
15 

[31] ISO 9295, “Acoustics - Determination of high-frequency sound power levels emitted by 

machinery and equipment,” 2nd ed. (International Organization for Standardization, 

Geneva, 2005). 

[32] C. B. Goates, C. B. Jones, S. D. Sommerfeldt, and J. D. Blotter, “Sound power of vibrating 

cylinders using the radiation resistance matrix and a laser vibrometer,” J. Acoust. Soc. Am. 

148(6), 3553–3561, (2020). doi: 10.1121/10.0002870 

[33] C. B. Jones, C. B. Goates, J. D. Blotter, and S. D. Sommerfeldt, “Experimental validation 

of determining sound power using acoustic radiation modes and a laser vibrometer,” Appl. 

Acoust. 164, 107254, (2020). doi: 10.1016/j.apacoust.2020.107254 

[34] P. Aslani, S. D. Sommerfeldt, and J. D. Blotter, “Analysis of external radiation from 

circular cylindrical shells,” J. Sound Vib. 408, 154-167 (2017). doi: 

10.1016/j.jsv.2017.07.021 



16 

Unit 2 

Advancing the Vibration-Based Sound Power Method 

This unit focuses on the continued development of the VBSP method, expanding its 

application from 2D to 3D geometries and enhancing its accuracy across 100 Hz to 10 kHz one-

third octave (OTO) bands. The advancements include adjustments to accommodate both baffled 

and unbaffled structures, ensuring the method’s versatility across various acoustic environments. 

Additionally, this unit introduces preliminary work toward the development of a generalized 

radiation resistance (𝐑) matrix, paving the way for future extensions of the VBSP method to more 

complex geometries. 
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Chapter 2   Transition from 2D to 3D Measurements 

This chapter details the transition from 2D to 3D measurements in the VBSP method. It 

discusses how the VBSP method was originally implemented using 2D scans, the challenges 

encountered, and the advancements made through 3D scanning and the stitching process. As the 

sound power results for flat plates and cylinders have already been published using the VBSP 

method [1]-[3], this chapter focuses on the scanning and stitching techniques, highlighting the 

images of the stitched responses for various geometries. The sound power results for simply curved 

plates and arbitrarily curved plates are shown in Chs. 3 and 4. 

2.1   Previous Methodology 

In its initial implementation in BYU’s reverberation chamber, the VBSP method used 2D 

scans to measure sound power, particularly for cylindrical structures. This process involved 

scanning a single strip of the cylinder and then slightly rotating the cylinder and repeating the scan 

until the entire surface was covered. While effective, this method was time-consuming and labor-

intensive. For instance, as shown in Fig. 2.1, Jones et al. [3] performed a 2D scan of a cylinder, 

demonstrating that scanning at 5° increments required 72 rotations, with each rotation necessitating 

a separate scan. Although accurate, this approach was particularly slow and cumbersome, 

especially for larger structures. 
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Figure 2.1: A 2D scan of a cylinder conducted by Cameron Jones [2] in BYU’s reverberation 

chamber, demonstrating the scanning and rotation process at the time. (Used with permission.) 

2.2   Stitching 

The introduction of a 3D scanning laser Doppler vibrometer (SLDV) enabled more 

comprehensive data collection with fewer scans. A stitching technique merged multiple scanned 

sections from different parts of a structure into a single, cohesive data set, which not only reduced 

scanning time but also improved accuracy and extended the method’s application to more complex 

geometries. 

Research involved conducting sound power measurements on a known flat plate to become 

familiar with the equipment and methodology using the Polytec 3D calibration device (see Fig. 

2.2). This included calibrating the three scan heads, scanning the flat plate in two halves, 

combining results to calculate sound power, and comparing a vibration mode from the combined 

scan (Fig. 2.3a) with that from a single scan (Fig. 2.3b), demonstrating excellent agreement. 
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Figure 2.2: A Polytec PSV-A-450 Reference Object was used to perform the 3D calibration of the 

three SLDV scan heads for a flat plate. The coordinates are in millimeters. 

 

Figure 2.3: a) The stitched 3D response of a flat plate. b) The 3D response of a flat plate without 

stitching. 
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The transition from 2D to 3D measurements and the development of the stitching process 

represent significant advancements in the VBSP method. These improvements not only enhance 

the efficiency of the measurement process but also expand its applicability to a broader range of 

geometrical configurations. Using these advancements, Chs. 3-7 discuss the results of the VBSP 

method on different vibrating structures, highlighting the significance of the 3D stitching process 

for the VBSP method. 
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Chapter 3   Extension to Baffled Simply Curved Plates 

3.1   Introduction 

This chapter features a peer-reviewed article published in the Noise Control Engineering 

Journal, presenting significant advancements in applying the VBSP method to baffled simply 

curved plates. Trent Bates led the preliminary experiments in the reverberation chamber with my 

support and drafted an initial manuscript. After Trent graduated, I took over the leadership of the 

project, substantially reshaping its scope and steering it to publication as the primary author. These 

efforts have not only validated the VBSP method under a variety of conditions but have also 

broadened its potential applications across a wider frequency spectrum. 

 

** My contributions expanded this work significantly to include several critical theoretical and 

computational enhancements. In refining the manuscript, I conducted a literature review with 22 

additional references, deepening and strengthening the context of the research. I clarified the 

mathematical foundations laid by Caleb Goates, in his master’s thesis, concerning the curved plate 

radiation resistance matrix and supplemented this with comprehensive appendices to aid readers 

in understanding the advanced mathematical techniques. Additionally, I personally managed 

advanced experimental setups, ranging from BYU’s large anechoic chamber to challenging 

outdoor settings, and validated the VBSP method’s robustness and accuracy against ISO 

standards, with sound power discrepancies within 2 dB for relevant octave bands. 

I led the construction of a modular wall in BYU’s anechoic chamber — a pioneering effort at the 

university — designed with Jeremy Peterson and Josh Mills for straightforward assembly and 
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disassembly to support future research and educational initiatives. In collaboration with Sam 

Bellows and Jacob Sampson, I learned to operate BYU’s directivity measurement system (DMS) 

and further developed MATLAB© scripts to create hemispherical directivity plots of the baffled 

plates and compute sound power according to the ISO 3745 standard. I demonstrated that the 

VBSP method accurately estimates sound power below 400 Hz, a range previously untested due 

to limitations in the reverberation chamber standard, which has a Schroeder frequency of 385 Hz. 

** 
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would agree better with a stronger excitation below this OTO band. Further, this confirms that the 

VBSP method can indeed measure the sound power from baffled structures across the OTO 

bandwidth (160 Hz to 10 kHz).  

The ISO 3741 method introduces significant error below the 315 Hz OTO band due to the 

noise floor, while the VBSP method demonstrates greater accuracy within this frequency range. 

The plate was remounted on the wall with a new PZT so these results will not be the same as the 

VBSP results in the reverberation chamber. A new ISO 3741 measurement was taken and included 

in Fig. 3.12. Table 3.2 quantifies the OTO band sound power differences between the VBSP and 

ISO 3741 methods for the WR curved plate. These results confirm the robustness of the VBSP 

method in different environments and its capability of in situ testing. 

 

Figure 3.12: The VBSP results of the WR curved plate in two uncontrolled acoustic environments 

compared to the ISO 3741 and ISO 3745 standards. 
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Table 3.2: The absolute difference in sound power measurements for the MR, TR, and WR curved 

plates using the VBSP method and ISO 3741. Similarly, for the WR curved plate in two 

uncontrolled acoustic environments. 

  𝚫𝑳𝒘 (dB re 1 pW) 

     Curved Plate:  MR     TR WR Hallway Outside 

OTO band frequency (Hz) 100 42.3 51.5 40.7 38.3 35.4 

 125 36.6 44.9 31.5 32.0 29.1 

 160 25.1 31.9 16.7 19.1 18.9 

 200 17.8 22.5 8.7 11.5 13.4 

 250 8.5 9.5 1.6 6.0 6.8 

 315 2.3 0.2 2.2 0.3 1.7 

 400 0.1 0.0 3.3 2.4 0.2 

 500 0.8 0.3 0.7 6.2 3.3 

 630 0.6 1.2 1.0 2.2 1.8 

 800 1.2 1.0 0.1 0.0 0.2 

 1000 1.0 0.4 1.7 1.7 1.8 

 1250 0.5 1.8 0.7 0.5 2.2 

 1600 1.4 1.3 0.9 0.6 0.4 

 2000 1.1 0.1 0.5 0.4 0.1 

 2500 1.0 0.5 0.7 0.4 0.3 

 3150 0.2 0.3 1.5 0.4 0.3 

 4000 1.4 0.7 0.2 0.3 0.3 

 5000 2.0 0.3 0.2 0.9 1.1 

 6300 2.8 0.6 0.3 2.1 2.0 

 8000 1.0 0.1 1.9 0.1 0.1 

 10000 1.2 0.8 0.6 0.5 0.6 

 Overall 0.3 0.5 1.0 0.1 0.2 

3.10 Conclusions 

In this study, a vibration-based sound power (VBSP) method was developed and validated for 

measuring sound power from baffled simply curved plates. Previous research focused on 𝐑 matrix 

expressions for baffled flat plates, fully closed cylindrical shells, and fully closed spherical shells, 

leaving a gap for open-curved plate geometries encountered in practical applications such as tractor 

cab windows, car door panels, and aircraft or marine vehicle panels. 
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Experimental validation was performed and involved comparing sound power obtained from 

the VBSP method using the new 𝐑 matrix expression with the pressure-based ISO 3741 and ISO 

3745 standards. Three curved plates with varying radii of curvature were fabricated and tested in 

several environments. Excellent agreement was observed between the VBSP method and ISO 3741 

standard, in a reverberation chamber, within the usable bandwidth (400 Hz to 10 kHz OTO bands). 

The VBSP method exhibited lower sensitivity to background noise compared to the ISO 3741 

standard. Mean sound power differences for the three plates, with respective standard deviations, 

were 0.2 dB (1.4 dB) for the MR curved plate, 0.1 dB (0.8 dB) for the TR curved plate, and 0.1 

dB (2.1 dB) for the WR curved plate, when compared to the ISO 3741 standard. 

Furthermore, the VBSP method demonstrated its capability to accurately measure sound 

power from the WR curved plate in non-controlled acoustic environments. Tests were conducted 

in a hallway with moderate foot traffic, loud HVAC system, and elevator noise, as well as outdoors 

with high vehicle noise, a rainstorm with thunderclaps, wind speeds up to 11 mph, and temperature 

variations of 14°F (7.8°C), showcasing the robustness of the VBSP method. 

The sound power of the WR curved plate was then measured in an anechoic chamber 

according to the ISO 3745 standard. The results confirm the VBSP method’s ability to capture the 

radiated energy below the threshold frequency of 385 Hz for the ISO 3741 standard in the 

reverberation chamber. Previous papers on the VBSP method have not confirmed this result due 

to restricting the testing in a reverberation chamber with a Schroeder frequency of 385 Hz. This 

result supports the claim that the VBSP method is likely measuring the sound power accurately 

below 400 Hz OTO band. 

These results highlight the potential of the VBSP method for accurately measuring sound 

power from baffled simply curved plates, surpassing the limitations of traditional measurement 
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standards in certain scenarios. The sound power from a baffled structure can be accurately 

measured using the VBSP method in different acoustic environments across the OTO bandwidth 

of interest (160 Hz to 10 kHz).  

This work validates the robustness of the VBSP method in measuring sound power from 

baffled simply curved plates in real-world environments. The developed baffled simply curved 

plate 𝐑 matrix expression enables the natural acoustic radiation modes for these structures to be 

computed. These results have significant implications for accurately characterizing the sound 

power of curved plates in various industrial applications. The results support the practical 

application of the VBSP method outside of controlled acoustic environments in situ, allowing for 

accurate sound power measurements even in the presence of significant background and time-

varying noise produced by the plate environment, and provide confidence in the viability of the 

baffled simply curved plate 𝐑 matrix for future use. 
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3.12 Appendix 3A 

3.12.1   Introduction 

A “special” function in mathematics is one that appears so often that it receives a name, and 

its properties are studied [23], [25]. Many special functions cannot be expressed in terms of 

elementary functions and therefore can only be expressed in terms of integrals and differential 

equations [33]. This appendix was organized using Appendices B and V from Refs. [24] and [29], 

respectively, to define the special functions used within this manuscript so that the manuscript is 

more self-contained. 

3.12.2   Bessel and Hankel Functions 

The 𝜈𝑡ℎ-order Bessel functions of the first and second kind are given by 

𝐽𝜈(𝑥) = ∑(−1)𝑚

∞

𝑚=0

𝑥𝜈+2𝑚

𝑚! (𝜈 + 𝑚)!
 (3A. 1) 

and 

𝑌𝜈(𝑥) =
𝐽𝜈(𝑥) cos(𝜋𝜈) − 𝐽−𝜈(𝑥)

sin(𝜋𝜈)
, (3A. 2) 

respectively. 

The 𝜈𝑡ℎ-order Hankel functions of the first and second kind are given by 

𝐻𝜈
(1)(𝑥) = 𝐽𝜈(𝑥) + 𝑗𝑌𝜈(𝑥) (3A. 3) 

and 

𝐻𝜈
(2)(𝑥) = 𝐽𝜈(𝑥) − 𝑗𝑌𝜈(𝑥) (3A. 4) 

respectively. 
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3.12.3   Fock-type Airy Function 

In electromagnetics, the Fock-type Airy function [25] is given by 

𝑊2(𝜏) =
1

√𝜋
∫ 𝑒

−(
𝑧3

3
)

𝐶2

𝑒𝜏𝑧𝑑𝑧, (3A. 5) 

where 𝐶2 is shown in Fig. 3A.1. 

 

Figure 3A.1: Contours in the complex 𝜏-plane for Fock V integration. 

Table 3A.1: The first ten zeros of 𝑊2(𝜏): 𝑊2(𝜏𝑛
′ ) = 0 and 𝑊2

′(𝜏𝑛) = 0, where 𝜏𝑛 = |𝜏𝑛|𝑒−
𝑗𝜋

3  

and 𝜏𝑛
′ = |𝜏𝑛

′ |𝑒−
𝑗𝜋

3 . 

𝒏 |𝛕𝒏| |𝛕𝒏
′ | 

1 2.33811 1.01879 

2 4.08795 3.24819 

3 5.52056 4.82010 

4 6.78661 6.16331 

5 7.94413 7.37218 

6 9.02265 8.48849 

7 10.0402 9.53545 

8 11.0085 10.5277 

9 11.9300 11.4751 

10 12.8288 12.3848 
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3.12.4   The Fock V Coupling Function 

The hard Fock coupling function, denoted by 𝑉(𝑥), was developed to give an asymptotic 

description of the electric current over convex surfaces [33], [35] and is given by 

𝑉(𝑥) =
√𝑥 𝑒

𝑗𝜋
4

2√𝜋
∫

(𝑊2(𝜏)𝑒
−𝑗𝑥𝜏)

𝑊2
′(𝜏)

∞

∞𝐶1

𝑑𝜏. (3A. 6)

 

 

𝑉(𝑥) ∈ ℂ  even though 𝑥 ∈ ℝ. The contour of integration 𝐶1 for Eqn. 3A.6 is shown in Fig. 3A.1. 

Let 𝜏𝑛 = |𝜏𝑛|𝑒−
𝑗𝜋

3  and 𝜏𝑛
′ = |𝜏𝑛

′ |𝑒−
𝑗𝜋

3 . When 𝑥 > 0.6, the first ten terms are usually sufficient 

to approximate 𝑉(𝑥) using the following expression [25] 

𝑉(𝑥) ≈ √πx 𝑒−
𝑗𝜋
4 ∑

𝑒−𝑗𝑥𝜏𝑛
′

𝜏𝑛
′

10

𝑛=1

, (3A. 7) 

where the 𝜏𝑛
′  values are given in Table 3A.1. When 𝑥 < 0.6, then the first four terms are usually 

sufficient to approximate 𝑣(𝑥) using the following expression [25] 

𝑉(𝑥) ≈ 1 −
√𝜋

4
𝑒

𝑗𝜋
4  𝑥

3
2 +

7𝑗

60
𝑥3 +

7√𝜋

512
𝑥

9
2. (3A. 8) 
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Chapter 4   Application to Baffled Arbitrarily Curved Plates 

4.1   Introduction 

This chapter was published as a peer-reviewed article in the Journal of the Acoustical Society 

of America. Trent Bates and I worked together on this as co-authors. This article represents a 

significant advancement in the application of the VBSP method across various geometries. It 

challenged the prevailing notion maintained over 35 years within the acoustical community—that 

each unique structure requires a unique radiation resistance matrix. The findings demonstrate that 

approximating arbitrarily curved plates with a single radius of curvature allows the use of radiation 

resistance matrices derived from simpler geometries, such as flat plates, cylinders, and simply 

curved plates, for more complex structures. This breakthrough enhances the practicality and 

application of the VBSP method. 

 

** My contributions to this paper were primarily on the experimental testing of arbitrarily curved 

plates. The stitching process was instrumental in connecting the datasets for each section of the 

structure, enabling comprehensive and accurate analyses. I contributed equally with the first 

author on the experimental work, but I was not the primary author of this document. ** 
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Chapter 5   Expansion for Thin Unbaffled Flat Plates 

This chapter presents the foundation of a journal article intended for publication in The 

Journal of the Acoustical Society of America. The work detailed here includes a literature review, 

the development of the distance matrix and radiation resistance matrix for thin unbaffled flat plates, 

and initial contributions from COMSOL Multiphysics™ modeling. 

The key finding of this research is the demonstration that a plate’s sound power can be 

effectively modeled using the sound power equation for two out-of-phase point sources. This 

model accounts for the interaction between the front and back sides of the plate, capturing the 

dipole nature of the plate when acoustic wavelengths exceed the plate dimensions and its monopole 

behavior when wavelengths are much smaller. 

This contribution is particularly significant for the VBSP method, because it extends its 

applicability to unbaffled radiating structures. This advancement paves the way for broader and 

more accurate sound power estimations for many unbaffled radiating structures of interest. 
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Figure 5.3: An example distance matrix, 𝐝, for a thin unbaffled flat plate with a 9 x 9 element grid 

on the front and back of a thin unbaffled flat plate. This includes all combinations of elements on 

the front with itself, front and back, back and front, and back with itself. 

5.3   Unbaffled Flat Plate 𝐑 Matrix 

An unbaffled thin flat plate involves a two-sided radiation problem, resulting in a more 

complex R matrix compared to the simpler forms used for baffled structures in Chs. 3 and 4. This 

section examines the specific structure of the 𝐑 matrix for thin unbaffled plates, which must 

account for interactions between the front and back surfaces. The front-to-front and back-to-back 

interactions are captured by the matrices 𝐑𝐅𝐅 and 𝐑𝐁𝐁, respectively, which use the half-space 

Green’s function and take the form of Eqn. 1.1 for the baffled flat plate. Additionally, the 𝐑 matrix 

incorporates cross-interactions between the front and back surfaces around the plate edges, 

represented by the 𝐑𝐅𝐁 and 𝐑𝐁𝐅 matrices. 
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5.5   VBSP Results 

The accuracy of the 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 and 𝐝 matrices in estimating the sound power from unbaffled 

plates is demonstrated experimentally. A comparison is done using an unbaffled aluminum plate. 

The VBSP results are compared with ISO 3741 measurements for two cases: with the SLDV on 

and off. This comparison demonstrates that the additional background noise from the SLDV fan 

does not bias the VBSP results for this unbaffled plate, whereas the ISO 3741 results are 

dramatically impacted by the presence of the fan below 800 Hz (see Fig. 5.9). The VBSP method 

accurately estimates the sound power levels of the aluminum plate for the 315 Hz and 630 Hz one-

third octave (OTO) bands and from 1 kHz to 10 kHz OTO bands using the current 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 

matrix. The 400, 500, and 800 Hz OTO bands need additional work. 

A second comparison is made using an unbaffled steel plate with ISO 3741 as shown in Fig. 

5.10. The VBSP results (blue) are again compared with ISO 3741 measurements (red). This 

comparison demonstrates the accuracy of the current 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix and 𝐝 matrix in estimating 

the sound power from these plates. The VBSP results agree with the ISO 3741 standard within 1 

to 2 dB at the 500 Hz OTO band and from 800 Hz to 10 kHz, which is the frequency range over 

which the ISO 3741 standard applies in the reverberation chamber used. 

The current 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix performs well for mid-to-high frequencies based on the 

experimental VBSP results. However, for low frequencies, adjustments are needed. When the 

acoustic wavelength is significantly larger than the plate’s characteristic dimension, the 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 

matrix should be modified as 

𝐑̂𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝(𝜔) ≈ 2 ∗
𝜔2𝜌0𝐴𝑒

2

4𝜋𝑐
[1 − sinc(𝑘𝑑𝑖𝑗)].  (5.10) 
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This modified matrix, like 𝐑𝐅𝐅 and 𝐑𝐁𝐁, only considers interactions on a single side of the 

plate. It was derived in Sec. 5.3 using the dipole relationship 1 − sinc(𝑘𝑑baffled) for two out-of-

phase sources. The factor of 2 accounts for the identical contributions from both the front and back 

sides of the plate, while 𝑑𝑖𝑗 represents the shortest distance between elements on a single side. 

This adjustment better captures the dipole nature of the plate’s radiation behavior at low 

frequencies. The VBSP results using Eqn. 5.10 (black) show improved accuracy for the aluminum 

plate in the 250 Hz to 1,630 Hz OTO bands (see Fig. 5.10) and for the steel plate in the 250 Hz to 

500 Hz OTO bands (see Fig. 5.11). 

 

Figure 5.9: Sound power levels (𝐿𝑤) of the thin unbaffled aluminum plate, showing the ISO 3741 

standard results (red) and the VBSP results using 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 (black). An additional ISO 3741 

measurement with the SLDV active (blue) indicates that the extra noise did not bias the VBSP 

results. 
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Figure 5.10: Sound power levels (𝐿𝑤) of the thin unbaffled aluminum plate, comparing results 

from the ISO 3741 standard (red), the VBSP method using the 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix (Eqn. 5.7) (blue), 

and the VBSP method using the 𝐑̂𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix (Eqn. 5.10) (black). The 𝐑̂𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix was 

derived using the dipole relationship 1 − sinc(𝑘𝑑baffled) for two out-of-phase sources. The overall 

sound power level differences between the ISO 3741 and the VBSP methods are 0 dB and 2.8 dB, 

respectively. 
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Figure 5.11: Sound power levels (𝐿𝑤) of the thin unbaffled steel plate, comparing results from the 

ISO 3741 standard (red), the VBSP method using the 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix (Eqn. 5.7) (blue), and the 

VBSP method using the 𝐑̂𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix (Eqn. 5.10) (black). The 𝐑̂𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix was derived 

using the dipole relationship 1 − sinc(𝑘𝑑baffled) for two out-of-phase sources. The overall sound 

power level differences between the ISO 3741 and both VBSP methods is 0.2 dB. 

5.6   Computational Model 

This section presents ongoing work to validate the current 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix across three 

frequency regimes: 𝑘𝑑 ≪ 1 (when the plate behaves like a dipole), 𝑘𝑑 ≈ 1 (the transition region), 

and 𝑘𝑑 ≫ 1 (where elements radiate more independently, exhibiting a “baffled” effect). Any 

boundary element method (BEM) software, such as COMSOL®, can be used to model the 
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unbaffled plate, analyze the diffracted pressure around it, and compute the corresponding 

𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix. 

Preliminary results in Figs. 5.12 and 5.13 demonstrate the initial development of a 

COMSOL® BEM model, aligned with the same 41x41 element mesh used in the VBSP analysis 

from Sec. 5.5. Figure 5.12 shows the pressure distribution on the front face of a thin unbaffled 

steel plate at 1,600 Hz to verify the model’s functionality. Due to the small gaps between elements 

relative to their size and the plate’s thin profile, the BEM model is highly sensitive to gap handling. 

 

Figure 5.12: The thin unbaffled steel flat plate used in this work, created in COMSOL®. The 

41x41 element grid shown matches the grid used for the VBSP method. The complex acoustic 

pressure produced by a single element excited at 2,475 Hz is shown across the front of the plate. 

2,475 Hz is about three times the acoustic wavelength of the plate’s characteristic dimension. 
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To mitigate this, COMSOL®’s thin-gap handling feature is used to prevent pressure leakage 

through the plate, as seen in Fig. 5.13b, where leakage effects are illustrated. Once leakage is 

resolved, the 𝐑 matrix can be computed by determining the pressure at each element on both faces 

due to a single element vibrating at a constant unit velocity. This procedure is repeated for each 

element, and then a frequency sweep is conducted to build the 𝐑 matrices for each frequency. 

 

Figure 5.13: a) Sound pressure level (SPL) distribution on the front side of a thin unbaffled flat 

plate in COMSOL® when a corner element is excited, with the remaining elements acting as 

receivers. b) SPL distribution on the back side of the same plate, where a significant drop in 

pressure compared to the front is expected. 

The 𝐑 matrices obtained using the BEM model can then serve as a tool to potentially establish 

a smoother connection between the 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrices for thin unbaffled flat plates for 𝑘𝑑 ≫ 1 

in Eqn. 5.7 and 𝑘𝑑 ≪ 1 in Eqn. 5.10. The insights gained from the BEM model may assist with 

the goal of developing a single 𝐑𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix that works for all 𝑘𝑑. 
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Chapter 6   Vibroacoustic Response of Pickleball Paddles 

This chapter presents a journal article intended for publication in The Journal of the Acoustical 

Society of America in Fall 2024. It demonstrates the practical application of the vibration-based 

sound power (VBSP) method by analyzing the vibroacoustic response of pickleball paddles. The 

chapter details the experimental procedures, including impact testing and vibrometry, and 

discusses findings in the context of product design and noise control. This work is particularly 

relevant to the dissertation’s objective of developing a robust VBSP method, as it extends the 

unbaffled plate work from Ch. 5 to a real-world application. By applying the VBSP method to 

pickleball paddles, this chapter aims to verify the sound power estimation for more complex, 

unbaffled structures. Although obtaining an ISO 3741 measurement for the paddle was 

unsuccessful due to ongoing campus construction, the insights gained significantly contribute to 

understanding how the VBSP method can be adapted and validated across different types of 

radiating structures. Initial sound power predictions using the VBSP method and the thin unbaffled 

flat plate model to estimate the sound power from three paddles are provided. 

 

** I conducted the experimental testing, analysis, and writing for the manuscript. My contributions 

included performing impact testing and vibrometry measurements for thirteen pickleball paddles, 

analyzing their vibroacoustic responses, and identifying the vibration mode that primarily 

contributes to the noise produced during paddle-to-ball impact. I also obtained the velocity data 

needed to compute the sound power using the VBSP method for both the paddle blade and handle 

using the developments found in Ch. 5 and provided initial sound power predictions. ** 



104 

6.1   Title 

Characterizing the vibroacoustic response of pickleball paddles through impact testing and 

laser Doppler vibrometry 

6.2   Authors and Affiliations 

Ian C. Bacon,1a Corey E. Dobbs1, Matt S. Allen2, and Brian D. Patchett3 
 

1 Department of Physics and Astronomy, Brigham Young University, Provo, Utah 84602. 

icbacon@byu.edu, cedobbs@byu.edu 

2 Department of Mechanical Engineering, Brigham Young University, Provo, Utah 84602. 

matt.allen@byu.edu 

 
3 Department of Physics, Utah Valley University, Orem, Utah 84058. 

brian.patchett@uvu.edu 
 



132 

Chapter 7   A Generalized Radiation Resistance Matrix 

This chapter is an initial development of a generalized radiation resistance (𝐑) matrix, built 

on the work presented in Chs. 3 and 4. The analytical 𝐑 matrices established for simple geometries 

serve as a foundation for approximating more complex structures. The chapter demonstrates how 

these established 𝐑 matrices can effectively approximate complex structures due to the similarities 

in their acoustic radiation modes (ARMs). 

The similarity of acoustic radiation modes across different geometries suggests that sound 

power could potentially be estimated using a generalized 𝐑 matrix. The primary goal is to design 

this generalized 𝐑 matrix, which can be adapted for any surface once the distances between 

elements are determined. 

As proof of concept, the chapter provides an example of using 𝐑 matrices for a flat plate to 

approximate a simply curved plate. The VBSP method, as demonstrated in Ch. 4, effectively 

utilizes this approach. Initially, the curvature in radiating structures complicates the basis functions 

used to describe acoustic radiation, leading to increased computational time for generating each 𝐑 

matrix entry. 

Finally, this chapter addresses these challenges by exploring methods to reduce computational 

demands and extend the applicability of the VBSP method to more complex radiating structures. 

Further strategies for reducing computational demands in constructing the 𝐑 matrix is discussed 

later in Unit 3. 
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Unit 3 

Symmetry Enhancements for Sound Power Computation 

This unit addresses methods for efficiently constructing radiation resistance (𝐑) matrices by 

leveraging symmetries present in the acoustic reciprocity of Green’s functions. The primary goal 

is to reduce the computational demand, particularly as the basis functions become more complex 

or as scans become denser to accommodate larger structures or higher frequencies. 

Currently, the temporal demand, 𝜏, for constructing 𝐑 matrices vary depending on the 

geometry: 

𝜏flat < 𝜏curved < 𝜏cylinder. 

𝜏flat is relatively low because 𝐑𝐟𝐥𝐚𝐭 requires a single sinc function computation. 𝜏curved is longer, 

requiring up to ten terms (or less) due to the asymptotic expansion discussed in Ch. 3 for 𝐑𝐜𝐮𝐫𝐯𝐞𝐝. 

𝜏cylinder is significantly longer, as each entry of 𝐑𝐜𝐲𝐥𝐢𝐧𝐝𝐞𝐫 requires summing an infinite series of 

Hankel functions. 

      One approach for reducing computational time is through symmetry. Since the 𝐑 matrix is 

symmetric, these symmetries can simplify matrix construction. Chapters 8 and 9 discuss different 

types of symmetries found in these 𝐑 matrices and their practical implications. These 

advancements have broader potential applications in other areas of acoustics that rely on the 

Kirchoff-Helmholtz integral theorem (KHIT). 
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Chapter 8   Symmetry in Baffled R Matrices 

8.1   Introduction 

This chapter is based on a peer-reviewed manuscript published in the Journal of the Acoustical 

Society of America Express Letters. This research began with Trent Bates and John Ebeling’s 

initial work, which used color-coding to highlight patterns within the square symmetric 𝐑 matrix 

from experimental data. Building on these preliminary efforts, I identified these patterns as 

Toeplitz symmetry. This crucial discovery simplifies the computational process by requiring only 

a single line of the 𝐑 matrix rather than the entire matrix to be computed, and then using symmetry 

to enhance the efficiency of sound power computations significantly, achieving excellent results. 

This research marks a significant advancement in the VBSP method, particularly by enabling 

higher density scans of large, baffled structures and those involving higher frequencies, through 

the efficient processing capabilities provided by the discovered Toeplitz symmetry. 

 

** As co-first author, I was deeply involved in drafting the manuscript. My key contribution was 

identifying the Toeplitz symmetry within the 𝑹 matrix, which was essential for simplifying the 

computational process. Additionally, I obtained the experimental data used in this work. After 

Ebeling’s initial draft, I took the lead following his graduation—completing the revisions, 

enriching the literature review, and successfully guiding the paper to publication. ** 
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Chapter 9   Symmetry in Unbaffled R Matrices and KHIT 

This work presents advancements in computational analysis of acoustic radiation problems 

involving the Kirchhoff-Helmholtz integral theorem and Green’s functions using matrix 

symmetry. Radiation resistance matrices for both baffled and unbaffled flat plates are used to 

showcase these symmetries. By identifying and utilizing symmetries such as translational 

(Toeplitz), reflection (bisymmetry), and rotational (centrosymmetry), the number of unique 

computations required is drastically reduced, enhancing efficiency. For unbaffled flat plates, four 

layers of symmetry are identified, reducing the computational cost to compute the full matrix. 

Practical applications are demonstrated with different discretization methods for circular plates, 

highlighting trade-offs between computational efficiency and geometric accuracy. The impact of 

element selection and arrangement in baffled circular plates reveals the benefits and complexities 

of using voussoirs versus a rectangular element mesh. An approach to extend the rectangular mesh 

beyond the circular plate to create a double-layered Toeplitz matrix is proposed, further 

simplifying computations. These symmetries enable efficient compression and subsequent 

reconstruction of the resistance matrix. High-performance computing and parallelization 

techniques are suggested to further optimize acoustic simulations. 
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9.1   Introduction 

Green’s functions are essential tools in acoustics for describing the response of an acoustic 

system to a monopole source. These functions play a crucial role in the Kirchhoff-Helmholtz 

integral theorem (KHIT), a powerful theorem applicable to arbitrary surfaces with extensive 

applications in acoustics. The KHIT can represent the total pressure field, accounting for boundary 

surfaces that contribute to the field as a vibrational boundary condition. 

The KHIT has several applications, including acoustic radiation problems, scattering and 

reflection, mutual interaction between acoustic sources and enclosed spaces, and fluid loading 

effects on vibrating structures. KHIT is also used to determine the resonance frequencies and mode 

shapes of arbitrarily enclosed fields, near-field acoustical holography (NAH) for arbitrary 

geometries, in the Boundary Element Method (BEM) for numerical analysis of systems, and the 

equivalent sources method [19], [20], [24], [31]. 

KHIT is based on Green’s function in free space: 

𝐺𝜔(𝐫|𝐫𝟎) =
𝑒𝑗𝑘|𝐫−𝐫𝟎|

4𝜋|𝐫 − 𝐫𝟎|
, (9.1) 

where |𝐫 − 𝐫𝟎| is the distance between the source location 𝐫𝟎 and the receiver location 𝐫 and k is 

the acoustic wavenumber. The superposition principle enables the use of Green’s functions to 

determine the sound field solutions for multiple point sources of varying amplitudes [29], thus 

requiring a matrix of source/receiver distances. The distance matrix is clearly an integral part of 

general computations using the free-space Green’s function. This distance metric is also 

fundamental in constructing the radiation resistance matrix, which allows the computation of 

acoustic pressure and sound power radiated by vibrating structures.  
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Regardless of the characteristics of a surrounding medium, a fundamental property of Green’s 

functions is the reciprocity relation  

𝐺𝜔(𝐫|𝐫𝟎) = 𝐺𝜔(𝐫𝟎|𝐫), (9.2) 

which reflects the symmetry in the distance between the source and receiver locations [29], [37], 

[38]. 

Many KHIT applications can be computationally demanding due to factors such as high 

dimensionality, matrix inversion, complex geometries, discretization, and coupling between 

elements. To reduce computation time while preserving accuracy researchers have employed high-

performance computing (HPC) techniques and leveraged physical symmetry. Czuprynski [13] 

identified a block circulant symmetry that arises when the boundary surface is rotationally 

symmetric. Additional symmetry can also be found in the distance matrix due to the reciprocity 

requirement. For example, Ebeling et al. [17] revealed a layer of symmetry arising from the 

reciprocity relationship in the Green’s functions, which is manifest in the radiation resistance 

matrix. 

This chapter explores types of symmetries that can be found in KHIT applications due to 

acoustic reciprocity, with a focus on the radiation resistance matrix for various geometries. This 

chapter also demonstrates how these symmetrical patterns can be utilized to simplify computations 

and enable efficient compression and reconstruction of the matrix. In the context of KHIT, 

exploiting these symmetrical properties enhances our ability to predict sound fields accurately. For 

the example of a baffled circular plate, the impact of element selection and arrangement of the 

resistance matrix is also discussed, along with how the choice of elements can introduce different 

symmetry considerations, thereby simplifying or complicating a problem. 
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By understanding these symmetries, their implications, and potential pitfalls, researchers can 

optimize their analyses and enhance their understanding of complex systems. This chapter aims to 

highlight the practical benefits of these symmetries, demonstrating how they can lead to significant 

computational efficiencies in acoustics. 

9.2   Review of R Matrices and the Role of Symmetry 

The radiation resistance matrix (𝐑) is a mathematical tool that captures the real part of the 

relationship between structural vibrations and the resulting sound pressures produced [2], [5]. This 

matrix serves as a bridge, mapping the surface normal velocities, which describe the motion of 

different points on a structure, to the acoustic pressures they generate. The 𝐑 matrices encode the 

specific set of orthogonal basis functions that describe the acoustic radiation produced from each 

of these geometries. 

The 𝐑 matrix has practical applications in radiation problems. For instance, it is used in the 

vibration-based sound power (VBSP) method [6], which involves complex surface vectors, 𝐯𝐞, 

containing all the measured element velocities from the vibrating structure. The frequency-

dependent sound power 𝛱(𝜔) can be calculated using the following expression [19] 

𝛱(𝜔) = 𝐯𝐞
𝐻(𝜔)𝐑(𝜔)𝐯𝐞(𝜔), (9.3) 

where the italicized characters denote scalars and bold-faced characters denote matrices. 
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For reference, a baffled flat plate discretized into 𝑁 element radiators have a 𝐑 matrix given 

by: 

𝐑(𝜔) =
𝜔2𝜌0𝐴𝑒

2

4𝜋𝑐

[
 
 
 
 
 
 
 1

sin 𝑘𝑑12

𝑘𝑑12
⋯

sin 𝑘𝑑1𝑁

𝑘𝑑1𝑁

sin 𝑘𝑑21

𝑘𝑑21
1 ⋱ ⋮

⋮ ⋱ ⋱ ⋮
sin 𝑘𝑑𝑁1

𝑘𝑑𝑁1
… … 1

]
 
 
 
 
 
 
 

, (9.4) 

where 𝜔 is a given frequency, 𝜌0 is the fluid density surrounding the vibrating surface, 𝐴𝑒 is the 

area of a single radiator, 𝑐 is the speed of sound in the surrounding fluid, and 𝑘 is the acoustic 

wavenumber [7], [18], [28]. 

As demonstrated in Eqn. 9.4, the distance matrix 𝐝 is a crucial role in the formation of the 𝐑 

matrix, which is derived from the analytical Green’s function. This matrix, 𝐝, connects the 

pressures across the surface of each geometrical shape to the radiating elements. While these 

elements are approximations, they become exact when limited to a point source [19]. Equal-sized 

elements are created around each scan point where the velocity was measured, with the scan points 

lying at the center of each element.  

Comparison of the 𝐑 matrices for three geometries illustrates how symmetry originates from 

𝐝. First, the entries for 𝐝 in the baffled flat plate are computed using the Euclidean distance metric: 

𝑑𝑖𝑗 = √(𝑥𝑗,1 − 𝑥𝑖,1)
2
+ (𝑥𝑗,2 − 𝑥𝑖,2)

2
= ‖𝐱𝒋 − 𝐱𝒊‖ (9.5) 

where 𝑥𝑖,1 and 𝑥𝑖,2 represent the x- and y-coordinates of the center of the 𝑖th element, respectively, 

and 𝑥𝑗,1 and 𝑥𝑗,2 represent the x- and y-coordinates of the center of the 𝑗th element, respectively 

[17]. The symmetric property of the 𝐝 matrix leads to symmetry 𝐑 matrix (Eqn. 9.4). 
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The entries for the radiation resistance matrix for a full cylinder are given by [3], [23]: 

𝑅cyl,𝑝𝑞 =
𝜔𝜌0𝑆𝑒

2

2𝜋2𝑎
∑ cos[𝑚(𝜃𝑝 − 𝜃𝑞)]∫

1

𝑘𝑟
Im {

𝐻𝑚
(2)(𝑘𝑟𝑎)

𝐻𝑚
(2)′(𝑘𝑟𝑎)

} cos[𝑘𝑧(𝑧𝑝 − 𝑧𝑞)] 𝑑𝑘𝑧

𝑘

0

∞

𝑚=0

, (9.6) 

where the entries for the 𝐝 matrix come from the angular distance ∆𝜃𝑝𝑞 = 𝜃𝑝 − 𝜃𝑞 and the axial 

distance ∆𝑧𝑝𝑞 = 𝑧𝑝 − 𝑧𝑞 as 𝑑𝑝𝑞 = √(∆𝑧𝑝𝑞)2 + 𝑎2(∆𝜃𝑝𝑞)2 between any two points along the 

surface of the cylinder at 𝑟 = 𝑎. 

The entries for the 𝐑 matrix for a partial cylinder or simply curved plate similarly depend on 

the path between points along the surface. The distance traversed across the curved surface is 

𝜂𝑝𝑞 = √(∆𝑧𝑝𝑞)2 + 𝑎2(∆𝜃𝑝𝑞)2 and the angle between the direction of propagation and the cylinder 

axis is 𝜓 = tan−1 (
∆𝑧𝑝𝑞

𝑎𝜙
) [5]. For the partial cylinder or simply curved plate, where 𝑎 is the plate’s 

radius. The effects of the curved surface geometry and the propagation direction on the pressure 

are encapsulated in the hard Fock coupling function 𝑉(𝜉), where the real argument 𝜉𝑝𝑞 =

𝜂𝑝𝑞[𝑘cos4𝜓/(2𝑎2)]1/3. More information on the hard Fock coupling function can be found in 

Sec. 3.12. The path also impacts the phase delay and amplitude decay as 
𝑒−𝑗𝑘𝜂𝑝𝑞

𝜂𝑝𝑞
 due to the 

distance 𝜂𝑝𝑞 traversed across the curved surface. The entries of the resistance matrix for a curved 

plate are given by 

𝑅𝑝𝑞 = −
𝜔𝜌0𝑆𝑒

2

4𝜋
Im{𝑉(𝜉𝑝𝑞)

𝑒−𝑗𝑘𝜂𝑝𝑞

𝜂𝑝𝑞
} . (9.7) 

Once a 𝐝 matrix is chosen and the form of 𝐑 is established for the chosen geometry, the high 

computational costs of estimating the 𝐑 matrix depend on the selected grid. Firstly, the 𝐑 matrix 

must be computed for every frequency of interest. The number of elements increases the size of 

the 𝐝 matrix and, therefore, the 𝐑 matrix. For example, a 𝑛 𝑥 𝑛 grid of elements would yield a 
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𝑛2 𝑥 𝑛2 𝐝 matrix to account for the effect of each element radiator on every other element radiator. 

When time is a constraint, the element grid size is a limit not only for the VBSP method but also 

for any KHIT application. 

The number of elements varies according to the size and shape of the structure along with the 

frequency of interest, the acceptable tolerance or uncertainty level, and the appropriate order for 

interpolating polynomials or elements. Marburg’s study [32] highlights two key factors in 

determining the right number of elements per wavelength: setting an acceptable tolerance or 

uncertainty level and choosing the appropriate order for interpolating polynomials or elements. 

After careful consideration, it was found that six elements per wavelength worked well for this 

research, especially for achieving Precision (Grade 1) sound power measurements from a flat plate 

using linear elements [5], [8], [17]. Because the requirement is in terms of elements per 

wavelength, higher frequencies require a denser grid for accurate estimation, which increases both 

the size of the 𝐝 matrix and computation time. 

One approach to improve computational efficiency is to exploit symmetry of the system. As 

a fundamental characteristic of many objects [44], symmetry serves as a pre-attentive feature [4]. 

For example, symmetry guides visual attention as a person focuses on and identifies the 

fundamental components that cannot be decomposed into simpler features [43]. Symmetry 

enhances the recognition and reconstruction of shapes and objects. By choosing symmetry as the 

feature of interest for vibrating structures, radiation resistance matrices, 𝐑, may be constructed 

more efficiently. This approach allows 𝐑 to be represented with fewer entries, effectively reducing 

its dimensionality and, thus, reducing its computation time [44]. 

In the next sections, three specific types of symmetries are discussed—bisymmetry, 

centrosymmetry, and Toeplitz symmetry—that are often encountered in physical systems and have 
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significant implications for simplifying mathematical analysis and computational modeling. These 

symmetries can simplify KHIT applications involving Green’s functions and acoustic reciprocity. 

9.3   Reflection Symmetry and Bisymmetric Matrices 

Bisymmetry refers to the presence of two planes or axes of symmetry within a structure. 

Bisymmetry means that the object or system remains invariant under reflection across two 

orthogonal planes or rotation about two perpendicular axes. Bisymmetric matrices are very useful 

in engineering and statistics [9] and numerical analysis [33], and others. These matrices can be 

particularly relevant when analyzing the physical symmetry of a vibrating structure or the 

vibrational patterns and sound radiation of certain structures [13]. 

A classic example of bisymmetry is the rectangular flat plate, which exhibits symmetry about 

both its horizontal and vertical centerlines. When such a plate vibrates, its motion and the resulting 

sound radiation patterns are influenced by this dual symmetry. Each half of the plate mirrors the 

other across the central axes, leading to predictable and repeatable patterns of acoustic radiation. 

The presence of bisymmetry simplifies the mathematical analysis and computational 

modeling of these structures. In a bisymmetric structure, the properties and behavior of one 

quadrant can be used to infer the properties and behavior of the other three quadrants. This 

symmetry significantly reduces the computational effort required to analyze the entire system. For 

instance, in the computation of the 𝐝 matrix, recognizing bisymmetry allows for the reduction in 

the number of unique computations needed. Instead of calculating the entire matrix from scratch, 

only the elements in one quadrant need to be determined, and the remaining elements can be 

derived by applying the symmetry transformations. 
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By leveraging these symmetries, the computational burden is greatly reduced, making it 

feasible to conduct high-fidelity acoustic analyses with fewer resources. To explicitly state the 

condition for bisymmetry, consider a square matrix 𝐁 of order 𝑛. 𝐁 is bisymmetric if the entries 

𝐵𝑖𝑗 satisfy the condition: 

𝐵𝑖𝑗 = 𝐵𝑗𝑖 and 𝐵𝑖𝑗 = 𝐵𝑛+1−𝑗,𝑛+1−𝑖 ∀ 𝑖, 𝑗. (9.8) 

Thus, 𝐁 must be symmetric with respect to both its main diagonal and its anti-diagonal [41]. 

While bisymmetry specifically pertains to two planes of symmetry, other forms of symmetry 

also contribute to computational efficiencies in different geometries: 

• A rectangular plate typically requires 1/4 of the elements on one side to compute the 

distances in the distance matrix. 

• A square plate, due to its equal major and minor axes, may require only 1/8 of the elements 

for the same purpose. 

• A circular plate necessitates only a single radius of elements to obtain the unique entries of 

the distance matrix due to its radial symmetry. 

These reductions in computation, although not strictly due to bisymmetry, reflect the broader 

advantages of symmetrical properties in various structures, as illustrated in Fig. 9.1. Symmetry not 

only simplifies the analysis but also allows for significant computational savings, enabling more 

complex and realistic simulations to be performed. 

 

Figure 9.1: An illustration depicting the unique portion of a rectangle, square, and circle. 
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9.4   Rotational Symmetry and Centrosymmetric Matrices 

The reflection symmetry in the previous section was only considering the physical structure. 

When considering the acoustic signature from vibrating flat plates, the radiation may appear 

baffled or unbaffled depending on frequency of interest. For the case of unbaffled radiation, the 

flat plate now becomes a two-sided radiation problem making its 𝐝 matrix more complex. The 

unbaffled flat plate has an additional symmetry within the distance matrix that helps reduce 

computation time. 

This section investigates the mutual influence between the front and back sides of both square 

and rectangular plates. Regardless of the plate geometry, the 𝐝 matrix is a square symmetric matrix. 

This symmetry arises from considering all possible combinations between elements across the 

surface. The 𝐝 matrix now accounts for paths around all four sides of the unbaffled flat plate, 

selecting the shortest path between any two points as the most influential within the 𝐝𝐅𝐁 and 𝐝𝐁𝐅 

matrices. Here, the subscripts “FB” and “BF” denote the front-on-back and back-on-front cases, 

respectively. 

Rotational symmetry of the unbaffled plate appears as centrosymmetry in the 𝐑 matrix. 

Centrosymmetry or “inversion” symmetry [36], means the matrix remains unchanged when 

inverted through a central point, as illustrated in Fig. 9.2. Equation 9.9 provides examples of 

centrosymmetric matrices with both even and odd numbers of entries [42]:  

[
𝑎 𝑏
𝑏 𝑎

]     and   [
𝑎 𝑏 𝑐
𝑑 𝑒 𝑑
𝑐 𝑏 𝑎

] .  (9.9) 
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To explicitly state the condition that checks if a matrix is centrosymmetric, consider a square 

matrix 𝐂 of order 𝑛. 𝐂 is centrosymmetric if the entries 𝐶𝑖𝑗 satisfy the condition: 

𝐶𝑖𝑗 = 𝐶𝑛−𝑖+1,𝑛−𝑗+1 ∀ 1 ≤ 𝑖, 𝑗 ≤ 𝑛. (9.10) 

 

Figure 9.2: An illustration depicting the centrosymmetry or inversion symmetry about the central 

element. (Author generated; image inspired by Quartl, CC BY-SA 3.0 

<https://creativecommons.org/licenses/by-sa/3.0>, via Wikimedia Commons) 

For the unbaffled plate 𝐑 matrix, there are two layers of rotational symmetry in the 𝐝 matrix. 

This multi-layer centrosymmetry within the 𝐝𝐅𝐁 and 𝐝𝐁𝐅 matrices are illustrated in Fig. 9.3. The 

first layer of symmetry within each block of the 𝐝 matrix reveals the rotational symmetry around 

the center of oscillation. The center of oscillation is either the vertical or horizontal centerline of 

the flat plate, depending on the way the user indexes the discretized elements. The second layer of 

symmetry within the entire 𝐝 matrix highlights the rotational symmetry of the elements around the 

center of the plate. 
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Figure 9.3: A double-layered centrosymmetric pattern is observed in the 25 x 25 𝐝𝐅𝐁 and 𝐝𝐁𝐅 

matrices for a square flat plate, assuming constant grid spacing. The first layer of symmetry within 

the blocks indicates symmetry about the vertical centerline of the flat plate. The second layer of 

symmetry within the entire matrix shows inversion symmetry around the central element of the 

plate. The symmetries are evident when any element or block in the matrix is visually rotated by 

180° around the central element or block, resulting in identical configurations. 

Centrosymmetry is characteristic of systems with rotational invariance, where structures 

maintain symmetry about their equilibrium positions (e.g., beams, plates, and shells). This 

symmetry is observed in various fields such as linear least-squares problems [11], time series 

analysis [40], quantum mechanics [25], optics [45], and Markov processes [14]. In addition to this 

work on acoustic radiation resistance matrices, other acoustic examples include underwater 

acoustic arrays [35] and power transfer matrices [19]. 



163 

When the unbaffled flat plate vibrates, it displaces from its equilibrium position and oscillates 

around this central position. Since the structure exhibits symmetry about the center of the plate 

and the center of oscillation, the matrix describing its motion possesses centrosymmetry. This 

symmetry arises from the structure’s balanced geometry, ensuring that the matrix remains 

unchanged when its elements are mirrored across the equilibrium point. Therefore, the distance 

relationships between the elements exhibit centrosymmetric properties, meaning the 𝐝 matrix itself 

is centrosymmetric. 

Centrosymmetric matrices have useful properties that are particularly important in the study 

of structural vibration and acoustic radiation problems. They have real eigenvalues and orthogonal 

eigenvectors, which can be used to analyze the motion and acoustic radiation of a structure, helping 

to understand its behavior under different conditions. 

There are many numerical methods for solving centrosymmetric matrices, making them easier 

to analyze and solve in practice than a brute force method that requires computation of the entire 

matrix. For example, since this unbaffled flat plate exhibits centrosymmetry, the number of 

degrees of freedom needed to describe its motion can be significantly reduced. Specifically, the 

number of degrees of freedom can be cut in half, as the plate has two lines of symmetry that 

intersect at its center. Half as many variables is needed to describe the plate’s motion, simplifying 

the analysis and making it easier to identify key features of the plate’s behavior. A set of two-

dimensional coordinates can describe the motion of one quadrant, and the plate’s symmetry can 

be used to infer the motion of the other three quadrants. 

The implications of centrosymmetric matrices are substantial. For one layer of symmetry, the 

total number of computations needed is potentially reduced by up to 50%. For the case of double-

layer symmetry, a reduction of up to 75% of the total number of computations is achieved [16]. 
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9.5   Translational Symmetry and Toeplitz Matrices 

Toeplitz symmetry has been applied to accelerate acoustic computations in various contexts. 

Jelich et al. [26] used block Toeplitz symmetry for efficient problem-solving with multiple right-

hand sides. Ebeling et al. [17] explored Toeplitz symmetry within the 𝐑 matrix for baffled plates, 

finding that these structures exhibit a Toeplitz symmetry when the number of elements is 

consistent across rows and columns. This symmetry significantly reduced computational 

requirements for acoustic radiation analysis and 𝐑 matrix construction. However, despite 

efficiency gains for curved structures, baffled flat plates showed no appreciable computational 

savings, as the time needed for matrix reconstruction was comparable to that required for 

computing sinc(𝑥) basis functions [17]. 

Building on Ebeling’s work [17], this section focuses on unbaffled plates where the influence 

of elements on the front and back sides of a square or rectangular plate must be accounted for. The 

distance between any two points on either side of the plate is determined by Eqn. 9.5 which implies 

the classical matrix symmetry of the 𝐝 matrix [39]. This holds true between any two x-coordinates 

and any two y-coordinates. As a result, there are two layers of translational invariant symmetries—

one vertical and one horizontal—leading to Toeplitz symmetry in the 𝐝𝐅𝐅 and 𝐝𝐁𝐁 matrices. The 

subscripts “FF” and “BB” denote the front-on-front element and back-on-back element cases, 

respectively. 

Toeplitz symmetry features matrices where each diagonal has the same value, as shown in 

Fig. 9.4. This symmetry arises in systems with translational invariance and is a special case that is 

both bisymmetric and centrosymmetric. To explicitly state the matrix equation that checks if a  
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matrix is Toeplitz, consider a square matrix 𝐓 of order 𝑛. 𝐓 is Toeplitz if and only if the entries 𝑇𝑖𝑗 

satisfy the condition: 

𝑇𝑖𝑗 = 𝑇𝑖+1,𝑗+1 ∀ 𝑖, 𝑗. (9.11) 

Toeplitz matrices are widely used in fields such as pattern recognition, speech analysis, 

antenna theory, linear prediction, communication theory, linear systems, and convolutional neural 

networks [10], [15], [21], [34]. Their repetitive structure, where all unique information can be 

found in a single row or column of the matrix, allows for efficient algorithms that exploit these 

symmetries, significantly speeding up computations like matrix inversion and leading to 

substantial performance improvements [22]. 

For radiation resistance matrices, every unique value of the 𝑛2 𝑥 𝑛2 𝐝 matrix is present on the 

first row of that matrix (refer to Fig. 9.4) [17]. Thus, only the first row needs to be computed and 

stored; the rest of the matrix can be reconstructed using the double-layered Toeplitz symmetry, 

reducing the number of computations from 𝑛4 to 𝑛2. This significantly decreases the 

computational effort required for high-fidelity acoustic analysis of vibrating structures. Similar 

applications of these symmetries can be found in other KHIT applications. 
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Figure 9.4: A double-layered Toeplitz pattern is found within the 25 x 25 𝐝𝐅𝐅 and 𝐝𝐁𝐁 matrices 

for a square flat plate, assuming constant grid spacing. The x-coordinate distances between any 

two element radiators exhibit Toeplitz symmetry within each block (constant values along each 

diagonal), while the y-coordinate distances reveal Toeplitz symmetry between blocks in the entire 

matrix (constant values along each block diagonal). 

9.6   Unbaffled Flat Plate Radiation Resistance Matrix 

The previous three sections have described the reflection (Sec. 9.3), rotational (Sec. 9.4), and 

translational (Sec. 9.5) symmetries. This section combines the effects of all symmetries to obtain 

the radiation resistance matrix. These symmetries are directly tied to the distances between all  

 

 



167 

elements on the plate. The complete distance matrix for an unbaffled flat plate can take the form 

of 

𝐝𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝(𝜔) = [
𝐝𝐅𝐅(𝜔) 𝐝𝐅𝐁(𝜔)

𝐝𝐁𝐅(𝜔) 𝐝𝐁𝐁(𝜔)
] .  (9.12) 

Figure 9.5 illustrates an example of 𝐝𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 for an unbaffled flat plate. 

The SLDV measurements yield velocity vectors which include the velocities of the front side 

of the plate, 𝐯𝐞,𝐅𝐅, and the velocities of the back side of the plate, 𝐯𝐞,𝐁𝐁. The velocity vector, 𝐯𝐞,𝐅𝐅, 

is obtained by measuring the surface velocity of only the front side of the structure. The velocity 

vector, 𝐯𝐞,𝐁𝐁, is obtained by taking 𝐯𝐞,𝐅𝐅 and multiplying it by -1, thus inverting the phase by 180°. 

The sound power expression to be solved for every frequency using these velocity vectors. 

Using the matrix in Eqn. 9.12, Eqn. 9.3 becomes 

𝛱(𝜔) = [
𝐯𝐞,𝐅𝐅(𝜔)

𝐯𝐞,𝐁𝐁(𝜔)
]

𝐻

[
𝐑𝐅𝐅(𝜔) 𝐑𝐅𝐁(𝜔)

𝐑𝐁𝐅(𝜔) 𝐑𝐁𝐁(𝜔)
] [

𝐯𝐞,𝐅𝐅(𝜔)

𝐯𝐞,𝐁𝐁(𝜔)
] .  (9.13) 

Eqn. 9.13 holds for any unbaffled plate and can be used to understand the advantages of 

symmetry that come from acoustic reciprocity and the Euclidean distance. As an example, for a 

𝑛 𝑥 𝑛 grid of elements, the total number of computations to construct 𝐝𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 for a single 

frequency is 4𝑛4. Utilizing the Toeplitz symmetry, 𝑛2 unique computations are required for both 

𝐝𝐅𝐅 and 𝐝𝐁𝐁. The centrosymmetry reduces the number of unique computations for both 𝐝𝐅𝐁 and 

𝐝𝐁𝐅 to 
1

2
(𝑛2 + 𝑛%2), where the modulo operator (%) yields the remainder after division of 𝑛 by 

2. Altogether, these symmetries reduce the number of computations for 𝐝𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 from 4𝑛4 to 

2[𝑛2 +
1

2
(𝑛2 + 𝑛%2)], which simplifies to 3𝑛2 + 𝑛%2. This approach reduces quartic growth 

with increasing 𝑛 to quadratic growth when constructing the 𝐑 matrix. 
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Finally, if the same element mesh is used for a band of frequencies, the 𝐝 matrix only needs 

to be computed once. This matrix can then be used for constructing the 𝐑 matrix for any of the 

frequencies in the bandwidth instead of redundant computing. 

 

Figure 9.5: A 162 x 162 𝐝𝐮𝐧𝐛𝐚𝐟𝐟𝐥𝐞𝐝 matrix displaying the four 81 x 81 𝐝 matrices from Eqn. 9.12 

for a 9 x 9 grid of elements used for an unbaffled flat plate. This form of the 𝐝 matrix was used to 

compute sound power using Eqn. 9.13. 

To illustrate an additional benefit, consider the lumped-parameter model developed by 

Fahnline and Koopman [30] to compute sound power. When an unbaffled flat plate is modeled 

using dipole sources, their lumped parameter formulation produces a Toeplitz radiation resistance 

matrix. The application of the symmetry as described in this section, would reduce the number of 

computations required to construct the 𝐑 matrix from Ref. [30]. 
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9.7   Impact of Element Selection and Arrangement 

The previous sections have been developed for a flat rectangular plate. For rectangular plates, 

the element selection can either be column-wise or row-wise and yield the same 𝐑 matrix. For a 

baffled circular plate, however, the selection and arrangement of elements in the discretization 

significantly impacts the form and computational complexity of the 𝐑. Different discretization 

schemes introduce varying symmetrical considerations that can either simplify or complicate the 

problem. This section examines the impact of these choices, focusing on voussoirs with equal-area 

elements and rectangular elements in a lattice form. 

When discretizing a circular plate using voussoirs or rings with equal-area elements [1], the 

number of elements grows in each concentric ring, leading to a unique structure in the 𝐝 matrix as 

seen in Fig. 9.6a. This approach ensures an even distribution of elements across the plate’s surface, 

closely approximating its geometry. However, the growing number of elements in each ring alters 

the matrix’s form as seen in Fig. 9.6b. 

The overall 𝐝 matrix remains square and symmetric. The diagonal blocks exhibit Toeplitz 

symmetry due to the equidistance of elements in the same ring, where each diagonal has the same 

value. The size of these blocks increases with the number of elements in each ring. Off-diagonal 

blocks display a combination of bisymmetry, centrosymmetry, and varying degrees of block 

circulant symmetry, depending on the relative positions of the source and receiver elements in 

different rings. These single-layer symmetries within the blocks can significantly reduce the 

number of unique computations required to construct the 𝐝 matrix. However, the complexity of 

managing these symmetries increases as the number of rings grows. 
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Figure 9.6: (a) A circular plate discretized into 126 voussoir elements. The numbers are used to 

identify the number of elements within each ring. (b) The 126 x 126 𝐝 matrix for this circular plate. 

The diagonal blocks are Toeplitz due to the symmetry within each ring. The off-diagonal blocks 

have centrosymmetry, bisymmetry, and block-circulant symmetry within them. 

Alternatively, discretizing the circular plate using rectangular elements [27] in a lattice form 

offers a different set of advantages and trade-offs. Although this method does not fill the circular 

area as accurately as the voussoir approach, it introduces a more manageable symmetry as seen in 

Fig. 9.7a. The resulting 𝐝 matrix shown in Fig. 9.7b exhibits double-layered centrosymmetry, 

reducing the number of computations by approximately 75%. This symmetry simplifies the 

placement of elements within the matrix. The rectangular elements can be made smaller to better 

fit the circular area, balancing computational savings and approximation accuracy. The reduction 

in unique entries allows for more elements to be included, so smaller rectangular elements can be 

used to better fill the circular plate. 
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Figure 9.7: (a) A circular plate discretized into 210 rectangular elements. The dots represent the 

element centers. (b) The 210 x 210 𝐝 matrix for this circular plate using the rectangular 

discretization. The diagonal blocks are Toeplitz due to the symmetry within each row or column. 

This 𝐝 matrix now has double-layered centrosymmetry. This symmetry comes from the centerline 

and central point of the plate. 

The choice between voussoirs and rectangular elements depends on the specific requirements 

of the analysis. The double-layered centrosymmetry of the rectangular element array provides 

substantial computational savings, making it a suitable choice for scenarios where computational 

resources are limited. The voussoir method offers a more accurate representation of the circular 

plate’s geometry, which may be critical for high-fidelity simulations, but introduces more complex 

symmetry considerations that can complicate the computational process. Managing the 

symmetries within the voussoir-based 𝐝 matrix requires careful handling of multiple layers of 

symmetry, while the simpler symmetry of the rectangular element array makes it easier to 

implement and exploit. 
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Another option is to allow the rectangular grid of elements to exceed the circular plate creating 

a square grid around the circular plate, where the elements outside the plate have an associated 

area but zero velocities since they are not on the vibrating plate. This approach enables the 

construction of an entirely double-layered Toeplitz 𝐑 matrix, simplifying the computational 

process. This approach works well when dealing with elements on the plate, as the zero velocities 

for elements off the plate ensure their contributions to the power equation 𝐯𝐞
𝐇𝐑𝐯𝐞 are nullified. 

However, special care must be taken when handling the coupling terms between elements on the 

plate with a velocity and elements off the plate with an area. 

For the elements located off the plate, the velocities can be set to zero, effectively removing 

the influence of their self-resistance from the power computation. The challenge arises due to the 

mutual impedance with elements on the plate, which are still included in the 𝐑 matrix. Specifically, 

the off-plate elements still possess an area, leading to non-zero coupling terms when considering 

the pressure produced by elements on the plate. 

To handle the mutual impedances, the contributions of these off-plate elements must be 

systematically omitted from the calculations. One effective way to achieve this is to zero out the 

corresponding entries in the 𝐑 matrix relating to these off-plate elements. This ensures that no 

coupling pressure from on-plate elements to off-plate elements is included in the computation, 

maintaining the integrity of the double-layered Toeplitz symmetry while accurately representing 

the physical scenario. 

By carefully managing these entries, the computational benefits of the Toeplitz symmetry can 

be fully leveraged without compromising the accuracy of the acoustic analysis. This method allows 

for a more streamlined and efficient construction of the 𝐑 matrix, ensuring that only relevant 



173 

contributions are considered in the sound power computations. A similar approach can be taken 

for elliptical plates, using a square or rectangular grid with similar results. 

The impact of element selection and arrangement on the baffled circular plate 𝐑 matrix 

highlights the trade-offs between computational efficiency and geometric accuracy. Voussoirs 

provide a closer approximation of the circular geometry but introduce complex symmetry 

considerations, while square elements offer significant computational savings through double-

layered centrosymmetry. Depending on the acceptable degree of tolerance and the specific goals 

of the analysis, one method may be more advantageous than the other. By understanding these 

trade-offs and leveraging the appropriate symmetries, researchers can optimize the construction of 

the 𝐑 matrix to achieve accurate and efficient acoustic simulations. 

9.8   Conclusions 

Computational analysis of radiation resistance matrices for baffled and unbaffled flat plates 

has been significantly advanced by identifying and leveraging various symmetries. The research 

highlights the use of Toeplitz, bisymmetry, and centrosymmetry within these matrices to 

drastically reduce the number of unique computations required. The practical applications of these 

symmetries were demonstrated using different discretization methods for circular plates, revealing 

the trade-offs between computational efficiency and geometric accuracy. 

In the case of an unbaffled flat plate, four layers of symmetry were identified within the 𝐑 

matrix. These symmetries reduced the computational burden from 4𝑛4 to 3𝑛2 + 𝑛%2 for a single 

frequency, showcasing a remarkable improvement in efficiency. This foundational work paves the 

way for more advanced techniques, such as high-performance computing and parallelization, to 

further optimize acoustic simulations. 



174 

The impact of element selection and arrangement in baffled circular plates was also explored. 

Discretizing a circular plate with voussoirs offers a precise geometric approximation but 

introduces complex symmetries, including Toeplitz and block circulant symmetries, within the 

matrix’s diagonal and off-diagonal blocks. While these symmetries reduce the number of unique 

computations, they also increase the complexity of managing the matrix as the number of elements 

grows. 

Alternatively, using rectangular elements in lattice form results in a double-layered 

centrosymmetric matrix. This method does not fill the circular area as accurately but simplifies the 

computational process by reducing the number of required computations by approximately 75%. 

The trade-off between computational efficiency and geometric accuracy becomes evident, with 

the choice depending on the specific requirements of the analysis. 

One approach allowed the rectangular grid to exceed the circular plate, assigning zero 

velocities to elements outside the plate. This creates an entirely double-layered Toeplitz matrix, 

simplifying computations while accurately representing the physical scenario by systematically 

omitting off-plate elements’ contributions. 

In conclusion, the work underscores the importance of understanding and exploiting 

symmetries within general radiation problems to enhance computational efficiency. These 

symmetries can be found in any KHIT application. By carefully selecting element arrangements 

and leveraging appropriate symmetries, researchers can achieve accurate and efficient acoustic 

simulations. Future research will involve temporal comparison tests using experimental data to 

quantify efficiency gains, and the exploration of advanced computing techniques to further expand 

the applicability of these findings in real-time scenarios. 
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Unit 4 

Development of the Indirect Vibration-Based Sound Power 

(I-VBSP) Method 

This unit focuses on enhancing the VBSP method to address noise sources commonly 

encountered in daily life, such as electric drone motors, kitchen appliances, and vehicles, where 

internal noise generation cannot be captured through surface velocity measurements alone. To 

accommodate these sources, the development of an indirect method, known as the I-VBSP method, 

began. 

The I-VBSP method involves using a rectangular enclosure, acting as an ‘acoustic tent’ over 

the noise source. The enclosure features a flexible panel that links surface laser Doppler vibrometry 

(SLDV) measurements to the radiated sound power of the encased source, enabling the VBSP 

method to be applied effectively. This unit focuses on the initial stages of I-VBSP development, 

particularly for compact sources that fit within the enclosure and exhibit constant volume velocity, 

ensuring minimal interference from the enclosure itself due to their high internal impedance. 
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Chapter 10   Method Development for Cube Enclosures 

10.1  Introduction 

This chapter contains a paper published in the Acoustical Society of America’s Proceedings 

of Meetings on Acoustics, which introduces a new method for using vibration measurements to 

determine the sound power produced by an internal source accurately. The study includes the 

design and fabrication of an enclosure that demonstrated the ability to calibrate the effects of the 

enclosure within ±1 dB for frequencies above 1 kHz and ±3 dB below this threshold. 

 

** In addition to writing this manuscript, I designed the enclosure and assisted with the 

fabrication. I was responsible for the experiments, data processing, calibration, validation, and 

all aspects of this work. ** 
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10.2  Required Copyright Notice 

The following article was published in the Proceedings of Meetings on Acoustics and is 

available at https://doi.org/10.1121/2.0001663 under the title “Determination of radiated sound 

power from acoustic sources using the VBSP method and a mylar boundary.” It is reproduced 

here in its original published format by rights granted in the JASA Transfer of Copyright 

document, item 3. 

https://pubs.aip.org/DocumentLibrary/files/publications/jasa/jascpyrt.pdf 
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065003 (2022). 
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Chapter 11   Source Placement and VA One Validation 

11.1  Introduction 

The following chapter contains a paper published in the Acoustical Society of America’s 

Proceedings of Meetings on Acoustics, which presents a study focused on identifying specific 

locations within a mylar enclosure that would minimize the variance in calibration measurements 

essential for the I-VBSP method. Additionally, the paper includes the design of a VA One model 

of the mylar enclosure to facilitate this study. 

The results of this work, aligned with boundary element method (BEM) modeling conducted 

using VA One, confirm that the 𝐑 matrix for a baffled flat plate accurately approximates the energy 

radiated from the enclosure at frequencies above the 630 Hz one-third octave (OTO) band. This 

theoretical validation is further supported by practical experimental measurements, with the sound 

power of a blender, as determined by the I-VBSP method, showing agreement within ±1 to 2 dB 

of the free-field sound power measurements conducted in a reverberation chamber from 1.63 to 

10 kHz. 

 

** In addition to writing this manuscript, I identified specific locations within a mylar enclosure 

to minimize the variance in calibration measurements, which is essential for the I-VBSP method. 

I also designed a VA One model of the mylar enclosure to support this study. My work played a 

key role in the theoretical validation of the 𝑹 matrix for a baffled flat plate to approximate the 

energy radiated from the enclosure accurately. I also conducted experimental work and validated 

the I-VBSP method for a blender. ** 
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Chapter 12   Development for Rectangular Enclosures 

This chapter presents the development and application of the indirect vibration-based sound 

power (I-VBSP) method using a rectangular “box-in-box” enclosure, designed to minimize sound 

power radiation from the four perimeter sides. To improve measurement repeatability, a thin 

aluminum plate replaced the original mylar face. 

The chapter outlines the design of this new enclosure, emphasizing its role in confining 

acoustic energy to the top face, which improves measurement accuracy. Calibration procedures 

for the new enclosure appear in detail in Ch. 13. This chapter includes reverberation (𝑇60) time 

measurements to account for additional absorption in a reverberation chamber, which were 

required to improve the accuracy of the ISO 3741 standard due to absorption changes caused by 

additional materials within the chamber. 

 

** I contributed to this work by designing the new enclosure and replacing the mylar face with the 

aluminum plate, which directly improved the measurement repeatability. I also did experimental 

work and validated the I-VBSP method with a Bluetooth speaker. Finally, I found challenges posed 

by non-stationary sources, where the scanning laser Doppler vibrometer (SLDV) exhibited low 

coherence. ** 
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12.1  Introduction 

Many consumer products contain internal components that radiate sound that cannot be 

scanned directly due to casing. An enclosure facilitates use of the scanning laser Doppler 

vibrometer (SLDV) in the indirect vibration-based sound power (I-VBSP) method as an “acoustic 

tent” around the sound sources. The enclosure, however, introduces absorption and can affect the 

radiation impedance of the internal sources (see Ch. 11). To provide proof-of-concept, constant 

volume velocity sources are desirable, since they experience minor changes to volume velocity 

within the enclosure due to their high internal impedances. Furthermore, these minor changes in 

sound power due to the enclosure are attributed to absorption and/or radiation impedance change, 

which can be corrected with a suitable calibration [1], [2]. 

The rectangular enclosure design has the bottom face open. The four walls are made of medium 

dense fiberboard (MDF) and a treated foam layer. The top face is a 0.02” thick aluminum sheet 

clamped down by a steel frame (see Figs. 12.1a and 12.1b); the aluminum sheet acts as a flexible 

panel. The enclosure’s size is 1/9 the size of BYU’s reverberation chamber to reduce the modal 

degeneracy of the acoustic field within the enclosure. This size improves the diffuseness internally 

so that sources can be moved around more freely within the enclosure without affecting the 

radiated sound power output [3]. The ability to move the source enables more consistent ISO 3741 

measurements throughout the enclosure, which tightens the calibration for this method in the mid-

to-high frequency range. To account for the absorption caused by the enclosure materials, updated 

reverberation times are computed for more accurate ISO 3741 results [4].  

The introduction of the enclosure into the I-VBSP method led to several questions about the 

appropriate 𝐑 matrix and the suitable frequency range. Computational work (Ch. 11) showed that 

for most of the one-third octave (OTO) frequency bands (800 Hz to 10 kHz) the baffled flat plate 
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form of the 𝐑 matrix can be used for computing sound power of the flexible panel. However, the 

flexible panel is a 0.56 m x 0.66 m rectangular aluminum plate raised off the ground by 0.78 m, 

so it is possible that a modified 𝐑 matrix is necessary when the plate is no longer well approximated 

using a baffle. 

 

Figure 12.1: a) A model of the rectangular enclosure used for the I-VBSP method. The steel frame 

(black) clamps down the thin flexible aluminum panel (light gray). The ports in the bottom are 

necessary for cabling and are sealed off, using weather stripping during measurements. The hinge 

on the left tilts the enclosure back so the source can easily be moved internally for testing. b) A 

blender inside the enclosure. This view shows treated foam with constrained layer damping 

between the boxes. 

The proposed I-VBSP method: 

1. Place the source into a rectangular enclosure that has four high transmission loss sides, 

a reflective floor surface, and a single elastic face that can be scanned using an SLDV. 

Figures 12.1a and 12.1b illustrate this. 



214 

2. Develop a calibration curve to remove the influence of the enclosure on the source (see 

Fig. 12.2), using ISO 3741 measurements to obtain the sound power for multiple 

sources to account for sound from the enclosed noise source that radiates through the 

enclosure into the larger space (see Ch. 13). 

3. Compute the sound power from the elastic face using the VBSP method.  

4. Apply the calibration to the VBSP results to determine the free-field sound power of 

the source of interest. 

5. Compare the free-field ISO 3741 result with the corrected VBSP result to verify 

precision. 

Using the enclosure, the I-VBSP method can estimate sound power for numerous acoustic sources 

that cannot be scanned effectively using existing technology. 

 

Figure 12.2: Illustration of an acoustic source radiating within the enclosure and the acoustically 

induced vibration of the aluminum panel which radiates the transmitted sound power. 
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Chapter 13   Rectangular Enclosure Calibration 

13.1  Introduction 

To gather all of the research pertaining to the I-VBSP method in this dissertation, this chapter 

contains work published in the Acoustical Society of America’s Proceedings of Meetings on 

Acoustics. I co-authored this paper with undergraduate research assistant, Naomi Jensen. This 

paper serves as an example of the process laid out in Chs. 10 and 11. The focus of this paper was 

to calibrate the new enclosure design discussed in Ch. 12. 

 

** I contributed to this paper by serving as a mentor to the first author, an undergraduate student, 

in all aspects of the I-VBSP testing and analysis. I taught her how to perform 𝑇60 measurements, 

wrote a MATLAB© script to process the impulse data to calculate the OTO band 𝑇60 times, and 

showed her how to make ISO 3741 measurements. I also co-authored the paper and provided 

revisions. ** 
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Unit 5 

Conclusions and Future Work 

This unit consolidates the key findings from the research presented in the dissertation, 

emphasizing the advancements made in the development and application of the VBSP method. 

The conclusions summarize the contributions of each unit, demonstrating how these innovations 

have improved sound power measurement techniques. The unit then transitions into 

recommendations for future research, outlining the next steps needed to address unresolved 

challenges and explore new areas of application for the VBSP and I-VBSP methods. 
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Chapter 14   Summary of Findings and Contributions 

This dissertation presents several key contributions to the development and application of the 

Vibration-Based Sound Power (VBSP) method, advancing it as a robust tool for measuring sound 

power. The work in Unit 2 was pivotal in refining the VBSP method through experimental testing 

and the implementation of stitching techniques, now allowing for accurate 3D measurements. A 

specialized wall was designed and constructed within an anechoic chamber to measure the 

directivity of baffled sources, compliant with the ISO 3745 standard, thus enabling precise 

validation of the VBSP method’s accuracy below 400 Hz. This infrastructure will be an asset for 

future research and coursework at BYU. 

The research confirmed that the VBSP method can effectively compute sound power from in 

situ measurements. In Ch. 3, the VBSP method successfully computed sound power from baffled 

curved plates in varied acoustic environments, including anechoic, reverberant, and uncontrolled 

settings. Through experimental testing, it was demonstrated in Ch. 4 that the method is applicable 

to arbitrarily curved plates with stitching further enhancing its utility for these complex structures. 

Chapter 5 introduced a distance matrix and radiation resistance (𝐑) matrix for thin unbaffled flat 

plates, which enabled the VBSP method to estimate sound power with great accuracy—within 1 

to 2 dB above 1 kHz and within 3 dB below that threshold. This work lays a solid foundation for 

future studies involving unbaffled plates. 

In Ch. 6, the vibroacoustic response of pickleball paddles was investigated. Testing identified 

the primary structural and acoustic modes excited during paddle-to-ball impact, with the 

membrane mode in the 950-1,450 Hz range as a major contributor to impact noise across ten paddle 

brands. Sound power levels were predicted using velocity data and the 𝐑 matrix for a thin unbaffled 

flat plate. Although a direct comparison with the ISO 3741 standard was intended, limitations in 
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reverberation chamber precision during campus construction prevented this, leaving this task for 

future research. 

A significant observation, discussed in Ch. 7, was that 𝐑 matrices for simpler geometries, such 

as baffled flat plates, cylinders, and simply curved plates, can approximate more complex 

geometries like baffled arbitrarily curved plates. This insight arises from the contraction or dilation 

of acoustic radiation modes across these geometries. These connections hold promise for 

simplifying future computational efforts. 

In Unit 3, translational symmetry inherent in baffled structures was shown to produce Toeplitz 

symmetry in the 𝐑 matrix due to acoustic reciprocity, provided that the number of elements 

remains consistent across rows and columns (see Ch. 8). This symmetry significantly reduces 

computational demand by a factor of 1/𝑛, where 𝑛 is the number of mesh elements. For unbaffled 

structures (see Ch. 9), a double-layer rotational symmetry was identified, yielding approximately 

a 75% reduction in computational effort. Together, these symmetries offer a promising approach 

to expedite calculations in applications involving the Kirchhoff-Helmholtz integral equation. 

In Unit 4, three custom enclosures were designed and fabricated to allow the VBSP method 

to estimate sound power from sources with encased components that are otherwise challenging for 

scanning. This indirect VBSP (I-VBSP) approach was successfully demonstrated with a Bluetooth 

speaker over a 400 Hz to 10 kHz one-third octave (OTO) bandwidth, achieving accuracy within 

about 1 dB. Future research may include developing empirical calibration formulas for these 

enclosures and assessing their applicability to other noise sources.  

Overall, this research establishes the VBSP method as a significant alternative for sound 

power measurement, especially in scenarios where traditional methods are limited, such as in situ 

testing in uncontrolled acoustic environments with variable conditions. While the VBSP method’s 
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extended scan times remain a challenge, substantial progress has been made in reducing 

computational demands through physical and acoustical symmetries. Furthermore, enhanced 3D 

scanning and stitching techniques facilitate measurements of complex structures, and the potential 

to scale up the indirect method using an acoustic tent was demonstrated. This work lays the 

groundwork for future advancements, with the prospect of streamlining sound power estimation 

through fewer, more efficient scans around a structure. 
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Chapter 15   Recommendations for Future Research 

15.1  VBSP Method 

For the VBSP method, there are several theoretical and computational steps. The theoretical 

development for thin and thick unbaffled plates needs to be finished. The study of joining two or 

more vibrating structures to compute the radiated sound power should be completed. The 

experimental validation of the VBSP method for composite structures to obtain sound power needs 

to be done. Finally, the generalized radiation resistance (𝐑) matrix development will round off this 

project nicely. The development of a code to compute the shortest distances between all element 

combinations along the surface of a vibrating structure will help quantify the uncertainty using the 

general 𝐑 matrix. 

15.2  Symmetry 

The script to compute the geodesic between any two elements on a surface or given geometry 

will also need to incorporate high-performance computing (HPC) techniques will wrap this portion 

up for BEM and VBSP problems. 
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15.3  I-VBSP Method 

While the Indirect Vibration-Based Sound Power (I-VBSP) method has proven effective for 

speakers, its application to other sound sources requires further investigation. Key areas of 

exploration include the impact of enclosure size relative to the internal source, the identification 

of additional acoustic sources that maintain a steady response, and the development of an empirical 

calibration formula potentially incorporating mass law principles so any enclosure can be 

constructed and effectively applied. 

One approach is to use a sand-filled enclosure to enhance wall rigidity. The performance of 

various materials in this context is currently being evaluated. After successful verification of the 

I-VBSP method’s precision for additional sources, a new rectangular enclosure (similar to that 

described in Ch. 12) can be constructed, which may involve filling the air gap with sand or concrete 

to increase rigidity. Previous enclosures in Unit 4 reduced acoustic transmission through the 

perimeter’s four sides, but the goal is to make these sides rigid to direct as much acoustic energy 

as possible toward the flexible face. A calibration curve will need to be developed and with steady 

acoustic sources, a mylar face can also be used to significantly reduce the enclosure’s weight. 

The next phase may include implementing a cylindrical enclosure with a mounted circular 

plate to measure sound power from noise-induced vibrations in circular panels. This investigation 

will assess the advantages of cylindrical geometry over rectangular configurations. 

Radiation from vibrating circular panels is particularly significant due to their prevalence in 

various engineering and acoustics applications, including electro-acoustic transducers, 

electrostatic speakers, earphones, microphones, diaphragms, covers, musical instruments, and 

structures. Preliminary investigations have focused on determining the radiated sound power from 

clamped and simply supported circular plates, utilizing the 𝐑 matrix for low-frequency analysis 
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[1]-[5]. Researchers such as Rayleigh [6], Morse and Ingard [7], and Rao [8] have extensively 

studied the vibrations of circular panels. Initial identification of the first few radiation modes for 

circular plates has been conducted for potential use in Active Structural Acoustic Control (ASAC) 

[4]. However, partitioning these circular plates into equally sized elements presents challenges. 

Beckers [9] proposed a solution to partitioning the plate by dividing the plate into concentric rings, 

facilitating the creation of equal-area elements (though not necessarily of equal shape), as 

illustrated in Fig. 15.1. If an analytical expression for the 𝐑 matrix of a circular plate is desired, 

then employing the I-VBSP method using a circular plate on a cylindrical enclosure could facilitate 

experimental validation. 

 

Figure 15.1: An example of the discretized circular plate using the methods described in [9]. 
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