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ABSTRACT

Modeling the Kepler Systems With Multiple Transiting Planets

Daniel Kempton Jones
Department of Physics and Astronomy, BYU

Doctor of Philosophy

As the study of exoplanets, planets not in our solar system, has developed, new observational
constraints have illuminated the formation and evolution of planetary systems. Among these
observations, the true distributions of planetary mass, radius, and density are at the forefront.
NASA’s Kepler Space Telescope has provided an enormous wealth of data on the exoplanet radius
distribution as well as a significant fraction of mass measurements through the detection of planet-
planet dynamical interactions. The best method for studying these exoplanetary systems is with
a photodynamical model which combines an n-body integrator with lightcurve model to generate
synthetic lightcurves. To support photodynamical modeling, we have utilized the PhotoDynamical
Multiplanet Model (PhoDyMM) which combines a photodynamical model with a Differential
Evolution Markov Chain Monte Carlo (DEMCMC) algorithm for Bayesian parameter inference.
PhoDyMM can easily work with arbitrary Kepler systems, enabling the self-consistent analysis
of all Kepler systems of multiple exoplanets (multis). Using PhoDyMM, we construct converged
posterior distributions for all of the physical and orbital parameters for 661 out of the 719 Kepler
multis. This catalog of planetary parameters is known as the Kepler Multis Dynamical Catalog
(KMDC) and is the largest, most complete database of planetary parameters to date. Due to its
homogeneous construction, the KMDC can readily allow for the extension from studying a single
system to accessing trends across the population of Kepler multis. One such analysis that we
perform is applying an interior modeling software to a subset of 830 planets across 465 systems.
This software is able to construct posterior distributions for a four component interior consisting of
an H/He atmosphere, water/ice layer, silicate mantle, and iron core. The results of which were then
able to show the probable compositional distribution for a considerable subpopulation of the Kepler
multis and support current theories such as the cause of the Kepler Radius Gap. Finally, we also
demonstrate that by requiring stable configurations of exoplanetary systems, it is possible to further
constrain the physical and orbital parameters of the Kepler multis which can therefore enhance the
values given in the KMDC.

Keywords: Kepler, Photodynamical modeling, Stability, Interior modeling, Exoplanets
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Chapter 1

Introduction

The primary purpose of this chapter is to provide a foundation whereby the reader will be able to

understand the concepts that will be presented in the following chapters. As such, the topics will

start from the most basic areas of discussion, for example, “what is an exoplanet” and build to

more complex ideas such as how these planets are modeled. Additionally, a goal is that with the

information presented here, it will be possible to contextualize this work and gain an appreciation

for the benefit that it provides to the exoplanetary community.

1.1 Exoplanets:Who, What, and Why?

It seems to be part of human nature to wonder about whether or not we are alone in the universe.

Before there was any observational evidence for other planets, stories of alien abductions or

invasions captivated imaginations in the mid to late 20th century. Today, media franchises such as

Star Trek and Star Wars are worth billions of dollars each because they continue to build on ideas

such as: What would it be like if there were people on other worlds? What types of other worlds

could exist? What would it mean for humanity if we were not alone? and many more thoughts

along these lines. While we have known about most of the planets in our solar system for thousands

1
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of years, evidence for extrasolar planets (exoplanets) did not come until the very end of the 20th

century.

The first detected exoplanet was found by Wolszczan & Frail (1992) in 1992 around the rapidly

rotating neutron star PSR1257+ 12. By using the 305 meter Arecibo radio-telescope to make

precise timing measurements of pulses from this neutron star, it was concluded by Wolszczan &

Frail that the pulsar is orbited by at least two planet-sized bodies. Several years later, in 1995, the

first exoplanet around a sun-like star was found. This planet was discovered after acquiring 18

months of Doppler measurements (radial velocity) of the star 51 Pegasi by Mayor et al. (1995) and

was found to be about half the size of Jupiter orbiting with a period of about four days.

These two discoveries opened the floodgates into the detection, exploration, and analysis of

exoplanets, and since then, according to the NASA exoplanet archive, there are now over 5800

confirmed exoplanets. Immediately questions began to arise about whether rocky or gaseous planets

are more common or whether the structure of our solar system is common or rare. To the point of

whether our solar system structure is common or not, initial evidence originally pointed towards

it being more unique. Figure 1.1, obtained from the NASA Exoplanet Archive, shows all known

exoplanets plotted by their periods and radii with the eight labeled points being the eight planets

in our solar system (NASA 2024). As can be seen, all of our planets fall outside of the clusters of

known planets primarily because of their longer periods, this led to the possibility that our solar

system did not fit the mold. However, as detection baselines have increased, methods have improved,

and our overall capability to find exoplanets has been enhanced, this diagram has started to fill in,

and the distance from the edge of the cluster of confirmed planets to the solar system planets has

decreased. Therefore, there is emerging evidence suggesting that our solar system may not be an

abnormal configuration for planets.

Addressing the question of how our solar system fits in the framework of exoplanetary systems

as a whole is just one small example of what is currently being looked at within the exoplanet
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Figure 1.1 Period-radius diagram for all of the currently confirmed exoplanets obtained
from the NASA Exoplanet Archive (NASA 2024). What is seen here is that most discovered
planets are found with periods between 1-100 days and thus the labeled points indicating
solar system planets fall outside of clusters of observed planets. However, as detection
methods and capabilities have improved the distance between our solar system planets and
these clusters has decreased. In the end, it is very possible that we will find that our solar
system is not a rare configuration for planets to be found in.
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community. What is most exciting and humbling is that we are currently living in a time where

these questions can be addressed scientifically. For this work, the question of primary interest is:

’What are the physical and orbital parameters for all confirmed exoplanets’ and along with this,

’how can these parameters be further constrained?’ The importance of determining the physical and

orbital parameters of exoplanets lies in the ability of these parameters to improve our understanding

and ability to model planet formation and evolution. If through this work, we are able to construct a

catalog of all the physical and orbital parameters for a large sample size of confirmed exoplanets,

then any model that is meant to generate the same sample of exoplanets should be able to accurately

reproduce our findings. In addition to this, by combining the mass and radius of a planet, it is

possible to obtain the bulk density, which can then be used to constrain the planets composition.

Understanding a planet’s composition is one of the most important steps in answering the ultimate

question of whether or not a planet is habitable.

1.2 Physical and Orbital Parameters

When addressing the question of calculating and constraining the physical and orbital parameters of

exoplanetary systems, it is necessary to first define these parameters. For physical parameters, each

planet in the system contributes two which are the planets mass and radius. Additionally, the star

contributes five parameters which are its mass and radius, two limb darkening parameters, and the

stellar dilution. Masses and radii are extremely self-explanatory, the limb darkening parameters c1

and c2 are used to describe how the stellar light profile changes when moving from the center of

the star to the edge or limb. This change in brightness is due to the fact that when observing the

central of a stellar disk you are looking int a deeper, hotter and therefore brighter layer of the star.

The parameters c1 and c2 are used to fit a quadratic limb darkening profile of the form:
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I(r) = 1− c1(1−µ)− c2(1−µ)2 (1.1)

as given in Mandel & Agol (2002). Lastly, stellar dilution sets what fraction of light is believed to

be the result of background objects. For a completely isolated stellar system, the dilution would be

0, in reality the dilution is not 0, but it is low enough that it can be set as such without inducing

meaningful errors.

For orbital parameters, when modeling a system of two particles (or a star and planet) where the

only force acting on the two results from a central potential such as gravity, the system originally

begins with six spatial degrees of freedom which are often cast as being the position of the

center of mass (R) and the vector describing the difference in positions between the two particles

(r = r2 − r1). However, when studied in the Lagrangian formalization of the problem, it is found

that the parameters for the center of mass are ignorable, as the center of mass is either fixed or

moves with constant motion. This reduces the degrees of freedom down to three. An additional

simplification comes when considering the spherical symmetry of the problem which requires the

angular momentum to be conserved and thus there is only motion in a single plane. This in turn

reduces the problem to simply considering a radial component, r, and an angular component, θ .

From here it is possible and not entirely too difficult to work out the details for how r and θ change

as a function of time as given in Goldstein et al..

While r and θ provide a usable framework for defining the orbit of a planet, they are not the most

natural since it turns out that the motion will be an elliptical orbit around the star. By combining this

knowledge, with the degrees of freedom for the problem, the constants of motion, and integration

constants that are found by solving the second order differential equations, the problem can be

solved in terms of orbital elements. Specifically, there are six orbital elements that are used to define

the orbit and position of the planet which are: semi-major axis (a), eccentricity (e), inclination

(i), longitude of ascending node (Ω), argument of periapsis (ω), and either the true anomaly ( f ),
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eccentric anomaly (E), or mean anomaly (M). All of these are shown in Figure 1.2 (Wikimedia

2007). The first two parameters: a, and e are used to define the size and shape of the orbit. The next

three: i, Ω, and ω define the orientation of the orbit. However, to truly orient the orbit, it is necessary

to define a reference plane that the inclination and argument of periapsis are measured with respect

to, as well as a reference direction to define the zero point for the longitude of the ascending node.

When studying exoplanets, it is convenient to set the reference plane as the plane of the sky and

the direction is the line connecting the exoplanetary system to the observer. With this definition,

an edge on system has an inclination of 90°and a face on system has an inclination of 0°. The last

parameter which is either the true anomaly ( f ), eccentric anomaly (E), or mean anomaly (M) gives

the position of the planet within its orbit. Each of these three parameters gives this value, but with

a slightly different definition. For example, the true anomaly gives the angle from the reference

direction to the planet’s location in its orbit with the angle’s vertex at the star’s position, but the

eccentric anomaly gives the angle from the reference direction to the planets location assuming

it is traveling on a fictitious circle of radius equal to the semi major axis a that circumscribes the

elliptical orbit. The mean anomaly does not have a physical representation, but is basically the

position of the planet based off of its averaged motion throughout its entire orbit.

1.3 Transiting Planet Method

To date, the most successful method for detecting exoplanets has been the transiting planet method.

A transit, is a generalized term for an eclipse and the method is to look for planets that eclipse, or

transit, in front of their host star. In practice, this is not too difficult to accomplish. One observes a

star and collects time series brightness measurements (photometry) for a period of days, months, or

years. When plotted as a function of time, these measurements create what is known as a lightcurve.
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Figure 1.2 Representation of the six orbital elements used to define a planet’s orbit around
its host star. The first two parameters: a, and e are used to define the size of the orbit. The
next three: i, Ω, and ω are then able to define the orientation of the orbit once combined
with a reference plane and direction. The last parameter which can either be the true
anomaly ( f ), the mean anomaly (M), or the eccentric anomaly (E) is used to define the
planets position in its orbit (Wikimedia 2007).
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If when analyzing the lightcurve there are periodic drops in the star’s brightness, this is a sign that a

planet is transiting in front of the star.

A model representation of a transit obtained from Figure 1 of Winn (2010) is shown in Figure

1.3. There are several features in this figure that merit explanation. First, and perhaps the most

obvious point, is that the reason for the drop in brightness is due to the planet covering up a portion

of its host star. Before the transit occurs, the light received from the system is a combination of light

from the star and the planet. As the transit begins, the planet covers a growing region of the star

which in turn blocks the light from this region. The amount of light blocked reaches a maximum as

the planet fully crosses in front of the star, and then reduces as the planet moves out from in front.

At this point the light from the system reaches the original baseline. It is also worth noting that

there are secondary eclipses (occultations) when the planet passes behind the star, given that this

blocks the light from the planet, there is a drop in overall brightness, but this is much less than what

is seen from the primary transit and thus they are essentially ignorable. A second feature of transits

is their general U-shape. If stars were uniformly bright across their disk, a transit would cause a

linear drop in light, reach a max drop once the planet was entirely in front of the star, continue at

this level while fully in front, and then linearly increase in brightness again up to the normal level.

However, as mentioned previously, because stars are brighter at their cores and dimmer at their

limbs, the result in the transit lightcurve is a smoother U-shaped drop and increase in light. There

are additional mechanics that can distort this clean transit signal such as a grazing transit. In this

case, the planet does not completely pass in front of the star and this causes a V-shaped signal in the

data rather than the typical U-shaped transit.

As for planetary parameters, the transiting planet method most readily gives the planet’s orbital

period, P, since this is simply the time between transit events. If the mass of the star is known, which

is often the case thanks to stellar modeling, then the period can be used to calculate the semi-major

axis of the planet’s orbit, a. The depth of the transit δ ≈ (Rp/R∗)
2 which in turn means that when
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Figure 1.3 Model representation of a transiting planet obtained from Figure 1 of Winn
(2010) As the planet crosses in front of its star, it blocks a portion of light proportional to
the planet’s radius. The amount of blocked light reaches a maximum as the planet passes
through the core of the stellar disk. Finally, as the planet moves out from in front of the
star, the measured brightness increases back to the normal level. The U shape of the transit
is largely a result of limb darkening which is the observed phenomenon that the edges of
the star are not as bright as the core region. Additional variations in the planet’s orbital
parameters can also affect the shape of the transit in the lightcurve data.
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the radius of the star is known, the radius of the planet can also be calculated as explained in Winn

(2010). Determining the star’s radius is not a trivial problem, as it requires precise luminosity,

distance, and temperature measurements, but due to recent missions, such as Gaia which obtained

exceptionally accurate stellar distances, stellar parameters tend to be fairly well constrained. The

last parameter that is directly measurable from transit data is the mean anomaly, M. The equation

for mean anomaly is:

M =
2π

P
(t − τ) (1.2)

where P is the period, t is the current time, and τ is the time of pericenter passage (Murray

& Dermott 1999). However, the time of pericenter passage is just a reference time. Instead it is

possible to use the transit times as the reference and given that the period has already been found,

it is clear that every term is available to calculate M. Putting all of this together, using just the

lightcurve data itself, and assuming stellar parameters are available, three of the eight physical and

orbital parameters for exoplanets can quickly be determined. The remaining orbital parameters do

have an effect on the lightcurves, but constraining them requires additional methods beyond just

detecting the transit and measuring its depth.

Lastly, another important aspect of the transiting planet method is the probability of detecting a

transit. Given that the transit depth depends on both the radius of the star and the planet, it should

not be surprising that these play a part in determining the probability of a transit being visible. The

second piece is the semi-major axis, a. A planet that orbits further from its star is going to have a

lower probability of transiting. Lastly, the eccentricity, e, of the orbit will also play a factor as it

affects the distance between the star and planet. Putting this all together, the probability of a transit

is

ptra = (
R∗±Rp

a
)(

1
1− e2 ) (1.3)
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which is again given in Winn. This probability is especially useful in giving a sense of how

many stars need to be searched in order to find a planet with a certain set of characteristics. Winn

show that if the fraction η of stars that have this type of planet, then you would need to search

N ≈ (η ptra)
−1 to find such a planet that transits.

1.4 The Kepler Space Telescope

The most significant leap forward in the study of exoplanets and the use of the transiting planet

method has been from the 0.95-meter Kepler Space Telescope (“Kepler”)(e.g., Catanzarite & Shao

2011; Fressin et al. 2011; Lissauer et al. 2014a; Lithwick & Wu 2012; Swift et al. 2013). Kepler is

an exceptionally useful telescope for several reasons which start with it being a space telescope.

By being outside of Earth’s atmosphere, it is not affected by the thermal variations, glare, and

absorption that limit the abilities of ground-based telescopes. In part due to this, as well as its

extremely high-quality construction, Kepler had a photometric precision of ∼30 parts per million

(ppm) in 6.5 hours for 12th magnitude stars (Lissauer et al. 2014b). This unprecedented precision

was necessary in order to detect Earth-like worlds around Sun-like stars as the Earth would only

block about 80 ppm of the Sun’s light once per year for at most 13 hours as viewed by a distant

observer.

As explained by Lissauer et al. (2014b), Kepler’s primary mission was to conduct a statistical

census of the abundance of planets as a function of planetary size, period, and stellar type. This

statistical assessment was performed by examining nearly 150,000 stars for a period of four years

while obtaining a photometric measurement every 30 minutes. By the end of its mission, Kepler

identified thousands of exoplanetary candidates that have since been confirmed as true planets. With

such a large sample size, it is then possible to look at large scale trends across Kepler’s exoplanetary

database. For example, one parameter of interest is the occurrence rate of Earth-like planets, ηL.
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Zhu & Dong (2021) finds that ∼ 30% of sun-like stars host planets with masses/radii down at the

Earth-like level and each of these systems averages about three such planets, meaning that ηL ∼ 1.

From this it is seen that planet formation processes are generally more effective than expected and

Earth-like planets are quite common. Additionally, Kepler found that nearly half of the planet

candidates are in system with multiple transiting planets and that configurations with tightly packed,

low inclination orbits are quite common. Lastly, another surprising result was the Kepler Radius

Gap, Ho & Van Eylen (2023) explains that there is an under-density of planets that have radii of

1.5-2RL. Understanding this radius gap has been of particular interest as it is tied directly to planet

formation and evolution.

While some statistical-level questions have already been answered or are currently close to an

answer, one area in need of attention is constructing a homogeneously derived set of physical and

orbital parameters for the Kepler planets. The reason why generating such a catalog is challenging

is because many of the planetary parameters, as mentioned previously, are not readily available

through transit data. To obtain the remaining planetary parameters, it often takes a considerable

amount of time and can be computationally expensive. Many individual planets or systems have

been studied on their own by various research groups, but the results cannot easily be combined

with each other without introducing biases. This is unfortunate because it does not allow one to

fully utilize the Kepler database. Due to the size of the Kepler catalog and the fact that it in and

of itself was derived in a self-consistent manner, it is the perfect dataset to answer questions such

as the true underlying distribution of orbital parameters or how do planetary compositions differ

within a system and between systems. These questions will remain largely unanswered until an

appropriate database of planetary parameters is available.

It is additionally worth noting that while the Kepler dataset is currently the largest and best

catalog of exoplanets, it is not without biases itself. These are primarily introduced due to Kepler

using transits to detect exoplanets. The transiting planet method is most sensitive to larger planets
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that orbit closer to their host star as these are the planets that are going to have a high probability of

transiting and have a clear signal in the lightcurve data. Thus, when looking at the period-radius

plot in Figure 1.1 the cluster boundaries at low radii or long periods must not be taken as a physical

cutoff in planet formation, but rather an indicator of our limits in detecting small planets or planets

with longer periods. In regards to Kepler specifically, it is especially difficult to identify a planet

with a year period or longer as there would be a maximum of four transits. Often times for smaller

planets especially, this is simply not enough data to clearly identify the transits and prove the

planet’s membership in the system.

1.5 Systems of Multiple Transiting Planets

A welcomed finding, while searching the Kepler data for transiting exoplanets, was that many have

been found to exist in systems with multiple transiting exoplanets and as such these systems are

referred to as “multis”. Figure 1.4 shows the data for nearly 1,700 planets across 719 multis. Each

point gives the period and radius for an individual planet and is color coded by the number of

transiting planets that have been detected within the system. As can be seen, the plot is dominated

by two and three planet systems, but there are several higher multiplicity systems including a single

eight planet system. The Kepler multis are the main focus of much of this work as they have been

shown by Ragozzine & Holman (2010) to be the most information rich out of all of the Kepler

systems.

The greatest benefit obtained by looking at the Kepler multis is that there is additional dynamical

information encoded within the lightcurves. For a system of just a star and planet, the planet’s

transit times are perfectly periodic because there are no other forces acting on the planet. However,

once an additional planet is added to the system, these planets interact with each other through

their mutual gravitational forces which in turn can cause transits to occur early or late. These
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Figure 1.4 Period-radius diagram for nearly 1700 exoplanets discovered by the Kepler
Space Telescope. These planets are all contained in systems where multiple planets have
been observed to transit their host star. Each point is colored by the number of currently
known planets in the system. As can be seen there is a significant number of two and three
planet systems, but the range extends up to an eight planet system.

deviations are known as transit timing variations or TTVs. The strength of TTVs depends on both

the planets’ masses as well as their orbital configurations since a sequence of random pushes and

pulls throughout an orbit tends to average out to no real effect. If instead the planets are configured

such that the gravitational interactions add up coherently, then it is possible to get measurable

TTVs. As such by measuring TTVs it is possible to obtain mass measurements for the planets as

well as constrain their orbital parameters beyond what is possible for a single transiting system.

Unfortunately, TTVs are only statistically measurable in ∼ 20% of systems. For the remaining

∼ 80% of systems, that do not have TTVs, it is expected that it not possible to constrain parameters

such as mass or eccentricity at all.

Another observable dynamical effect in the Kepler multis are transit duration variations or

TDVs. At a given orbital distance, the transit duration is controlled by the eccentricity and impact

parameter. Planet-planet interactions can cause an orbit to precess and while this does not directly

change the eccentricity, it does change the orbit location where transits are observed. Due to the
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orbital eccentricity, the planet is moving at a variable speed throughout its orbit and therefore, by

changing where in the orbit the transit is seen, the duration of the transit is also changed. However,

the timescales for this to occur make this particular process unobservable in the Kepler data. The

second method of changing durations comes from variations in the planet’s inclination which in

turn changes the impact parameter. In order for this to occur, orbits need to have significant mutual

inclinations, which appear rare since there are only a handful of Kepler systems where measurable

TDVs have been found. Using the observed TDVs (or lack thereof), it is possible to constrain orbit

configurations which result in some constraints on theories of planet formation and evolution as

explained in Ragozzine & Holman. The challenge is when modeling the system, it is necessary to

find a full 3D solution as mutual inclinations are different from the planet inclinations relative to

the plane of the sky. Given this additional difficulty and the fact that TDVs are only found in ∼ 10

Kepler systems, TDVs have not been used much to determine planetary parameters.

When multiple transiting planets are observed, it is also significantly easier to prove that the

signals in the data are the result of true exoplanets. Systems with only a single transiting planet were

often confirmed via follow up of other detection methods such as radial velocities (RV). However,

given that the Kepler database was focused on observing smaller planets around faint stars, it is not

generally possible to examine and confirm these planets using RV and therefore confirmation must

be accomplished by removing alternative explanations for the transit signal. With multiple transiting

planet signals, this process is more straightforward for several reasons. First, in general, there are

significantly fewer astronomical processes that could mimic the signal of a multiple transiting planet

system compared to a single planet system. This implies that just the lightcurve alone is stronger

evidence in the case of the Kepler multis than with the single transiting systems. Additionally, by

comparing stellar parameters such as the limb darkening coefficients derived from the transits, it is

possible to conclude that the planets are transiting the same star. Finally, since TTVs can provide
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mass measurements, it can be shown that the signals are the result of planetary sized objects and not

a stellar companion.

Beyond being able to constrain parameters better than systems with only one observed planet,

the Kepler multis are also the most interesting systems. As already mentioned, there are dynamical

interactions between the planets, but they also have orbital configurations that are not seen in our own

solar system. For example, in Figure 1.5 is a diagram of the six planet system Kepler-11 compared

to our inner solar system (Pyle 2011). What is fascinating to see is that the 5 out of the 6 planets’

orbits are interior to Mercury’s orbit in our solar system. This finding is not unique to Kepler-11, in

fact, there are many observed planets, within the Kepler database, that orbit in extremely compact

configurations. These systems then call into question ideas about planetary formation as well as

the long term stability of such a setup. Another feature that has been investigated by groups such

asMillholland & Winn (2021) is the “pea in a pod” configuration where it is often seen that the

planets in a system tend to be regularly spaced and nearly equal in size. Lastly, many of the planets

in the Kepler multis have been found to be just outside of mean motion resonances which are where

the orbital period of one planet is an integer ratio of the other. Resonances generate many interesting

dynamical interactions within a system such as enhancing TTVs or causing regions of reduced

orbital stability. As such the resonant configurations for the Kepler systems is an area of active

research by those such as Siegel & Fabrycky (2021). Specifically, the fact that these planets tend to

be found just out of resonance also brings up questions about the evolution of the systems.

With all this in mind the argument that the Kepler multis are the most information rich systems

within the Kepler dataset is easily justified. By studying them and providing constraints on the

physical and orbital parameters of the planets they contain, it is possible to provide a significant

enhancement to our overall understanding of exoplanets.
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Figure 1.5 Comparison between the Kepler-11 system and the inner planetary orbits of
our solar system. Within the Kepler database there are multiple examples of tightly space
planetary configurations, such as the one for Kepler-11, where multiple planets have orbits
interior to the innermost planets in our solar system (Pyle 2011) In the case of Kepler-11,
there are five planets that orbit their star closer than Mercury orbits the Sun. These systems
are noteworthy both for their significant contrast to our solar systems and their implications
for planet formation and evolution.
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1.6 Parameter Degeneracies

As mentioned, there are planetary parameters that are readily obtainable when using the transiting

planet method to detect and characterize exoplanets. On the other side of the equation, there are

parameters that are particularly difficult to constrain because they are degenerate with each other.

This means that instead of finding a unique value for each parameter, what is found is a relationship

between the parameters. When analyzing exoplanets that have strong TTVs, one specific degeneracy

is the mass-eccentricity degeneracy.

This degeneracy is explored thoroughly in Lithwick et al. (2012), but in summary, an exoplanet’s

eccentricity can be considered as containing a free and a forced part. The free eccentricity is

essentially an intrinsic level of energy within the planet’s orbit and overtime can be damped out

due to interactions with a planetary disk or through tidal damping. The forced eccentricity is a

result of being near a mean motion resonance, which is a configuration that many Kepler systems

find themselves in. As long as the planet remains close to the resonance, the forced eccentricity

remains, but eventually dissipative interactions can push planets apart and thus further away from

the resonance. For the mass-eccentricity, it is the free eccentricity that causes the main challenge.

The equation for the amplitude of TTVs after dropping some order-unity coefficients is given by

Lithwick et al. and is equal to

|V | ∼ P
µ ′

|∆|
(1+

|Z f ree|
|∆|

) (1.4)

|V ′| ∼ P′ µ

|∆|
(1+

|Z f ree|
|∆|

) (1.5)

Where P is the planet period, µ is the planet to star mass, ∆ is the distance from resonance, and Z f ree

is the free eccentricity where the primed parameters are for the outer planet. From this equation,

it can be seen that, first, in order to use TTVs to constrain masses, the TTVs need to be seen for
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both planets as the equations are coupled. Second, in order to use the observed TTV amplitude

to invert the equation and calculate the masses, the free eccentricity term must be known. In this

second point lies the degeneracy. Without knowing the free eccentricity, all you are left with is a

relationship between mass and free eccentricity.

The mass-eccentricity degeneracy is the primary obstacle when using TTVs to constrain plane-

tary masses. Outside of this particular degeneracy, there are additional challenges that can present

themselves when considering more extreme planet configurations. For example, in the case of

grazing transits, it becomes possible to allow for significantly inclined orbits if the planet’s radius is

also increased to account for this and keep the planet transiting. While this effect can largely be

constrained by examining the shape of the transit, it again illustrates the difficulty in fitting planetary

parameters and the need for robust fitting routines.

1.7 Photodynamical Modeling

From the discussion of planetary parameters in Section 1.2 and the inherent challenges in obtaining

unique values for these parameters as explained in Section 1.6, it is clear that a more advanced

method must be employed in order to constrain or determine the physical and orbital parameters of

the Kepler planets. The best tool for performing such a task is a photodynamical model Ragozzine

et al. (in prep.). While many of the particulars of photodynamical modeling will be presented in

Chapter 2, especially as it relates to the modeling code PhoDyMM which was used to perform

the research presented in that chapter, it is still valuable to give an introduction to photodynamical

modeling here.

A photodynamical model consists of two key elements which are a photometric model and an

n-body integrator. When given a set of stellar and planetary parameters, the n-body integrator is

able to evolve the orbits of the planets by calculating the gravitational forces on each body and
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stepping forward in time. The output of such a routine is the position of the planets as a function

of time. This can then be passed to a photometric model which has the capability of determining

photometric dimming based off of planetary positions. In the end, the result is a model lightcurve

that can be compared directly to the Kepler data. Input parameters to the photodynamical model

can be adjusted to find the best fit to the Kepler data for a given system of planets.

While there are other methods for determining planetary parameters, such as direct fitting to the

TTVs, they are suboptimal for several reasons which include:

1. When using TTVs to infer masses, generally the transit times for each planet are used alone

while the lightcurve as a whole is ignored, which precludes a deeper and more self-consistent

analysis that would be possible when using the entire lightcurve.

2. Many planets are too small to determine individual transit times and as a result, reliable TTVs

cannot be measured.

3. Most TTV analyses only use the 30 min cadence data from Kepler. As mentioned previously,

Kepler gathered photometric measurements every 30 minutes (long-cadence data) for all the

stars in observational field. However, for some of the time, Kepler obtained photometric data

every 1 minute (short cadence data) and these data are available for most of the Kepler multis.

Short-cadence data have been shown to ∼ double the precision of TTV measurements.

4. Existing analyses tend to focus only on a handful of particularly interesting systems. This

makes comparisons difficult, as differing methods must be taken into account. It also neglects

many systems that could have interesting dynamical interactions within the system that have

not been found yet.

5. It is possible that the solutions from existing modeling techniques are not dynamically stable

and are therefore unrealistic.
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When using a photodynamical model, these shortcomings are almost entirely avoidable. Since

the model is capable of generating synthetic lightcurves, they can be directly compared to the

Kepler data and there is no need for the extraction of ’meta-data’ such as transit times. This

also alleviates the challenge of planets being too small to model. A small signal-to-noise planet

will still be difficult to work with in the sense that its presence is difficult to see in the data for

comparison, but from a strictly modeling standpoint there is no size limit on the planets that can

be simulated. Photodynamical models are flexible with the data they can take in and can return

the model lightcurve at arbitrary points in time. This means they can easily make use of both the

long- and short-cadence data from Kepler which in turn allows them to benefit from the increased

precision from the short-cadence data. Given the overall flexibility of using a photodynamical

model, it is possible to analyze all of the Kepler multis and not just the handful that have been

identified as being particularly interesting. Lastly, it is possible to limit the range of parameters that

are given to the photodynamical model in order to enforce that only stable configurations of planets

are analyzed.

As mentioned previously, in order to fully leverage the Kepler database, a self-consistent analysis

of the planets needs to be performed. Additionally, remembering that it is the systems with multiple

transiting planets are the most information rich and best positioned for answering questions about

the distributions of planetary parameters. Therefore, the clear conclusion on how to obtain a

self-consistent catalog for the most important subset of Kepler systems, is to use a photodynamical

model.

1.8 Long-term Stability

While a photodynamical model is able to extract the most information out of a lightcurve, there is

still no guarantee that parameters such as mass, inclination, or eccentricity can be constrained by
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the data alone. One potential way to constrain these parameters further is by considering whether

a particular set of planetary parameters results in a configuration that is stable on the Myr-Gyr

timescale. The reason that such an analysis can be performed is because the Kepler systems are

understood to have existed for millions to billions of years and it is statistically unlikely to observe

them before a cataclysmic event. Therefore, it must be assumed that the current configurations that

we find these systems in must be stable on timescale similar to their age.

The difficulty in using stability as a method for constraining planetary parameters is in determin-

ing whether or not a configuration is unstable. The most direct method is to use n-body integration

which can accurately model the positions of planets on the required timescales. Unfortunately,

this is computationally expensive. In order to provide meaningful constraints on parameters, it is

likely that thousands of potential configurations need to be considered, and thus n-body integration

proves to no longer be feasible. In order to remedy the situation, many analytical methods have

been developed to provide an estimate on whether or not a planetary configuration is stable.

One of the simplest methods for classifying stability is using the distance between planets in

units of mutual Hill radii. The equation for the mutual Hill radius for two planets, as given in

MacDonald et al. (2016), is:

RmH ≡ (
µi +µi+1

3
)1/3(

ai +ai+1

2
) (1.6)

Where µ is the planet-to-star ratio. The separation between planets in units of Hill radii, ∆ (not to

be confused with the distance from resonance ∆ given in Equation 1.4), is then:

∆ =
ai+1 −ai

RmH
(1.7)

It was shown by Gladman (1993) that if two planets on circular obits are separated by a distance

∆ > 2
√

3 ≈ 3.46 , then the planets will never develop crossing orbits. The fact that orbits will never

cross is then strong evidence for the system being stable as a whole. This argument becomes more
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Figure 1.6 Orbital separation between planets in units of mutual Hill radii versus stability
time obtained from Figure 2 of Lissauer & Gavino (2021). Ignoring the smaller oscillations
initially, it is seen that there is a clear linear trend between orbital separation and the
stability time. Given that this figure has a logarithmic y-axis, this trend is actually an
exponential relationship. Thus, as orbital separation increases, the planetary system
becomes exponentially more stable. The red lines in the figure represent the locations
of mean-motion resonances which are the primary cause for the oscillations within the
relationship between spacing and stability.

difficult as it is extended to systems of more planets with eccentric orbits. For example, Smith &

Lissauer (2009) finds that in the case of multi-planet systems, a distance of 10 mutual Hill radii is

needed between each planet. In general, what has been found is that as planet separation increases,

so does stability. This is most clearly shown in Figure 1.6 which is taken from Figure 2 of Lissauer

& Gavino (2021). The x-axis is the distance between planets in units of mutual Hill radii, and

the y-axis is the calculated stability times based off of numerical simulations. Ignoring some of

the small oscillations which are the result of resonances, there is a very well-defined linear trend

between stability times and planetary separations which in reality ends up being an exponential

trend after factoring in the logarithmic scale on the y-axis.
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(e) (f)

Figure 4.4 Posteriors, starting parameters, and compositional illustration for six of the
planets in KOI-351/Kepler-90. Kepler-90 is an eight planet system of considerable interest
since it has the largest number of known planets in the Kepler database. Only six of
the eight planets are given here as the remaining two had considerable portions of their
mass posterior that fell out of the allowed range for ExoMDN. It is interesting to see that
between the six planets, we see four unique compositional structures. The first is the
very low density planet Kepler-90g which based on the output of ExoMDN would need a
composition almost entirely of H/He in order to explain its small mass and large radius,
while this could be possible, it is worth noting that Weiss et al. found a much larger mass
for this planet which in turn would allow for a larger contribution of heavier elements.
Planets d, e, and f are fairly consistent with the class of sub-Neptunes as they have radii
near 3RL, considerable water/ice layers, and a significant amount of their radius is due to
their H/He layer. Planet c is more likely a super-Earth given its slightly larger than Earth
radius of 1.44RL, but very small contribution of water by mass and essentially zero H/He.
Finally, Kepler-90f is consistent with just containing an iron core that accounts for 100%
of its mass. However, within the 1σ error range there is some possibility for a nonzero
mantle and water component.
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(a) (b)

KOI Period (d) MEarth REarth Teq(K) mCore mMantle mWater mGas dCore dMantle dWater dGas

41.02 6.89 2.18+5.58
−0.73 1.37+1.41

−1.34 990.0 0.8+0.98
−0.42 0.12+0.48

−0.01 0.03+0.14
−0.0 0.0+0.0

−0.0 0.64+0.89
−0.36 0.09+0.25

−0.01 0.12+0.25
−0.01 0.06+0.14

−0.03

41.03 35.34 9.74+18.31
−2.95 1.63+1.67

−1.58 648.05 0.9+1.0
−0.53 0.05+0.29

−0.0 0.02+0.13
−0.0 0.0+0.0

−0.0 0.79+0.97
−0.48 0.06+0.2

−0.01 0.05+0.2
−0.01 0.04+0.11

−0.01

46.02 6.03 4.05+7.48
−1.38 1.4+1.48

−1.32 990.0 0.92+0.99
−0.59 0.05+0.31

−0.0 0.01+0.09
−0.0 0.0+0.0

−0.0 0.77+0.94
−0.49 0.05+0.19

−0.01 0.07+0.19
−0.01 0.06+0.12

−0.02

70.02 3.7 7.16+16.87
−2.09 1.72+1.76

−1.69 974.26 0.83+0.98
−0.4 0.1+0.4

−0.01 0.03+0.17
−0.0 0.0+0.0

−0.0 0.68+0.89
−0.39 0.09+0.24

−0.02 0.09+0.24
−0.02 0.06+0.15

−0.03

70.05 19.58 1.22+2.02
−0.59 0.9+0.93

−0.87 562.37 0.98+1.0
−0.78 0.01+0.16

−0.0 0.0+0.04
−0.0 0.0+0.0

−0.0 0.91+0.99
−0.68 0.02+0.12

−0.0 0.02+0.12
−0.0 0.03+0.07

−0.01

72.01 0.84 9.33+15.41
−3.32 1.49+1.52

−1.46 990.0 0.99+1.0
−0.79 0.01+0.15

−0.0 0.0+0.04
−0.0 0.0+0.0

−0.0 0.92+0.99
−0.64 0.01+0.12

−0.0 0.02+0.12
−0.0 0.03+0.09

−0.0

82.01 16.15 1.74+3.02
−0.76 2.28+2.32

−2.25 497.2 0.2+0.45
−0.05 0.26+0.57

−0.08 0.43+0.72
−0.15 0.0+0.01

−0.0 0.22+0.29
−0.14 0.14+0.26

−0.04 0.22+0.26
−0.04 0.38+0.53

−0.24

82.02 10.31 0.92+1.34
−0.63 1.21+1.23

−1.19 570.89 0.5+0.76
−0.2 0.31+0.64

−0.09 0.12+0.29
−0.03 0.0+0.0

−0.0 0.48+0.61
−0.33 0.19+0.39

−0.06 0.18+0.39
−0.06 0.09+0.19

−0.03

82.03 27.45 1.08+1.54
−0.64 0.94+0.96

−0.92 411.9 0.91+0.99
−0.68 0.06+0.24

−0.01 0.01+0.07
−0.0 0.0+0.0

−0.0 0.82+0.93
−0.63 0.05+0.17

−0.01 0.04+0.17
−0.01 0.05+0.1

−0.03

85.01 5.86 5.13+6.96
−3.54 2.69+2.76

−2.62 990.0 0.22+0.44
−0.06 0.28+0.58

−0.08 0.41+0.67
−0.18 0.0+0.0

−0.0 0.26+0.32
−0.17 0.17+0.31

−0.05 0.29+0.31
−0.05 0.26+0.38

−0.15

85.02 2.15 9.92+15.45
−4.96 1.51+1.55

−1.46 990.0 0.99+1.0
−0.88 0.01+0.09

−0.0 0.0+0.02
−0.0 0.0+0.0

−0.0 0.92+0.99
−0.73 0.01+0.09

−0.0 0.02+0.09
−0.0 0.03+0.08

−0.01

85.03 8.13 3.6+4.65
−2.65 1.62+1.66

−1.57 990.0 0.7+0.85
−0.44 0.22+0.49

−0.06 0.06+0.14
−0.02 0.0+0.0

−0.0 0.58+0.66
−0.47 0.15+0.31

−0.05 0.14+0.31
−0.05 0.09+0.17

−0.05

89.02 207.61 9.12+16.45
−3.49 3.92+4.04

−3.83 472.52 0.2+0.42
−0.05 0.24+0.49

−0.07 0.3+0.58
−0.08 0.17+0.22

−0.12 0.19+0.25
−0.12 0.12+0.23

−0.04 0.14+0.23
−0.04 0.52+0.64

−0.42

94.02 10.42 13.52+16.51
−11.26 3.89+3.94

−3.84 990.0 0.19+0.45
−0.05 0.25+0.53

−0.07 0.38+0.7
−0.11 0.07+0.1

−0.04 0.21+0.28
−0.14 0.14+0.26

−0.05 0.2+0.26
−0.05 0.42+0.5

−0.35

94.03 54.33 16.22+18.32
−13.67 6.28+6.36

−6.2 593.38 0.12+0.25
−0.03 0.14+0.29

−0.04 0.16+0.33
−0.04 0.52+0.56

−0.46 0.12+0.16
−0.08 0.08+0.14

−0.03 0.08+0.14
−0.03 0.71+0.74

−0.67

94.04 3.74 11.47+18.45
−3.73 1.57+1.6

−1.55 990.0 0.98+1.0
−0.75 0.01+0.17

−0.0 0.0+0.05
−0.0 0.0+0.0

−0.0 0.9+0.99
−0.61 0.02+0.13

−0.0 0.02+0.13
−0.0 0.03+0.09

−0.01

102.02 4.07 2.52+4.97
−0.66 1.03+1.07

−0.99 110.0 0.99+1.0
−0.44 0.01+0.28

−0.0 0.0+0.16
−0.0 0.0+0.0

−0.0 0.96+1.0
−0.48 0.01+0.2

−0.0 0.01+0.2
−0.0 0.01+0.06

−0.0

108.02 179.6 5.62+13.53
−1.7 5.49+5.63

−5.35 371.49 0.12+0.24
−0.03 0.13+0.27

−0.04 0.15+0.31
−0.04 0.57+0.64

−0.41 0.1+0.15
−0.07 0.06+0.12

−0.02 0.06+0.12
−0.02 0.76+0.81

−0.68

Table 4.1 Planetary parameters and 1σ error ranges for model components using the hot
dataset where the equilibrium temperature was set using Equation 4.1.
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(c) (d)

Figure 4.5 Posteriors, input parameters and relevant information, and theoretical com-
position illustration for four of the five planets in KOI-3158/Kepler-444. What makes
Kepler-444 interesting enough to highlight here is that the planets had some of the tightest
mass constraints out of all planets in the KMDC and therefore ExoMDN had the best
chance of obtaining reliable interior models for these planets. What is seen is that despite
the planets all having very similar radii, there are two distinct compositional structures.
The first is for planets b and c which have masses near 1ML and radii between 0.57 and 0.7
RL. This combination results in the iron ball configuration where the core mass fraction is
required to be 100%. The second structure found for planets d and e is significantly less
extreme where the core only accounts for 78% of the mass on average and there is also the
possibility for nonzero components of a mantle and water layer. It is also worth noting that
because the starting parameters for planets d and e are so close to each other, the models
constructed by ExoMDN are virtually identical.
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KOI Period (d) MEarth REarth Teq(K) mCore mMantle mWater mGas dCore dMantle dWater dGas

41.02 6.89 2.18+5.58
−0.73 1.37+1.41

−1.34 150.0 0.51+0.91
−0.13 0.19+0.52

−0.03 0.14+0.5
−0.01 0.0+0.0

−0.0 0.52+0.84
−0.26 0.15+0.35

−0.03 0.15+0.35
−0.03 0.04+0.2

−0.01

41.03 35.34 9.74+18.31
−2.95 1.63+1.67

−1.58 150.0 0.84+0.99
−0.31 0.08+0.35

−0.01 0.04+0.25
−0.0 0.0+0.0

−0.0 0.77+0.96
−0.39 0.08+0.26

−0.01 0.07+0.26
−0.01 0.01+0.06

−0.01

46.02 6.03 4.05+7.48
−1.38 1.4+1.48

−1.32 150.0 0.74+0.97
−0.25 0.13+0.42

−0.01 0.06+0.32
−0.0 0.0+0.0

−0.0 0.7+0.92
−0.34 0.11+0.3

−0.02 0.1+0.3
−0.02 0.02+0.09

−0.01

70.02 3.7 7.16+16.87
−2.09 1.72+1.76

−1.69 150.0 0.63+0.92
−0.16 0.15+0.46

−0.03 0.1+0.45
−0.01 0.0+0.01

−0.0 0.6+0.85
−0.28 0.14+0.33

−0.04 0.13+0.33
−0.04 0.02+0.13

−0.01

70.05 19.58 1.22+2.02
−0.59 0.9+0.93

−0.87 150.0 0.95+1.0
−0.61 0.03+0.25

−0.0 0.01+0.1
−0.0 0.0+0.0

−0.0 0.89+0.99
−0.61 0.03+0.19

−0.0 0.02+0.19
−0.0 0.02+0.06

−0.01

72.01 0.84 9.33+15.41
−3.32 1.49+1.52

−1.46 150.0 0.94+1.0
−0.51 0.03+0.26

−0.0 0.01+0.14
−0.0 0.0+0.0

−0.0 0.88+0.99
−0.54 0.04+0.21

−0.0 0.03+0.21
−0.0 0.01+0.04

−0.0

82.01 16.15 1.74+3.02
−0.76 2.28+2.32

−2.25 150.0 0.2+0.45
−0.05 0.24+0.51

−0.07 0.33+0.64
−0.09 0.12+0.17

−0.06 0.22+0.3
−0.14 0.13+0.26

−0.04 0.16+0.26
−0.04 0.45+0.58

−0.31

82.02 10.31 0.92+1.34
−0.63 1.21+1.23

−1.19 150.0 0.29+0.55
−0.09 0.35+0.65

−0.1 0.27+0.53
−0.1 0.0+0.0

−0.0 0.4+0.54
−0.26 0.24+0.44

−0.08 0.23+0.44
−0.08 0.07+0.16

−0.02

82.03 27.45 1.08+1.54
−0.64 0.94+0.96

−0.92 150.0 0.85+0.97
−0.56 0.09+0.32

−0.01 0.03+0.12
−0.0 0.0+0.0

−0.0 0.79+0.92
−0.59 0.08+0.23

−0.02 0.05+0.23
−0.02 0.03+0.07

−0.01

85.01 5.86 5.13+6.96
−3.54 2.69+2.76

−2.62 150.0 0.19+0.44
−0.05 0.24+0.51

−0.07 0.34+0.65
−0.09 0.11+0.17

−0.06 0.25+0.32
−0.16 0.16+0.29

−0.05 0.19+0.29
−0.05 0.37+0.48

−0.26

85.02 2.15 9.92+15.45
−4.96 1.51+1.55

−1.46 150.0 0.94+1.0
−0.69 0.03+0.2

−0.0 0.01+0.09
−0.0 0.0+0.0

−0.0 0.88+0.99
−0.66 0.04+0.18

−0.0 0.03+0.18
−0.0 0.01+0.03

−0.0

85.03 8.13 3.6+4.65
−2.65 1.62+1.66

−1.57 150.0 0.36+0.58
−0.13 0.36+0.67

−0.11 0.22+0.42
−0.08 0.0+0.0

−0.0 0.46+0.57
−0.31 0.27+0.47

−0.09 0.21+0.47
−0.09 0.03+0.07

−0.01

89.02 207.61 9.12+16.45
−3.49 3.92+4.04

−3.83 150.0 0.15+0.33
−0.04 0.17+0.37

−0.05 0.21+0.44
−0.05 0.34+0.54

−0.23 0.18+0.25
−0.1 0.1+0.21

−0.03 0.11+0.21
−0.03 0.56+0.7

−0.45

94.02 10.42 13.52+16.51
−11.26 3.89+3.94

−3.84 150.0 0.18+0.38
−0.05 0.21+0.43

−0.06 0.26+0.52
−0.07 0.26+0.31

−0.2 0.21+0.27
−0.14 0.13+0.25

−0.04 0.15+0.25
−0.04 0.49+0.56

−0.41

94.03 54.33 16.22+18.32
−13.67 6.28+6.36

−6.2 150.0 0.02+0.04
−0.01 0.02+0.04

−0.0 0.02+0.05
−0.01 0.93+0.96

−0.9 0.08+0.1
−0.05 0.04+0.07

−0.01 0.04+0.07
−0.01 0.83+0.86

−0.8

94.04 3.74 11.47+18.45
−3.73 1.57+1.6

−1.55 150.0 0.93+1.0
−0.46 0.04+0.27

−0.0 0.01+0.16
−0.0 0.0+0.0

−0.0 0.86+0.98
−0.5 0.05+0.21

−0.0 0.04+0.21
−0.0 0.01+0.04

−0.0

102.02 4.07 2.52+4.97
−0.66 1.03+1.07

−0.99 150.0 0.99+1.0
−0.47 0.01+0.27

−0.0 0.0+0.14
−0.0 0.0+0.0

−0.0 0.96+1.0
−0.49 0.01+0.19

−0.0 0.01+0.19
−0.0 0.01+0.07

−0.0

108.02 179.6 5.62+13.53
−1.7 5.49+5.63

−5.35 150.0 0.03+0.08
−0.01 0.03+0.08

−0.01 0.03+0.1
−0.01 0.9+0.95

−0.73 0.07+0.12
−0.04 0.04+0.08

−0.01 0.04+0.08
−0.01 0.84+0.9

−0.74

Table 4.2 Planetary parameters and 1σ error ranges for model components using the cold
dataset where the equilibrium temperature was fixed at 150K. In general this led to an
enhancement in the mass fraction of volatiles as their effect on the planet’s radius was
mitigated due to the lower temperatures.

4.4 Discussion

Given the general high uncertainty in the mass and radius fractions shown in the posterior distribu-

tions for KOIs-277, 351, and 3158 as well as in Tables 4.1 and 4.2 it is difficult to draw definitive

conclusions about the compositional structure of most of these planets. Combining this with the

general lack of preexisting work that would allow for a side-by-side comparison of our results, there

is not much more that can be said at this time on the level of individual planets.

However, it is still possible to look at our catalog of results and determine how well they agree

with larger scale theories about the Kepler systems. Specifically, we look at what our interior models

can say about the Kepler Radius Gap. As explained in Ho & Van Eylen (2023) is a well-established

finding that within the Kepler dataset there is an under-density of planets with radii between 1.5-2

RL and periods less than 100 days. The current theory is that essentially all of the smaller rocky

planets, super-Earths, and sub-Neptunes in the Kepler dataset have very similar compositions, but
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the only major difference is the amount of gas the planets contain in their atmospheres. The small

planets below the radius gap are expected to be rocky cores that have lost their atmosphere via either

core powered mass loss or photoevaporation. With this in mind the idea then becomes planets below

the gap do not have meaningful amounts of gas while those above the gap do have a significant gas

component.

To begin our exploration of this theory, we have Figure 4.6. This figure shows all of our modeled

planets plotted in period-radius space with points colored by their 1σ upper limits on their mass

fraction of H/He (wGas) for both our hot and cold datasets. Already by eye, the radius gap is quite

clear as it causes the points to separate into two distinct clusters. For both of our datasets the points

below the gap have almost no or absolutely no H/He at the 1σ level. Above the gap the story is

slightly different between the datasets. For the hot set, there are still a considerable number of

planets that have no significant gas component until they start having radii above 5RL whereas for

the cold dataset this transition occurs at a considerably lower radius value.

In order to see exactly where a theoretical split between no gas and a meaningful amount of gas

would occur, we employed a support vector machine (SVM) classifier. To initialize the SVM we first

needed to label all of the points/planets as either rocky or gaseous. Because there is no real defined

value at which an atmospheric component becomes significant, we look at three cutoff values which

are wGas = 0.02,0.05,0.1 and ran the SVM three times. For each iteration, planets with a 1σ upper

limit on the mass fraction of their atmosphere that was less than the cutoff were labeled as rocky

and those above were labeled gaseous. Then the SVM algorithm proceeded to find the line that

maximized the difference between the boundary and the points chosen as support vectors per the

standard SVM routine. The results of these analyses are also shown in Figure 4.6 with each labeled

line indicating the cutoff value that was used to define the boundary. Unsurprisingly, the SVM

boundaries for the hot dataset occur at higher radius values. Focusing just on the wGas = 0.02

boundary provides further evidence of how little gas the majority of the planets have since nearly
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every planet below the boundary have less than 2% gas by mass. It is also interesting to see that

in both the hot and cold datasets, the nominal division between the two clusters is overshot by the

SVM with the closest division coming from the cold dataset when the mass fraction boundary is

0.02. Additionally, we plot the boundary line found by Ho & Van Eylen to see how our results

compare to what they found. In order to obtain their line, Ho & Van Eylen first updated the planetary

parameters for 431 planets by making use of Kepler’s short cadence data. With the parameters

set, they proceeded to use a Gaussian Mixture Model to classify their data into two groups which

could then be separated using an SVM. The boundary line found by Ho & Van Eylen performs

significantly better in matching the radius gap for the hot dataset. In the case of the cold dataset, it

does not necessarily perform better than the 0.02 mass fraction line, but does differ in the fact that it

has a more significant negative slope, leading to a small difference in classifications.

While it is encouraging that the cold dataset allows for a definition of the radius gap that roughly

agrees with other findings, it is not satisfying because the cold dataset is much more an experimental

investigation into the effect that temperature has on compositional models than a dataset that is

believed to accurately represent the Kepler planets. To further examine the radius gap, in Figure 4.7

we present the same data as in Figure 4.6 except that this time the points are colored by the radius

fraction of the gas instead of their mass fraction. By doing this, three results immediately become

clear. First, the difference between the cold and hot dataset almost vanishes as is evident by both

the point colors and the location of the SVM boundaries. These boundaries were obtained in the

same manner except the cutoffs where based off having a radius fraction at or above 0.05, 0.1, and

0.2. The boundaries in the cold dataset (right) are slightly more compressed with each other but

the overall placement of the boundary and slope of the lines is consistent with those found in the

hot dataset (left). The second result is that the boundaries agree much better with where a visual

inspection would define the radius gap. Finally, given that these boundary lines agree better with

the radius gap as a whole, they also agree considerably better with the boundary found by Ho &
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(a) (b)

Figure 4.6 Period-radius plot for the 830 planets modeled in this work. The points are
colored by the atmospheric mass fraction wGas. Subplot a shows the results for the hot
dataset while subplot b shows the same for the cold dataset. In both figures the Kepler
Radius Gap is visible as an under density of points/planets. We attempt to model this
division in the Kepler data using an SVM classifier. The two classes are either rocky
or gaseous with the distinction made in the 1σ upper limit on each planet’s H/He mass
fraction. Three potential boundaries are found based off of what cutoff (.02, 0.05, 0.1) was
used to divide rocky from gaseous planets. Along with this, we plot the boundary line that
was found by Ho & Van Eylen to describe the Kepler gap. For the hot dataset (subplot a)
we find that the boundary occurs at much too high of radii in all three cases. Alternatively
for the cold dataset, the boundary occurs at much lower radii, but still does not provide an
acceptable match to the one given by Ho & Van Eylen especially when factoring the cold
dataset does not accurately model the equilibrium temperatures for these planets.
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Van Eylen. Ho & Van Eylen’s boundary line still has a larger slope than the one found by our SVM

method, but given the low density of points in this region of parameter space, it only changes the

classification for a small (20-30) number of points/planets out of the 830 in the figures. Although it

is not the point of this work to say which boundary is more accurate, it is worth noting that the one

found in this work was obtained by first classifying the planets based off of a physical characteristic

(either mass or radius fraction of H/He) whereas the one given in Ho & Van Eylen was found by

simply applying a clustering algorithm and labeling points based off of which cluster they were

assigned to and then in both cases the SVM was used to find the boundary. While this is a small

difference in methods, and certainly the clustering algorithm was picking up a feature of the data

caused by a physical difference in the planets, our method does benefit from the fact that it was

more solidly rooted in the physical characteristics of the planets.

Some additional attention is needed to address the difference between Figures 4.6 and 4.7. When

looking at mass fractions, there is a clear difference between the hot and cold datasets which is not

visible when looking at the radius fractions. This is clear evidence of how temperature can affect a

planet’s radius if it has any amount of atmosphere. The planets in the hot and cold datasets have

the same radii and, as seen in Figure 4.7 they also have essentially the same radius fractions. Thus,

due to stellar heating, the same inflation of a planet’s radius can be achieved with a very minimal

fraction of H/He. This leads to a couple of implications. First, the planets above the radius gap that

have sizes in the super-Earth to sub-Neptune range may have considerably less gas by mass than

would have nominally been expected. As seen many planets above the gap had a mass fraction less

than 0.2 and it must also be reemphasized that that was their 1σ upper limit on the mass fraction.

Next, it really is possible that the planets in this R < 5RL regime have nearly identical compositions,

and it is only a slight enhancement of gas that makes them appear considerably different in radius

space. Finally, it would not require much mass loss via photoevaporation or core powered to make a

planet drop from above to below the radius gap.
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(a) (b)

Figure 4.7 The same plots as Figure 4.6 except that now points are colored based off of the
radius fraction of the H/He layer (dGas) and the classes for the SVM boundary are defined
as either rocky or gaseous if the radius fraction is greater than 0.05, 0.1, and 0.2. This
figure immediately differs from Figure 4.6 in two important ways. First, the difference
between the hot and cold datasets are almost completely gone. This is because while the
hot dataset has lower mass fractions of gas, the contribution to the overall radius is the
same. Second, the level of agreement between the boundary lines we found and the one
given by Ho & Van Eylen is significantly greater with the best being between their line
and our 0.05 radius fraction line. Our boundary lines have a considerably less negative
slope, but due to the under density of points in this region, it does not lead to a difference
in classification of many points.
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4.5 Conclusion

The KMDC is currently the largest homogeneously derived catalog of exoplanetary parameters. Use

of this catalog makes it possible to go from analyzing exoplanets on a system/cluster of systems

level to a scale that includes nearly all of the Kepler multis. In this work we applied the catalog to

generate interior models of 830 planets using the software tool ExoMND. This modeling software

allowed us to construct Bayesian posterior distributions for a four-layer planetary compositional

structure consisting of an iron core, silicate mantle, water/ice, and a H/He atmosphere. These results

are presented in this work in part with the full data files and posterior plots being available upon

request while the data tables giving the 1σ error ranges on the model parameters are included as

supplemental material in a machine readable format.

After modeling the 830 planets, several findings became quite clear:

1. The KMDC contained many planets that could only be modeled as a 100% ball of solid

iron. These planets are unlikely to be physical and are likely a result of missing features

in the photodynamical model that generated the KMDC or starting parameters that need

to be updated. For example, if stellar dilution is not properly modeled or the stellar radius

is off, then the radius of the planet is underestimated and the result is that the density is

overestimated.

2. The combined posterior distributions for the model parameters all have a peak at a mass

fraction of 0 indicating that it would be possible to build a consistent model with the input

parameters that had at most three layers instead of four. This speaks to the inherent degeneracy

of the problem being investigated here. From a straight modeling point of view, it is just as

possible for a planet to have a small iron core and large gaseous atmosphere as it is for it

to have a moderate mantle and water layer. Both of these solutions can return a planet that

matches the input parameters, and thus it is a difficult task to determine which is more correct.
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3. Unsurprisingly, when only three parameters are used as input for ExoMDN, all three parame-

ters are important and significant changes in one will lead to significant differences in model

compositions. This was seen when comparing the differences between our hot dataset that

used a physically motivated calculation of the equilibrium temperature and the cold dataset

where the temperature was set to 150K for every modeled planet. When modeled with a lower

temperature, it was possible for the planets to have higher fractions of volatiles because they

were not inflating the radius as they would at higher temperatures.

4. Given the high equilibrium temperatures that many of the Kepler planets have as a result of

orbiting close to their host star, a very small amount of H/He by mass (<1%) can account for

approximately 30% or more of their radius.

5. By plotting the modeled planets in period-radius space, the Kepler Radius Gap is easily

seen as an under-density of data points. Using an SVM and labeling the points based off of

their gas mass fraction, it is difficult to find a boundary line that separates the two groups as

expected regardless of whether the cold or hot dataset is used. However, when switching to

labeling the points by the fraction of the radius which the gas contributes, an SVM classifier

is able to match expected results, and the findings are consistent between the hot and cold

datasets.

With these in mind, the biggest question that remains is the overall level of uncertainty in the

planet models. The first source of this uncertainty is the starting parameters themselves. The KMDC

was meant to be a large scale endeavor to solve for the parameters of all the Kepler multis, but did

this at the expense of not necessarily being about to obtain the tightest parameter constraints for

each individual planet. If this catalog was used in combination with other results or future results

that improved upon those given in the KMDC, it may be possible to provide tighter compositional

constraints. Additionally, as stated previously, the albedo used when calculating the equilibrium
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temperatures was set at 0.5 for all planets, which is not expected to be the best value across the

board. If some additional work were to be done to find a suitable way to more accurately set this

parameter, it would help to improve the models found and published here. Beyond improving

the starting parameters, there are also enhancements that could be made in ExoMDN itself. For

example, Baumeister & Tosi specifically mention that they used a simplified atmospheric model, as

their main interest was in the machine learning capabilities of ExoMDN more so than in capturing

all the correct physics. It is therefore reasonable to predict that if more advanced models were

incorporated into ExoMDN, the models would benefit at least from being derived from a more

accurate representation of exoplanetary atmospheres. Finally, it is very likely the case that the

three parameter inputs used are not sufficient to constrain the four parameter compositional model.

Baumeister & Tosi were able to significantly improve their solutions and reduce their uncertainties

in the models when the fluid Love number k2 was included. Once included, their models for Earth

were accurately constrained to the point that core composition needed to be included beyond the

default pure iron used in ExoMDN. While Love numbers for the Kepler planets are highly unknown,

if in the future there were a method for determining them, their incorporation into interior models

would significantly decrease the compositional uncertainty. In the meantime, it is also plausible that

other more readily obtainable parameters, such as stellar parameters, could be used to constrain the

models beyond their current state.

Another challenge facing this work as a whole is the lack of context in which to place it.

Determining accurate masses for the Kepler planets is still an active area of research, and modeling

their interiors is one step down the line. With the exception of Baumeister & Tosi and there are

not many results that we could compare on a large scale. On smaller scales, analyses have been

performed such as what has been found for KOI-277 by Carter et al., but it would require an

investigation beyond the scope of this work to compare all the compositional models done on single

planets/systems with the results presented here. The goal, however, is that between the KMDC and
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the results given in this paper, a significant step forward can be taken towards understanding the

compositional structures of the Kepler multis.

4.6 Future Work

With such a range of exoplanetary interior compositions, there are many potential avenues for

additional research. A more detailed exploration of the occurrence-weighted compositions is likely

to reveal information about the true composition distribution of exoplanets for the first time. A

Hierarchical Bayesian Model can also explore population level assumptions. For example, are the

data consistent with wWater = 0 for all Kepler systems? That is, can the data be (mostly) explained

by rocky-iron cores with varying gas fractions? This is a hypothesis that has been proposed in the

literature and is essential for assessing whether Kepler-like planets formed in situ (e.g., inside the

ice-line and thus accreted no water) or formed further out (with significant components of water) and

migrated inwards. Another commonly proposed hypothesis that could be tested with Hierarchical

Modeling is that the rock to iron ratio for small planets is similar to Earth’s or potentially related to

the [Si]/[Fe] ratio for the stars.

Another avenue of exploration is how compositions are correlated (or not) within individual

systems. One of the cardinal results of solar system compositions is that the interior terrestrial

planets have much less water and gas than exterior giant planets. Are there similar compositional

trends within Kepler-like systems?

Overall, the goal of future work is to reduce the importance of the significant degeneracies found

in individual planets by exploring the ensemble of planets either within planetary systems or across

all Kepler discoveries. With hundreds of homogeneously-analyzed planets, the dataset provided

here provides an excellent start to these and many other questions.
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