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ABSTRACT

Computational Modeling of Magnetic Field Interaction with Superconductors
Under High-Field and High-Dissipation Conditions:

A TDGL Approach Applied to Nb and Nb3Sn

Aiden Victor Harbick
Department of Physics and Astronomy, BYU

Doctor of Philosophy

Superconducting radiofrequency (SRF) cavities are essential components in modern particle
accelerators, enabling the efficient acceleration of charged particles for various applications in
physics, medicine, materials science, and beyond. The performance of these cavities is significantly
influenced by the properties of superconducting materials, such as niobium (Nb) and triniobium-tin
(Nb3Sn), and the defects and surface features present within the material. This dissertation presents
a computational study focused on understanding the behavior of SRF cavities, using a sample-
specific time-dependent Ginzburg-Landau (TDGL) framework to simulate their performance under
realistic material conditions. The research integrates experimental data and density functional theory
(DFT) calculations to model the impact of various defects, including hydrides, Sn-deficient islands,
grain boundaries, and surface roughness. The calculations reveal how these defects contribute
to performance degradation, particularly in terms of dissipation and quality factor (Q). We also
investigate the impact of surface layers and roughness on the behavior of Nb3Sn, finding that surface
features play a significant role in influencing cavity performance. In addition, the dissertation
explores the generalized TDGL (GTDGL) model, which offers an extension to traditional TDGL
theory and enables improved predictions of frequency-dependent phenomena. This work contributes
to the development of more accurate computational tools for analyzing SRF cavity performance,
providing insights that can guide future efforts in material optimization and accelerator technology.

Keywords: computational, superconductivity, SRF cavities, niobium, Nb3Sn, time-dependent
Ginzburg-Landau, TDGL, mesoscopic behavior, material defects, Sn-deficient islands, grain bound-
aries, surface roughness, quality factor, high-field Q-slope, superheating field, finite element
modeling, SRF performance, vortex nucleation, accelerator technology
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Chapter 1

Introduction

The development of particle accelerators has been a cornerstone in advancing our understanding

of fundamental physics and enabling numerous technological breakthroughs. From the earliest

cyclotrons to the cutting-edge linear accelerators (linacs) of today, these devices have enabled

scientists to probe the subatomic world, leading to revolutionary discoveries in particle physics [1],

medicine [2, 3], and materials science [4]. Central to the functionality of many modern particle

accelerators are superconducting radio-frequency (SRF) cavities, which allow for efficient particle

acceleration by minimizing energy loss through their surface resistance, or lack thereof. These

cavities, made from high-performance superconducting materials, are critical components in both

traditional accelerator systems, such as the Large Hadron Collider (LHC) at CERN, and more

modern X-ray Free Electron Lasers (XFELs), such as the LCLS-II at SLAC, which have become

indispensable tools for advancing modern materials research. Despite their importance, the perfor-

mance of SRF cavities is often hindered by issues such as surface defects and material limitations. In

this dissertation, we explore the computational modeling of superconducting materials, particularly

1



1.1 Brief Overview of Superconductivity 2

Nb3Sn, to better understand the factors influencing SRF cavity performance. Our work builds on

established theories of superconductivity, notably the time-dependent Ginzburg-Landau (TDGL)

framework, and aims to provide new insights into how material properties can be optimized to

enhance the efficiency and reliability of SRF cavities.

1.1 Brief Overview of Superconductivity

To follow the discussions in this dissertation, it’s helpful to have a basic understanding of some key

aspects of superconductivity. To make this work more accessible to a wider audience, this section

provides a brief overview of the important discoveries and theories in the field. This should provide

enough context for readers who may not be as familiar with superconductivity and allow them to

better engage with the material that follows.

Superconductivity is characterized by two key phenomena that emerge when a material is cooled

below its critical temperature, Tc: resistance-free supercurrent flow (first discovered by Kamerlingh

Onnes in 1911 [5]), and perfect diamagnetism, known as the Meissner effect, discovered by Walther

Meissner and Robert Ochsenfeld in 1933 [6]. In the context of SRF research—central to this

dissertation—the first of these phenomena is a key advantage, while the second can, in certain cases,

be a limitation. The ability of superconductors to support resistance-free current is what allows SRF

cavities to operate with remarkable efficiency. A key figure of merit for these cavities, which we will

explore in detail later, is the cavity quality factor, Q, defined as the ratio of the energy stored in the

cavity to the energy dissipated in the cavity walls during each RF period. For comparison, a typical

copper (normal-conducting) RF cavity might have Q ≈ 105, whereas a niobium SRF cavity—the

current industry standard—typically has Q ≈ 1010 [7]. The Meissner effect, on the other hand,

imposes a limitation in that superconductivity requires the material to maintain its diamagnetic state.

If an external magnetic field becomes strong enough to overcome the Meissner effect, the material
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could transition to a normal conducting state. As the accelerating fields in SRF cavities increase,

the magnetic field that must be screened by the Meissner effect also becomes larger, and if this field

surpasses a critical threshold, superconductivity may be lost. Therefore, understanding the critical

fields of the SRF material is crucial to assessing the performance of a cavity.

Figure 1.1 A phase diagram for different superconductors at zero temperature (below
their Tc). The x-axis represents materials with varying values of κ , the Ginzburg-Landau
parameter. The phase boundaries separate superconducting (Meissner), mixed, and normal
conducting states. The κ = 1/

√
2 value divides Type I and Type II superconductors.

Figure 1.1 shows the phase diagram of superconductors at zero temperature, where different

values on the x-axis represent materials with varying Ginzburg-Landau parameters, κ . This parame-

ter is the ratio of a material’s penetration depth to its coherence length, which we will discuss in

more detail later. For now, κ serves as a parameter that characterizes different superconducting

materials. The value κ = 1/
√

2 marks the boundary between two types of superconductors. Super-

conductors with κ < 1/
√

2 are classified as Type I, while those with κ > 1/
√

2 are Type II. Type I

superconductors have a single critical field Hc (the thermodynamic critical field) that separates the

superconducting (Meissner) state from the normal conducting state. Type II superconductors, on

the other hand, exhibit two critical fields: Hc1 and Hc2, known as the lower and upper critical fields,

respectively. Below Hc1, the material remains in the Meissner state. Between Hc1 and Hc2 lies a new
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Figure 1.2 A diagram of vortices in a type II superconductor. This figure is borrowed
with permission from Alden Pack’s masters thesis [8].
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mixed state (also referred to as the Abrikosov state), where magnetic flux vortices can penetrate the

material. These vortices are regions of magnetic flux where the field lines pass through the material,

and supercurrents flow around them in a circular motion. Figure 1.2 illustrates these vortices.

The center of the vortices will be locally normal conducting, while the surrounding material can

remain superconducting due to the screening of the field by the supercurrents. Above Hc2, the

material transitions to the normal conducting state. This dissertation will primarily focus on Type

II superconductors, as niobium (Nb) and all potential materials for SRF cavity replacements are

Type II superconductors. The mixed state, while an interesting phenomenon, presents challenges

for SRF cavities since vortex motion leads to energy dissipation [9], causing localized heating and a

decrease in the cavity’s quality factor. Consequently, it is essential to study methods that keep the

material in the vortex-free Meissner state for optimal SRF performance.

Figure 1.3 An updated phase diagram for different superconductors at zero temperature
(below their Tc), incorporating the metastable Meissner state. The x-axis represents
materials with different values of κ . The phases are separated into superconducting
(Meissner), mixed, metastable, and normal conducting states. The metastable Meissner
state is stable above Hc1, but can transition to the mixed state above the superheating field,
Hsh.
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While keeping SRF cavity materials in the Meissner state is crucial for performance, the limiting

field for SRF cavities is not Hc1, as the Meissner state can remain metastable above this field. Figure

1.3 shows an updated phase diagram that includes the metastable state. The Meissner state is locally

stable above Hc1 because there is an energy barrier that prevents the formation of vortices. However,

this state becomes unstable when the external magnetic field exceeds a certain threshold, known

as the "superheating" field, Hsh [10]. The metastable Meissner state is not merely a theoretical

concept; many high-power SRF cavities operate within this regime [11]. The superheating field,

Hsh, serves as the fundamental upper limit for SRF cavity performance. Even in the absence of

defects, a pristine SRF cavity will nucleate vortices once the applied magnetic field reaches this

critical value.

We now continue our discussion of superconductivity by outlining some important theoretical

models. Broadly, superconductivity theories can be divided into two categories: phenomenological

theories, which aim to model the observed behaviors of superconductors without delving into

the microscopic details, and “microscopic" theories, which attempt to derive models based on

first-principles calculations of the underlying physics. The earliest phenomenological theory of

superconductivity was the London model [12], developed by Heinz and Fritz London in 1935.

This theory incorporated the qualitative features observed by Meissner and Ochsenfeld [6], using

Maxwell’s equations to model the decay of the magnetic field beneath the surface of a supercon-

ductor. Around the same time, Gorter and Casimir [13] proposed one of the first microscopic

theories of superconductivity, now known as the “two-fluid model." This model describes the

superconducting state as a superposition of two non-interacting “fluids" of electrons: the normal

electrons, which behave like those in any other metal, and the superconducting electrons, which

flow with no resistance. Although the two-fluid model lacks a detailed microscopic explanation

for the behavior of superconducting electrons, it is often considered one of the first attempts at a

microscopic theory.
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The most influential phenomenological model is likely the Ginzburg-Landau (GL) theory [14],

first published in 1950. Using Lev Landau’s theory of second-order phase transitions, GL theory

defines an expansion of the superconductor’s free energy with respect to the superconducting

order parameter, ψ , and the magnetic vector potential, A. This leads to the famous Ginzburg-

Landau equations. In this framework, the complex order parameter ψ describes the density of

superconducting electrons, with |ψ|2 corresponding to the density of these electrons. The GL theory

remains the most widely used phenomenological model and has served as the foundation for many

subsequent theories, some of which are central to this dissertation.

However, the most significant development in superconductivity theory is probably the BCS

theory [15]. Developed by John Bardeen, Leon Cooper, and John Schrieffer in 1957, BCS theory

is the first fully microscopic theory of superconductivity, for which the authors were awarded

the 1972 Nobel Prize in Physics. BCS theory describes the formation of Cooper pairs—electron

pairs that interact via an effective attractive interaction, allowing them to condense into the ground

state, forming a Bose-Einstein condensate. This theory successfully explains many key features of

superconductivity, such as zero resistance, the Meissner effect, the existence of a band gap at the

Fermi level, and the characteristic heat capacity spike at the superconducting transition. BCS theory

also led to a deeper understanding of the GL theory when Lev Gor’Kov derived GL theory from

BCS in 1959 [16]. Following Gor’Kov’s work, an early calculation by Schmid [17] in 1966 and

the subsequent development of the time-dependent Ginzburg-Landau (TDGL) theory by Gor’Kov

and Eliashberg [18] further advanced the field. TDGL theory, which is the focus of much of this

dissertation, will be discussed in more detail in a later section.

The theoretical study of superconductivity is rich and complex, with BCS theory representing just

the beginning of a revolution in the field. Many theories beyond BCS and TDGL have furthered our

understanding, such as the work by Eliashberg [19], Larkin and Ovchinnikov [20], Eilenberger [21],

and Usadel [22]. However, the primary focus of this work is on the TDGL framework, along with
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certain aspects of BCS theory, and we will therefore restrict our discussion to these theories for

now. With this theoretical context in mind, we will now turn to a more detailed discussion of the

Ginzburg-Landau and time-dependent Ginzburg-Landau theories, as they form the foundation for

much of the analysis in this dissertation.

1.2 Ginzburg-Landau Theory

In this section, we will explore Ginzburg-Landau (GL) theory and, later, time-dependent Ginzburg-

Landau (TDGL) theory in more detail, as these theories form the foundation for much of the

work presented in this dissertation. The content here is primarily informed by two key textbooks:

Introduction to Superconductivity by Michael Tinkham [23] and Theory of Nonequilibrium Super-

conductivity by Nikolai Kopnin [24]. While we will present the information relevant to this work,

readers are encouraged to consult these excellent resources for a more comprehensive treatment of

the subject.

GL theory begins with an expression for the free energy of the superconductor, expanded in

powers of |ψ|2, in Gaussian units:

f = fn0 +α|ψ|2 + β

2
|ψ|4 + 1

2m∗

∣∣∣∣( h̄
i
∇− e∗

c
A
)

ψ

∣∣∣∣2 + h2

8π
, (1.1)

where fn0 is the free energy in the normal state at zero field, α and β are phenomenological

parameters (which will be discussed in more detail later), m∗ = 2m and e∗ = 2e represent the mass

and charge of a Cooper pair, h̄ is the reduced Planck constant, c is the speed of light, and h is

the external magnetic field. The primary variables are ψ , the superconducting order parameter,

where |ψ|2 gives the density of superconducting electrons, and A, the magnetic vector potential.

The parameters α and β determine the shape of the free energy. Notably, β must be positive; if
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it were negative, the minimum of the free energy would occur at |ψ|2 → ∞, which is unphysical.

The parameter α governs the location of the minima of f . For α > 0, the free energy has a single

minimum at ψ = 0, while for α < 0, two minima exist at |ψ| = ±
√

|α|
β

, which we define as

|ψ∞|2 =−α

β
.

From these parameters, we can define two important length scales: the penetration depth, λ ,

and the coherence length, ξ :

λ
2 =

m∗c2β

4πe∗2|α|
, (1.2)

ξ
2 =

h̄2

2m∗|α|
. (1.3)

The penetration depth, λ , defines the characteristic length scale for variations in A, or the decay

length of the magnetic field inside the superconductor. The coherence length, ξ , defines the length

scale for variations in ψ and can be thought of as the approximate size of a Cooper pair, although

Ginzburg and Landau themselves did not have this specific interpretation when developing their

theory. In the mixed state, λ corresponds to the size of the region where supercurrent screens the

magnetic field from a vortex, while ξ gives the size of the normal core of the vortex. The ratio of

these two length scales is known as the Ginzburg-Landau parameter, κ = λ

ξ
, which is a key quantity

used to characterize superconducting materials. As we saw in the previous section, κ distinguishes

Type I and Type II superconductors, and the critical fields are κ-dependent.

Taking the variation of Equation 1.1 with respect to ψ and A yields the famous Ginzburg-Landau

equations:

αψ +β |ψ|2ψ +
1

2m∗

(
h̄
i
∇− e∗

c
A
)2

ψ = 0, (1.4)

c
4π

∇×∇×A− e∗h̄
2m∗i

(ψ∗
∇ψ −ψ∇ψ

∗)+
e∗2

m∗c
|ψ|2A = 0. (1.5)



1.2 Ginzburg-Landau Theory 10

It is common to nondimensionalize these equations, and a detailed derivation of this process can be

found in Section A.2 of the appendix. The result of this nondimensionalization is:(
−i
κ

∇−A
)2

ψ −ψ + |ψ|2ψ = 0, (1.6)

∇×∇×A+
i

2κ
(ψ∗

∇ψ −ψ∇ψ
∗)+ |ψ|2A = 0, (1.7)

where distances are measured in units of λ , ψ is in units of ψ∞, and A is in units of
√

2λHc (with

the magnetic field H expressed in units of
√

2Hc).

To transition to the time-dependent Ginzburg-Landau (TDGL) equations, they can technically

be derived following the work of Gor’Kov and Eliashberg [18]. However, a full derivation is beyond

the scope of our discussion, so we will present the equations in a more heuristic manner. The TDGL

equations can be obtained by setting the variations with respect to the GL free energy equal to time

derivatives:

Γ

(
∂ψ

∂ t
+ iκφψ

)
=

δ f
δψ∗ , (1.8)

σn

(
∂A
∂ t

+∇φ

)
=

δ f
δA

, (1.9)

where Γ is the relaxation rate of ψ , σn is the normal conductivity, and φ is the scalar potential. The

terms involving φ are included to preserve the gauge invariance of the theory. From these, we obtain

the TDGL equations (also dimensionless; see Section A.3 of the appendix for more details):

∂ψ

∂ t
+ iκφψ +

(
−i
κ

∇−A
)2

ψ −ψ + |ψ|2ψ = 0, (1.10)

1
u

(
∂A
∂ t

+∇φ

)
+∇×∇×A+

i
2κ

(ψ∗
∇ψ −ψ∇ψ

∗)+ |ψ|2A = 0, (1.11)

where u= τψ

τ j
is the ratio of characteristic timescales, similar to κ . Here, τψ = Γ

|α| is the characteristic

timescale for changes in the order parameter, and τ j =
σnm∗β

e∗2|α| is the characteristic timescale for

changes in A (and by extension the current, hence the j notation). In these equations, distances are

in units of λ , time is in units of τψ , ψ is in units of ψ∞, φ is in units of φ0 =
h̄κ

e∗τψ
, and A is in units
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of
√

2λHc. These equations are augmented by the following boundary conditions:(
i
κ

∇ψ +Aψ

)
·n = 0, (1.12)

(∇×A)×n = Ha ×n, (1.13)(
∂A
∂ t

+∇φ

)
·n = 0, (1.14)

where n is the unit vector normal to the boundary and Ha is the applied field. Unless explicitly

mentioned otherwise, whenever we solve the TDGL equations, we typically use a finite element

method, employing the weak formulation proposed by Gao [25]. We also utilize the open-source

finite element package FEniCS [26] for these calculations.

When solving the TDGL equations, it is important to consider their limitations. TDGL is only

quantitatively valid at temperatures near the critical temperature, Tc, and for gapless superconductors.

The latter condition can be addressed using a generalized TDGL formulation, derived by Kramers

and Watts-Tobin [27, 28], which will be covered in Chapter 7. However, compared to TDGL, the

solutions to the GL equations have a broader range of validity, especially in the dirty limit. This

limit can be approximated by setting the effective mass to:

m∗ =
12h̄Tc

πν(0)v f ℓ
, (1.15)

where ν(0) is the Fermi level density of states, v f is the Fermi velocity, and ℓ is the electron

mean free path. Under the dirty limit, the steady-state solutions of TDGL correspond to the GL

solutions, which have a wider range of validity. Despite the more restrictive quantitative validity of

TDGL, it remains a popular tool for studying superconducting phenomena because, while it may

lack quantitative precision, the qualitative insights it provides are invaluable for understanding the

interactions of mesoscopic material features that would otherwise be computationally prohibitive to

simulate with more sophisticated theories of superconductivity.
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1.3 SRF Cavities and Nb3Sn

Superconducting radiofrequency (SRF) cavities are key components in particle accelerators, re-

sponsible for the acceleration of charged particles. A diagram of a series of SRF cavities is shown

in Figure 1.4. A beam of electrons (or other charged particles) enters through the center of the

cavities, where the current flowing axially induces standing electromagnetic waves that accelerate

the particles. One consequence of the standing wave pattern is that it also bunches the particles.

Particles falling behind receive an extra boost, while particles ahead are slightly pushed back, until

the particles are grouped into bunches that are optimally accelerated by the maximum field at the

center of each cavity.

To date, niobium (Nb) has been the primary material used for SRF cavities. It is a pure

elemental superconductor with the highest critical temperature (Tc = 9.2 K) among the elemental

superconductors. Nb SRF cavities have been optimized through decades of research and are

approaching their fundamental limits. Nb has a superheating field of µ0Hsh ≈ 220 mT, with most

high-performance Nb SRF cavities reaching peak fields of around 200 mT. While Nb’s relatively

high Tc is advantageous compared to other elemental superconductors, Nb cavities must still be

operated at approximately 2 K, which incurs significant cryogenic costs. These limitations have

led researchers to explore alternative superconducting materials that could potentially surpass Nb’s

performance.

Table 1.1 lists several candidate materials that have been considered as potential replacements for

Nb in SRF cavities. While MgB2 [29, 30] and NbN [31] have seen some consideration, Nb3Sn has

been the subject of the most extensive study. Nb3Sn is an A15 superconductor [32], named after its

crystal structure, and has several promising characteristics. First, it has a superheating field (µ0Hsh =

425 mT) more than twice as large as that of Nb, theoretically enabling it to reach accelerating

gradients more than twice as large. Additionally, Nb3Sn has a higher critical temperature of Tc = 18

K, nearly twice that of Nb, allowing it to be operated at 4.2 K, significantly reducing cooling costs.
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Figure 1.4 A diagram of a line of SRF cavities. An electron beam enters through the
center of the cavities, and is accelerated by the standing electric field waves at the center
of each cavity. As the electrons pass through the cavities, their energy (and hence speed)
increases. This figure is borrowed with permission from Alden Pack’s masters thesis [8].

Finally, as we discussed earlier, the efficiency of SRF cavity operation is measured by the quality

factor, Q, which is the ratio of the energy stored in the cavity to the energy dissipated in the cavity

walls each RF period. Due to the Meissner effect, Q—and thus cavity performance—depends

almost entirely on the properties of the thin surface layer of the superconducting material inside the

cavity walls. This means that Nb3Sn cavities can be fabricated by coating the inner surface of an

existing Nb cavity with a thin layer of Nb3Sn, making it a promising alternative to pure Nb.

Most Nb3Sn cavities are fabricated using the Sn vapor diffusion process [34], in which the

cavity is placed in a furnace with a Sn crucible, and the Sn is vaporized and allowed to diffuse into

the cavity walls, forming Nb3Sn. Recently, efforts have been made to develop an electroplating

method for Nb3Sn, which may offer advantages over traditional vapor diffusion methods [35, 36].
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Material λ (T = 0) [nm] ξ (T = 0) [nm] µ0Hsh [mT] Tc [K]

Nb 50 22 219 9.2

Nb3Sn 111 4.2 425 18

MgB2 185 4.9 170 37

NbN 375 2.9 214 16

Table 1.1 Table of material parameters for superconductors used in SRF cavities. λ is the
London penetration depth, ξ is the coherence length, Hsh is the superheating field, and Tc
is the critical temperature. These values were taken from Reference 33.

While Nb3Sn holds significant promise, it also has its drawbacks. For one, its coherence length

ξ = 4.2 nm is much smaller than Nb’s, which is around 22 nm. This is problematic because to

achieve good performance from the surface layer, material defects need to be controlled down to

at least the scale of the coherence length, meaning Nb3Sn surfaces require much more precise

control over their surface features than Nb. Additionally, Nb-Sn systems are highly sensitive to

stoichiometry. Even small deviations from the ideal 1:3 ratio in Nb3Sn can lead to significant

degradation in superconducting properties. There are even compositions where the performance is

worse than Nb [37, 38]. Furthermore, Nb3Sn is more brittle than Nb, which increases the likelihood

of performance-damaging defects, as well as damage during handling.

Despite these challenges, the potential of Nb3Sn to outperform Nb has led to significant ongoing

research into improving its performance. Although current Nb3Sn cavities generally underperform

their Nb counterparts, with the best-performing Nb3Sn cavities currently sustaining fields only

around 96 mT [39], the promise of ideal Nb3Sn continues to drive much of the research in this field.
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1.4 Research Goals and Dissertation Outline

Now that the context for our research has been established, we can turn to the specific research

goals that this dissertation aims to address. When discussing the motivation behind our research, it

is essential to consider the broader context in which it is conducted. All the projects presented in

this dissertation have, to varying degrees, been funded by and carried out in collaboration with the

NSF Center for Bright Beams (CBB). CBB is a National Science Foundation-funded science and

technology center with the goal of increasing the brightness of beams used in particle accelerators by

a factor of 100, while simultaneously reducing operational costs [40]. CBB’s efforts are organized

into three main themes: Beam Production, which focuses on the development of photocathodes for

electron beam production via the photoelectric effect; Beam Acceleration, which is dedicated to

advancing SRF cavity technologies; and Beam Dynamics and Control, which addresses maintaining

beam quality as it travels through the complex systems of modern particle accelerators. Our research

falls within the Beam Acceleration theme, where we collaborate with five other groups from across

the United States.

Several key research questions and goals guided our work. As members of CBB, we have access

to a wide range of experts in SRF-related research, including accelerator physicists, condensed

matter theorists, and surface chemists. This interdisciplinary collaboration provided us with the

opportunity to develop a TDGL framework that integrates knowledge from various fields, such

as accelerator physics, condensed matter theory, and surface chemistry. By using experimental

materials characterizations and density functional theory (DFT) calculations from condensed matter

experts, we could inform the choice of TDGL parameters to simulate sample-specific features.

These features may be challenging or impossible to probe experimentally without the use of a

mesoscopic-scale computational model.
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While Nb3Sn is one of the central focuses of CBB, our involvement in this collaboration led us to

investigate the impact of hydrogen on the surface of Nb SRF cavities. Large hydrogen precipitates,

or "hydrides," are already known to cause low-field Q degradation in these cavities, and treatments

have been developed to remove these defects. However, recent research has suggested that smaller

hydrides may also contribute to Q degradation at high fields, a phenomenon known as high-field

Q-slope (HFQS). Motivated by this, we aimed to use our newly developed sample-specific TDGL

framework to better understand the mechanisms behind hydride-induced dissipation in Nb SRF

cavities.

As discussed in the previous section, Nb3Sn is one of the most promising next-generation SRF

materials. In collaboration with CBB, we sought to investigate the impact of a wide variety of

defects that appear on Nb3Sn surfaces, including excess Sn islands, Sn-deficient regions, surface

roughness, grain boundaries, and overall layer structures. Our goal was to understand how these

defects affect the performance of Nb3Sn and contribute to the development of improved growth and

treatment procedures that could enhance cavity performance.

Lastly, we aimed to apply a generalized TDGL (GTDGL) model, a theory that has been

considered by our group for some time but never fully implemented. Since GTDGL is well-suited

for studying non-stationary problems, we used it to investigate the frequency dependence of vortex

nucleation in SRF cavities. This allowed us to explore potential benefits—or drawbacks—associated

with modifying the frequency of SRF cavity operation.

The remainder of this dissertation is organized as follows. Chapter 2 focuses on the development

and application of a sample-specific time-dependent Ginzburg-Landau (TDGL) framework, which

forms the core of much of this work. This chapter includes a paper on the topic, which is currently

under peer review at Physical Review B. In Chapter 3, we delve into the impact of hydrides, on

Nb SRF cavities. This chapter contains another paper on the topic, which has been submitted to

Superconductor Science and Technology. Chapter 4 discusses the role of stoichiometric defects,
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as well as some surface roughness, in Nb3Sn surfaces, and consists of a paper published in

Physical Review Research on the topic. Chapter 5 explores additional Nb3Sn defects and features

that were studied but did not make it into published work. This includes calculations on grain

boundaries and simulations of the Nb3Sn surface layer. Chapter 6 extends the investigation with

multi-domain COMSOL simulations from Chapter 4, exploring important characteristic length

scales associated with rough surface features on SRF surfaces. In Chapter 7, we introduce the

generalized TDGL (GTDGL) model, compare it with traditional TDGL, and use it to estimate

the frequency dependence of the superheating field. Finally, Chapter 8 concludes the dissertation,

summarizing our key findings, suggesting potential extensions to this work, and offering concluding

remarks on the research presented.



Chapter 2

Sample Specific TDGL

The following chapter is based on a paper we wrote on our framework for sample specific simulation

of superconducting materials. The framework uses the results of Density Functional Theory and

experimental characterizations to translate the propeprties of realistic sample materials into TDGL

parameters which can then be used to model the interactions of such a material with applied magnetic

fields. Our framework serves as a mesoscopic link between microscopic material properties and

macroscopic cavity performance metrics. This paper also introduces our methods for calculating

dissipation and cavity quality factor based on the outputs of TDGL simulations. We use these

methods to investigate the impact of Sn-deficient islands in Nb3Sn. The methods of this paper

serve as the basis for the remaining methods in the rest of this dissertation. The contents of the

following has been submitted for publication to Physical Review B, and at the time of writing

is currently under the second round of peer-review after revisions, a copy is available on arXiv:

https://arxiv.org/abs/2410.20078, but we present the full contents here.
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2.1 Introduction

Superconducting Radio-Frequency (SRF) cavities are a crucial component of particle accelerators,

as they utilize AC electromagnetic fields to accelerate beams of charged particles. Nb has been

the industry standard for SRF applications for decades due to its high critical temperature (∼9K)

relative to the other elemental superconductors. Within the past decade, the need for SRF cavities

with capabilities beyond the limits of Nb cavity performance has led to the study of a variety of

alternative SRF materials. Among these materials, Nb3Sn has emerged as a promising candidate;

Nb3Sn boasts both a higher critical temperature (∼18K) and higher critical fields [41, 42]. One

particular advantage of SRF cavities (as compared to traditional normal conducting RF cavities)

is their high quality factors (Q) [7]. A major benefit of Nb3Sn SRF cavities compared to their

Nb counterparts is that they can maintain similar Qs (on the order of 1010) at higher temperatures

(4.2K vs. 2K) [42], significantly reducing cryogenic costs. NbZr is another promising alternative

SRF material which has seen recent attention [43, 44], with most existing NbZr samples exhibiting

critical temperatures between 10 and 13K (the theoretical maximum is 17.7K), but this material has

not yet been tested at cavity scale. The simulations in this paper focus on Nb3Sn, but the methods

we will present can be generalized to any material of interest.

The oscillating electric fields used for acceleration in SRF cavities induce magnetic fields

parallel to the cavity surface, so for large accelerating gradients, the critical magnetic fields of the

cavity material are the fundamental limits on cavity performance. Type-II superconductors such

as Nb and Nb3Sn have two critical fields, Hc1 and Hc2. For fields below Hc1, the Meissner state is

stable and magnetic flux is expelled from the cavity. Between Hc1 and Hc2, there is a mixed state

in which superconducting vortices trap lines of magnetic flux, forming normal cores inside the

otherwise superconducting state. Under an AC field, as is the case for SRF cavities, the vortices

quickly move in and out of the cavity over the course of an AC cycle. This vortex motion leads

to large amounts of dissipation [9]. For fields above Hc2, the mixed state becomes unstable and in
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this state SRF cavities will quench (i.e. go normal conducting). It is important to note that this is

not the only mechanism for SRF cavity quench, the dissipation caused by moving vortices in the

mixed state can cause heating in the cavity, which can also lead to quenching through a change in

cavity temperature. As such, for SRF applications, it is important that the cavity remain within the

Meissner state during operation.

While the Meissner state is no longer thermodynamically stable above Hc1, it can remain

metastable up until the so-called superheating field, Hsh [10]. It is well known that many high-

power SRF cavities operate in this metastable Meissner state [11]. As such, Hsh is the theoretical

limiting field for operation of SRF cavities, since the dissipative vortices which are detrimental to

SRF performance become unavoidable for fields above Hsh. Hsh has been studied for decades by

condensed matter theorists. These studies have most commonly been within a Ginzburg-Landau

(GL) framework [45–48], but the superheating field has also been studied extensively utilizing the

Eilenberger equations [49–51].

Hsh provides the maximum possible field (and therefore the maximum accelerating gradient)

for SRF cavity operation, but local features of a material such as impurities or surface geometries

can act as nucleation sites for vortices. This means that in practice, realistic material samples

will be limited by what we will call the vortex penetration field, Hvort , which is the lowest field at

which the material nucleates vortices. This quantity can vary greatly between different samples and

depends on a large variety of different effects, so estimation of Hvort for realistic sample materials

remains a rich area of research. For the case of Nb3Sn in particular, theoretical Hsh calculations

suggest that Nb3Sn cavities could reach accelerating gradients as high as around 100 MV/m, yet

the highest accelerating field achieved so far by a Nb3Sn SRF cavity is around 24 MV/m [39],

with most other cavities reaching their quench field well below this. Additionally, many existing

cavities exhibit a phenomenon in which Q significantly degrades as the cavity approaches its quench

field, a phenomenon dubbed “Q-slope" [52], also sometimes called high field Q-slope (HFQS)
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when it occurs primarily at higher fields near the quench field. These performance degradations are

the result of material defects introduced during the Nb3Sn growth process, so understanding how

different defects seen within samples affect things like Hvort or dissipation more generally is critical

to developing better growth techniques.

The need to accurately model specific features such as material impurities within superconduct-

ing materials motivates us to develop a framework which will allow us to directly model the spatial

variations of superconducting properties due to the material compositions observed in realistic

sample materials. To do this, we use time-dependent Ginzburg-Landau (TDGL) theory. TDGL

has already proven itself to be a powerful tool for mesoscopic-scale simulations relevant to SRF

applications [53–56]. Besides SRF simulations, TDGL has broad application such as in single

photon detectors [57, 58], superconducting quantum interference devices (SQUIDs) [59, 60], weak

links [61–65], or superconducting nanowires [66–68]. The methods we present in this paper are

investigated with full 3D simulations. While prior work has studied vortex dynamics in 3D [69–75],

the majority of TDGL research, especially in the context of SRF cavities, has been limited to 2D.

Whenever working with TDGL, it is important to acknowledge its limitations. TDGL is a

mesoscopic-scale model which abstracts the microscopic details of superconductivity into quantities

which can be used to describe things like vortex dynamics. Much of this abstraction is the direct

result of restricting the quantitative validity to gapless superconductivity at temperatures near Tc.

This means that outside of this fairly restrictive regime, the quantitative predictions of TDGL are not

accurate in general. Despite this, there are three main reasons that TDGL is still has considerable

value in a variety of studies, such as those referenced above. Firstly, it is well known that the

solutions to the Ginzburg-Landau equations have a much wider range of quantitative applicability

when under the dirty limit, and so properties of the TDGL equations which can be derived from

steady-state dirty limit solutions, such as Hsh, are still valuable quantitative outputs of the theory.

Secondly, theories of superconductivity with larger ranges of quantitative accuracy (such as the
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Eilenberger equations [49–51] or other quasi-classical approaches) scale extremely poorly in terms

of computational complexity when it comes to numerical simulations, whereas TDGL is at least

feasible for larger mesoscopic-scale simulations. And finally, TDGL offers qualitative and semi-

quantitative predictions that provide useful insight into phenomena which may be difficult or

impossible to measure experimentally. For example, it can be used to compare how variations in the

size and depth of stoichiometric defects relative to the superconductor’s surface affect SRF-relevant

metrics such as vortex nucleation and energy dissipation—enabling prioritization of which defect

characteristics are most critical to address when perfect control is not possible. In what follows, we

apply this approach to a specific class of such defects relevant to Nb3Sn-coated SRF cavities.

To model sample-specific materials and investigate mechanisms behind Q-slope and other

quenching phenomena in Nb3Sn SRF cavities, we draw on both experimental and theoretical

studies that characterize the microscopic properties of Nb3Sn. There has been a large body of work

experimentally characterizing SRF grade vapor-diffused Nb3Sn samples. The primary suspect for

SRF performance degradation comes from defects or other imperfections in the Nb3Sn surface

significantly lowering the barrier to flux penetration [76]. In particular, defects which have been

studied are abnormally thin or patchy grains [77–79], Sn-segregated grain boundaries [54, 80, 81],

and Sn-deficient regions [77, 78, 82, 83]. In addition to experimental characterizations, there have

also been a variety of ab initio calculations for Nb3Sn using density functional theory. In addition to

calculations of general properties of Nb3Sn [84], such as the electron and phonon density of states

and Eliashberg spectral function, these quantities have also been estimated with respect to varying

intrinsic strain [85] as well as normal resistivity [86]. Variations in the superconducting Tc as well as

electron density of states have also been calculated with respect to varying tin concentration [37,87],

which applies to both Sn-segregation at grain boundaries and Sn-deficient regions. These Sn-

deficient regions, which we will call Sn-deficient islands, are the primary material defect we will

study in order to validate our methods.
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Experimental characterizations can give data about the material compositions and physical

structure of superconducting materials, and ab initio calculations provide detailed descriptions

of the electronic/phononic structure and the resulting superconducting properties, both of these a

microscopic scale. TDGL plays the role of modeling mesoscopic scale phenomena (such as vortex

dynamics) which are difficult or even impossible to measure directly via experiment, and are too

large to easily model with microscopic scale theories such as DFT. There have been a number of

studies which have used TDGL to model material inhomogenieties [53,54,88–92], but these studies

did not use the explicit dependencies of the TDGL parameters on microscopic material properties to

inform their choice of parameters. The limitation to the approach used in these references is that it

requires either looking through a large portion of the TDGL parameter space in order to find values

which lead to expected predictions, or more commonly, picking somewhat arbitrary values, which

limits confidence in the results.

In this paper, we outline a new framework in TDGL theory which allows us to directly calculate

the values of the TDGL parameters based on local properties of the superconductor. This framework

enables modeling of realistic features of superconductor samples and supports estimation of critical

fields and energy dissipation under dynamic electromagnetic conditions. Under our framework,

TDGL serves as a bridge between experimental material characterizations and ab initio calculations

of material-specific parameters, allowing us to further connect these microscopic characterizations

with macroscopic SRF performance metrics in a sample-specific way. Because SRF cavity develop-

ment is inherently multidisciplinary—bringing together accelerator physicists, materials scientists,

and condensed matter theorists—a framework that integrates insights across these domains is

particularly valuable. The method presented here enables such integration, offering a pathway

to sample-specific predictions grounded in both microscopic characterization and macroscopic

application.
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This paper is organized as follows. In Section 3.2, we present the TDGL equations and show how

to calculate TDGL parameters from material properties. We then describe how spatial variations

in these parameters are estimated by combining results from DFT calculations with experimental

material characterizations. The section concludes with a discussion of how dissipation can be

computed from TDGL solutions and how SRF cavity quality factors can be derived from this

dissipation. In Section 2.3, we apply our framework to estimate the critical fields associated with

Sn-deficient islands of varying size, position, and stoichiometric composition. We then examine

dissipation in the context of Nb SRF cavities and analyze a representative simulation in detail to

probe the limits of TDGL. Finally, we demonstrate how combining critical field and dissipation

results enables us to estimate high-field Q-slope behavior for Nb3Sn SRF cavities. Section 2.4

concludes the paper with a discussion of the justification for using TDGL despite its known

limitations and the implications of our findings for future SRF cavity research.

2.2 Methods

2.2.1 The Time-Dependent Ginzburg-Landau Equations

Ginzburg-Landau (GL) theory is one of the oldest theories of superconductivity, and it remains

relevant today owing to its relative simplicity and direct physical insights into the electrodynamic

response of superconductors under static applied fields and currents [93]. The time-dependent

Ginzburg-Landau (TDGL) equations were originally proposed by Schmid [17] in 1966 and Gor’kov

and Eliashberg [18] derived them rigorously from BCS theory later in 1968. The TDGL equations

(in Gaussian units) are given by:

Γ

(
∂ψ

∂ t
+

iesφ

h̄
ψ

)
+

1
2ms

(
−ih̄∇− es

c
A
)2

ψ +αψ +β |ψ|2ψ = 0 (2.1)

4πσn

c

(
1
c

∂A
∂ t

+∇φ
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+∇×∇×A− 2πiesh̄

msc
(ψ∗

∇ψ −ψ∇ψ
∗)+

4πe2
s

msc2 |ψ|2A = 0. (2.2)
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These equations are solved for the complex superconducting order parameter, ψ , and the magnetic

vector potential, A. The magnitude squared of ψ is proportional to the density of superconducting

electrons. The parameters α and β are phenomenological, and were originally introduced as

coefficients of the series expansion of the Ginzburg-Landau free energy. Additionally, φ is the scalar

potential; σn is the normal electron conductivity; Γ is the phenomenological relaxation rate of ψ .

Furthermore, es = 2e and ms = 2me represent the total charge and total effective mass of a Cooper

pair, respectively. The TDGL equations are subject to boundary conditions

(
ih̄∇ψ +

es

c
Aψ

)
·n = 0 (2.3)

(∇×A)×n = Ha ×n (2.4)(
∇φ +

1
c

∂A
∂ t

)
·n = 0, (2.5)

where n is the outward normal vector to the boundary surface and Ha is the applied magnetic

field. Eq. 2.3 ensures no current flows out of the superconducting domain, and noting that

E = −∇φ − 1
c

∂A
∂ t , Eqs. 2.4 and 2.5 are electromagnetic interface conditions with an applied

magnetic field.

The parameters α , β , and Γ were originally introduced into the theory as phenomenological,

temperature-dependent constants [94]. It is worth noting that α < 0 corresponds to the supercon-

ducting state whereas α ≥ 0 corresponds to the normal state; β is strictly positive regardless of

the system’s state. The TDGL equations can also be derived from microscopic theory using the

time-dependent Gor’Kov equations [18]. A useful consequence of this derivation is that it allows

the TDGL parameters to be directly related to experimentally observable properties of the material
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nucleation of vortices. An example of the vortex nucleation pattern is shown in Figure 6.6. We see

that the vortices form as lines across the bump, then are able to move downward once they have

formed. In the SRF picture, the field at which these vortices first nucleate, Hvort would represent the

ability for a defect to initiate dissipation which leads to high-field Q-slope (HFQS). So this limit

can give us the characteristic height for the ability of surface defects to induce HFQS.

Figure 6.6 A plot of |ψ|2 for a wide bump. The arrows indicate the direction of the
magnetic field. Vortices begin to nucleate in lines across the bump (left) and then once
they form are able to move downward (right).

Similar to the tall bump limit, we can extract this length scale with an expansion of Hvort in the

bump height, h,
Hvort√

2Hc
= A(κ)+B(κ)

h
λ
+

1
2

C(κ)

(
h
λ

)2

+ . . . , (6.3)
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where Hc is the thermodynamic critical field, κ = λ

ξ
is the Ginzburg-Landau parameter, λ and

ξ are the penetration depth and coherence lengths, and A(κ), B(κ), and C(κ) are the expansion

coefficients, which in general could be functions of κ . We again know that if h = 0, this is a

completely flat layer, so again we have that A(κ) = Hsh/
√

2Hc. And we will simulate the wide

bump limit for several values of κ and extract both the dependence of Hvort on h, and the κ

dependence of the expansion coefficients.

Figure 6.7 Plots of Hvort/
√

2Hc versus bump height h. Each set of points is fit to a line,
showing that the linear term of Equation 6.3 is the dominant term for this effect. The
slopes are essentially identical, meaning that B is a constant with respect to κ .
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Figure 6.7 shows our results for our wide bump limit calculations. We see that at each value of

κ the dominant term of Equation 6.3 is clearly the linear term again. However, unlike the tall bump

limit case, here all of the slopes are given by B ≈−0.1. This means that the expansion becomes

Hbulk√
2Hc

=
Hsh√
2Hc

−0.1
w
λ
. (6.4)

This implies that the relevant length scale for this effect is the penetration depth, λ . This means that

variations of the height of defects will have a meaningful impact on the onset of HFQS only over

scale of λ or larger.

6.3 Conclusions

In this chapter we have explored two funadmental limits for the size of surface defects. In the

tall bump limit we determined that the impact to the bulk nucleation field Hbulk is determined by

the characteristic length of the coherence length, ξ . This means that controlling the quench fields

for SRF cavities requires control over the size of surface variations on the scale of ξ , which is a

challenging task for Nb3Sn, which has ξ ≈ 4nm. In the wide bump limit, we determined that the

characteristic length scale for the vortex penetration field Hvort is determined by the penetration

depth, λ . This means that controlling the onset of HFQS requires only control over surface variations

on the scale of a penetration depth. For Nb3Sn, λ ≈ 100nm, which is a much more attainable lengh

scale for control of the surface roughness. This provides a possible explanation for the behavior of

some Nb3Sn cavities which do not have HFQS but still quench well below the superheating field of

Nb3Sn, it is possible that this is the result of the surface roughness being controlled to within the

scale of a penetration depth, but not a coherence length. Meaning there isn’t an onset of HFQS to

speak of, but once vortices penetrate there is no pinning to the surface defects, so there is runaway

dissipation which leads to cavity quenching.
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While the simulations in this chapter were run in full 3D, the length scales we captured here

really only encapsulate two dimensions, we assumed a symmetry in the third direction for each of

these limits to help us isolate a singular length scale. Future work using a similar approach to what

we have done here could look at simulating full 3D defects, similar to those that we simulated in

Chapter 4, except without any variations in the material stoichiometry. Additionally, these step bump

defects (by design) have sharp corners. Adding some curvature to these corners would introduce

additional length scales to the problem which would allow for more detailed analysis of the impacts

of the actual shapes of rough surface features. Future work could also include simulating full

sinusoidal surfaces of different characteristic frequencies/amplitudes. This would allow for a direct

comparisons with experimental characterizations of SRF surfaces that decompose the surface into

fourier components.

Overall, our results here present a compelling, albeit somewhat preliminary, picture for how

simulations of 3D surfaces could explore questions of the important length scales associated with

rough surface features. We think our conclusions as they stand already provide valuable insights for

experimentalits developing new procedures for smoothing the surfaces of Nb3Sn cavities, and we

hope that future work can extend our approach to more detailed/realistic simulated defects.



Chapter 7

Generalized TDGL and the Frequency

Dependence of Hsh

Throughout the previous chapters in this dissertation, we have primarily focused on calculations

involving time-dependent Ginzburg-Landau theory. As we have emphasized a number of time,

TDGL is primarily useful as a qualitative tool which allows for mesoscopic scale simulations with

reasonable computational costs. This emphasis is largely the result of the restrictions to the quanti-

tative validity of TDGL to temperatures near Tc under the assumption of gapless superconductivity.

The latter condition, however, can be remedied with the use of generalized TDGL, which will be

the focus of this chapter

7.1 Generalized TDGL

The generalized time-dependent Ginzburg-Landau (GTDGL) equations were first introduced by

Kramers and Watts-Tobin in the 90s [27, 28]. In this paper, Kramer and Watts-Tobin derive GTDGL

by starting with a set of equations from Larkin and Ovchinnikov [144], which come from a version

of the Gor’Kov equations under the Keldysh formalism [16, 145]. Using these equations, along

123
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with a corresponding set of kinetic equations augmented with a “mutilated collision operater"

with collsion time τE [146], Kramer and Watts-Tobin eventually arrive at the generalized TDGL

equations. We present the non-dimensionalized versions here

1√
1+ γ2|ψ|2

(
∂

∂ t
+ iκφ +

γ2

2
∂ |ψ|2

∂ t

)
ψ +

(
i
κ

∇+A
)2

ψ − (1−|ψ|2)ψ = 0 and (7.1)

1
u

∂A
∂ t

+∇×∇×A+
i

2κ
(ψ∗

∇ψ −ψ∇ψ
∗)+ |ψ|2A = 0, (7.2)

where u = τ ′ψ/τ j is similar to what it was for TDGL, except that τ ′ψ is now the characteristic

relaxation time of the phase of ψ and κ is the ratio of penetration depth and coherence length,

the same as for TDGL. The new parameter γ = 2τE∆0, where τE was introduced earlier as part

of the derivation of GTDGL and is the inelastic electron-phonon scattering time, and ∆0 is the

zero-field energy gap. Under GTDGL, γ is the main parameter which differentiates it from TDGL,

and it serves as a new relaxation time for the magnitude of ψ (as evidenced by its presence as the

coefficient on the new time derivative term in Equation 7.1); When γ = 0, the equations reduce to

the traditional TDGL equations.

Whereas TDGL assumes gapless superconductivity, GTDGL does not because γ ∝ ∆0 ̸= 0;

however, both equations do still assume that T ≈ Tc. Because of the addition of τE into the

formulation, some of the simplifying assumptions in Reference 27 result in the additional condition

that the inelastic diffusion length LE ≡ (DτE)
1/2 << ξ , where D = v f ℓ/3 is the diffusion coefficient

(v f and ℓ are the Fermi velocity and electron mean free path, respectively).

It is worthwhile to discuss the differences between GTDGL and TDGL. Firstly, they clearly

will have different time dynamics, as TDGL only has a single timescale for the order parameter,

whereas GTDGL has a separate timescale for the magnitude and phase. While they have different

time dynamics, we can show that any steady-state solution of TDGL also satisfies GTDGL. To do
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so we start with both ψ equations:

∂ψ

∂ t
=−iκφ −

(
i
κ

∇−A
)2

ψ +(1−|ψ|2)ψ (TDGL)
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ψ +(1−|ψ|2)ψ. (GTDGL)

Now let ψ0 ̸= 0 be a steady-state solution of TDGL, then we have that φ = 0, and the right hand

side of both of the above equations evaluate to zero:

∂ψ0

∂ t
= 0 (TDGL)

1√
1+ γ2|ψ0|2

(
∂

∂ t
+

γ2

2
∂ |ψ0|2

∂ t

)
ψ = 0. (GTDGL)

If ∂ψ0
∂ t = 0, then we also have that ∂ |ψ0|2

∂ t = 0, and thus both equations are solved by ψ0. Since both

theories have the same A equation, any solution to TDGL will trivally also solve GTDGL.

We can also show that for any steady-state solution of TDGL ψ0, the same solution used in

GTDGL will also have the same stability properties. Let ψ −→ ψ0 +δψ , if we assume that δψ is

small, we can linearize the ψ equation of TDGL in terms of δψ , which will allow us to define a

matrix equation ∂Re(δψ)
∂ t

∂ Im(δψ)
∂ t

= M

Re(δψ)

Im(δψ)

 (7.3)

where M is a matrix which defines the system of equations that result from the above substituion. The

real part of the eigenvalues of M will give the stability properties of the solution, if the eigenvalues

are ≥ 0, then the solution is unstable and if the eigenvalues of M are < 0 then the solution is stable.

If we make the exact same substitution for GTDGL, the right hand side of Equation 7.3 will be

identical, but there will be an additional matrix on the left hand side:

1√
1+ γ2|ψ|2

 1+ γ2Re(ψ0)
2 γ2Re(ψ0)Im(ψ0)

γ2Re(ψ0)Im(ψ0) 1+ γ2Im(ψ0)
2


∂Re(δψ)

∂ t

∂ Im(δψ)
∂ t

= M

Re(δψ)

Im(δψ)

 . (7.4)



7.1 Generalized TDGL 126

The new matrix on the left hand side of Equation 7.4 is positive definite (a fact which can be easily

determined via Sylvester’s Criterion [147]). Because this matrix is positive definite, inverting it and

moving it to the right hand side will not change the signs of the real parts of the eigenvalues of M,

and thus the stability properties of the solution will also be preserved.

These two results mean that as far as steady-state properties are concerned, GTDGL will not

give us any information that we do not already get from regular TDGL. Conversely, this means

that the steady state solutions of TDGL have a wider range of validity than the rest of the theory,

a fact which is well known, but this is a concrete calculation which demonstrates that a theory

with less restrictive assumptions (e.g. GTDGL and the ability to model gapped superconductors)

shares steady state solutions with TDGL. Additionally, because GTDGL only differs from TDGL in

the transient solutions, this makese it a natural candidate to study phenomena which never reach

steady state, which is exactly the case for SRF cavities, where the field is constantly changing. The

reason we often still trust the steady state solutions of TDGL for SRF research is because relative

to superconducting timescales, the RF period of typical cavities is much slower, and so a DC field

is a reasonable approximation. But if we want to study the impacts of frequencies higher than the

typical 1.3 GHz, GTDGL is a natural choice.

In the simulations in the following section, we will solve GTDGL using the finite element

method. To do so, we adapt the formulation for TDGL by Gao [25] which we use for most of our

TDGL simulations. We take Gao’s fomulation, and modify the ψ equation to match Equation 7.1.

We then use mostly the same function spaces and weak forms, but we use a mixed function space for

the real and imaginary parts of ψ , as the additional time derivative in Equation 7.1 causes the two

components to mix. We then solve the equations using the same solvers as in our TDGL simulations,

modified to accept the mixed function space for the components of ψ . All the computation in this

chapter were performed using FEniCS [26]. We will now discuss some of our preliminary studies

on the frequency dependence of Hsh
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7.2 The Frequency Dependence of Hsh

The superheating field is often considered a steady state property of a superconductor and this is,

in general, true. However in this section we will slightly tweak the definition of Hsh to apply to

sinusoidal applied fields, as are present in SRF cavities. Normally the superheating field is defined

as the lowest field at which the Meissner state becomes thermodynamically unstable, or more

heuristically, the lowest field that will nucleate vortices if (slowly) approached from the Meissner

state. Along these lines we will use a similar heuristic definition for what we now name the “RF

superheating field", HshRF . We define HshRF as the lowest value of the RF field amplitude which

will lead to a complete vortex nucleation at some point during the RF period. The emphasis here is

on the word ‘complete,’ as at high frequency there may be situations where ‘proto’-vortices (similar

to those discussed in Chapter 5, Section 5.2) form, but do not have the time to fully become vortices.

The idea here is that HshRF will increase with respect to the cavity frequency, not because vortices

couldn’t form at the peak amplitudes, but because the vortices do not have the time to fully nucleate

before the field changes direction.

Figure 7.1 shows an example of protovortex formation during one of our GTDGL simulations

with an RF period of 100. We see that when the applied field reaches its maximum magnitude at

t = 25, the value of |ψ|2 lags behind, not reaching the lowest surface value of |ψ|2 until several

simulation seconds later. This is a direct result of the fact that in this simulation γ = 5, meaning the

magnitude of ψ changes on a timescale that is ∼ 5 times slower than the field. We then see that at

t = 40 as the field is on the way out, protovortices have formed and reached their maximum size.

In the next few seconds of the simulation, the field becomes small enough that the protovortices

are forced away fairly quickly, and the solution almost reaches a value of |ψ|2 = 1 everywhere at

t = 50 when the field goes to zero.
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Figure 7.1 Plots of |ψ|2 solved with GTDGL showing proto-vortex formation. The applied
field label on the plots refers to the maximum field amplitude. The period of the field for
this simulation was 100, (a) shows the solution when the field reaches its maximum at
t = 25, (b) shows how the ψ solution lags behind the field. In (c) the protovortices begin
to form on as the field is on the way down. In (d) the protovortices have reached their
maximum size. By (e) the field is low enough that the protovortices are quickly suppressed,
and by (f) the solution has almost relaxed fully to |ψ|2 = 1 everywhere as the field reaches
zero.
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Figure 7.2 Plots of |ψ|2 solved with GTDGL showing vortex nucleation. The applied
field label on the plots refers to the maximum field amplitude. The period of the field for
this simulation was 100, (a) shows the solution when the field reaches its maximum at
t = 25, (b) shows how the ψ solution lags behind the field. In (c) the protovortices begin
to form on as the field is on the way down. In (d) one of the protovortices has managed to
fully nucleate into a vortex. By (e) most of the protovortices have been supressed leaving
behind the full vortex, and by (f) only the vortex is left as the field reaches zero. The vortex
will soon be pushed out of the domain a few simulation seconds later.
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Figure 7.2 shows the same simulation, but at a slightly higher field. Here a vortex is able to

fully form, meaning that HshRF has been reached, and for this particular period and value of γ ,

HshRF = 0.91. In this particular case, it is visually clear that a vortex has formed, however, this may

not always be the case. To remedy this, we can calculate the number of vortices in a simulation by

calculating the winding number of the phase of ψ ,

N =
1

2π

∮
P

∇θ ·dℓ, (7.5)

where N is the winding number of the order parameter phase, P is a closed path around the simulation

domain, θ = arctanIm(ψ)/Re(ψ) is the phase of the order parameter, and dℓ is the length element

along the path P. Doing this for the simulation shown in Figure 7.2 results in Figure7.3. We see that

the number of vortices correctly jumps around as vortices enter and leave the domain. Negative

values refer to vortices with field oriented in the negative direction. Using this kind of calculation,

we can unambiguously determine whether a vortex has formed, and thus whether or not HshRF has

been crossed

Figure 7.4 shows the results of our GTDGL simulations at several different values of γ . We see

that in all cases (even γ = 0 which corresponds to regular TDGL), HshRF increases with respect to

the frequency of the applied field. As γ becomes larger, the slope of the roughly linear frequency

dependence seems to increase. These results indicate that the maximum field values of SRF cavities

could artificially be increased by using higher frequency cavities, and the use of GTDGL further

emphasizes this conclusion, as it indicates that the incorporation of gapped superconductivity only

strengthens this relation. While such an approach could lead to higher accelerating fields, it is not

without downsides. The BCS resistance Rbcs ∝ ω2, where ω is the angular frequency of the cavity,

so going to higher frequency could significantly lower Q, even at low fields. Additionally a higher
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Figure 7.3 A plot of the winding number of the order parameter phase around the
simulation shown in Figure 7.2. The winding number was calculated using Equation 7.5,
where negative numbers are vortices with field oriented in the negative direction.



7.2 The Frequency Dependence of Hsh 132

Figure 7.4 A plot of RF frequency versus HshRF for different values of γ . For all values
of γ (including γ = 0, which corresponds to regular TDGL) HshRF increases in a roughly
linear fashion, with the slope increasing with respect to γ .
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frequency means a smaller cavity, and there are other deleterious effects (such as multipacting [148])

which become much more difficult to manage the smaller a cavity gets. Nonetheless, our results

indicate that even a relatively modest increase in frequency could lead to a slight increase in the

maximum accelerating gradients allowed by the RF cavity before quench.

Another aspect of this calculation is that we know the microscopic material dependencies of

γ = 2τE∆0. These quantities could be easily estimated with something like DFT; future work would

likely include recruiting DFT experts to help us estimate τE so that we can work out the accurate

value of γ for a given material. GTDGL has recently been used by several groups working on

superconducting quantum interference devices (SQUIDs) and superconducting nanowires [59, 60,

149], and in these papers they chose γ = 10, though it appears this choice may be somewhat arbitrary.

To our knowledge, GTDGL is fairly underutilized in the SRF field despite the natural fit of the

sorts of time dynamics present in SRF research that GTDGL naturally lends itself to, as we have

discussed. It is our hope that this preliminary work, in which we have demonstrated some of the

usefulness of GTDGL, will serve as inspiration to future SRF researchers to consider the use of

GTDGL for future Ginzburg-Landau type simulations.



Chapter 8

Conclusion

This dissertation provides an in-depth examination of the factors influencing the performance

of superconducting radiofrequency (SRF) cavities, with particular focus on niobium (Nb) and

niobium-tin (Nb3Sn) as primary materials. These materials are central to SRF technology, and

understanding their behavior, especially at the mesoscopic scale, is critical for optimizing their

performance in modern particle accelerators. The work presented here primarily explores the

mesoscopic behavior of these materials, using computational models to investigate how material

defects, surface characteristics, and superconducting properties interact and influence SRF cavity

performance. While experimental methods, conducted by my collaborators, provide valuable

insights, the core of this dissertation is grounded in computational research. Using my sample-

specific time-dependent Ginzburg-Landau (TDGL) framework, I helped to provide insights into

mechanisms that limit cavity performance and identify potential pathways for improvement. The

following section summarizes the key findings from each chapter, outlining how the computational

approaches and models developed in this dissertation contribute to advancing our understanding of

SRF cavity behavior.
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8.1 Summary of Key Results

In Chapter 2, we introduced a sample-specific TDGL framework, which forms the core of much

of the work presented in this dissertation. This framework allows us to simulate SRF cavity

performance under conditions that are representative of real materials, providing a more accurate

description of their behavior. We also used this framework to calculate dissipation and quality factors.

While the quantitative results are somewhat limited, the framework provides valuable qualitative

insights into the factors that influence SRF cavity performance. Additionally, we estimated the

impact of Sn-deficient islands on cavity performance. We found that islands several penetration

depths in diameter could cause a 60% reduction in the vortex penetration field, Hvort , when located

within a penetration depth of the surface. We also demonstrated that Sn-deficient islands could

cause high-field Q-slope (HFQS) curves that qualitatively resemble those observed in real Nb3Sn

SRF cavities, thus providing a potential mechanism for HFQS and quality factor degradation.

In Chapter 3, we investigated the impact of hydrides in Nb SRF cavities, focusing on their

role in high-field Q degradation. We calculated the effect of hydrides of various sizes, again

finding that large hydrides—particularly those with diameters several penetration depths—could

lead to a drop of 70% or more in Hvort if located within half a penetration depth of the surface.

Furthermore, we performed simulations with numerous nano-hydrides, and we observed that when

their concentration reaches a certain threshold, the material begins to behave as a single effective

material. This results in a slight reduction in the superheating field, approximately 7% lower than

that of pure Nb, although this is still much less detrimental than the effects of larger hydrides.

These results not only provide a mechanism for hydride-induced HFQS, specifically through vortex

nucleation and associated dissipation, but also suggest that treatment procedures aimed at improving

HFQS in Nb cavities may be effective in increasing the number of hydride nucleation sites, thereby

reducing hydride size and improving cavity performance.
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Chapter 4 presents a joint experimental-computational approach to investigating the impact of

surface defects in Nb3Sn, focusing on excess Sn and surface roughness. Using our sample-specific

TDGL framework and a new multi-domain COMSOL model, we examined how excess Sn and

surface roughness affect SRF cavity performance. We performed calculations that allowed us to

estimate the expected superheating field for surfaces with varying average Sn concentrations. Our

findings suggest that performance degradation due to excess Sn islands embedded in the surface can

be more significant than in a uniform surface with the same average Sn concentration. However,

for high Sn concentrations, the impact of surface islands was less severe than that of uniform

high-Sn surfaces, though it is important to note that high Sn-concentration uniform surfaces likely

do not occur regularly due to Sn diffusion properties in Nb. Additionally, we found that surface

corrugations on Sn-deficient grains could lead to slight ( 10%) performance degradation. However,

Sn-deficient grains themselves already exhibit significantly poor performance, which aligns with

the observed performance of real Nb3Sn cavities. This suggests that Sn-deficient grains may be a

significant contributor to the historically poor performance of Nb3Sn.

In Chapter 5, we present results on grain boundaries in Nb3Sn, where we made corrective

adjustments to estimates derived from a previous CBB paper published in Physical Review B. Our

conclusions align closely with the previous paper, namely that vortex nucleation at grain boundaries

is a key candidate for one of the main causes of high-field Q-slope (HFQS) in Nb3Sn SRF cavities.

We identified two qualitative features of dissipation in this context: initial vortex nucleation, where

vortices become pinned to the grain boundary, contributing to HFQS, and bulk nucleation, where

vortices already in the grain boundary enter the bulk, potentially leading to cavity quench (i.e.,

transitioning to a normal conducting state).
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One of the new calculations we performed compared the results of "Sn-rich" grain boundaries,

as simulated in the previous PRB paper, to "clean" grain boundaries, which do not exhibit Sn

segregation. These results represent perturbative corrections to those in the PRB paper and reveal

some new qualitative insights, such as a decrease in the distance between the vortex penetration

field and the bulk entry field due to the dissipative heating estimated in the earlier study. Despite

these new insights, our qualitative conclusions remain largely the same, which is why we chose not

to publish these results.

We also estimated the impact of Nb3Sn surface layers, finding that layers thinner than approxi-

mately 2.5 penetration depths could start to experience performance drops below what is expected

from perfect Nb3Sn. To further explore this, we simulated sinusoidal-shaped layers, comparing

their impacts relative to the "critical wavelength"—the theoretical spacing between vortices during

nucleation. In doing so, we observed a situation in which vortex-antivortex pairs would nucleate

at the peaks of the layer. This is a preliminary result, but if confirmed, it suggests that rough or

thin spots in the Nb3Sn surface layer could lead to additional dissipation, beyond what is normally

expected from vortex nucleation, due to the nucleation of these pairs.

In Chapter 6, we presented additional surface calculations where we explored two limiting

cases of idealized step-function-like defects, which we term the “tall bump" and “wide bump"

limits. In the wide bump limit, we found that vortices can easily nucleate into the bulk, but they

become pinned to the base of the defect. The characteristic length scale associated with vortex

nucleation into the bulk, Hbulk, was the coherence length. This implies that surface defects capable

of nucleating vortices need to be controlled down to the scale of the coherence length in order to

mitigate their impact on cavity performance. Furthermore, this result suggests that the field at which

cavities quench is primarily determined by defects on the scale of a coherence length, provided the

quenching is caused by a surface defect.
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In the wide bump limit, we also examined the vortex nucleation field, Hvort . In this case, vortices

were no longer pinned, allowing us to explore the characteristic length scale associated with the

initial vortex nucleation. We concluded that this length scale was the penetration depth, meaning

that the initial penetration of vortices—and thus the onset of HFQS—is determined by features on

the scale of the penetration depth. This finding underscores the importance of surface features on

the scale of the penetration depth in determining the onset of vortex penetration and subsequent

dissipation in SRF cavities.

Finally, in Chapter 7, we introduce and discuss the generalized time-dependent Ginzburg-Landau

(GTDGL) theory, comparing it to the traditional TDGL model. We show that the additional time

derivative in GTDGL decouples the magnitude and phase of the order parameter, leading to two

distinct timescales for each. This decoupling makes GTDGL particularly suitable for time-dependent

problems. Additionally, we demonstrate that any steady-state solution of the TDGL equations is

also a steady-state solution of the GTDGL equations, with both equations having identical stability

properties for those solutions. This means that GTDGL does not provide new insights for steady-

state conditions beyond those of TDGL, but it also implies that TDGL can still make accurate

predictions for gapped superconductors, even though it assumes gapless superconductivity.

We conclude the chapter by using GTDGL to explore the frequency dependence of the "RF

superheating field," HshRF , which is the minimum field amplitude of a sinusoidal applied field

required to induce vortex nucleation during the RF cycle. Our calculations show that HshRF

increases roughly linearly with frequency, with the slope of this dependence becoming steeper

as the new parameter γ in GTDGL increases. This result provides valuable insights into how the

superheating field behaves in relation to RF frequency, offering potential applications for optimizing

SRF cavity operation.
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8.2 Potential Future Directions

While this dissertation has made significant strides in understanding the performance of SRF cavities

through computational models, there remain many opportunities to expand upon and refine the work

presented here. The research has provided valuable insights into the impact of material defects

and surface features on SRF cavity performance, but many questions remain, particularly in areas

where mesoscopic behavior interacts with macroscopic performance. Future work could build on

the findings and models developed here to deepen our understanding of superconducting materials

and further enhance the efficiency and effectiveness of SRF cavity technology.

One promising direction for future research is to couple the dissipation estimates to a temperature

field. By doing so, we could simulate the dissipative heating of vortices directly during the

calculation, allowing for a more dynamic and realistic representation of the heating effects that

occur as the vortices move through the superconductor. Currently, the simulations presented in

this dissertation analyze the system at fixed temperatures, which limits the ability to capture the

full temporal evolution of the system as energy is dissipated. Coupling the dissipation to the

temperature field would allow for the calculation of self-consistent temperature distributions in

response to the energy dissipated by vortex motion. This approach could reveal more detailed and

time-resolved behaviors of SRF cavities, particularly in high-field conditions where dissipation is

most pronounced. Moreover, it would provide insights into the thermal feedback mechanisms that

may influence the overall performance and stability of the cavity during operation.

The sample-specific framework developed in this dissertation represents a significant contribu-

tion to the modeling of SRF cavity performance. By integrating detailed experimental characteri-

zations of various defects, density functional theory (DFT) estimates of the physical properties of

these defects, and time-dependent Ginzburg-Landau (TDGL) simulations, this framework offers a

more holistic approach to understanding how material defects affect cavity performance. While we

have already applied this methodology in various instances throughout the dissertation, a natural
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next step would be to scale this approach for a more comprehensive study. By broadening the scope

to incorporate a wider range of defect types and material configurations, we could develop a fully

realistic—if not quantitatively exact—Q vs. E plot that more accurately reflects the performance of

SRF cavities across different conditions.

Increasing the scope of this framework would involve extending the experimental data, DFT

calculations, and TDGL simulations to a larger array of sample-specific features, including more

complex defect structures and varied material compositions. This expansion would allow for a

more complete understanding of how different defects and material properties interact, ultimately

improving the accuracy and applicability of the resulting Q vs. E plots. While the results may

not be quantitatively exact, they would provide a far more realistic and comprehensive qualitative

description of SRF cavity behavior, serving as a powerful tool for guiding experimental designs,

improving our understanding of SRF cavity performance, and optimizing cavity technologies for

future accelerators.

Additionally, the methods developed in this dissertation could be extended to a broader range of

candidate SRF materials. For instance, NbZr is a material of particular interest to CBB [43, 44],

but we did not fully incorporate it into this dissertation. While we did perform some preliminary

calculations for Nb3Al as a side project for a collaborator, this material was not extensively analyzed

as part of this work. Nb3Al, although it underperforms compared to Nb3Sn, offers the advantage

of being less sensitive to stoichiometry, which makes it a potential candidate for future research.

The reduced sensitivity to compositional variations is a significant benefit, as it could mitigate

performance degradation often seen in Nb3Sn due to variations in the material’s composition.

Furthermore, Nb3Al can be grown using similar vapor diffusion techniques as Nb3Sn, making it a

viable candidate for practical SRF applications. While it does not match Nb3Sn in superconducting

performance under ideal conditions, its improved tolerance to stoichiometry suggests that it could
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be an important material for future studies. Incorporating our sample-specific TDGL framework

into the study of NbZr, Nb3Al, and other emerging materials would enable a more thorough

understanding of their potential for SRF applications and allow for a direct comparison to Nb and

Nb3Sn.

As discussed in Chapter 7, there is also room to improve our GTDGL calculations. By incorpo-

rating DFT estimates of the inelastic electron-phonon scattering time, we could more accurately

calculate the parameter γ , allowing for more specific predictions of the frequency dependence of

HshRF . Additionally, GTDGL offers a natural extension to TDGL for quality factor calculations,

as such calculations require dealing with sinusoidal applied fields that prevent the system from

reaching steady state. While GTDGL would not provide a completely quantitatively accurate

solution, it would offer a significant improvement over TDGL in modeling time-dependent effects

and the behavior of SRF cavities.

8.3 Final Remarks

This dissertation has provided a comprehensive exploration of the factors influencing the perfor-

mance of superconducting radiofrequency (SRF) cavities, focusing particularly on the role of

material defects and surface features in Nb and Nb3Sn. By combining computational models, such

as the sample-specific time-dependent Ginzburg-Landau (TDGL) framework we developed, with

a detailed understanding of mesoscopic behavior, we have been able to uncover mechanisms that

govern dissipation and high-field Q-slope (HFQS), and have offered insights into strategies for

improving SRF cavity performance.
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The results presented here highlight the critical importance of understanding material properties

on a mesoscopic scale and how defects such as hydrides, Sn-deficient islands, and grain boundaries

contribute to performance degradation. Through our analysis, we have demonstrated that these

defects, even in small concentrations, can have significant effects on vortex behavior, dissipation,

and overall cavity efficiency. In addition, our work on Nb3Sn has provided valuable insights into

how surface features and stoichiometry can impact cavity performance, with the potential to guide

future research into optimizing material growth and treatment procedures.

Looking forward, there are numerous opportunities to build on this work, whether by expanding

the computational framework to include temperature fields and more complex defect interactions,

exploring new materials for SRF cavities, or refining the generalized TDGL model to provide

more specific predictions for frequency-dependent behavior. The methods developed here provide

a strong foundation for future research, and the findings presented in this dissertation offer new

avenues for improving SRF cavity performance in the next generation of particle accelerators.

Ultimately, this work contributes to a deeper understanding of the microscopic and mesoscopic

factors that influence superconducting materials and provides a roadmap for future improvements in

SRF cavity design and technology. As we continue to push the boundaries of accelerator technology,

the insights gained from this research will serve as a stepping stone toward achieving more efficient

and cost-effective particle accelerators, enabling advancements in fundamental physics and a wide

range of applied fields.



Appendix A

Miscellaneous Supplimentary Calculations

The folllowing chapter outlines several calculations which were either too onerous or out of scope

for the main text.
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A.1 Chapter 2 Appendices

The following section includes several of the appendices associated with the contents of Chapter

2, which include an abbreviated version of the TDGL nondimensionalizations (the next appendix

section will go into this in much more detail), and several calculations related to our quality factor

estimates.

A.1.1 Brief Overview of TDGL Non-dimensionalization

To nondimensionalize the TDGL equations, we start with Eqs. 2.1 and 2.2, and make the following

coordinate transformations:

∇ −→ 1
λ0

∇̃

∂

∂ t
−→ 1

τψ0

∂

∂ t̃

A −→
√

2Hc0λ0Ã

ψ −→

√
|α0|
β0

ψ̃

φ −→ φ0φ̃ .
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If we substitute in Eqs. 2.10, 2.11, 2.12, and 2.14 for α , β , Γ, and σn respectively, we can then

define the quantities:

λ0 =

√
msc2β0

4πe2
s |α0|

ξ0 =

√
h̄2

2ms|α0|

κ0 =
λ0

ξ0

Hc0 =

√
4πα2

0
β0

τψ0 =
Γ0

|α0|

τ j0 =
σn0msβ0

e2
s |α0|

u0 =
τψ0

τ j0

φ0 =
h̄κ0

esτψ0

.

Using these relations, the resulting equations under the above coordinate transformations simplify

into Eqs. 2.15 and 2.16 (where we then drop the tildes).

A.1.2 Approximate Estimation of Normal-State Conductivity

We outline here a possible route to estimate σn using the Drude model [150], where the electrical

conductivity is given by

σ =
ne2τ

m
, (A.1)

with e and m the electron charge and mass, n the carrier density, and τ the mean free collision time.

For the normal quasiparticle density at low temperatures, we adopt the approximation from Ref.

151,

nn = 8ne−∆/kbT , (A.2)
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which leads to an expression for the normal-state conductivity in the Meissner regime:

σn =
ne2τ

m

(
8e−∆/kbT

)
. (A.3)

We emphasize that this expression is approximate, and moreover that the energy gap ∆ is inferred

from the TDGL order parameter ψ , which is known to overestimate ∆ at low temperatures [152].

Given these limitations, we regard this estimation primarily as a qualitative reference and have

proceed with treating σn as a free parameter in the main text.

A.1.3 Quality Factor Derivation

We start with the quality factor:

Q =
2πE
∆E

. (A.4)

These quantities (working in SI units for this section) can be expressed as integrals:

E =
1
2

µ0

∫
V

dV H2 (A.5)

∆E =
∫ T

0
dt
∫

Vsur f

dVsur f D, (A.6)

where V is the cavity volume, T is the RF period, and D is given by Equation 3.20. Vsur f is the

volume in the first few penetration depths of the cavity surface where essentially all of the dissipation

occurs. TDGL simulation outputs are unit-free, so it is helpful to pull constants with units out

of these integrals, leaving behind dimensionless functions which can be calculated from TDGL

solutions. We start by expressing Equation A.5 in cylindrical coordinates:

E =
1
2

µ0

∫
rdr

∫
dφ

∫
dzH2
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We then define some dimensionless quantities:

r̃ =
r
R

(A.7)

z̃ =
z
L

(A.8)

H̃ =
H
Ha

(A.9)

Where R is the maximum radius of the cavity, L is the length of the cavity in the axial direction, and

Ha is the maximum value of the applied field at the surface of the cavity during an RF period. These

quantities allow the definition of a unit-less integral that only depends on the cavity geometry:

IH ≡
∫

r̃dr̃
∫

dz̃H̃2 (A.10)

Using these definitions with Equation A.5 and assuming that H has azimuthal symmetry results in

E = πµ0H2
a LR2IH . (A.11)

Turning to the dissipated energy integral, suppose all of the dissipation occurs within a distance d

below the cavity surface, where d << R. This allows the cylindrical integral to be converted into

cartesian coordinates, with the azimuthal direction becoming the new x direction, the axial direction

becoming the new y direction, and the radial direction becoming the new z direction. A diagram of

these transformations is found in Figure A.1.

With these transformations, we have

∆E =
∫ T

0
dt
∫ 2πR

0
dx
∫ L

0
dy
∫ d

0
dzD. (A.12)

When calculating this from simulation outputs, the integral is necessarily calculated over a small

region of the overall cavity surface. Let Lx and Ly be the simulation domain size in the x and y

directions respectively, and let N be the total number of simulation areas needed to fully partition

the cavity surface. Then the dissipation integral becomes

∆E = N
∫ T

0
dt
∫ Lx

0
dx
∫ Ly

0
dy
∫ d

0
dzD, (A.13)
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Figure A.1 Schematic of Transformations for the Quality Factor Calculation. The
cylindrical geometry is shown on the left, with the cavity radius R and length L depicted,
and the coordinate directions, r̂, φ̂ , and ẑ. Under the transformation (on the right) the
coordinates become cartesian, with the r̂ direction becoming the new ẑ direction, the φ̂

direction becomes the x̂ direction, and the old ẑ direction becomes the ŷ direction.
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and N can be approximated as

N =
2πRL
LxLy

. (A.14)

Contuining as before we again define dimensionless coordinates:

x̃ =
x
λ

(A.15)

ỹ =
y
λ

(A.16)

z̃ =
z
λ

(A.17)

t̃ =
Tsim

T
t (A.18)

where λ is the penetration depth and Tsim is the period in units of simulation time. These convert

the integral to

∆E = λ
3 T

Tsim
N
∫ Tsim

0
dt̃
∫ Lx

λ

0
dx̃
∫ Ly

λ

0
dỹ
∫ d

λ

0
dz̃D. (A.19)

Additionally, under the temporal gauge (φ = 0), Equation 3.20 can be expressed as

D = 2µ0H2
c

Tsim

T

(∣∣∣∣∂ψ̃

∂ t̃

∣∣∣∣2 +σnµ0λ
2 Tsim

T

(
∂ Ã
∂ t̃

)2
)
, (A.20)

where ψ̃ and Ã are the unit-free versions of the vector potential and order parameter that are solved

for with Eqs. 2.15 and 2.16 (a derivation of Equation A.20 can be found in the next section of the

Appendix). Finally, we define some more dimensionless integrals over the TDGL solutions:

Iψ ≡
∫ Tsim

0
dt̃
∫ Lx

λ

0
dx̃
∫ Ly

λ

0
dỹ
∫ d

λ

0
dz̃
∣∣∣∣∂ψ̃

∂ t̃

∣∣∣∣2 (A.21)

IA ≡
∫ Tsim

0
dt̃
∫ Lx

λ

0
dx̃
∫ Ly

λ

0
dỹ
∫ d

λ

0
dz̃
(

∂ Ã
∂ t̃

)2

(A.22)

Combining everything and noting that ω = 2π

T , we get

∆E = 2µ0H2
c λ

3 2πRL
LxLy

(
Iψ +ω

σnµ0λ 2Tsim

2π
IA

)
. (A.23)

Now using Equations A.4, A.11, and A.23 we get an expression for the quality factor,

Q =
H̃2

a RLxLyIH

2λ 3
(

Iψ +ω
σnµ0λ 2Tsim

2π
IA

) , (A.24)
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where H̃a ≡ Ha√
2Hc

is the applied field in simulation units. It is common to express the quality factor

as

Q =
G
Rs

, (A.25)

where Rs is the cavity surface resistance and G is a geometric factor that depends only on quantities

which are determined by the cavity geometry. We can define these quantities under the framework

we have presented as

G =
1
2

µ0ωRIH (A.26)

Rs =
µ0ωλ 3

H̃2
a LxLy

(
Iψ +ω

σnµ0λ 2Tsim

2π
IA

)
. (A.27)

For a typical 1.3 GHz 9-cell Nb TESLA cavity, G = 270 Ω [105], so in practice we can just use this

value or other known values of G, and only calculate Rs from Equation A.27.

A.1.4 Nondimensionalizing the TDGL Dissipation

We start with Equation 3.20,

D = 2Γ

∣∣∣∣(∂ψ

∂ t
+

iesφψ

h̄

)∣∣∣∣2 +σnE2

choosing the temporal gauge (φ = 0) we have

D = 2Γ

∣∣∣∣∂ψ

∂ t

∣∣∣∣2 +σn

(
∂A
∂ t

)2

.

Next, we make the same coordinate transformations as from the previous section (and the same time

transformation as from the methods section) and use the expressions for τψ and Hc on the first term:

D =
2Γα

β

T 2
sim
T 2

∣∣∣∣∂ψ̃

∂ t̃

∣∣∣∣2 +2σnH2
c λ

2 T 2
sim
T 2

(
∂ Ã
∂ t̃

)2

=
2τψα2

β

T 2
sim
T 2

∣∣∣∣∂ψ̃

∂ t̃

∣∣∣∣2 +2σnH2
c λ

2 T 2
sim
T 2

(
∂ Ã
∂ t̃

)2

=
2H2

c
4π

Tsim

T

∣∣∣∣∂ψ̃

∂ t̃

∣∣∣∣2 +2σnH2
c λ

2 T 2
sim
T 2

(
∂ Ã
∂ t̃

)2

,
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where in the last line we used the fact that T = τψTsim. Finally, this expression is in Gaussian units

so we convert to SI units so that it is compatible with the other expressions in Section 2.2.5:

D = 2τψ µ0H2
c

T 2
sim
T 2

∣∣∣∣∂ψ̃

∂ t̃

∣∣∣∣2 +2σnµ
2
0 H2

c λ
2 T 2

sim
T 2

(
∂ Ã
∂ t̃

)2

= 2µ0H2
c

Tsim

T

(∣∣∣∣∂ψ̃

∂ t̃

∣∣∣∣2 +σnµ0λ
2 Tsim

T

(
∂ Ã
∂ t̃

)2
)
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A.2 Ginzburg-Landau Equation Nondimensionalization

A.2.1 Initial Equations and Useful Values

The Ginzburg-Landau equations are as follows:

1
2ms

(
−ih̄∇− es

c
A
)2

ψ +αψ +β |ψ|2ψ = 0 in the domain (A.28)

∇×∇×A− 2πiesh̄
msc

(ψ∗
∇ψ −ψ∇ψ

∗)− 4πe2
s

msc2 |ψ|2A = 0 in the domain (A.29)

(
ih̄∇ψ +

es

c
Aψ

)
·n = 0 on the boundary (A.30)

(∇×A)×n = H×n on the boundary (A.31)

To nondimentionalize these equations, we first start by getting a few useful constants from these

equations. The coherence length, ξ , can be found by looking at Equation A.28, and letting A = 0

(and thus ψ will be real):

∇
2
ψ +

1
ξ 2

(
ψ +

β

α
ψ

3
)
= 0 (A.32)

Where ξ 2 = −h̄2

2msα
. The coherence length is the length scale for the variance of ψ .

The penetration depth, λ , can be found by looking at Equation A.29 and considering the ma-

terial to be perfectly superconducting, i.e. ψ = ψ0 =
(
−α

β

) 1
2 , this makes the second term in the

equation go to 0 and we get:

∇×∇×A+
1

λ 2 A = 0 (A.33)
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Where λ 2 = msc2

4πe2
s |ψ0|2

= −βmsc2

4πe2
s α

. The penetration depth is a length scale for how deep magnetic field

is able to penetrate into a superconducting material.

We now have the well known Ginzburg-Landau parameter, κ = λ

ξ
=
√

β

2π

msc
esh̄

. The material’s

thermodynamic critical field, Hc =
4πα2

β
also becomes a useful constant later.

A.2.2 Nondimentionalization

To nondimentionalize the GL equations, we make a number of coordinate transformations: x = λx′

(and therefore ∇ = 1
λ

∇′), A =
√

2HcλA′, and ψ =
√

−α

β
ψ ′. Doing this to equation A.28:

1
2ms

(
−ih̄
λ

∇
′−

√
2Hcλes

c
A′

)2√
−α

β
ψ

′+α

√
−α

β
ψ

′+β

√
−α

β

3

|ψ ′|2ψ
′ = 0 (A.34)

Dropping the primes and dividing by α

√
−α

β
gives:

1
2msα

(
−ih̄
λ

∇−
√

2Hcλes

c
A

)2

ψ +ψ −|ψ|2ψ = 0 (A.35)

If we bring the 1
2msα

into the parentheses of the first term (square rooting it of course), and expand

out the λ s and Hc, you will see that the term in front of A goes to 1, and the term in front of the ∇

goes to −i
κ

, so the final equation is:(
−i
κ

∇−A
)2

ψ +ψ −|ψ|2ψ = 0 (A.36)

If we make the same transformations for Equation A.29, we get the following:
√

2Hc

λ
∇×∇×A′+

2πiesh̄α

mscλβ

(
ψ ′∗∇

′
ψ

′−ψ
′
∇
′
ψ ′∗
)
+

4πe2
s α

msc2β
|ψ ′|2

√
2HcλA′ = 0 (A.37)

Once again dropping the primes and then multiplying by λ√
2Hc

gives:

∇×∇×A+
2πiesh̄α

msc
√

2Hcβ
(ψ∗

∇ψ −ψ∇ψ
∗)+

4πe2
s αλ 2

msc2β
|ψ|2A = 0 (A.38)
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Expanding Hc and λ again makes the coefficients in front of the second term reduce to i
2κ

, and the

terms in front of |ψ|2A reduce to 1:

∇×∇×A+
i

2κ
(ψ∗

∇ψ −ψ∇ψ
∗)+ |ψ|2A = 0 (A.39)

For the first boundary condition, it follows the same process as for the first term in Equation A.36,

and doing the transformations for the last boundary equation, there will be
√

2Hc in front of both

terms, which cancel, so the final nondimentionalized equations are:(
−i
κ

∇−A
)2

ψ +ψ −|ψ|2ψ = 0 (A.40)

∇×∇×A+
i

2κ
(ψ∗

∇ψ −ψ∇ψ
∗)+ |ψ|2A = 0 (A.41)(

i
κ

∇ψ +Aψ

)
·n = 0 (A.42)

(∇×A)×n = H×n (A.43)

A.2.3 α and β Spacial Dependence

Now we want to let α and β vary with space, this can represent different materials, or material

defects. To do this, we make the transformations α = α0a(r) and β = β0b(r), where α0 and β0 are

constant reference values with the same units as α and β , and a and b are dimensionless functions

of position. Returning to our definitions of ξ and λ , we see that setting A = 0 in Equation A.28 and

collecting terms gives:

∇
2
ψ +

1
ξ 2

0

(
aψ +

β0

α0
bψ

3
)
= 0 (A.44)

Where ξ 2
0 = −h̄2

2msα0
. To find the other length scale we once again let the material be perfectly

superconducting, but this time in terms of the reference α and β ; ψ = ψ0 =
(
−α0
β0

) 1
2 , this makes

Equation A.29 go to:

∇×∇×A+
1

λ 2
0

A = 0 (A.45)
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Where λ 2
0 = msc2

4πe2
s |ψ0|2

= −β0msc2

4πe2
s α0

. Similarly, Hc becomes Hc0 =
4πα2

0
β0

, and κ0 =
λ0
ξ0

=
√

β0
2π

msc
esh̄

. We

then do the same process as we did before, but replacing any λ , ξ , κ , or Hc with λ0, ξ0, κ0, or Hc0.

This will result in almost the same equations, but with an a and a b in front of the ψ and |ψ|2ψ

terms: (
−i
κ0

∇−A
)2

ψ +aψ −b|ψ|2ψ = 0 (A.46)

∇×∇×A+
i

2κ0
(ψ∗

∇ψ −ψ∇ψ
∗)+ |ψ|2A = 0 (A.47)(

i
κ0

∇ψ +Aψ

)
·n = 0 (A.48)

(∇×A)×n = H×n (A.49)
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A.3 Time Dependent Ginzburg-Landau Equation Nondimen-

sionalization

A.3.1 α and β constant

The Time Dependent Ginzburg-Landau equations are as follows:

Γ

(
∂ψ

∂ t
+

iesφ

h̄
ψ

)
+

1
2ms

(
−ih̄∇− es

c
A
)2

ψ +αψ +β |ψ|2ψ = 0 in the domain,

(A.50)

4πσn

c

(
1
c

∂A
∂ t

+∇φ

)
+∇×∇×A− 2πiesh̄

msc
(ψ∗

∇ψ −ψ∇ψ
∗)− 4πe2

s
msc2 |ψ|2A = 0 in the domain,

(A.51)(
ih̄∇ψ +

es

c
Aψ

)
·n = 0 on the boundary,

(A.52)

(∇×A)×n = H×n on the boundary,

(A.53)

−
(

∇φ +
∂A
∂ t

)
·n = 0 on the boundary.

(A.54)

To nondimentionalize these equations, we first use the same definitions for λ , ξ , κ , and Hc as

we defined in Section A.2.1. We also make the same change of variables as in Section A.2.2 in

addition to letting t = τ∆t ′ and φ = φ0φ ′; For equation A.50, this gives us:

1
2ms

(
−ih̄
λ

∇
′−

√
2Hcλes

c
A′

)2√
−α

β
ψ

′+α

√
−α

β
ψ

′+β

√
−α

β

3

|ψ ′|2ψ
′

+Γ

√
−α

β

(
1
τ∆

∂ψ ′

∂ t ′
+

iesφ0φ ′

h̄
ψ

′
)
= 0

(A.55)



A.3 Time Dependent Ginzburg-Landau Equation Nondimensionalization 157

Dropping the primes and dividing by α

√
−α

β
gives:

1
2msα

(
−ih̄
λ

∇−
√

2Hcλes

c
A

)2

ψ +ψ −|ψ|2ψ +
Γ

|α|

(
1
τ∆

∂ψ

∂ t
+

iesφ0φ

h̄
ψ

)
= 0 (A.56)

The first three terms reduce down to the same terms as in Equation A.36. We then let τ∆ = Γ

|α| and

φ0 =
h̄κ

esτ∆
to get the final equation:(

−i
κ

∇−A
)2

ψ +ψ −|ψ|2ψ +
∂ψ

∂ t
+ iφκψ = 0 (A.57)

Making the same coordinate transformations for Equation A.51:
√

2Hc

λ
∇×∇×A′+

2πiesh̄α

mscλβ

(
ψ

′∗
∇
′
ψ

′−ψ
′
∇
′
ψ

′∗)
+

4πe2
s α

msc2β
|ψ ′|2

√
2HcλA′+

4πσn

c

(√
2Hcλ

cτ∆

∂A′

∂ t ′
+

φ0

λ
∇
′
φ
′

)
= 0

(A.58)

Dropping the primes and then multiplying by λ√
2Hc

gives:

∇×∇×A+
2πiesh̄α

msc
√

2Hcβ
(ψ∗

∇ψ −ψ∇ψ
∗)

+
4πe2

s αλ 2

msc2β
|ψ|2A+

4πσn

c

(
λ 2

cτ∆

∂A
∂ t

+
φ0√
2Hc

∇φ

)
= 0

(A.59)

Once again the first 3 terms go the the same as Equation A.39. We then define τ j =
σnβms
e2

s |α| , which

gives:

∇×∇×A+
i

2κ
(ψ∗

∇ψ −ψ∇ψ
∗)+ |ψ|2A+

τ j

τ∆

∂A
∂ t

+
4πσnφ0√

2Hcc
∇φ = 0 (A.60)

If we define u = τ∆

τ j
, then the coefficents in front of the time derivative go to 1

u , and it turns out that

if we substitute in the value for φ0 we found earlier, the coefficients in front of the ∇φ go to 1
u :

∇×∇×A+
i

2κ
(ψ∗

∇ψ −ψ∇ψ
∗)+ |ψ|2A+

1
u

(
∂A
∂ t

+∇φ

)
= 0 (A.61)
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So the final equations are: (
−i
κ

∇−A
)2

ψ +ψ −|ψ|2ψ +
∂ψ

∂ t
+ iφκψ = 0 (A.62)

∇×∇×A+
i

2κ
(ψ∗

∇ψ −ψ∇ψ
∗)+ |ψ|2A+

1
u

(
∂A
∂ t

+∇φ

)
= 0 (A.63)(

i
κ

∇ψ +Aψ

)
·n = 0 (A.64)

(∇×A)×n = H×n (A.65)

−
(

∇φ +
∂A
∂ t

)
·n = 0 (A.66)

A.3.2 α and β vary with time and space

If we now let α = α0a(r, t) and β = β0b(r, t), we can do the same thing as we did in Section A.2.3,

and let ξ 2
0 = −h̄2

2msα0
, λ 2

0 = msc2

4πe2
s |ψ0|2

= −β0msc2

4πe2
s α0

, Hc0 =
4πα2

0
β0

, and κ0 =
λ0
ξ0

=
√

β0
2π

msc
esh̄

. Additionally

we also let τ∆0 =
Γ

|α0| , τ j0 =
σnβ0ms
e2

s |α0|
, u0 =

τ∆0
τ j0

, and φ0 =
h̄κ0

esτ∆0
. We can then follow the same steps as

above with these new values and we get:(
−i
κ0

∇−A
)2

ψ +aψ −b|ψ|2ψ +
∂ψ

∂ t
+ iφκ0ψ = 0 (A.67)

∇×∇×A+
i

2κ0
(ψ∗

∇ψ −ψ∇ψ
∗)+ |ψ|2A+

1
u0

(
∂A
∂ t

+∇φ

)
= 0 (A.68)(

i
κ0

∇ψ +Aψ

)
·n = 0 (A.69)

(∇×A)×n = H×n (A.70)

−
(

∇φ +
∂A
∂ t

)
·n = 0 (A.71)
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