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ABSTRACT 

 

Nonlinear waveform steepening in time reversal focusing of airborne, one-dimensional sound 

waves, and the absence of Mach stems 

Michael M. Hogg 

Department of Physics and Astronomy, BYU 

Bachelor of Science 

 

Time reversal (TR) is a process that can be used to generate high amplitude focusing of 

sound. It has been previously shown that high amplitude focused sound using TR in 

reverberant environments exhibits multiple nonlinear features including waveform 

steepening and a nonlinear increase in peak compression pressures. This study investigates 

the removal of one possible cause for these phenomena: free-space Mach stems. By 

constraining the focusing in the system to one dimensional (1-D) waves, the potential 

formation of Mach stems is eliminated so that remaining effects can be observed. A system 

of pipes is used to restrict the focused waves to be planar in a 1-D reverberant environment. 

Results show that waveform steepening effects remain as expected but that the nonlinear 

increase in compression amplitudes disappears because Mach stems cannot form in a 1-D 

system. These experiments provide evidence in favor of the assertion that free-space Mach 

stems cause the nonlinear increase in compression pressures when creating TR focusing in 

multiple dimensions. 
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Chapter 1 

Introduction 

 

 Time Reversal (TR) is a signal processing technique that can be used to focus physical waves, 

acoustic or otherwise, to a selected spatial location in a system.1-4 Historically, acoustic TR was 

first used as a method to create localized and reproduceable underwater communications5-6 that 

were difficult to intercept. More recent studies in communications have shown that TR allows for 

long distance communication in an ocean environment7-8 and communication in among a network 

of pipes.9 Other uses for TR involve source localization in which waves propagate back through 

the environment to their original emission location.10-12 There is also high amplitude focusing of 

sound and vibration, which is the main use of TR that the present study is concerned with.4 Studies 

of high amplitude focusing have investigated localized delivery of energy for many purposes, 

including non-destructive evaluation to find cracks3,13-14 or evaluate a structure’s response to 

sound,15-17 nonsurgical biomedical treatment,18-20 and focusing sound loud enough to study 

nonlinear features in that focused sound.21-23 

 TR focusing relies on obtaining the impulse response from a source to a receiver. In a 

reverberant environment the energy emitted from an impulsive emission takes many paths to the 

receiver. The arrival times of the reflections about the room are thus encoded in the impulse 

response. If this impulse response is time reversed and broadcast from the source, the paths that 

were initially traversed, when the impulse response was obtained, are retraced such that energy 

simultaneously arrives at the receiver location from all these paths. These simultaneous arrivals 
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constructively interfere resulting in high amplitude focusing of sound at the receiver location. In a 

reverberant environment, arrivals can come from all directions resulting in an approximately 

converging spherical wave24 made up of many diverging spherical waves (an expression of 

Huygen’s principle). Multiple sources may be used in TR and when their reversed impulse 

responses are synchronously timed the amplitude of the focus is further increased. 

 As waves are being focused using TR, they are relatively low in amplitude before they 

converge at the focal location. However, at the focal location, whose spatial extent is roughly one 

wavelength in diameter, the peak amplitude can be three times higher on average than the 

amplitude of the converging waves. Thus, nonlinear features are more likely to be observed at the 

focal location than in the converging waves prior to focusing. This phenomenon is exploited when 

TR is used for nondestructive evaluation applications since the focusing is localized, and when the 

focusing occurs at a location on a sample that vibrates nonlinearly (i.e. a crack or delamination), 

then more nonlinearity may be observed in focusing at that location than when focusing at other 

intact locations on a sample.14,25-28 Wallace and Anderson29 showed that localized high amplitude 

focusing of two ultrasound frequencies in air could create an audible difference frequency. In 

biomedical ultrasound applications, waves focused with TR can generate localized heating at the 

focal location and be used to destroy kidney stones and brain tumors.18-20 There are other ways to 

create High Intensity Focused Ultrasound (HIFU) for biomedical applications besides using TR. 

In HIFU experiments and modeling, an increase in compression amplitudes and a decrease in 

rarefaction amplitudes has been observed30 but the physical mechanism was not explained. 

 Two nonlinear features have been asserted to happen during high amplitude TR focusing, 

waveform steepening and Mach stem formation.22-23 In nonlinear acoustics, waveform steepening 

is due to an increase in wave speed in the compressions of the wave, and a decrease of speed in 
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the rarefactions of the wave as it propagates; both of which are breakdowns of the linear acoustics 

assumptions.31 Thus, sine waves evolve into sawtooth waveforms with shocks present where the 

slope of the waveform is infinite.32 When wave steepening occurs, the peak compression 

amplitudes are reduced relative to linear scaling as the wave continues to propagate. This feature 

causes a shifting of energy from the fundamental frequency to higher harmonics as the waveform 

steepens. Mach stems form when high pressure wave fronts interfere and interact with one 

another.23,33-36 One finite amplitude wave leaves behind excess heat in the medium (a breakdown 

of the adiabatic assumption), thereby increasing the sound speed in the medium behind it, and this 

increase in speed allows a trailing wave to catch up to the leading wave. This means Mach stems 

are typically observed in two-dimensional and three-dimensional environments where these types 

of interactions can occur. Unlike wave steepening, the compression amplitude in a Mach stem 

nonlinearly increases, producing pressures that are larger than the linear sum of the two constituent 

waves.  

 Montaldo et al.37 reported data that exhibited nonlinear behavior in high amplitude TR 

focusing of ultrasound in a lithotripsy application. In their setup, as pulse excitation voltage was 

increased the resulting focal signal exhibited increasing levels of nonlinearity, particularly 

waveform steepening, but not nonlinear amplification. Willardson et al.21 reported nonlinearities 

in high amplitude TR focusing of audible frequency sound in a reverberation chamber, with a 

nonlinear increase of peak pressure in higher input amplitudes. They contrasted their results with 

those of Montaldo et al. and pointed out that the results reported by Montaldo et al. show a 

nonlinear decrease of compressions; nonlinearity wasn’t discussed by Montaldo et al. Patchett and 

Anderson22 furthered the work of Willardson et al. and created a peak focal pressure in air of 214.8 

kPa or 200.6 dBpeak. This amplitude was approximately two times higher than linear scaling would 
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have predicted.22 Willardson et al.21 and Patchett and Anderson22 cite wave steepening as a 

possible contributing factor in their results. Patchett and Anderson further claim that free-space 

Mach stem formation is the mechanism of the nonlinear increase shown in the high amplitude 

compressions. This later claim was more fully studied by Patchett et al.,23 where they used 

numerical modeling to show that free-space Mach stem formation occurs in high amplitude TR 

when the high-pressure waves are allowed to interact. They also showed that when the TR focusing 

comes from a limited aperture (i.e. from a limited range of angles of incidence) that the nonlinear 

increase from Mach stems doesn’t happen. This explains why it didn’t happen in the results 

reported by Montaldo et al. where waves in their setup converged from a limited aperture but they 

were not constrained to propagate as plane waves in a waveguide. What is currently unknown is if 

a nonlinear increase would be observed in a system where wavefronts cannot overlap, meaning a 

case where Mach stems cannot form.  

 The purpose of this thesis is to experimentally show that in a system in which waves are 

constrained to travel in one dimension, where Mach stems cannot form, that nonlinear 

amplification of peak compressions no longer happens. Thus, the observed nonlinearity that 

remains appears to be limited solely to waveform steepening. TR focusing experiments conducted 

in a room with waves converging in three dimensions are compared to TR focusing experiments 

conducted in a network of pipes with sound waves restricted to converge in one dimension. The 

bandwidth used for both sets of experiments, of 500 – 3500 Hz, restricts wave propagation to plane 

waves within the pipes. Experiments in both acoustic systems are conducted at sound levels where 

finite-amplitude, nonlinear effects are observed.



 

5 

 

Chapter 2 

Experimental Setup 

 

 The measurements for this study took place within a system of pipes. The pipes are made 

of cast iron, which should ensure very little excitation of pipe wall vibration due to the acoustic 

pressure waves. Waves inside the pipes reflect off of hard wall boundaries and the only losses 

come from propagation (e.g. molecular relaxation) and thermoviscous boundary losses. Thus, the 

internal environment is considered reverberant albeit with a reverberation time of 75 ± 4.5 ms. The 

pipes have a 5.08 cm (2 inch) inner diameter which were connected by various pieces that 

accommodate junctions of 2, 3, or 4 pipes in total. These junction pieces are referred to as couplers, 

T-pieces, and cross-pieces. In conjunction with various lengths of pipe, eight BMS (Hannover, 

Germany) 4590 dual-diaphragm, high-output loudspeakers are fitted with appropriate crossover 

circuits and bolted to the ends of the pipes with flanges. Figure 2.1 shows a photograph of the 

actual system of pipes and loudspeakers used for the experiment. Notice that the length of the 

branches of the system are varied to prevent the formation of degenerate modes and to spread out 

the timing of reflections arrivals at the microphone. An important feature is the straight section in 

the middle which is meant to let the plane waves propagate a distance in only a single duct before 

arriving at the microphone, a GRAS (Holte, Denmark) 46BG at the center of this linear section, 

kept in the center of the pipe via some foam. At the ends of each of the branches are the 

loudspeakers previously mentioned. 
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FIG. 2.1. Photograph of the system of pipes used to create the one-dimensional environment. Main lengths 

(measured from outer flange end to outer flange end) and locations are labeled. 

 

 The TR process was carried out via a custom LABVIEW™ (Austin, TX) executable 

program developed in-house,38 coupled with two Spectrum Instrumentation (Großhansdorf, 

Germany) M2i.6022 signal generation cards and a M2i.4931 digitizer card. The signals from the 

cards are output to two Crown (Elkhart, IN) CT4150 amplifiers which send the signal to the 

loudspeakers. Typical TR processing is used in this study since we can see the nonlinearities 

without using the clipping TR method used by Patchett and Anderson.22 This decision was 

informed by the observations of odd amplitude related effects in preliminary data at extreme sound 

levels, and these effects were decided to be out of the scope of the thesis.  

 To guarantee one-dimensional propagation of waves in the system, the bandwidth of 

frequencies used in these experiments was limited to those below the plane wave tube cutoff 

frequency. The plane wave cutoff frequency for a circular duct is given by, 
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  𝑓𝑐 =
1.841𝑐

2𝜋𝑎
, (2.1) 

where 𝑐 is the speed of sound and 𝑎 is the radius of the duct. For our system, we decided to limit 

our bandwidth to below 3500 Hz, which is well below 𝑓𝑐 (approximately 3950 Hz) and used that 

as our maximum input frequency. A swept sine wave signal, or chirp signal, was created as the 

input signal to the system. A bandwidth of 500 – 3500 Hz was used to generate the chirp signal, 

with the lower frequency being determined by the limitation of the drivers themselves. Note that 

Golightly et al.39 also conducted TR experiments with plane waves in pipes but restricted their 

study to much lower sound levels for the purpose of exploring a super resolution concept. 

 The specific TR process we use for these measurements is reciprocal TR,2 which consists 

of a forward step and a backward step. During the forward step a chirp signal is broadcast into the 

system from each driver, individually in turn. The microphone records the response of the system 

from each of the sources; these data are known as the chirp response (CR). A cross-correlation is 

performed between the chirp signal and the CR resulting in an impulse response (IR) of the system. 

This IR is then reversed in time to produce the time reversed impulse response (TRIR). During the 

backward step the TRIR signals are simultaneously broadcast from all sources into the system. 

The direct propagation delay from the source and timing of reflections that arrive at the 

microphone are encoded into the TRIR and upon broadcast of the TRIR, energy will partially 

retrace these paths and thus a convergence of waves will constructively interfere at the location of 

the microphone. The resulting superposition of the focusing produced by each of the 8 sources 

broadcasting their TRIR signals is recorded at the focus position by the microphone. This focusing 

of sound is repeated with different levels of amplification and these focal signals are linearly scaled 

and compared to look for differences as the input amplitudes are increased. 
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 With that process in mind, the following settings were used. The chirp signal had a length 

of 4.16 s with 0.34 s of trailing zeroes to allow ample time for the reverberation to dampen in 

preparation for the broadcast of the chirp signal from the next driver. The frequency progression 

in the chirp was logarithmic to match that of Patchett and Anderson22 and had a bandwidth of 500 

– 3500 Hz due to the limitations mentioned previously. A sampling frequency of 250 kHz is used 

both for the generation of the signals and their recording. The chirp signals are output from the 

sound card with a peak amplitude of 100 mV into the amplifier. The amplitude of signals output 

from the sound cards and input to the amplifier will thusly be called an input amplitude. After the 

CRs are recorded and processed into the eight individual TRIRs, we are ready to take the 

measurements needed. The sound cards can generate output amplitudes of 100 mV to 1800 mV 

and it was determined to use 3 dB increases for the input amplitude levels (multiplying the previous 

input level by √2) beginning at 100 mV and stopping at 1600 mV. This produces nine increasing 

levels of output from the audio cards (100 mV, 141 mV, 200 mV, 282 mV, 400 mV, 565 mV, 800 

mV, 1131 mV, and 1600 mV).  

 For comparison to the pipe system, a standard TR experiment was done inside the small 

reverberation chamber at Brigham Young University. This reverberation chamber has dimensions 

5.7 m × 4.3 m × 2.5 m. The overall reverberation time in the room is approximately 3.16 ± 0.08s 

across the chirp bandwidth used, and the room has a Schroeder frequency of 522 Hz. The physical 

setup matches the setup of Patchett and Anderson.22 This includes the drivers being mounted to 

horns and facing away from the microphone,40 which was placed in a corner of the room.41 The 

same bandwidth of 500 – 3500 Hz and input amplitudes are used in the room experiments as in 

the pipe experiments except for the trailing zeroes length being longer at 3.84 seconds to account 

for the longer reverberation time in the room. 
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Chapter 3 

Results 

To allow a linear scaling analysis, each TR focus time signal was multiplied by a scaling 

factor, 𝑆, 

 𝑆 =
1600

𝐼
, (3.1) 

where 𝐼 is the input amplitude in mV generated from the sound cards. For linear cases this 

would generate copies of the highest amplitude signal. If nonlinearities are present, the scaling 

factor allows identification of differences between the results of using lower amplitude inputs and 

higher amplitude inputs to the system. Figure 3.1(b) shows example results from three 

superimposed TR focus time signals recorded when performing TR in the 1D pipe system, with 

each input amplitude spaced by 12 dB. We observe that as the input amplitude increases the scaled 

peak compression amplitude decreases. This indicates a nonlinear suppression of compressions as 

the amplitude from the drivers increases. Notably this finding is contrary to the findings of 

Willardson et al.21 and Patchett and Anderson,22 whose experiments were done with three-

dimensional wave focusing in a room, but was expected here since this experiment is done solely 

with one dimensional waves, where Mach stems are not expected to form. Additionally, the higher 

amplitude focus peak arrives earlier in time with a steepening of the leading edge of the wave, 

indicating waveform steepening. This coincides with the claims of Willardson et al.,21 Patchett 

and Anderson,22 and Patchett et al.23 who all asserted that waveform steepening is present in higher 
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amplitude focus signals. The results shown in Fig. 3.1(b) are exemplary of many experiments done 

at various amplitudes within the pipes under various conditions. 

 

FIG. 3.1. (a) Scaled time reversal focus signals when focusing 3D sound within a room. Note the increase of 

scaled peak compression amplitude and earlier arrivals of the peak compression. (b) Scaled time reversal focus 

signals when focusing 1D sound within pipes. Note the decrease of scaled peak compression amplitudes and 

earlier arrivals of the peak compression. 

 

These TR focusing results in the pipes are now contrasted with TR focusing results 

obtained in a room using similar settings (the microphone was placed in a corner of the room 

as was done by Patchett and Anderson22). Figure 3.1(a) shows TR focus signals when using 

the same input amplitudes in a room as used in the pipes. Similar features as those reported 

by Patchett and Anderson22 are observed; namely, as the amplitude from the drivers increases, 

a nonlinear increase in the peak compression amplitude is observed (nonlinear amplification) 

along with a nonlinear suppression of the rarefactions on either side of that main focal peak.  

Steepening of the waveform is also observed. The key difference between these two sets of 

results is the 1D environment for the pipes and the 3D environment for the room. The 

nonlinear amplification of peak compression and nonlinear suppression of the adjacent 
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rarefactions was also reported by Willardson et al.21 and by Patchett and Anderson22 though 

here a narrower bandwidth of frequencies was used. Willardson et al.21 and Patchett and 

Anderson22 claimed these features were the result of Mach stem formation with the 

overlapping of high-pressure waves. Patchett et al.23 showed through numerical modeling that 

indeed Mach stem formation in collapsing waves allows additional energy to arrive at the time 

of maximal focusing causing the nonlinear amplification of compressions. 

 

 

FIG. 3.2 Peak amplitudes of the primary compression of the time reversal focus and the peak amplitudes of the 

largest rarefaction shown at each of 9 input amplitudes as compared with the linear case (extrapolating linearly 

from the lowest amplitude). (a) 3D focusing of sound in a room (b) 1D focusing of sound in pipes. 

 

We show further that as the input amplitude increases, we depart further from linearity. 

Figure 3.2 shows the peak amplitudes of the main focal compressions and the peak amplitudes of 

the largest rarefactions for various input amplitudes as compared to linear scaling of the peak 

compression and rarefaction pressures that the 100 mV input creates. It is clear that there is a 

nonlinear suppression of the higher amplitudes for both the compressions and rarefactions. The 

nonlinear suppression of the rarefaction amplitude is consistent with what is found by Patchett and 

Anderson22 but the compression amplitude progression shows the opposite here; a decrease 
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relative to linear scaling is observed in pipes rather than a nonlinear increase in peak compression 

pressures in rooms as input amplitude increases. Compare Fig. 3.2 here to Fig. 8 by Patchett and 

Anderson.22 

Figure 3.3(a) shows example focal signals for the minimum and maximum input voltages. 

Additional lines have been drawn on this figure to aid in quantifying metrics related to nonlinearity 

exhibited in the focal signals as a function of input voltage. The difference in the scaled, peak 

compression amplitudes is apparent in this figure. The variation of these peak amplitudes is shown 

as a function of input voltage in Fig. 3.3(b). As noted previously, the peak amplitudes nonlinearly 

increase in the room and nonlinearly suppress in the pipes with increasing input voltage. Along 

with the nonlinear suppression, we observe an increase in the wave steepening of the leading edge 

of the main compression peak as quantified by the maximum slope/derivative, which is to say that 

steepening increases with increasing input amplitude. Consistent with wave steepening effects, the 

peak compressions arrive progressively earlier with increasing input amplitude. In Fig. 3.3(a) the 

arrival times are denoted by vertical lines and the variation as a function of input amplitude is 

shown in Fig. 3.3(c). Note that the variation in the arrival times is more dramatic in the pipes than 

in the room. The earlier arrival of the peaks in the room results is consistent with Patchett and 

Anderson’s findings.22 This effect is more pronounced in the pipes as nonlinearities are more easily 

generated in one-dimensional propagation (focusing of waves in a pipe) than in three-dimensional 

propagation (focusing of waves in a room). In Fig. 3.3(a), the maximum derivative of each signal 

is denoted by a circle with a tangent line drawn. In Fig. 3.3(d), the variation of maximum derivative 

is shown as a function of input amplitude, with a minor difference between the data in the pipes 

and in the room at the highest amplitudes. If everything scaled linearly in these two experiments, 

then no nonlinear amplification or suppression of the main compression peaks would be observed. 
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The arrival times of the peak compressions would not change and the derivatives of the leading 

edge of the compression would not change either. 

 

 

FIG. 3.3 (a) A low and high amplitude focal signal are compared. Maximum derivative of the leading edge of 

the main compression peak in each focal signal are denoted by circles with tangent lines that possess the 

respective maximum slopes. The vertical, dash-dotted lines denote the time of maximum compression amplitude 

for each focal signal. (b) Peak compression amplitudes of time reversal focusing in pipes and in the room, which 

data is shown in Fig. 3.2. (c) Arrival times for the peak compression amplitudes in pipes and in the room. (d) 

Maximum derivative values from the data in pipes and in the room.  
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Chapter 4 

Conclusion 

In this environment where only one-dimensional plane waves may propagate, high 

amplitude Time Reversal (TR) focusing yields a nonlinear suppression or decrease of the peak 

compression amplitude as the input amplitude is increased. In addition, it was found that the peak 

compression of the focusing arrives earlier in time and has a higher valued slope/derivative of the 

leading edge of the main focal compression. These effects are consistent with the ideas of 

waveform steepening and shock wave formation. Thus, by restricting the wave propagation to one-

dimensional planes waves in the pipe system, the potential for Mach stem formations is eliminated 

and no nonlinear amplification of the compression amplitude is observed. This experimental 

finding is consistent with the Mach stem explanation for the nonlinear amplification reported by 

Willardson et al.21 and Patchett and Anderson22 and explored through numerical simulations by 

Patchett et al.23  
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