parameters; too large or too small of step sizes makes the method inaccurate [46]. Mortenson

et al. [121], recently presented a strategy for parameter preconditioning followed by Richardson

extrapolation that renders feasible a general finite-difference methodology for finding numerical

gradients in sound propagation models, applied to quantify seabed parameter sensitivity.
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Figure C.3 Similar to Fig. C.2, relative TL model manifolds (left) and seabed distance
matrices (right) are shown for reference depths of 25 m, 30 m, 35 m, and 40 m.
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Figure C.4 Similar to Fig. C.2, relative TL model manifolds (left) and seabed distance
matrices (right) are shown for reference depths of 45 m, 50 m, 55 m, and 60 m.
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Figure C.5 Similar to Fig. C.2, relative TL model manifolds (left) and seabed distance
matrices (right) are shown for reference depths of 65 m, 70 m, and 75 m.
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Table C.4 Average and median sediment distances for the absolute TL model manifold,
the relative TL model manifold from subtracting the mean TL across 15 VLAs, and the
relative TL model manifolds for all 15 reference depths.

Average seabed

distance (dB)

Median seabed

distance (dB)

Absolute 56.6 60.0

Rel. to mean TL 18.9 19.4

Rel. to 5 m 31.3 32.6

Rel. to 10 m 27.3 29.3

Rel. to 15 m 25.8 26.9

Rel. to 20 m 31.6 21.9

Rel. to 25 m 31.4 22.2

Rel. to 30 m 20.1 19.6

Rel. to 35 m 22.0 22.7

Rel. to 40 m 25.0 20.5

Rel. to 45 m 19.9 19.6

Rel. to 50 m 21.1 19.7

Rel. to 55 m 22.3 20.0

Rel. to 60 m 21.2 21.2

Rel. to 65 m 22.5 24.3

Rel. to 70 m 29.6 31.4

Rel. to 75 m 34.3 32.9
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