Brigham Young University

BYU ScholarsArchive

Theses and Dissertations

2025-08-13

Computational Modeling of Magnetic Field Interaction with
Superconductors Under High-Field and High-Dissipation
Conditions: A TDGL Approach Applied to Nb and Nb3Sn

Aiden Victor Harbick
Brigham Young University

Follow this and additional works at: https://scholarsarchive.byu.edu/etd

0 Part of the Physical Sciences and Mathematics Commons

BYU ScholarsArchive Citation

Harbick, Aiden Victor, "Computational Modeling of Magnetic Field Interaction with Superconductors Under
High-Field and High-Dissipation Conditions: A TDGL Approach Applied to Nb and Nb3Sn" (2025). Theses
and Dissertations. 11035.

https://scholarsarchive.byu.edu/etd/11035

This Dissertation is brought to you for free and open access by BYU ScholarsArchive. It has been accepted for
inclusion in Theses and Dissertations by an authorized administrator of BYU ScholarsArchive. For more
information, please contact ellen_amatangelo@byu.edu.


http://home.byu.edu/home/
http://home.byu.edu/home/
https://scholarsarchive.byu.edu/
https://scholarsarchive.byu.edu/etd
https://scholarsarchive.byu.edu/etd?utm_source=scholarsarchive.byu.edu%2Fetd%2F11035&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/114?utm_source=scholarsarchive.byu.edu%2Fetd%2F11035&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarsarchive.byu.edu/etd/11035?utm_source=scholarsarchive.byu.edu%2Fetd%2F11035&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:ellen_amatangelo@byu.edu

Computational Modeling of Magnetic Field Interaction with Superconductors
Under High-Field and High-Dissipation Conditions:

A TDGL Approach Applied to Nb and NbzSn

Aiden Victor Harbick

A dissertation submitted to the faculty of
Brigham Young University
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

Mark Transtrum, Chair
Sam Posen
Benjamin Frandsen
David Neilsen
Blake Barker

Department of Physics and Astronomy

Brigham Young University

Copyright © 2025 Aiden Victor Harbick

All Rights Reserved



ABSTRACT

Computational Modeling of Magnetic Field Interaction with Superconductors
Under High-Field and High-Dissipation Conditions:
A TDGL Approach Applied to Nb and NbzSn

Aiden Victor Harbick
Department of Physics and Astronomy, BYU
Doctor of Philosophy

Superconducting radiofrequency (SRF) cavities are essential components in modern particle
accelerators, enabling the efficient acceleration of charged particles for various applications in
physics, medicine, materials science, and beyond. The performance of these cavities is significantly
influenced by the properties of superconducting materials, such as niobium (Nb) and triniobium-tin
(NbsSn), and the defects and surface features present within the material. This dissertation presents
a computational study focused on understanding the behavior of SRF cavities, using a sample-
specific time-dependent Ginzburg-Landau (TDGL) framework to simulate their performance under
realistic material conditions. The research integrates experimental data and density functional theory
(DFT) calculations to model the impact of various defects, including hydrides, Sn-deficient islands,
grain boundaries, and surface roughness. The calculations reveal how these defects contribute
to performance degradation, particularly in terms of dissipation and quality factor (Q). We also
investigate the impact of surface layers and roughness on the behavior of Nb3Sn, finding that surface
features play a significant role in influencing cavity performance. In addition, the dissertation
explores the generalized TDGL (GTDGL) model, which offers an extension to traditional TDGL
theory and enables improved predictions of frequency-dependent phenomena. This work contributes
to the development of more accurate computational tools for analyzing SRF cavity performance,
providing insights that can guide future efforts in material optimization and accelerator technology.

Keywords: computational, superconductivity, SRF cavities, niobium, Nb3Sn, time-dependent
Ginzburg-Landau, TDGL, mesoscopic behavior, material defects, Sn-deficient islands, grain bound-
aries, surface roughness, quality factor, high-field Q-slope, superheating field, finite element
modeling, SRF performance, vortex nucleation, accelerator technology
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Chapter 1

Introduction

The development of particle accelerators has been a cornerstone in advancing our understanding
of fundamental physics and enabling numerous technological breakthroughs. From the earliest
cyclotrons to the cutting-edge linear accelerators (linacs) of today, these devices have enabled
scientists to probe the subatomic world, leading to revolutionary discoveries in particle physics [1],
medicine [2, 3], and materials science [4]. Central to the functionality of many modern particle
accelerators are superconducting radio-frequency (SRF) cavities, which allow for efficient particle
acceleration by minimizing energy loss through their surface resistance, or lack thereof. These
cavities, made from high-performance superconducting materials, are critical components in both
traditional accelerator systems, such as the Large Hadron Collider (LHC) at CERN, and more
modern X-ray Free Electron Lasers (XFELSs), such as the LCLS-II at SLAC, which have become
indispensable tools for advancing modern materials research. Despite their importance, the perfor-
mance of SRF cavities is often hindered by issues such as surface defects and material limitations. In

this dissertation, we explore the computational modeling of superconducting materials, particularly
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Nb3Sn, to better understand the factors influencing SRF cavity performance. Our work builds on
established theories of superconductivity, notably the time-dependent Ginzburg-Landau (TDGL)
framework, and aims to provide new insights into how material properties can be optimized to

enhance the efficiency and reliability of SRF cavities.

1.1 Brief Overview of Superconductivity

To follow the discussions in this dissertation, it’s helpful to have a basic understanding of some key
aspects of superconductivity. To make this work more accessible to a wider audience, this section
provides a brief overview of the important discoveries and theories in the field. This should provide
enough context for readers who may not be as familiar with superconductivity and allow them to
better engage with the material that follows.

Superconductivity is characterized by two key phenomena that emerge when a material is cooled
below its critical temperature, 7;: resistance-free supercurrent flow (first discovered by Kamerlingh
Onnes in 1911 [5]), and perfect diamagnetism, known as the Meissner effect, discovered by Walther
Meissner and Robert Ochsenfeld in 1933 [6]. In the context of SRF research—central to this
dissertation—the first of these phenomena is a key advantage, while the second can, in certain cases,
be a limitation. The ability of superconductors to support resistance-free current is what allows SRF
cavities to operate with remarkable efficiency. A key figure of merit for these cavities, which we will
explore in detail later, is the cavity quality factor, Q, defined as the ratio of the energy stored in the
cavity to the energy dissipated in the cavity walls during each RF period. For comparison, a typical
copper (normal-conducting) RF cavity might have Q ~ 10°, whereas a niobium SRF cavity—the
current industry standard—typically has Q ~ 10! [7]. The Meissner effect, on the other hand,
imposes a limitation in that superconductivity requires the material to maintain its diamagnetic state.

If an external magnetic field becomes strong enough to overcome the Meissner effect, the material
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could transition to a normal conducting state. As the accelerating fields in SRF cavities increase,
the magnetic field that must be screened by the Meissner effect also becomes larger, and if this field
surpasses a critical threshold, superconductivity may be lost. Therefore, understanding the critical

fields of the SRF material is crucial to assessing the performance of a cavity.

Ndrmal Meta

Mixed State

Superconducitor

Type-1 ; Type-II
1/v2

K

Figure 1.1 A phase diagram for different superconductors at zero temperature (below
their 7,). The x-axis represents materials with varying values of k, the Ginzburg-Landau
parameter. The phase boundaries separate superconducting (Meissner), mixed, and normal
conducting states. The k =1/ /2 value divides Type I and Type II superconductors.

Figure 1.1 shows the phase diagram of superconductors at zero temperature, where different
values on the x-axis represent materials with varying Ginzburg-Landau parameters, k. This parame-
ter is the ratio of a material’s penetration depth to its coherence length, which we will discuss in
more detail later. For now, K serves as a parameter that characterizes different superconducting
materials. The value k =1/ /2 marks the boundary between two types of superconductors. Super-
conductors with k < 1/+/2 are classified as Type I, while those with & > 1/+/2 are Type II. Type I
superconductors have a single critical field H, (the thermodynamic critical field) that separates the
superconducting (Meissner) state from the normal conducting state. Type II superconductors, on
the other hand, exhibit two critical fields: H.; and H.,, known as the lower and upper critical fields,

respectively. Below H,, the material remains in the Meissner state. Between H,; and H,, lies a new
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Magnetic Field Lines

|)

Superconductor

Electric Current )

©
\

Figure 1.2 A diagram of vortices in a type II superconductor. This figure is borrowed
with permission from Alden Pack’s masters thesis [8].
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mixed state (also referred to as the Abrikosov state), where magnetic flux vortices can penetrate the
material. These vortices are regions of magnetic flux where the field lines pass through the material,
and supercurrents flow around them in a circular motion. Figure 1.2 illustrates these vortices.
The center of the vortices will be locally normal conducting, while the surrounding material can
remain superconducting due to the screening of the field by the supercurrents. Above H.,, the
material transitions to the normal conducting state. This dissertation will primarily focus on Type
II superconductors, as niobium (Nb) and all potential materials for SRF cavity replacements are
Type II superconductors. The mixed state, while an interesting phenomenon, presents challenges
for SRF cavities since vortex motion leads to energy dissipation [9], causing localized heating and a
decrease in the cavity’s quality factor. Consequently, it is essential to study methods that keep the

material in the vortex-free Meissner state for optimal SRF performance.

Ngrmal Metal,” Mixed State

=
= s
Superconducitor
Type-1 ' Type-11
1/v2

K

Figure 1.3 An updated phase diagram for different superconductors at zero temperature
(below their T;), incorporating the metastable Meissner state. The x-axis represents
materials with different values of k. The phases are separated into superconducting
(Meissner), mixed, metastable, and normal conducting states. The metastable Meissner
state is stable above H,, but can transition to the mixed state above the superheating field,
Hg,.
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While keeping SRF cavity materials in the Meissner state is crucial for performance, the limiting
field for SRF cavities is not H,, as the Meissner state can remain metastable above this field. Figure
1.3 shows an updated phase diagram that includes the metastable state. The Meissner state is locally
stable above H,| because there is an energy barrier that prevents the formation of vortices. However,
this state becomes unstable when the external magnetic field exceeds a certain threshold, known
as the "superheating" field, Hy, [10]. The metastable Meissner state is not merely a theoretical
concept; many high-power SRF cavities operate within this regime [11]. The superheating field,
Hyy,, serves as the fundamental upper limit for SRF cavity performance. Even in the absence of
defects, a pristine SRF cavity will nucleate vortices once the applied magnetic field reaches this
critical value.

We now continue our discussion of superconductivity by outlining some important theoretical
models. Broadly, superconductivity theories can be divided into two categories: phenomenological
theories, which aim to model the observed behaviors of superconductors without delving into
the microscopic details, and “microscopic"” theories, which attempt to derive models based on
first-principles calculations of the underlying physics. The earliest phenomenological theory of
superconductivity was the London model [12], developed by Heinz and Fritz London in 1935.
This theory incorporated the qualitative features observed by Meissner and Ochsenfeld [6], using
Maxwell’s equations to model the decay of the magnetic field beneath the surface of a supercon-
ductor. Around the same time, Gorter and Casimir [13] proposed one of the first microscopic
theories of superconductivity, now known as the “two-fluid model." This model describes the
superconducting state as a superposition of two non-interacting “fluids" of electrons: the normal
electrons, which behave like those in any other metal, and the superconducting electrons, which
flow with no resistance. Although the two-fluid model lacks a detailed microscopic explanation
for the behavior of superconducting electrons, it is often considered one of the first attempts at a

microscopic theory.
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The most influential phenomenological model is likely the Ginzburg-Landau (GL) theory [14],
first published in 1950. Using Lev Landau’s theory of second-order phase transitions, GL theory
defines an expansion of the superconductor’s free energy with respect to the superconducting
order parameter, ¥, and the magnetic vector potential, A. This leads to the famous Ginzburg-
Landau equations. In this framework, the complex order parameter ¥ describes the density of
superconducting electrons, with |y/|? corresponding to the density of these electrons. The GL theory
remains the most widely used phenomenological model and has served as the foundation for many
subsequent theories, some of which are central to this dissertation.

However, the most significant development in superconductivity theory is probably the BCS
theory [15]. Developed by John Bardeen, Leon Cooper, and John Schrieffer in 1957, BCS theory
is the first fully microscopic theory of superconductivity, for which the authors were awarded
the 1972 Nobel Prize in Physics. BCS theory describes the formation of Cooper pairs—electron
pairs that interact via an effective attractive interaction, allowing them to condense into the ground
state, forming a Bose-Einstein condensate. This theory successfully explains many key features of
superconductivity, such as zero resistance, the Meissner effect, the existence of a band gap at the
Fermi level, and the characteristic heat capacity spike at the superconducting transition. BCS theory
also led to a deeper understanding of the GL theory when Lev Gor’Kov derived GL theory from
BCS in 1959 [16]. Following Gor’Kov’s work, an early calculation by Schmid [17] in 1966 and
the subsequent development of the time-dependent Ginzburg-Landau (TDGL) theory by Gor’Kov
and Eliashberg [18] further advanced the field. TDGL theory, which is the focus of much of this
dissertation, will be discussed in more detail in a later section.

The theoretical study of superconductivity is rich and complex, with BCS theory representing just
the beginning of a revolution in the field. Many theories beyond BCS and TDGL have furthered our
understanding, such as the work by Eliashberg [19], Larkin and Ovchinnikov [20], Eilenberger [21],

and Usadel [22]. However, the primary focus of this work is on the TDGL framework, along with
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certain aspects of BCS theory, and we will therefore restrict our discussion to these theories for
now. With this theoretical context in mind, we will now turn to a more detailed discussion of the
Ginzburg-Landau and time-dependent Ginzburg-Landau theories, as they form the foundation for

much of the analysis in this dissertation.

1.2 Ginzburg-Landau Theory

In this section, we will explore Ginzburg-Landau (GL) theory and, later, time-dependent Ginzburg-
Landau (TDGL) theory in more detail, as these theories form the foundation for much of the
work presented in this dissertation. The content here is primarily informed by two key textbooks:
Introduction to Superconductivity by Michael Tinkham [23] and Theory of Nonequilibrium Super-
conductivity by Nikolai Kopnin [24]. While we will present the information relevant to this work,
readers are encouraged to consult these excellent resources for a more comprehensive treatment of
the subject.

GL theory begins with an expression for the free energy of the superconductor, expanded in

(ZV - e—A) y
l C

where f,o is the free energy in the normal state at zero field, o and f are phenomenological

powers of |w|?, in Gaussian units:

2 h2

— 1.1
T (1.1

_ 2 B L

parameters (which will be discussed in more detail later), m* = 2m and e* = 2e represent the mass
and charge of a Cooper pair, 7 is the reduced Planck constant, ¢ is the speed of light, and 4 is
the external magnetic field. The primary variables are y, the superconducting order parameter,
where |y/|? gives the density of superconducting electrons, and A, the magnetic vector potential.

The parameters & and 3 determine the shape of the free energy. Notably, B must be positive; if
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it were negative, the minimum of the free energy would occur at |y|> — oo, which is unphysical.

The parameter o governs the location of the minima of f. For @ > 0, the free energy has a single

minimum at y = 0, while for @ < 0, two minima exist at |y| = + %, which we define as

P=-%
2.

From these parameters, we can define two important length scales: the penetration depth, A,

| Weo

and the coherence length, &:

22 = , (1.2)

(1.3)

The penetration depth, A, defines the characteristic length scale for variations in A, or the decay
length of the magnetic field inside the superconductor. The coherence length, &, defines the length
scale for variations in ¥ and can be thought of as the approximate size of a Cooper pair, although
Ginzburg and Landau themselves did not have this specific interpretation when developing their
theory. In the mixed state, A corresponds to the size of the region where supercurrent screens the
magnetic field from a vortex, while & gives the size of the normal core of the vortex. The ratio of
these two length scales is known as the Ginzburg-Landau parameter, Kk = %, which is a key quantity
used to characterize superconducting materials. As we saw in the previous section, k distinguishes
Type I and Type II superconductors, and the critical fields are xk-dependent.

Taking the variation of Equation 1.1 with respect to ¥ and A yields the famous Ginzburg-Landau

equations:

1 (h_ e \?

c e*h e*?

4nVXVXA_2m*i(W Vy—yVy*)+

lw[?’A =0. (1.5)

m*c
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It is common to nondimensionalize these equations, and a detailed derivation of this process can be

found in Section A.2 of the appendix. The result of this nondimensionalization is:

. 2
—1
<?V—A> Y-y +|ylPy =0, (1.6)
V><V><A+§<(w*vw—wqf*)+yw|2A:o, 1.7)

where distances are measured in units of A, y is in units of Y., and A is in units of \/§ch (with
the magnetic field H expressed in units of v/2H,.).

To transition to the time-dependent Ginzburg-Landau (TDGL) equations, they can technically
be derived following the work of Gor’Kov and Eliashberg [18]. However, a full derivation is beyond
the scope of our discussion, so we will present the equations in a more heuristic manner. The TDGL

equations can be obtained by setting the variations with respect to the GL free energy equal to time

derivatives:
Iy of
(% vontv) - 2L
A Sf
O, (8 + ¢) SA’ (1.9

where I is the relaxation rate of y, o, is the normal conductivity, and ¢ is the scalar potential. The
terms involving ¢ are included to preserve the gauge invariance of the theory. From these, we obtain

the TDGL equations (also dimensionless; see Section A.3 of the appendix for more details):

oy . —I ? 2

5, TRV VA vy Y[y =0, (1.10)
oA 5
MG TRAL +V><V><A+—(l,uVy/ wVy) + |yPA =0, (1.11)

where u = —"f is the ratio of characteristic timescales, similar to k. Here, Ty = %' is the characteristic
timescale for changes in the order parameter, and 7; = *2| IT is the characteristic timescale for

changes in A (and by extension the current, hence the j notation). In these equations, distances are

_hk

ety and A is in units

in units of A, time is in units of Ty, Y is in units of Y., ¢ is in units of Py =
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of v/2AH,... These equations are augmented by the following boundary conditions:

(i;vwm,f) =0, (1.12)
(VxA)xn=H,xn, (1.13)

JdA
(E+V¢)-n20, (1.14)

where 7 is the unit vector normal to the boundary and H,, is the applied field. Unless explicitly
mentioned otherwise, whenever we solve the TDGL equations, we typically use a finite element
method, employing the weak formulation proposed by Gao [25]. We also utilize the open-source
finite element package FEniCS [26] for these calculations.

When solving the TDGL equations, it is important to consider their limitations. TDGL is only
quantitatively valid at temperatures near the critical temperature, 7¢, and for gapless superconductors.
The latter condition can be addressed using a generalized TDGL formulation, derived by Kramers
and Watts-Tobin [27,28], which will be covered in Chapter 7. However, compared to TDGL, the
solutions to the GL equations have a broader range of validity, especially in the dirty limit. This

limit can be approximated by setting the effective mass to:

12hT;
=€ 1.15
" v (0)vel’ (1.15)

where v(0) is the Fermi level density of states, vy is the Fermi velocity, and / is the electron
mean free path. Under the dirty limit, the steady-state solutions of TDGL correspond to the GL
solutions, which have a wider range of validity. Despite the more restrictive quantitative validity of
TDGL, it remains a popular tool for studying superconducting phenomena because, while it may
lack quantitative precision, the qualitative insights it provides are invaluable for understanding the
interactions of mesoscopic material features that would otherwise be computationally prohibitive to

simulate with more sophisticated theories of superconductivity.
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1.3 SRF Cavities and Nb3zSn

Superconducting radiofrequency (SRF) cavities are key components in particle accelerators, re-
sponsible for the acceleration of charged particles. A diagram of a series of SRF cavities is shown
in Figure 1.4. A beam of electrons (or other charged particles) enters through the center of the
cavities, where the current flowing axially induces standing electromagnetic waves that accelerate
the particles. One consequence of the standing wave pattern is that it also bunches the particles.
Particles falling behind receive an extra boost, while particles ahead are slightly pushed back, until
the particles are grouped into bunches that are optimally accelerated by the maximum field at the
center of each cavity.

To date, niobium (Nb) has been the primary material used for SRF cavities. It is a pure
elemental superconductor with the highest critical temperature (7. = 9.2 K) among the elemental
superconductors. Nb SRF cavities have been optimized through decades of research and are
approaching their fundamental limits. Nb has a superheating field of yoHy, ~ 220 mT, with most
high-performance Nb SRF cavities reaching peak fields of around 200 mT. While Nb’s relatively
high T, is advantageous compared to other elemental superconductors, Nb cavities must still be
operated at approximately 2 K, which incurs significant cryogenic costs. These limitations have
led researchers to explore alternative superconducting materials that could potentially surpass Nb’s
performance.

Table 1.1 lists several candidate materials that have been considered as potential replacements for
Nb in SRF cavities. While MgB, [29,30] and NbN [31] have seen some consideration, Nb3Sn has
been the subject of the most extensive study. Nb3Sn is an A15 superconductor [32], named after its
crystal structure, and has several promising characteristics. First, it has a superheating field (toH,j, =
425 mT) more than twice as large as that of Nb, theoretically enabling it to reach accelerating
gradients more than twice as large. Additionally, Nb3Sn has a higher critical temperature of 7. = 18

K, nearly twice that of Nb, allowing it to be operated at 4.2 K, significantly reducing cooling costs.
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Electron beam enters here.

Electromagnetic standing wave pulses to accelerate beam.

Figure 1.4 A diagram of a line of SRF cavities. An electron beam enters through the
center of the cavities, and is accelerated by the standing electric field waves at the center
of each cavity. As the electrons pass through the cavities, their energy (and hence speed)
increases. This figure is borrowed with permission from Alden Pack’s masters thesis [8].

Finally, as we discussed earlier, the efficiency of SRF cavity operation is measured by the quality
factor, Q, which is the ratio of the energy stored in the cavity to the energy dissipated in the cavity
walls each RF period. Due to the Meissner effect, Q—and thus cavity performance—depends
almost entirely on the properties of the thin surface layer of the superconducting material inside the
cavity walls. This means that Nb3Sn cavities can be fabricated by coating the inner surface of an
existing Nb cavity with a thin layer of Nb3Sn, making it a promising alternative to pure Nb.

Most Nb3Sn cavities are fabricated using the Sn vapor diffusion process [34], in which the
cavity is placed in a furnace with a Sn crucible, and the Sn is vaporized and allowed to diffuse into
the cavity walls, forming Nb3Sn. Recently, efforts have been made to develop an electroplating

method for Nb3Sn, which may offer advantages over traditional vapor diffusion methods [35,36].



1.3 SRF Cavities and Nb3Sn 14

Material | A(T =0) [nm] | (T =0) [nm] | uoH,, [mT] | T, [K]
Nb 50 22 219 9.2
NbzSn 111 4.2 425 18
MgB, 185 4.9 170 37
NbN 375 2.9 214 16

Table 1.1 Table of material parameters for superconductors used in SRF cavities. A is the
London penetration depth, & is the coherence length, Hg, is the superheating field, and T
is the critical temperature. These values were taken from Reference 33.

While Nb3Sn holds significant promise, it also has its drawbacks. For one, its coherence length
& = 4.2 nm is much smaller than Nb’s, which is around 22 nm. This is problematic because to
achieve good performance from the surface layer, material defects need to be controlled down to
at least the scale of the coherence length, meaning Nb3Sn surfaces require much more precise
control over their surface features than Nb. Additionally, Nb-Sn systems are highly sensitive to
stoichiometry. Even small deviations from the ideal 1:3 ratio in Nb3Sn can lead to significant
degradation in superconducting properties. There are even compositions where the performance is
worse than Nb [37,38]. Furthermore, Nb3Sn is more brittle than Nb, which increases the likelihood
of performance-damaging defects, as well as damage during handling.

Despite these challenges, the potential of Nb3Sn to outperform Nb has led to significant ongoing
research into improving its performance. Although current Nb3Sn cavities generally underperform
their Nb counterparts, with the best-performing Nb3Sn cavities currently sustaining fields only

around 96 mT [39], the promise of ideal Nb3Sn continues to drive much of the research in this field.
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1.4 Research Goals and Dissertation Outline

Now that the context for our research has been established, we can turn to the specific research
goals that this dissertation aims to address. When discussing the motivation behind our research, it
is essential to consider the broader context in which it is conducted. All the projects presented in
this dissertation have, to varying degrees, been funded by and carried out in collaboration with the
NSF Center for Bright Beams (CBB). CBB is a National Science Foundation-funded science and
technology center with the goal of increasing the brightness of beams used in particle accelerators by
a factor of 100, while simultaneously reducing operational costs [40]. CBB’s efforts are organized
into three main themes: Beam Production, which focuses on the development of photocathodes for
electron beam production via the photoelectric effect; Beam Acceleration, which is dedicated to
advancing SRF cavity technologies; and Beam Dynamics and Control, which addresses maintaining
beam quality as it travels through the complex systems of modern particle accelerators. Our research
falls within the Beam Acceleration theme, where we collaborate with five other groups from across
the United States.

Several key research questions and goals guided our work. As members of CBB, we have access
to a wide range of experts in SRF-related research, including accelerator physicists, condensed
matter theorists, and surface chemists. This interdisciplinary collaboration provided us with the
opportunity to develop a TDGL framework that integrates knowledge from various fields, such
as accelerator physics, condensed matter theory, and surface chemistry. By using experimental
materials characterizations and density functional theory (DFT) calculations from condensed matter
experts, we could inform the choice of TDGL parameters to simulate sample-specific features.
These features may be challenging or impossible to probe experimentally without the use of a

mesoscopic-scale computational model.
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While Nb3Sn is one of the central focuses of CBB, our involvement in this collaboration led us to
investigate the impact of hydrogen on the surface of Nb SRF cavities. Large hydrogen precipitates,
or "hydrides," are already known to cause low-field Q degradation in these cavities, and treatments
have been developed to remove these defects. However, recent research has suggested that smaller
hydrides may also contribute to Q degradation at high fields, a phenomenon known as high-field
Q-slope (HFQS). Motivated by this, we aimed to use our newly developed sample-specific TDGL
framework to better understand the mechanisms behind hydride-induced dissipation in Nb SRF
cavities.

As discussed in the previous section, Nb3Sn is one of the most promising next-generation SRF
materials. In collaboration with CBB, we sought to investigate the impact of a wide variety of
defects that appear on Nb3Sn surfaces, including excess Sn islands, Sn-deficient regions, surface
roughness, grain boundaries, and overall layer structures. Our goal was to understand how these
defects affect the performance of Nb3Sn and contribute to the development of improved growth and
treatment procedures that could enhance cavity performance.

Lastly, we aimed to apply a generalized TDGL (GTDGL) model, a theory that has been
considered by our group for some time but never fully implemented. Since GTDGL is well-suited
for studying non-stationary problems, we used it to investigate the frequency dependence of vortex
nucleation in SRF cavities. This allowed us to explore potential benefits—or drawbacks—associated
with modifying the frequency of SRF cavity operation.

The remainder of this dissertation is organized as follows. Chapter 2 focuses on the development
and application of a sample-specific time-dependent Ginzburg-Landau (TDGL) framework, which
forms the core of much of this work. This chapter includes a paper on the topic, which is currently
under peer review at Physical Review B. In Chapter 3, we delve into the impact of hydrides, on
Nb SRF cavities. This chapter contains another paper on the topic, which has been submitted to

Superconductor Science and Technology. Chapter 4 discusses the role of stoichiometric defects,
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as well as some surface roughness, in Nb3zSn surfaces, and consists of a paper published in
Physical Review Research on the topic. Chapter 5 explores additional Nb3Sn defects and features
that were studied but did not make it into published work. This includes calculations on grain
boundaries and simulations of the Nb3Sn surface layer. Chapter 6 extends the investigation with
multi-domain COMSOL simulations from Chapter 4, exploring important characteristic length
scales associated with rough surface features on SRF surfaces. In Chapter 7, we introduce the
generalized TDGL (GTDGL) model, compare it with traditional TDGL, and use it to estimate
the frequency dependence of the superheating field. Finally, Chapter 8 concludes the dissertation,
summarizing our key findings, suggesting potential extensions to this work, and offering concluding

remarks on the research presented.



Chapter 2

Sample Specific TDGL

The following chapter is based on a paper we wrote on our framework for sample specific simulation
of superconducting materials. The framework uses the results of Density Functional Theory and
experimental characterizations to translate the propeprties of realistic sample materials into TDGL
parameters which can then be used to model the interactions of such a material with applied magnetic
fields. Our framework serves as a mesoscopic link between microscopic material properties and
macroscopic cavity performance metrics. This paper also introduces our methods for calculating
dissipation and cavity quality factor based on the outputs of TDGL simulations. We use these
methods to investigate the impact of Sn-deficient islands in Nb3Sn. The methods of this paper
serve as the basis for the remaining methods in the rest of this dissertation. The contents of the
following has been submitted for publication to Physical Review B, and at the time of writing
is currently under the second round of peer-review after revisions, a copy is available on arXiv:

https://arxiv.org/abs/2410.20078, but we present the full contents here.
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2.1 Introduction

Superconducting Radio-Frequency (SRF) cavities are a crucial component of particle accelerators,
as they utilize AC electromagnetic fields to accelerate beams of charged particles. Nb has been
the industry standard for SRF applications for decades due to its high critical temperature (~9K)
relative to the other elemental superconductors. Within the past decade, the need for SRF cavities
with capabilities beyond the limits of Nb cavity performance has led to the study of a variety of
alternative SRF materials. Among these materials, Nb3Sn has emerged as a promising candidate;
Nb3Sn boasts both a higher critical temperature (~18K) and higher critical fields [41,42]. One
particular advantage of SRF cavities (as compared to traditional normal conducting RF cavities)
is their high quality factors (Q) [7]. A major benefit of Nb3Sn SRF cavities compared to their
Nb counterparts is that they can maintain similar Qs (on the order of 10!%) at higher temperatures
(4.2K vs. 2K) [42], significantly reducing cryogenic costs. NbZr is another promising alternative
SRF material which has seen recent attention [43,44], with most existing NbZr samples exhibiting
critical temperatures between 10 and 13K (the theoretical maximum is 17.7K), but this material has
not yet been tested at cavity scale. The simulations in this paper focus on Nb3Sn, but the methods
we will present can be generalized to any material of interest.

The oscillating electric fields used for acceleration in SRF cavities induce magnetic fields
parallel to the cavity surface, so for large accelerating gradients, the critical magnetic fields of the
cavity material are the fundamental limits on cavity performance. Type-II superconductors such
as Nb and Nb3;Sn have two critical fields, H.; and H.,. For fields below H,.{, the Meissner state is
stable and magnetic flux is expelled from the cavity. Between H.; and H,,, there is a mixed state
in which superconducting vortices trap lines of magnetic flux, forming normal cores inside the
otherwise superconducting state. Under an AC field, as is the case for SRF cavities, the vortices
quickly move in and out of the cavity over the course of an AC cycle. This vortex motion leads

to large amounts of dissipation [9]. For fields above H,,, the mixed state becomes unstable and in
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this state SRF cavities will quench (i.e. go normal conducting). It is important to note that this is
not the only mechanism for SRF cavity quench, the dissipation caused by moving vortices in the
mixed state can cause heating in the cavity, which can also lead to quenching through a change in
cavity temperature. As such, for SRF applications, it is important that the cavity remain within the
Meissner state during operation.

While the Meissner state is no longer thermodynamically stable above H,j, it can remain
metastable up until the so-called superheating field, Hy, [10]. It is well known that many high-
power SRF cavities operate in this metastable Meissner state [11]. As such, Hy, is the theoretical
limiting field for operation of SRF cavities, since the dissipative vortices which are detrimental to
SRF performance become unavoidable for fields above Hy;,. Hy, has been studied for decades by
condensed matter theorists. These studies have most commonly been within a Ginzburg-Landau
(GL) framework [45-48], but the superheating field has also been studied extensively utilizing the
Eilenberger equations [49-51].

Hgj, provides the maximum possible field (and therefore the maximum accelerating gradient)
for SRF cavity operation, but local features of a material such as impurities or surface geometries
can act as nucleation sites for vortices. This means that in practice, realistic material samples
will be limited by what we will call the vortex penetration field, H,,,;, which is the lowest field at
which the material nucleates vortices. This quantity can vary greatly between different samples and
depends on a large variety of different effects, so estimation of H,,,; for realistic sample materials
remains a rich area of research. For the case of Nb3Sn in particular, theoretical Hy, calculations
suggest that Nb3Sn cavities could reach accelerating gradients as high as around 100 MV/m, yet
the highest accelerating field achieved so far by a Nb3Sn SRF cavity is around 24 MV/m [39],
with most other cavities reaching their quench field well below this. Additionally, many existing
cavities exhibit a phenomenon in which Q significantly degrades as the cavity approaches its quench

field, a phenomenon dubbed “Q-slope" [52], also sometimes called high field Q-slope (HFQS)
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when it occurs primarily at higher fields near the quench field. These performance degradations are
the result of material defects introduced during the Nb3Sn growth process, so understanding how
different defects seen within samples affect things like H,,,; or dissipation more generally is critical
to developing better growth techniques.

The need to accurately model specific features such as material impurities within superconduct-
ing materials motivates us to develop a framework which will allow us to directly model the spatial
variations of superconducting properties due to the material compositions observed in realistic
sample materials. To do this, we use time-dependent Ginzburg-Landau (TDGL) theory. TDGL
has already proven itself to be a powerful tool for mesoscopic-scale simulations relevant to SRF
applications [53-56]. Besides SRF simulations, TDGL has broad application such as in single
photon detectors [57,58], superconducting quantum interference devices (SQUIDs) [59,60], weak
links [61-65], or superconducting nanowires [66—68]. The methods we present in this paper are
investigated with full 3D simulations. While prior work has studied vortex dynamics in 3D [69-75],
the majority of TDGL research, especially in the context of SRF cavities, has been limited to 2D.

Whenever working with TDGL, it is important to acknowledge its limitations. TDGL is a
mesoscopic-scale model which abstracts the microscopic details of superconductivity into quantities
which can be used to describe things like vortex dynamics. Much of this abstraction is the direct
result of restricting the quantitative validity to gapless superconductivity at temperatures near 7.
This means that outside of this fairly restrictive regime, the quantitative predictions of TDGL are not
accurate in general. Despite this, there are three main reasons that TDGL is still has considerable
value in a variety of studies, such as those referenced above. Firstly, it is well known that the
solutions to the Ginzburg-Landau equations have a much wider range of quantitative applicability
when under the dirty limit, and so properties of the TDGL equations which can be derived from
steady-state dirty limit solutions, such as H;, are still valuable quantitative outputs of the theory.

Secondly, theories of superconductivity with larger ranges of quantitative accuracy (such as the
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Eilenberger equations [49-51] or other quasi-classical approaches) scale extremely poorly in terms
of computational complexity when it comes to numerical simulations, whereas TDGL is at least
feasible for larger mesoscopic-scale simulations. And finally, TDGL offers qualitative and semi-
quantitative predictions that provide useful insight into phenomena which may be difficult or
impossible to measure experimentally. For example, it can be used to compare how variations in the
size and depth of stoichiometric defects relative to the superconductor’s surface affect SRF-relevant
metrics such as vortex nucleation and energy dissipation—enabling prioritization of which defect
characteristics are most critical to address when perfect control is not possible. In what follows, we
apply this approach to a specific class of such defects relevant to Nb3Sn-coated SRF cavities.

To model sample-specific materials and investigate mechanisms behind Q-slope and other
quenching phenomena in Nb3Sn SRF cavities, we draw on both experimental and theoretical
studies that characterize the microscopic properties of Nb3Sn. There has been a large body of work
experimentally characterizing SRF grade vapor-diffused Nb3Sn samples. The primary suspect for
SRF performance degradation comes from defects or other imperfections in the Nb3Sn surface
significantly lowering the barrier to flux penetration [76]. In particular, defects which have been
studied are abnormally thin or patchy grains [77-79], Sn-segregated grain boundaries [54, 80, 81],
and Sn-deficient regions [77,78,82,83]. In addition to experimental characterizations, there have
also been a variety of ab initio calculations for Nb3Sn using density functional theory. In addition to
calculations of general properties of Nb3Sn [84], such as the electron and phonon density of states
and Eliashberg spectral function, these quantities have also been estimated with respect to varying
intrinsic strain [85] as well as normal resistivity [86]. Variations in the superconducting 7 as well as
electron density of states have also been calculated with respect to varying tin concentration [37,87],
which applies to both Sn-segregation at grain boundaries and Sn-deficient regions. These Sn-
deficient regions, which we will call Sn-deficient islands, are the primary material defect we will

study in order to validate our methods.
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Experimental characterizations can give data about the material compositions and physical
structure of superconducting materials, and ab initio calculations provide detailed descriptions
of the electronic/phononic structure and the resulting superconducting properties, both of these a
microscopic scale. TDGL plays the role of modeling mesoscopic scale phenomena (such as vortex
dynamics) which are difficult or even impossible to measure directly via experiment, and are too
large to easily model with microscopic scale theories such as DFT. There have been a number of
studies which have used TDGL to model material inhomogenieties [53,54,88-92], but these studies
did not use the explicit dependencies of the TDGL parameters on microscopic material properties to
inform their choice of parameters. The limitation to the approach used in these references is that it
requires either looking through a large portion of the TDGL parameter space in order to find values
which lead to expected predictions, or more commonly, picking somewhat arbitrary values, which
limits confidence in the results.

In this paper, we outline a new framework in TDGL theory which allows us to directly calculate
the values of the TDGL parameters based on local properties of the superconductor. This framework
enables modeling of realistic features of superconductor samples and supports estimation of critical
fields and energy dissipation under dynamic electromagnetic conditions. Under our framework,
TDGL serves as a bridge between experimental material characterizations and ab initio calculations
of material-specific parameters, allowing us to further connect these microscopic characterizations
with macroscopic SRF performance metrics in a sample-specific way. Because SRF cavity develop-
ment is inherently multidisciplinary—bringing together accelerator physicists, materials scientists,
and condensed matter theorists—a framework that integrates insights across these domains is
particularly valuable. The method presented here enables such integration, offering a pathway
to sample-specific predictions grounded in both microscopic characterization and macroscopic

application.
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This paper is organized as follows. In Section 3.2, we present the TDGL equations and show how
to calculate TDGL parameters from material properties. We then describe how spatial variations
in these parameters are estimated by combining results from DFT calculations with experimental
material characterizations. The section concludes with a discussion of how dissipation can be
computed from TDGL solutions and how SRF cavity quality factors can be derived from this
dissipation. In Section 2.3, we apply our framework to estimate the critical fields associated with
Sn-deficient islands of varying size, position, and stoichiometric composition. We then examine
dissipation in the context of Nb SRF cavities and analyze a representative simulation in detail to
probe the limits of TDGL. Finally, we demonstrate how combining critical field and dissipation
results enables us to estimate high-field Q-slope behavior for Nb3;Sn SRF cavities. Section 2.4
concludes the paper with a discussion of the justification for using TDGL despite its known

limitations and the implications of our findings for future SRF cavity research.

2.2 Methods

2.2.1 The Time-Dependent Ginzburg-Landau Equations

Ginzburg-Landau (GL) theory is one of the oldest theories of superconductivity, and it remains
relevant today owing to its relative simplicity and direct physical insights into the electrodynamic
response of superconductors under static applied fields and currents [93]. The time-dependent
Ginzburg-Landau (TDGL) equations were originally proposed by Schmid [17] in 1966 and Gor’kov
and Eliashberg [18] derived them rigorously from BCS theory later in 1968. The TDGL equations
(in Gaussian units) are given by:
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These equations are solved for the complex superconducting order parameter, Y, and the magnetic
vector potential, A. The magnitude squared of y is proportional to the density of superconducting
electrons. The parameters a and 8 are phenomenological, and were originally introduced as
coefficients of the series expansion of the Ginzburg-Landau free energy. Additionally, ¢ is the scalar
potential; 0, is the normal electron conductivity; I" is the phenomenological relaxation rate of y.
Furthermore, e; = 2e and my = 2m, represent the total charge and total effective mass of a Cooper

pair, respectively. The TDGL equations are subject to boundary conditions

(ihvw+ e—SAw> n=0 (2.3)
C
(VxA)xn=H, xn (2.4)
1 0A
(v¢+;§> ‘=0, (2.5)

where n is the outward normal vector to the boundary surface and H, is the applied magnetic
field. Eq. 2.3 ensures no current flows out of the superconducting domain, and noting that
E=-V¢— %%—?, Egs. 2.4 and 2.5 are electromagnetic interface conditions with an applied
magnetic field.

The parameters o, B, and I" were originally introduced into the theory as phenomenological,
temperature-dependent constants [94]. It is worth noting that o¢ < O corresponds to the supercon-
ducting state whereas o > 0 corresponds to the normal state; 3 is strictly positive regardless of
the system’s state. The TDGL equations can also be derived from microscopic theory using the
time-dependent Gor’Kov equations [18]. A useful consequence of this derivation is that it allows

the TDGL parameters to be directly related to experimentally observable properties of the material
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in question. The material dependencies are given by Ref. 24:
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where v(0) is the density of states at the Fermi-level, T is the critical temperature, T is the
temperature, and {(x) is the Riemann zeta function. Additionally, the effective mass can also be
expressed in terms of these same quantities in addition to the Fermi velocity, v¢, and electron mean
free path, ¢:

12AT,

Equation 2.9 gives the effective mass under the dirty limit.

A major contribution of this paper is to introduce a framework for modeling sample-specific
features of superconducting materials by connecting ab initio calculations of the material’s properties
to experimental characterizations of the material. Eqgs. 2.6-2.9 determine how the parameters of
TDGL depend on the underlying material properties. We allow these parameters to vary spatially to
capture the sample-specific features observed from experimental characterizations. When converting
these constant coefficient into a spatially-varying ones, it is important to consider how this may
alter the TDGL equations due to potential alterations to the functional derivatives of the free energy.
In the case of a, 3, and T, they do not appear on terms of the free energy with spatial gradients.

However, mg does appear in terms including gradients, and so when including spatially-varying
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effective mass, Equation 2.1 should be augmented with an additional term:
%vmis - (ihV + SA)W
Additionally, when solving the TDGL equations numerically, it is standard to normalize all the
parameters of the model in order to obtain dimensionless quantities. In order to satisfy the above
requirements, the steps are as follows: Pick a reference value for each of «, 8, I', mg, and o, these
will most often just be the corresponding values for the bulk material. Label these reference values

o, Po, Lo, mo, and 6,9. Define dimensionless spatially varying functions, a(r), b(r), y(r), u(r),

and s(r), relative to their reference values. Apply the following transformations to Egs. 2.1 and 2.2:

o — apa(r) (2.10)
B — Bob(r) (2.11)
[ — Toy(r) (2.12)
ms — molL(r) (2.13)
G, — Opos(r). (2.14)

Then proceed with standard nondimensionalization procedures for TDGL (see the Appendix for
more details). The advantage of this approach is that the nondimensionalization procedures, when
used on these transformed equations, leave behind only the dimensionless functions which capture
the spatial variation of the sample material in natural units. The resulting equations are
oy 1 [(—i 1.1 (1 )
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where Ky = % is the Ginzburg-Landau parameter of the reference material. The quantity Ay =

2 2
moc ﬁo . . . . h L
1nellog] 1S the penetration depth of the reference material, and &y = 4 /—2m0‘aﬂ| is its coherence

length. The parameter uy = T—“") is a ratio of characteristic time scales in the reference material,
Jo

where Ty, = % is the characteristic relaxation time of y in the reference material and 7;, = %a‘ﬁ)
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is the characteristic relaxation time of the current. We have also inserted a minus in front of a, which
is just a convention to make positive values of a correspond to the superconducting state (Note:
this is the opposite of how « is usually interpreted within Ginzburg-Landau theory, however it is

standard to make this change when performing nondimensionalization). The boundary conditions

become:
(LVW+AW) n=0 (2.17)
Ko
(VxA)xn=H, Xxn (2.18)
JA
(V(ZH_E) -n=0. (2.19)

It should be noted that ¥(r) and s(r) allow the local characteristic time relaxations to vary, which only
affects the dynamics of the solutions. Where the time dynamics are relevant these parameters cannot
be ignored; however, in many cases, the primary interest of TDGL calculations is in determining
the energetic stability and critical fields, such as the superheating field. In these cases, the time

dynamics are not relevant and ¥ and s can be safely set to arbitrary constant values, such as unity.

2.2.2 Determining Spatial Variation of TDGL Parameters

In the previous section, we have shown how to introduce spatial variation to the TDGL parameters.
The process of calculating the values of a(r), b(r), y(r), and u(r) is where we bring in experiment
and ab initio theory. From Egs. 2.6-2.8, we know these parameters mostly depend on well-defined
microscopic quantities, namely v(0), 7¢, and v. These quantities can be calculated using density-
functional theory (DFT). Local densities of states and Fermi velocities are straightforward to
compute in DFT, providing local values for v(0) and v¢. Superconducting quantities such as 7. are
calculated by applying Eliashberg theory within a DFT framework and directly calculating electron-
phonon coupling from first principles. Experiment can then give information about the compositions

of sample materials, and DFT calculations can determine the v(0), v r» and T, associated with these
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compositions. Using these values in addition to estimates of the electron mean free path (which
can be derived from DFT or can come from experimental characterizations), a(r), b(r), y(r),and
(r) are calculated from Egs. 2.6-2.9, and the material geometries from the experimental results
determine the spatial variation.

In this paper, we will demonstrate our framework on Sn-deficient islands. These defects have
been studied extensively [77,78, 82, 83] so it is straightforward to find estimates of the general
size of these islands and their material compositions in the literature. DFT has also been used
to calculate v(0), v, and 7. for Nb-Sn systems of different concentrations. In this paper we use
the DFT values from Ref. 37 to construct a(r), b(r), y(r), and u(r) for islands of different Sn
concentration. This paper will primarily focus on the results of our TDGL calculations, for further
information regarding the details and results from the DFT calculations used in this paper, we refer

the interested reader to Refs. 87 and 37.

2.2.3 Simulation Geometry and Numerical Implementation

The simulations in this paper were solved using a finite element formulation of the TDGL equations
proposed by Gao [25], under the temporal gauge, which sets the scalar potential ¢ = 0 (see Du [95]
for a more detailed overview of gauge choices in TDGL). All computations were carried out using
the open-source finite element software FEniCS [26].

The simulation domain consists of a rectangular cuboid with periodic boundary conditions
applied in the x- and y-directions, as indicated by the yellow and light blue highlights in Fig. 2.1.
An external magnetic field of constant magnitude H, is applied in the x-direction on the red surface,

while no field is applied on the opposing green surface. For simulations that include Sn-deficient
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islands, the island geometry is also shown in Fig. 2.1. These defects are modeled as ellipsoids
with equal radii in the x- and y-directions and a z-radius equal to half of the x-radius. The island’s
distance from the surface, denoted by d, is measured from the surface to the outer edge of the
ellipsoid.

All meshes were generated using the open-source mesh generation software Gmsh [96], with
cubic tetrahedral elements. For simulations involving Sn-deficient islands, the OpenCASCADE
geometry kernel in Gmsh was used to ensure that the mesh conforms to the ellipsoidal shape of the

defects.

2.2.4 Dissipation in TDGL

When simulating SRF materials, dissipation is often a physical quantity of interest. Under TDGL, a
formula for dissipation can be derived by considering the time derivative of the free energy and the
free energy current flux density. A more detailed derivation is found in Ref. 24, but we quote the

final result here:

B oy iesow |’ 2
D_zr’(y+ ; )' +o,E2, (2.20)

This quantity is a power density, with the first term corresponding to the superconducting dissipation
arising from the relaxation of the order parameter. The second term is the dissipation of normal
currents which are largest near the surface where magnetic field can still appreciably penetrate.

It is worth considering how this expression for the dissipation density is related to existing
theories of RF power loss and surface resistance. The first term in Eq. 3.20 is associated with the
dissipation due to the rate of change of y. This term is typically small, except in the vortex state
where it becomes the dominant source of dissipation. A dissipation of this form is similar to that
proposed by Tinkham [97], who suggested the vortex dissipation should be proportional to (%_l;/) 2.

The additional term within the parenthesis in Eq. 3.20 is a result of the gauge invariance of TDGL.
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Figure 2.1 Schematic of Simulation Geometry. Like-colored surfaces (yellow and light
blue outlines) have periodic boundary conditions. The red and green surfaces indicate
the faces where external magnetic field is applied; in simulations, a field is applied to the
red surface in the x-direction (indicated by the red arrow), with no field applied on the
green surface. The Sn-deficient island is shown as a dark blue ellipsoid, with dotted lines

indicating its projections into the xy, xz, and yz planes. The distance d is measured from
the surface to the outer edge of the ellipsoid.
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The second term in Eq. 3.20 can be directly related to the phenomenological “two-fluid model,"
which was first proposed by Gorter and Casimir [13] in 1934 and was applied by London [98] later
that year to calculate the power loss of a superconductor. The two-fluid model approximates the
electrons of the system as consisting of two non-interacting ‘fluids’: the superconducting electrons,
in the form of cooper pairs which carry lossless supercurrent, and the normal electrons, which exist
as thermally excited quasiparticles that produce typical dissipative currents. Under the two-fluid

model, the normal fluid losses produce dissipation of the form [99, 100]
P < ,E?,

which is identical to the second term of Eq. 3.20. For AC applied currents, the electric field is
proportional to the frequency and magnetic field, E o< wH, meaning that overall the power loss will
be of the form

P~ 0*H>. (2.21)

It is also well known that within RF cavities, the power loss is given by
1
P= 57§RsyH(r)|2¢zA, (2.22)
A

where R; is the surface resistance of the cavity walls and A is the surface area. Comparing Egs.
2.21 and 2.22, we have that the second term of Eq. 3.20 directly leads to a surface resistance
proportional to the square of the frequency, R, < ®2. In the late 1950s, Mattis and Bardeen [101] as
well as Abrikosov, Gor’Kov, and Khalatnikov [102] independently derived the now well-known
“BCS resistance." Under the low frequency and low field limit, the BCS resistance reduces to the
form [103, 104]

®* -

Rpes = Te"ITT (2.23)

where A = 1.76kgT, is the superconducting energy gap [24]. We thus see that our calculated
expression for the surface resistance has the same @ frequency dependence of the BCS prediction

in the low frequency and field limit, though the quantitative values may differ.
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Given this connection to surface resistance, we now consider how our dissipation estimates
can be used to calculate the cavity quality factor, Q, a standard figure of merit in SRF cavity

performance.

2.2.5 Estimating Cavity Quality Factor

While TDGL allows us to estimate dissipation, it is important to emphasize that both the dissipation
calculations and the quality factor estimates that follow lie well outside the regime of quantitative
validity for the theory. In particular, TDGL is strictly valid only near 7, in the gapless limit, and its
predictions for dissipation under RF-like dynamic fields at low temperatures should be interpreted
with caution. Despite this, we believe the calculations presented here remain qualitatively valuable.
They provide a means of linking mesoscopic-scale simulations to macroscopic cavity performance
metrics, and enable relative comparisons between different material configurations that may inform
experimental priorities.

A particularly relevant quantity that can be estimated from the dissipation is the cavity quality
factor, Q, which is given by

2nE

=S5 (2.24)

Here, E is the energy stored in the cavity, and AE is the energy dissipated in the cavity walls during

each RF cycle. It is common to express the quality factor in terms of the surface resistance as

=— 22
R (2.25)

where R; is the cavity surface resistance and G is a geometric factor that depends only on quantities

which are determined by the cavity geometry. For a typical 1.3 GHz 9-cell Nb TESLA cavity,

G = 270 Q [105]. The surface resistance is given by

A3
R, = o
H2L,L,

(1y+ Zouk0214) (2.26)
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where L is the permeability of free space, w is the cavity frequency, A is the penetration depth,
H, is the maximum applied magnetic field value in simulation units, L, and Ly are the size of a
simulation domain in the X and Y directions respectively, o, is the normal conductivity, and @ is
the frequency of the applied field in simulation units. Iy, and I4 are integrals over the squared time

derivatives of ¥ and A:
PYAL
e 2.27)

wz/ﬂ/ﬁ/ﬁ/&
@;/ﬂ/ﬁ/@/ﬁcgy (2.28)

where the tilde variables denote ones which are in simulation units. A much more detailed derivation

of these equations can be found in the Appendix.

The o,, appearing in Eq. 2.26 refers specifically to the conductivity of the normal quasiparticles.
In general, calculating this quantity from first principles is a complex task that depends sensitively
on microscopic material properties, and is largely orthogonal to the rest of the quality factor
calculation. For this reason, we choose to treat o, as a free parameter in our model, which allows us
to explore how dissipation and quality factor vary across a range of plausible conductivity values
without relying on potentially oversimplified assumptions. For completeness, we outline a possible
approximate derivation of o, based on the Drude model in the Appendix, though we emphasize that
this is intended primarily as a qualitative reference.

In the derivation of Equation 2.26, it is assumed that the cavity surface is partitioned into small
fractional areas, and the dissipated energy is calculated over one of these areas, and then multiplied
by the total number of them. If some defect is present in the simulation domain, it would mean that
a Q calculation based purely on that value would implicitly assume that such a defect is uniformly
distributed over the surface of the cavity. In Equation 2.26, the only thing that changes when
simulating a different material or different defect is the value of the quantity in parenthesis, every

other part of the process for calculating Q remains the same. This means that we can calculate a
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more realistic cavity surface resistance by calculating R with Equation 2.26 for a few different
simulations, and then taking a weighted average of these values. Let R; be the surface resistance of
the ith simulation, and let p; be the percentage of the fractional areas partitioning the cavity surface

which are represented by this simulation. Then

Rt()t = Z piRi7 (229)
i

where }; p; = 1. The simplest application for Equation 2.29 is to perform two simulations, one
baseline simulation with no defects or material inhomogeneity, and then another simulation con-
taining some defect of interest. Choosing a value p to represent the percentage of fractional areas
containing the defect and then following through with the rest of the quality factor calculation
provides a simple way to estimate Q for different average defect densities by simply changing the
value of p.

The value of Q calculated from TDGL outputs will typically be underestimated at low field.
This is because of the assumption of gapless superconductivity, which results in higher surface
resistances than is predicted with the BCS surface resistance (Equation 2.23). Despite this, our
approach still often predicts quality factors within an order of magnitude of the experimental values.
Additionally, the relative behavior of Q at different applied fields, especially when averaging the
impact of multiple kinds of defects as described above, qualitatively captures effects such as high
field Q-slope. Nonetheless, we emphasize that this quality factor calculation is best treated as a
qualitative tool; for quantitatively accurate predictions, more rigorous superconductivity theories

should be used.
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2.3 Validation Study

2.3.1 Sn-deficient Islands in Nb3;Sn

There has been a considerable amount of work both experimentally and theoretically understanding
the various defects present in Nb3Sn [54,76-83]. For the purposes of this paper, we will focus on Sn-
deficient islands, small regions within Nb3Sn grains that have lower than expected Sn concentrations.
To demonstrate the use of our sample specific TDGL framework, we will estimate the potential
impact to SRF performance by determining the vortex penetration field, H,,,,. This field represents
the lowest applied field at which a vortex nucleates and generalizes the concept of the superheating
field to surfaces containing defects. In the limit of a uniform, flat surface, H,,,; is equal to the
superheating field.

In order to simulate Sn-deficient islands, we require estimates of the material properties within
these regions. Such estimates are provided in Ref. 37, which reports values of 7. and v(0) for Nb-Sn
systems at 18.7, 20.8, and 23.4 at.% Sn. Our v estimates for these compositions were obtained via
private communication [106]. We first choose a Sn concentration of 18.7 at.% for our islands. Using
the corresponding values of 7, and v(0), we construct a(r), b(r), and y(r); the values of these
quantities in the bulk as well as in the island are reported in Table 2.1. The simulation geometry is
the same as depicted in Fig. 2.1, with the domain a cube of side length 10A. The applied field for
these simulations is held constant.

Figure 2.2 depicts vortex nucleation occuring at H,,,,, for a particular island. We find that varying
the distance of the island from the surface between 0.1 and 2 penetration depths (i.e. between
~10-200 nm for Nb3Sn), we observe a reduction in H,,,; by as much as ~60% below the bulk
value of the superheating field for islands very near the surface, as shown in Fig. 2.3. We did
this for several different island sizes, and found that the severity of this drop in H,,,; increases

with increasing island size. As such, we conclude that large islands within 200 nm of the cavity
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TDGL Parameter and Material Values

Quantity Bulk | Island

Value | Value

T. (K) 18 6
v(0)(states/(eV*nm?)) || 101.33| 40.53

vr (10° m/s) 125 |14
¢ (nm) 5.5 2.25
a (unitless) 1 0.15
b (unitless) 1 1.8
Y (unitless) 1 1.2
s (unitless) 1 1

U (unitless) 1 1.79

Table 2.1 A summary of the TDGL parameter and material values used in the results
of this paper. All TDGL parameters were calculated from Equations 2.6-2.8 using the
higher order temperature dependence and normalized with respect to the bulk value. The
T and v(0) values were taken from Ref. 37 assuming a Sn concentration of 18% for the
island. The v¢ values came from private correspondence [106], and the bulk value of £ was
taken from Ref. 107, we set the island value to half of the bulk value. The normal electron
conductivity, s, was assumed to remain constant throughout the simulation domain.
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|@|? During a Vortex Nucleation Event

P

|¢|? During a Vortex Nucleation Event

-

(¢) The |y|?> = 0.1 isosurface.

Figure 2.2 Example of a Sn-deficient Island Simulation. The domain is a cube with
side length 104, this particular simulation is for an island 0.54 from the surface, with a X

and Y radius of 24 and a Z radius of 1A. The applied field is \/%1 = 0.38, which is the

value of H,,,; for this island size and distance from the surface. (a)cdepicts a volume plot
of |y|? over the whole domain during a vortex nucleation event. (b) is a 2D slice in the
XZ plane at § = 5. (c) is the |w|? = 0.1 isosurface, which shows the shape of the vortex
as well as the island that induced the nucleation.
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Figure 2.3 Vortex Penetration Field Versus Distance from Surface for Different Island
Sizes. We plot our calculated vortex penetration field estimates, varying the distance of the
Sn deficient island from the superconductor surface. The field values are reported in units
of /2H, and the distances are in units of penetration depths. We did this for 3 different
islands, with x radii of 0.5, 1, and 2 penetration depths. The black dotted line denotes the
superheating field of bulk Nb3Sn. Smaller volume islands have a diminishing impact on
H vort «

surface are a potential cause for concern when it comes to SRF performance, particularly ones
within 1-2 penetration depths of the surface. Figure 2.4 shows how these effects change with
respect to the Sn at.% inside each island. We see that as the Sn deficiency becomes weaker, so
does the impact on vortex penetration, though it is worth noting that even an island with 23.4% Sn
(only 1.6% off a perfect stoichiometric ratio) has a ~30% reduction in H,,,; for islands near the
surface. Currently, Nb3Sn-coated SRF cavities are only achieving at most ~25% of their theoretical
maximum accelerating fields. There are likely many factors which contribute to this outcome,
but these results indicate that Sn-deficient islands are among the defects which contribute to SRF

performance degradations.
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Figure 2.4 Vortex Penetration Field Versus Distance from Surface for Different Island
Sn %. We plot our calculated vortex penetration field estimates, varying the distance of
the Sn deficient island from the superconductor surface. The field values are reported
in units of v/2H, and the distances are in units of penetration depths. We did this for 3
different island Sn percentages, 18.7%, 20.8%, and 23.4%. The black dotted line denotes
the superheating field of bulk Nb3Sn.
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2.3.2 Sources of Dissipation in Nb SRF Cavities

In the previous section, we focused on steady-state properties of TDGL in the dirty limit, where the
theory is known to have broader quantitative validity. We now extend this framework to examine
the two dissipation terms that naturally arise in TDGL simulations. While these calculations fall
outside the strict regime of TDGL’s quantitative accuracy, particularly at the low temperatures and
high frequencies relevant for SRF cavities, they remain gualitatively informative. In particular, they
allow us to interpret distinct contributions to RF dissipation in a way that parallels the conventional
decomposition of surface resistance into BCS and residual components. More broadly, they provide
a means of linking mesoscopic TDGL behavior to macroscopic cavity losses, and of understanding
how steady-state properties, such as H,,,; for individual defects, can collectively influence large-
scale phenomena like the high-field Q-slope.

It 1s standard in SREF literature to decompose surface resistance into two components: the
BCS resistance, which arises from thermally excited quasiparticles, and a more poorly understood
residual resistance, which dominates at low temperatures and is often attributed to trapped flux,
impurities, or surface defects. In our TDGL framework, these two types of dissipation emerge
naturally. Specifically, in Eq. 2.26, the term proportional to o, (involving I4) captures dissipation
due to normal current response, and is the TDGL analog of the BCS resistance. The second term
(Iy), which arises from relaxation of the superconducting order parameter, reflects dissipation
mechanisms not captured by traditional two-fluid or BCS models and can be viewed as a proxy for
residual resistance in our simulations. Studying the behavior and interplay of these two terms as a
function of applied field and conductivity provides insight into which mechanisms dominate under

different conditions.
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To establish a baseline for comparison, we simulate a uniform Nb domain subjected to a
sinusoidal applied field with period 20007y,. This choice is motivated by the fact that, for Nb at 2 K,
we estimate Ty ~ 3.7 x 10~13 s using Eqgs. 2.6 and 2.8 and a value of v(0) = 90 states/(eV-nm?)
[106], corresponding to a driving frequency of approximately 1.3 GHz—typical of elliptical SRF
cavities. The simulation domain is a cube of side length 20A. In these calculations, we treat
the normal conductivity o, as a free parameter, and define the dimensionless ratio 6,,/c,;, where
Gy, = 6.7 x 10° S/m is the room-temperature conductivity of Nb.

Figure 2.5 plots the two dissipation terms as functions of applied field for several values
of 6,/0,. The I, term scales linearly with o,, while Iy is independent of conductivity and
increases more steeply with field. Although we treat o, as a free parameter in these simulations,
we are nominally modeling Nb, for which a physically meaningful value of o, exists. Rigorously
determining this value at cryogenic temperatures and GHz frequencies lies beyond the scope of
this paper, but physical intuition provides useful bounds: at low field, the BCS-like (i.e., I4) term
should dominate in clean Nb cavities, while at high field, particularly once vortices nucleate, the
residual-like (i.e., Iy,) term should become dominant. These trends imply that the true conductivity is
unlikely to differ from o,; by more than an order of magnitude in either direction. This observation
motivates our use of 0, = 0,; in the simulations presented in the following section.

While our primary emphasis is on the dissipation terms themselves, we can also use them to
estimate quality factors via Egs. 2.25 and 2.26. As shown in Figure 2.6, the shape of the resulting Q
curves depends on the choice of 6,,/0,,. For moderate and large values (e.g., 1 or 10), the quality
factor remains relatively flat at low fields and drops sharply near the superheating field—consistent
with expectations for clean Nb cavities. In contrast, for small conductivity values (e.g., 0.1), Q
decreases too rapidly with field, indicating unrealistic dissipation behavior. Although lower o,
values shift the low-field Q magnitude closer to the experimental range of 10'°-10'!, this comes at

the cost of distorting the overall field dependence. Due to the gapless nature of TDGL, we generally
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Figure 2.5 Dissipation Contributions from Current Response and Order Parameter
Dynamics. The two dissipation terms from Equation 2.26 are plotted separately as
functions of applied field, for several values of the normal conductivity o,,, shown here as
ratios to the room-temperature conductivity o,; of Nb. The term proportional to ¢, and
involving I, represents dissipation from normal current response, while the Iy, term reflects
dissipation due to relaxation of the superconducting order parameter. As field increases,
I, grows more rapidly and eventually overtakes I4. The crossover point depends on the
value of ©;/0,,: for small values (e.g., 0.1), Iy, dominates even at low field, while for large
values (e.g., 10), the current-induced dissipation remains dominant until vortex nucleation
occurs near the superheating field Hy;,. While o, is varied here as a free parameter, this
analysis helps illustrate how the relative importance of the two dissipation mechanisms
depends on conductivity and field strength within the TDGL framework.
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Figure 2.6 Nb SRF Cavity Quality Factor vs. Applied Field. A plot of quality
factor for a uniform Nb simulation versus the applied field (in units of v/2H,) for several
different values of the normal conductivity, given by 6, = 0] - 0,,, where 0] is the room
temperature conductivity of Nb. The quality factor is calculated using Egs. 2.25 and 2.26
with G = 270 Q. The calculation for several different values of o, change the low field
value, and the shape of the curves, but has much less of an impact near Hy,. The dotted
black line indicates the superheating field of Nb. Because it is above Hyy,, vortex nucleation
occurred for H, = 1.0 which is the reason for the sharp drop in Q.
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expect Q to be underestimated. While we do vary o, in these calculations, it is not used as a fitting
parameter in the traditional sense—namely, we do not select ¢, to match the low-field Q magnitude
from experiment, as we see that doing so would yield qualitatively inaccurate results. Instead, we
explore a range of values to identify physically plausible regimes and to qualitatively interpret the
resulting dissipation behavior.

These reference simulations validate the dissipation decomposition and demonstrate how our
framework reproduces key qualitative features of SRF performance. In the following section, we
apply the same methodology to simulations of Sn-deficient islands in Nb3Sn to investigate how
localized stoichiometric defects affect the balance between current-induced and order parame-
ter—related dissipation. Building on this, we introduce an approach for estimating cavity-level losses

by linking local vortex nucleation behavior to global quality factor trends.

2.3.3 Dissipation and Quality Factor for Nb3Sn cavities with Sn-deficient

Islands

To explore how localized stoichiometric defects alter RF dissipation, we now apply our framework
to a representative simulation of a Sn-deficient island in Nb3Sn. This case illustrates how such
inhomogeneities can shift the balance between current-induced and order parameter—related losses.

To evaluate dissipation in the presence of Sn-deficient islands, we simulate a time-dependent
applied field with period 10007y, corresponding to a frequency of approximately SGHz. This is
higher than the ~1.3GHz typically used in Nb3Sn cavities, but was chosen to reduce simulation
time for these computationally intensive cases. Each simulation required roughly five weeks of

continuous runtime on a computing cluster, making longer periods prohibitively expensive. While
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Figure 2.7 Dissipation Terms for Sn-deficient Island Simulations. Dissipation terms Iy,
(solid lines) and I4 (dotted lines) from Eq. 2.26 are plotted as functions of applied field for
simulations with (blue) and without (red) a Sn-deficient island. The ellipsoidal island has
in-plane radii of 0.5A, a vertical radius of 0.25A, and its top edge located 0.5A beneath
the surface. In the island case, vortices nucleate at H, ~ 0.525, causing both dissipation
terms—especially /y,—to increase sharply by several orders of magnitude. In contrast, the
no-island simulation exhibits smoother behavior with more modest growth, and I, exceeds
I4 by a smaller factor (typically 2-5x) at high field. These results highlight how local
vortex penetration dramatically enhances both forms of dissipation, with I, becoming the
dominant contribution.

quantitative estimates of dissipation will differ at lower frequency, we expect the qualitative features
of the results to remain representative. To manage computational cost, we model a single island with
radius 0.5 located 0.5A beneath the surface, using a reduced domain size of 54 x 2.54 x 2.54

oriented to align the applied field and potential vortex motion along the x-axis.
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Figure 2.7 shows the dissipation terms /y, and I4 for simulations with and without a Sn-deficient
island. Below the vortex penetration field (H,,,; ~ 0.525), both simulations yield nearly identical
dissipation, indicating that embedded islands have minimal effect in the Meissner state. Once
H, exceeds H,,;, however, the island simulation exhibits an abrupt and sustained increase in
both dissipation terms—particularly in 7y, which becomes the dominant contribution and rises by
several orders of magnitude. The dissipation values above H,,,; also appear somewhat noisy, which
we attribute to numerical variations in vortex entry and dynamics. This binary behavior—where
dissipation remains low until vortex entry—appears characteristic of embedded Sn-deficient regions
in Nb3Sn. Whether other types of defects, such as surface-connected grain boundaries, show similar
trends remains an open question. Exploring such cases is a clear next direction for future studies.

Building on this result, we develop an approximate method for estimating how a distribution of
Sn-deficient islands could collectively affect the quality factor. The dissipation behavior observed
in Figure 2.7 suggests that embedded islands have negligible impact below their respective vortex
penetration fields, but trigger a sharp increase in dissipation once vortices begin to nucleate. This
motivates a two-state approximation: for each island geometry, we assume dissipation follows the
defect-free case up to H,,,;, and then transitions abruptly to constant, elevated values beyond that
point. For the vortex state, we use fixed dissipation values of Iy, =2 and 20, UoA% -1y = 0.1, based
on the average values from the simulation in Figure 2.7.

Using this approximation, we construct dissipation profiles for each of the simulated island
geometries shown in Figure 2.3, focusing on the cases with Sn concentration 18.7%. For each
defect, the dissipation follows the defect-free simulation up to its corresponding vortex penetration
field H,,,,, and then transitions to constant values of Iy, = 2 and %Gn ,u()l2 -1y = 0.1 once vortices

nucleate. To estimate the aggregate dissipation and resulting quality factor, we assign weights to
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Figure 2.8 Estimated quality factor curves based on weighted dissipation from
different Sn-deficient islands. The black curve shows the quality factor for a defect-
free cavity. The red curve represents a hypothetical quality factor obtained by averaging
dissipation profiles from multiple Sn-deficient island geometries, each transitioning to
fixed dissipation values of I, = 2 and %Gnuolz -I4 = 0.1 above their respective H, .
The weighting assumes all island sizes are equally likely and that the depth d from the
surface to the island edge follows an exponential distribution, p(d) o< e~¢, normalized so
the weights sum to one. The blue curve uses the same assumptions, except that p(d) =0
for the r = 0.5A island when d < 0.1A, and for the r = A and r = 2A islands when d < A.
All remaining weights are re-normalized so the distribution still sums to unity. Removing
these large, near-surface defects in the model delays the onset of dissipation and improves
high-field performance.
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each defect based on an assumed distribution and compute a weighted average of the dissipation
terms. For the red curve in Figure 2.8, we assume all three island sizes are equally likely and that
the depth d from the surface to the outer edge of the island follows an exponential distribution
p(d) o< e, normalized so the total probability sums to unity.

To evaluate the hypothetical benefit of eliminating large, near-surface defects, we also construct
the blue curve in Figure 2.8 using a modified piecewise distribution. In this case, the probability
p(d) is defined as
0 forr=0.5A andd <0.14

p(d) =<0 forr=Aor2A andd < A

e 4  otherwise

\

and the resulting weights are renormalized to ensure they sum to one. Comparing the red and
blue curves illustrates how removing such high-impact defects can delay the onset of increased
dissipation and improve the high-field behavior of the cavity.

While the estimated quality factors in Figure 2.8 provide valuable qualitative insight, they
should not be interpreted quantitatively. The low-field Q magnitude in our simulations is just under
103, significantly lower than the ~10'° typically observed in Nb3Sn cavities. This discrepancy is
primarily due to the higher simulation frequency (~5 GHz versus 1.3 GHz in practice), though
the quantitative limitations of TDGL—such as the assumption of gapless superconductivity and
its reduced validity far below 7.—also contribute. Furthermore, we approximate the dissipation
above H,,;; as constant, which neglects the increasing losses and possible thermal effects that
would realistically occur as more vortices enter. In practice, such heating could trigger early cavity
quench, while in our simulations the dissipation simply continues to increase with field without
ever initiating a quench. Despite these simplifications, the structure of the estimated quality factors

still captures important qualitative features.
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In particular, the onset of high-field Q-slope in these plots arises directly from vortex nucleation,
a steady-state property with broader validity in the dirty limit where TDGL is more appropriate.
While the precise drop in Q is uncertain, the onset of declining Q in our aggregated curves is
governed by the lowest vortex penetration field (H,,,;) among the defect types with nonzero
probability, highlighting how vortex entry from local defects could plausibly contribute to high-field
Q-slope in at least some Nb3Sn cavities. More broadly, our results demonstrate a mechanism in
which HFQS can emerge from the collective behavior of many small defects. Each defect follows a
binary dissipation pattern—remaining nearly inert below H,,,; and sharply increasing in loss once
vortex nucleation occurs—and as the field increases, more defects transition into this high-loss state.
The aggregated effect produces a decline in Q that qualitatively resembles the high-field Q-slope
observed experimentally. While this is unlikely to be the sole mechanism underlying HFQS, it
offers a plausible explanation for how distributed sub-surface defects may contribute to performance

degradation in certain cavities, as we elaborate further in the conclusion.

2.4 Conclusion

In this paper, we have demonstrated a framework for incorporating sample-specific information into
time-dependent Ginzburg—Landau (TDGL) simulations of superconducting radio-frequency (SRF)
cavities. While TDGL is inherently suited for mesoscopic modeling, its application to non-uniform
materials often involves arbitrary parameter choices. Our approach addresses this gap by linking
TDGL parameters to well-defined microscopic material properties, allowing simulations to reflect
characteristics obtained from density functional theory (DFT) or experimental measurements. This
enables more realistic modeling of sample-specific features while preserving the computational

tractability of TDGL on mesoscopic domains.
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In addition to the sample-specific framework, we introduced a method for estimating dissipation
and quality factor directly from TDGL simulations. While these estimates are subject to limitations—
such as TDGL’s quantitative inaccuracy far below 7, and the computational necessity of simulating
at higher frequencies—they offer a valuable qualitative connection between mesoscopic defect
behavior and macroscopic performance degradation. By decomposing dissipation into physically
meaningful components and linking vortex nucleation to high-field Q-slope, our approach provides
insight into how distributed material inhomogeneities may impact SRF cavity performance. This
type of dissipation-based analysis remains relatively uncommon in the TDGL literature and may
serve as a useful tool for future studies aiming to bridge simulation and experiment.

We applied our framework to model Sn-deficient islands in Nb3Sn and found that they can
reduce the vortex penetration field by as much as 60% when located near the surface. This suggests
that such sub-surface defects may play a role in limiting the achievable accelerating gradients in
Nbs3Sn cavities, particularly given that experimentally observed gradients remain well below the
theoretical maximum. To explore this further, we computed the dissipation for representative island
configurations and observed sharp increases in both dissipation terms above H,,,,; due to vortex-
induced losses. These effects are expected to be even more pronounced for larger or more exposed
defects, and in future simulations that incorporate thermal feedback to model cavity quenching.
Our method can also be readily extended to other defect types, such as grain boundaries, which are
widely believed to impact cavity performance.

To illustrate how these mesoscopic effects might collectively influence macroscopic cavity
behavior, we constructed hypothetical quality factor curves by assigning defect-specific H,
thresholds and aggregating their dissipation using simple assumptions about defect size and depth

distributions. The resulting Q curves qualitatively resemble the high-field Q-slope observed in
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experimental measurements, offering a plausible explanation in which HFQS emerges from the
collective activation of many small, embedded defects. This analysis highlights the potential of
TDGL-based simulations to inform defect mitigation strategies and guide the development of
higher-performance SRF materials.

A recent experimental study by Viklund et al. [108] found that applying centrifugal barrel
polishing (CBP) to Nb3Sn SRF cavities decreased the overall quality factor, lowered the field
at which Q-slope began, and reduced the quench field. After an additional Sn vapor deposition,
however, the cavity recovered its previous Q performance and reached a higher quench field. Our
results offer a potential explanation for these findings. CBP is known to smooth the cavity surface
but also removes surface material, which may expose previously buried Sn-deficient islands. As
shown in our simulations, bringing such defects closer to the surface significantly enhances their
dissipation and lowers H,,,;, potentially triggering early vortex entry, high-field Q-slope, and
premature quenching. The follow-up Sn coating likely fills in these exposed islands, eliminating the
source of additional dissipation. This healing process restores Q and enables higher accelerating
gradients, consistent with our finding that suppressing near-surface Sn-deficient regions improves
both quality factor and vortex-related performance limits.

Whenever TDGL equations are used to model experimental systems, it is important to consider
their limitations. The standard TDGL formalism is derived under the assumption of gapless
superconductivity, since a gapped density of states introduces a singularity that precludes expansion
in powers of the energy gap [23]. Additionally, the equations are only quantitatively valid near the
superconducting critical temperature. The former limitation can be addressed by using a generalized
TDGL formulation developed by Kramer and Watts-Tobin [27], which extends validity to gapped
superconductors. However, several studies have observed conditions in SRF cavities that support
the use of conventional TDGL. For example, Proslier et al. [109] reported a broadened density of

states at the surface of Nb cavities due to oxide layers, resulting in gapless surface superconductivity.
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Further work by Gurevich and Kubo [104, 110] demonstrated that typical material compositions and
SRF operating conditions often produce a broadened density of states and suppressed energy gap,
reinforcing the relevance of TDGL for SRF applications. Nevertheless, such gapless behavior may
come at a cost: broader density of states near the surface could contribute to increased dissipation
and reduced quality factors.

The methods presented here for simulating realistic, sample-specific defects and estimating
their impact on quality factor provide a new framework for linking microscopic material features to
macroscopic SRF performance. While the underlying simulations are conceptually straightforward,
their successful application depends on two critical inputs: accurate theoretical models of a material’s
microscopic properties, and detailed experimental characterization of the defects present in real
samples. For this reason, our method is best suited to research contexts where both inputs are
available—either in well-studied materials systems or through interdisciplinary collaborations like
those found in the NSF Center for Bright Beams, which helped motivate this work. SRF research is
particularly well positioned for such integration. SRF cavities are inherently macroscopic devices
whose performance depends sensitively on microscopic structure, yet direct experimental probing
of such features is often infeasible. The approach we describe enables mesoscopic-scale simulations
rooted in real material data, offering a valuable tool for designing and optimizing future generations

of SRF cavities.
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Chapter 3

Hydrides in Nb SRF Cavities

The following chapter is based on a paper that covers simulations we performed investigating the
impact of hydride precipitates in Nb SRF cavities. This paper with written in collaboration with
Nathan Sitaraman from Cornell University. Nathan performed the hydride formation simulations,
as well as the DFT estimations of the superconducting properties of NbH. I ran all of the TDGL
simulations, and am responsible for the majority of the text of the paper. In this study, we investigate
the impacts of hydride size and position (relative to the surface) and conclude that reducing the
overall size of hydrides is critical for improving cavity peformance. We also conclude that treatment
procedures known to improve cavity performance, such as nitrogen doping, do so by introducing
more nucleation sites, which in turn reduces the average size of hydride precipitates, improving

cavity performance.

54
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3.1 Introduction

For around half a century, it has been understood that the presence of excess hydrogen in niobium
superconducting radiofrequency (SRF) cavities could lead to a variety of deleterious effects on the
performance of these cavities [111-113]. Much of the early work on this topic focused on methods
to understand and eliminate the so-called “Q-disease," a phenomenon caused by large surface
hydrides in which the quality factor of the SRF cavity would be significantly degraded, even at low
fields [114, 115]. More recent work on Nb-H systems has focused on understanding how hydrides
contribute to high-field Q-slope (HFQS), another phenomenon in which the quality factor of a cavity
becomes degraded, but only at higher fields [116—118]. There are two primary treatments for HFQS
in Nb SRF cavities: nitrogen doping and low-temperature bakes. These methods have been studied
extensively [119-127], yet the exact mechanisms for how they inhibit hydride formation, and how
the hydrides themselves lead to HFQS are still open questions.

Hydride formation occurs at cryogenic temperatures in a process analogous to familiar water
vapor condensation, where the high-entropy “gas” of interstitial hydrogen minimizes its free energy
by organizing into “droplets,” i.e. hydride crystals. These crystals can accurately be described as
low-energy ordered configurations of interstitial hydrogen with some accompanying distortion of
the niobium lattice [128]. In general, the physics of droplet formation is not trivial because there is
a surface energy associated with the droplets which competes with the volume energy associated
with the bulk phase transition. The volume energy grows with the cube of hydride radius while the
surface energy grows with the square of hydride radius. Thus, for given conditions of hydrogen
chemical potential and temperature, there is a “critical”" droplet radius above which hydride crystals

are stable and below which they are unstable [129]. The fact that sub-critical droplets are unstable
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means that the hydrogen atoms must form a super-critical droplet purely by statistical chance, so
that there is a free energy barrier to hydride precipitation which is potentially much larger than the
thermal energy scale. The rate of droplet nucleation depends exponentially on this ratio and so can
potentially be many orders of magnitude slower than the hopping rate of impurities.

The free energy barrier to hydride precipitation depends on the size of the critical droplet, which
generally varies throughout a macroscopic sample. Of particular interest are the places where
the critical droplet size and corresponding free energy barrier are small enough that hydrides can
form quickly relative to the typical timescale (minutes) of cavity cooldown—we will call these
places “nucleation sites." Many material defects can potentially affect critical droplet size, including
interstitial impurities, as well as more complex defects, such as impurity-vacancy complexes,
dislocations and grain boundaries, that we will not describe in detail here. Impurities are of
particular interest because their near-surface concentrations can be altered through low-temperature
baking, and because first-principles calculations have previously shown that they create low-energy
trap sites for hydrogen, potentially encouraging hydride nucleation [119].

We present a new theory for the important physical effects of low-temperature bakes, how they
improve cavity performance, and what can be done to further improve high-field quality factors. We
use time-dependent Ginzburg-Landau theory to calculate dissipation from sub-surface hydrides,
finding good qualitative agreement with experimentally-observed HFQS behavior [121] and a clear
relationship between hydride size, position, and HFQS onset field. We argue that increasing the
concentration of hydride nucleation sites by impurity doping effectively decreases the typical size
of hydrides, delaying the onset of HFQS and improving cavity performance. Our results lend
additional credibility to the idea that low-temperature bakes and nitrogen doping affect high-field

cavity behavior by controlling the size and distribution of hydride precipitates.
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3.2 Methods

3.2.1 The Time-Dependent Ginzburg-Landau Equations

Ginzburg-Landau (GL) theory is one of the oldest theories of superconductivity, and it remains
relevant today owing to its relative simplicity and direct physical insights into the electrodynamic
response of superconductors under static applied fields and currents [93]. The time-dependent
Ginzburg-Landau (TDGL) equations were originally proposed by Schmid [17] in 1966 and Gor’kov
and Eliashberg [18] derived them rigorously from BCS theory later in 1968. The TDGL equations
(in Gaussian units) are given by:
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These equations are solved for the complex superconducting order parameter, Y, and the magnetic
vector potential, A. The magnitude squared of y is proportional to the density of superconducting
electrons. The parameters o and B are phenomenological, and were originally introduced as
coefficients of the series expansion of the Ginzburg-Landau free energy. Additionally, ¢ is the scalar
potential; 0, is the normal electron conductivity; I" is the phenomenological relaxation rate of y.
Furthermore, e; = 2e and my; = 2m, represent the total charge and total effective mass of a Cooper

pair, respectively. The TDGL equations are subject to boundary conditions

(ith//+ eiAty) =0 (3.3)
C
(VxA)xn=H, xn (3.4)
10A
(v¢+;§> ‘n=0, (3.5)

where n is the outward normal vector to the boundary surface and H, is the applied magnetic field.
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The TDGL equations can also be derived from microscopic theory using the time-dependent
Gor’Kov equations [18]. A useful consequence of this derivation is that it allows the TDGL
parameters to be directly related to experimentally observable properties of the material in question.

The material dependencies are given by Ref. 24:

a(v(0), T, T) = —v(0) (1 - ;) (3.6)
BVO)TT) = S 67
I'(v(0),Tc) = v(é);:rh (3.8)
my = % (3.9)

where v(0) is the density of states at the Fermi-level, T is the critical temperature, T is the
temperature, {(x) is the Riemann zeta function, v r 1s the Fermi velocity, and / is the electron
mean free path. Equation 3.9 gives the effective mass specifically under the dirty limit. In order to
incorporate spatially varying effective mass in the Ginzburg-Landau free energy variations, Equation
3.1 should be augmented with an additional term:

%vmis (ihV + SA)W
Additionally, when solving the TDGL equations numerically, it is standard to normalize all the

parameters of the model in order to obtain dimensionless quantities. To do so we introduce the

following transformations:

o —s oa(r) (3.10)
B — Bob(r) (3.11)
I — Coy(r) (3.12)
my — mop(r) (3.13)

G, — Opos(r). (3.14)
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substituting these values into Eqgs. 3.1 and 3.2:

(‘9‘/’+~K¢ )+1(_iv A)2 REE (lv 'A) By =0 (.15)
-t —| =V —V—- | —V—i —a = .
Y P ooy 1\ 14 o 1\ K y—ay vty
l a—A+V¢ +V><V><A+L( Vy—yV *)+l| ’PA=0, (3.16)
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where k) = % is the Ginzburg-Landau parameter of the reference material. The quantity Ay =

2 2
moc BO . . . o h . .
1nelo] 1S the penetration depth of the reference material, and &y = 4/ Tmolag] 1S its coherence

length. The parameter uy = T—% is a ratio of characteristic time scales in the reference material,
Jo

Gn0M0 o

where Ty, = % is the characteristic relaxation time of Y in the reference material and 7;, = e2lao]
s

1s the characteristic relaxation time of the current. We have also inserted a minus in front of a, which
is just a convention to make positive values of a correspond to the superconducting state (Note:
this is the opposite of how « is usually interpreted within Ginzburg-Landau theory, however it is

standard to make this change when performing nondimensionalization). The boundary conditions

become:
(ivw+Aw) n=0 (3.17)
Ko
(VxA)xn=H, xn (3.18)
JA
(V¢+E) -n=0. (3.19)

3.2.2 Calculating Values for the TDGL Parameters via DFT

To determine appropriate values for a(r), b(r), y(r), and p(r), we will consider experimental
results from the literature and perform ab initio density-functional theory (DFT) calculations where
direct experimental measurements are unavailable. From Egs. 2.6-2.9, we know these parameters
mostly depend on well-defined microscopic quantities, namely v(0), T, v, and £ all of which can
be calculated using DFT. To do so we use the JDFTx software package with the PBE exchange-

correlation functional and ultrasoft pseudopotentials [130—132]. In order to perform precise integrals
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over the Fermi surface, we use the Wannier function method as implemented in the FeynWann
package for JDFTX [133-136]. Fermi-surface integrals immediately give values for v(0) and vy,
while T, is calculated by calculating the phonon dispersion, applying Eliashberg theory, and using
the McMillan formula with u+ =0.12 [137,138]. To estimate electron mean free path ¢, we consider
electron scattering off of the perturbing potential of a hydrogen vacancy as the likely principal
defect in NbH, with a defect fraction of 0.075 corresponding to the hydrogen-poor compositional
limit of the 8 hydride phase [139].

Niobium hydride calculations used an 8-atom fcc unit cell with 6 x 6 x 9 k-point folding. Fermi
surface integrals for v(0), vy, and £ used an energy-conserving delta function width of 5SmH, and
used the Wannier method to interpolate the k-space mesh to a 16x finer k-space mesh. The Fermi
surface integral for 7, used an energy-conserving delta function width of 0.74mH and a 24x finer
k-space mesh. For perturbing potentials of phonon modes and hydrogen vacancy defects, we used
a 96-atom supercell of this unit cell. a planewave cutoff energy of 20 Hartree, and an effective
electron temperature of SmH.

Experiment can then give information about the compositions of sample materials, and DFT
calculations can determine the v(0), vy, and T associated with these compositions. Using these
values in addition to estimates of the electron mean free path (which can be derived from DFT or
can come from experimental characterizations), a(r), b(r), y(r),and p(r) are calculated from Eqgs.

2.6-2.9, and the material geometries from the experimental results determine the spatial variation.

3.2.3 Dissipation in TDGL

When simulating SRF materials, dissipation is often a physical quantity of interest. While TDGL
allows us to estimate dissipation, it is important to emphasize that both the dissipation calculations
and the quality factor estimates that follow lie well outside the regime of quantitative validity for

the theory. In particular, TDGL is strictly valid only near 7. in the gapless limit, and its predictions
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for dissipation under RF-like dynamic fields at low temperatures should be interpreted with caution.
Despite this, we believe the calculations presented here remain qualitatively valuable. They provide
a means of linking mesoscopic-scale simulations to macroscopic cavity performance metrics, and
enable relative comparisons between different material configurations that may inform experimental
priorities.

Under TDGL, a formula for dissipation can be derived by considering the time derivative of the
free energy and the free energy current flux density. A more detailed derivation is found in Ref. 24,

but we quote the final result here:

_ dy ey ? 2
D—2F’(at—|— W >‘ + o, E”. (3.20)

This quantity is a power density, with the first term corresponding to the superconducting dissipation
arising from the relaxation of the order parameter. The second term is the dissipation of normal
currents which are largest near the surface where magnetic field can still appreciably penetrate.

A particularly relevant quantity that can be estimated from the dissipation is the cavity quality

factor, Q, which is given by

2nE

0= Nk (3.21)

where E is the energy stored in the cavity and AE is the energy dissipated in the cavity walls each

RF period. It is common to express the quality factor as

Q= R (3.22)

where R; is the cavity surface resistance and G is a geometric factor that depends only on quantities
which are determined by the cavity geometry. For a typical 1.3 GHz 9-cell Nb TESLA cavity,
G =270 Q [105]. The surface resistance is given by

A3 T MoA 2 Tyim
Ry = 20O (1, 4 2t Zsimy ) (3.23)
H2L.L, 2r
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where L is the permeability of free space, w is the cavity frequency, A is the penetration depth,
H, is the maximum applied magnetic field value in simulation units, L, and L, are the size of a
simulation domain in the X and Y directions respectively, 0, is the normal conductivity, and Ty, is
the period of the applied field in simulation time units. Iy, and I, are integrals over the squared time

derivatives of ¥ and A:

2

oy
e (3.24)
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I = /df/d)z/dy/dz (%)2 (3.25)

where the tilde variables denote ones which are in simulation units. A much more detailed derivation

of these equations can be found in Reference 140.

The value of Q calculated from TDGL outputs will typically be underestimated at low field.
This is because of the assumption of gapless superconductivity, which results in higher surface
resistances than is predicted with the BCS surface resistance. Despite this, our approach still often
predicts quality factors within an order of magnitude of the experimental values. Additionally,
the relative behavior of Q at different applied fields qualitatively captures effects such as high
field Q-slope. Nonetheless, we emphasize that this quality factor calculation is best treated as a
qualitative tool; for quantitatively accurate predictions, more rigorous superconductivity theories

should be used.
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3.2.4 Estimating Effective TDGL Parameters

In certain situations, a system may behave as if it were a single, homogeneous material, even if it
consists of multiple distinct components. One such case occurs when numerous small defects, such
as nano-hydrides, are distributed across a surface, leading to a collective behavior that resembles a
new effective material. This subsection outlines the method we developed to extract the effective
TDGL parameters of such systems, allowing us to estimate how the material’s properties evolve
when influenced by a large number of small, interacting defects.

The following discussion focuses on the case of a large number of nano-hydrides, though the
general approach we describe can be applied to any system in which collective effects result in
a new uniform effective material. To model this behavior, we simulate a system with a specific
hydrogen concentration, using a smaller domain size of 24 x 24 x 84 to keep computational
costs manageable. The extended z-direction ensures that the order parameter, y, can fully reach
its zero-field value without experiencing finite-size effects. Hydrides with a radius of 0.05A are
randomly placed within the domain, chosen from a uniform distribution, and added until the desired
hydrogen concentration is reached, with no overlap between hydrides.

After placing the hydrides, we solve for the TDGL order parameter y at two distinct field
conditions: zero field (to estimate the zero-field value, W) and a low, non-zero field (to extract the

coherence length, &). The zero-field value, .., provides the ratio ¢t/ 3 through the relation:

2 o
== 3.26
| B (3.26)

which is given by Tinkham [23]. However, this relation does not independently determine o or f3.

2

To resolve this, we calculate the coherence length, &, which depends on ¢. By determining & from
the low-field solution of y, we can then extract the value of , and from there, calculate  using
the ratio ot/ . The coherence length, &, is related to & by:

hz
- 2mgat’
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(3.27)
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again based on Tinkham [23].
To estimate &, we calculate the average value of y in the xy-plane for each value of z at low

(but non-zero) field. For a uniform material, the order parameter would follow the equation:
Y(2) = Yoo — e~ V2 2)/E, (3.28)

where Zq is the z-coordinate of the top of the domain where the field is applied, with C and & as
the fitting parameters. The fitted value of & can be used to estimate the coherence length. However,
since our system is not truly uniform and Y., varies slightly due to the random distribution of
hydrides, directly using this equation would lead to poor fits. Instead, we modify the approach
by fitting the difference Ay(z) between the calculated w(z) and the local value of Ww(z), where
V.(z) is the zero-field value of y averaged over the xy-plane for each value of z. This modification

effectively filters out the noise and isolates the exponential decay associated with &:
AW(2) = (2) — Yul2) = —Ce™ V2%, (3.29)

With & now estimated, we can use it to determine the effective value of a from the relationship
between & and «, as described earlier. From this, we can also estimate 3 using the ratio o/ 3, which
was determined from the zero-field solution for y... Once the effective o and 8 are determined, we

can estimate the critical field H, using the relation:

4ra
H? = : (3.30)
B
Since Kk can be expressed as a function of f3:
2.2
2 mgc ﬁ
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we now have the necessary parameters to calculate the superheating field. The superheating field

for the composite material is then estimated using the formula for low k materials [47]:

121 +4.6825120% +3.3478315K>
1+4.0195994x + 1.0005712x2"

Hy, =23k (3.32)
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This formula provides an estimate of the superheating field for a system containing many small

hydrides, which collectively behave as an effective material with a new k.

3.2.5 Geometry and Numerical Approach for TDGL Simulations

A schematic of the geometry used in our TDGL simulations is shown in Fig. 3.1. The simulation
domain for the large hydride simulations is a 404 x 404 x 204 cuboid, with periodic boundary
conditions applied in the x and y directions (highlighted in yellow and light blue, respectively).
An external field is applied to the upper surface in the z-direction (highlighted in red), while the
bottom surface (highlighted in green) is free from any applied field. The hydrides, modeled as
spheres, are depicted in the figure, with dotted circles showing the projections of the spheres onto
the XY, YZ, and ZX planes. These projections help orient the reader to the spatial arrangement
of the hydride in three-dimensional space. The distance from the surface to the outer edge of the
hydride, denoted by d, is marked on the figure and represents one of the key parameters varied in
our simulations to explore how the hydride’s position influences its impact on cavity performance.
For the nano-hydride simulations, we used a domain of size 24 x 24 x 8A, with the same periodic
boundary conditions and applied field.

The simulations were conducted using cubic meshes generated with the open-source mesh
generation tool, Gmsh [96]. The OpenCASCADE geometry kernel within Gmsh was employed
to adapt the mesh to the shape of the hydride islands. To solve the TDGL equations, we applied
the finite element formulation proposed by Gao [25]. All computations were performed using the
open-source finite element software FEniCS [26]. A detailed analysis of the methods used for

solving the TDGL equations can be found in Harbick and Transtrum [140].
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' X
Figure 3.1 Schematic of the simulation geometry (not to scale). Surfaces outlined in
yellow and light blue represent the periodic boundary conditions in the x and y directions,
respectively. An external field is applied to the surface outlined in red, in the direction
indicated by the arrow labeled “H,,". No field is applied to the surface outlined in green.
The hydride is modeled as a dark blue sphere, with dotted lines showing the projections of
the sphere onto the xy, yz, and zx planes. The color of the dotted circle corresponds to the

plane in which the projection occurs. The distance from the surface to the outer edge of
the hydride, denoted as d, represents the island’s position relative to the surface.



3.3 Results 67

3.2.6 Qualitative Random Walk Simulation of Hydride Formation

To illustrate the possible relationship between impurity-induced disorder and hydride size, we
developed a simple random walk simulation of hydride formation. In this simulation, hydride
nucleation sites exist at a concentration of 10~2 at the surface, and this concentration decays
exponentially to 2% 1076 far beneath the surface. We vary the exponential decay constant to
simulate different impurity diffusion depths. Hydrogen atoms exist at a concentration of 5% 1073
and undergo random walk movement on the 60 x 60 x 1000 cubic simulation lattice, and become
frozen when they are either adjacent to a nucleation site or adjacent to a previously-frozen hydrogen
atom.

While this simulation is not rooted in physical atomic interactions and operates at a scale
too small to simulate hydrides of the sizes considered in our Ginzburg-Landau simulations, it
adequately illustrates the inverse relationship between local nucleation site concentration and typical
hydride size. This relationship is important as we will ultimately consider the implications of our
Ginzburg-Landau simulation results for developing new experimental recipes. Ongoing research
seeks to develop a more physically realistic model of the effect of impurity doping on hydride size

distribution.

3.3 Results

3.3.1 Nucleation Sites and Hydride Formation

The distribution of nucleation sites can greatly influence the size and location of hydrides. To
illustrate this, we consider a simple classical model of hydride nucleation, which begins with
a uniform concentration of free hydrogen interstitial impurities and an exponential profile of
nucleation sites, a description of this method is found in Section 3.2.6. In this model, hydrogen

atoms freeze if they arrive at a site adjacent to a nucleation site, or if they arrive at a site adjacent to



3.3 Results 68

a frozen hydrogen interstitial. To model a niobium surface which has been impurity-doped to some
degree, we take the concentration of nucleation sites to be simply proportional to the concentration
of impurities. Figure 3.2 shows the results of this model. We find that a shallow doping depth results
in large hydrides near the surface, while a deeper doping depth results in much smaller hydrides
near the surface. Generally, hydride size is inversely proportional to nucleation site concentration,

as expected.
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Figure 3.2 Qualitative simulations of hydride nucleation for different exponential nucle-
ation site distributions, from shallowest (left) to deepest (right).
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These results demonstrate there are, roughly speaking, two regimes for hydride precipitation:
One in which there are a small number of larger, mesoscopic-scale hydrides, and another regime in
which there is a large number of microscopic scale nano-hydrides. The following two subsections

will address both these regimes.

3.3.2 TDGL Simulations of Mesoscopic Hydrides

To estimate the impact of mesoscopic-scale hydrides, we use density-functional theory to calculate
material properties of hydrides [141], and then we perform time-dependent Ginzburg-Landau
(TDGL) theory simulations of hydride dissipation, the results of which are detailed in this section.

We find that hydrides have a low-field state in which they dissipate more energy per unit volume
than the superconducting niobium, resulting in a lower low-field quality factor Qg. This dissipation
is simply the result of normal currents of Bogoliubov quasiparticles moving through a material of
finite resistivity; it does not cause any noticeable Q-slope, and for realistic hydride concentrations
the overall effect on dissipation is small.

We find that hydrides have a fundamentally different high-field state in which a more complicated
dissipation mechanism occurs, involving penetration of flux vortices. The transition from the low-
field state to the high-field state is associated with an abrupt increase in calculated energy dissipation,
or an abrupt onset of Q-slope, at a critical value of the peak magnetic field. Vortex penetration
occurs because the proximity-coupling effect affects the superconducting properties of the niobium
surface above a sub-surface hydride. This creates a weak spot where flux vortex penetration can

occur at fields significantly below the superheating field (Fig. 3.3).
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Figure 3.3 Simulations of superconducting order parameter at low field (top), showing a
weak spot at the surface, and at high field (bottom) showing flux vortex entry.
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Figure 3.4 Calculated vortex entry field as a function of hydride radius for hydrides at
different depths.
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Figure 3.5 Calculated vortex entry field as a function of hydride depth for hydrides of
different radii, the infinite radius hydride was simulated using a layered simulation with a
layer of Nb of thickness d on top of a NbH layer.
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Dissipation from hydrides in the vortex state, unlike dissipation from hydrides in the non-vortex
state, is highly field-dependent. This can be explained in part by the fact that, as the field increases
beyond the critical field for vortex entry into the hydride, the fraction of the RF cycle at or above
this critical field increases rapidly, thus increasing the length of time per cycle that vortex-related
dissipation occurs. Additionally, we find that the number of vortices entering a hydride increases
with increasing field, further increasing dissipation. Together, these effects result in a steep Q-slope
beyond the critical field for vortex entry.

Hydride size and proximity to the surface play a crucial role in determining the critical field for
vortex entry into the hydride. Figure 3.4 shows the vortex penetration field H,,,; versus Hydride
radius (R). The vortex penetration field consistently decreases with respect to hydride size, meaning
that larger hydrides will achieve the vortex state at lower field thresholds. Additionally, we see
that the decrease in H,,,; with respect to hydride radius becomes larger as the hydrides form closer
to the surface. This can also be seen in Figure 3.5, which depicts H,,,; versus d. Finite-size
hydrides with radius R = 51 nucleated vortices ~ 50% below the bulk superheating field value. We
additionally calculated H,,,; for a hydride of infinite size. This was done by simulating a layer of Nb
of thickness d on top of a hydride layer which, due to the periodic boundary conditions, represents
a hydride of infinite size. The lowest thickness layer simulated this way was for d = 0.754, which
resulted in H,,,,y = 0.09\/§HC, for values of d smaller than this, the Nb layer was unable to maintain
superconductivity and the whole system would quench for any nonzero applied field. The infinite
hydride represents a limiting case for the impact that hydrogen can have on SRF performance, and
the behavior we observe in our simulations is consistent with the “Hydrogen Q-disease" which is

attributed to large hydride precipitates.
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The distribution of hydrides has an important effect on cavity quality factor at high fields,
specifically by altering the adverse high-field Q-slope (HFQS) behavior. Our results indicate that
even modest changes to the characteristic size of near-surface hydrides can explain experimentally
observed changes in the onset field of the high-field Q-slope (Fig. 3.6) [121].

The Q-factor calculations in Fig. 3.6 assume that each cavity contains exclusively one type of
hydride, with fixed size and position. To relax this assumption, we can incorporate multiple types of
hydrides, making certain assumptions about their distribution within the cavity. By combining the
dissipation estimates for each hydride type, we can calculate a weighted average of the dissipation
values according to the distribution of hydride types. This yields a new composite Q-slope that
reflects the impact of the entire hydride distribution.

Figure 3.7 shows simulations based on these distributions. The black curve represents the quality
factor for a simulation with no hydrides. The blue curve corresponds to a uniform distribution of
both hydride size and position, meaning all defects are equally likely. The yellow curve assumes
hydride size is uniformly distributed, while the distance between hydrides follows an exponential
distribution, with a higher likelihood of hydrides near the surface. The green curve assumes a
uniform distance distribution, but with hydride sizes exponentially distributed, meaning larger
hydrides are more common. Finally, the red curve assumes both hydride size and distance follow
exponential distributions, with large hydrides near the surface being most frequent.

These distributions are idealized, and future work could incorporate more detailed experimental
characterizations of hydride size and position distributions, as well as simulations of a wider variety
of hydride types. Nevertheless, the current results remain qualitatively informative: the simulated
quality factor curves are consistent with those observed experimentally. This supports our assertion
that the dissipation mechanism responsible for the high-field Q-slope in some Nb cavities is hydride-

induced vortex nucleation, and that eliminating large, near-surface hydrides is key to reducing
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Figure 3.6 Calculated quality factor as a function of field for hydrides at different depths
(from shallowest at the top to deepest at the bottom) and of different sizes (different colored
lines in each plot).
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Figure 3.7 Hypothetical quality factor versus applied field curves for different hydride
distributions. The black curve represents the baseline simulation with no hydrides. The
blue curve assumes a uniform distribution of both hydride size and position. The yellow
curve assumes a uniform hydride size distribution and an exponential distribution of
hydride distances, with a higher likelihood of hydrides near the surface. The green curve
assumes a uniform distribution in distance and an exponential distribution in hydride size,
with larger hydrides being more probable. The red curve assumes both hydride size and
distance follow exponential distributions, with large hydrides near the surface being most
common.
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high-field quality slope (HFQS) in Nb SRF cavities. As shown in Fig. 3.2, procedures designed
to reduce hydride size might instead lead to the formation of a large number of nano-hydrides.
While individual nano-hydrides may have negligible effects, we now turn to explore the potential

collective effects when a large number of nano-hydrides are present.

3.3.3 Nano-hydride simulations

In this section, we perform TDGL simulations to investigate the collective effects of a large number
of nano-hydrides. The simulations were conducted using the methods described in Section 3.2.4,
with a domain size of 24 x 24 x 84. A nano-hydride radius of 0.05A4 was chosen as a representative
case for hydrides that, on their own, would be considered negligible. We ran simulations varying the
number of nano-hydrides from 0 to 2000, corresponding to hydrogen concentrations between 0%
and 3.2%. This range was chosen based on the expectation that typical local hydrogen concentrations
in SRF cavities would not exceed 3%.

The hydrogen concentration, Cy, is estimated using the formula:

Vu

= (3.33)
Vv + Vi

Cu

where Vp is the volume of the hydrides and Vy;, is the volume of niobium in the simulation domain.
In this case, the entire domain contains niobium, so Vy, = 32, and Vg = %n(0.05)3N , where N is
the number of hydrides in the given simulation.

Following the methods outlined in Section 3.2.4, we calculate |y..|?> and & as functions of
hydrogen concentration (see Fig. 3.8). From these values, we estimate o and f3 relative to the
corresponding values for Nb, and then use Eqgs. 3.31 and 3.32 to estimate the critical field H, and

superheating field Hy;,. The resulting superheating field estimate is shown in Figure 3.9, where we

plot Hyy, relative to the superheating field of pure niobium, HSth .
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For hydrogen concentrations below approximately 0.2%, Hy;, quickly decreases by around 5%
from H;)’qb . This is observed in simulations with fewer than 100 hydrides, where the number of
hydrides is insufficient to create an effective new material. Once the number of hydrides exceeds
100, the hydrides begin to collectively behave as an effective medium, and Hy, stabilizes at about
5% below Hf}’lb. Beyond this point, Hy, continues to gradually decrease with increasing hydrogen
concentration. The fluctuations in Hy, are due to variability in the & fits across different simulations.

The overall decrease in Hy, due to the collective effects of nano-hydrides is around 5% — 7%.
This change is significantly smaller than the impact of larger, single hydrides, supporting the idea
that smaller hydrides, even in large quantities, result in improved cavity performance. This finding
offers a potential explanation for how low-temperature baking and nitrogen doping procedures can
reduce high-field QO-slope by promoting the formation of smaller near-surface hydrides, which are

less detrimental to cavity performance.

3.4 Conclusions

In this study, we investigated the effects of hydride size and position on the high-field QO-slope
(HFQS) in Nb SREF cavities. We performed TDGL simulations of hydrides with varying sizes and
distributions, focusing on how these factors influence the superconducting properties of the cavities.
Our results show that hydrides, particularly those near the surface, play a significant role in the
onset of HFQS. We found that larger hydrides, which transition into the vortex state at lower fields,
are the primary contributors to the observed dissipation at high fields. In contrast, smaller hydrides,
even in large quantities, have a much smaller impact on vortex nucleation and do not significantly

affect the cavity performance.
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Figure 3.8 Calculated values of |y..|> (top) and & (bottom) as functions of hydrogen
concentration.
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Relative Hg, vs. Hydrogen Concentration
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Figure 3.9 Plot of relative Hy, versus hydrogen concentration. The relative Hj, is shown
with respect to the superheating field of pure niobium, Hgf’ . A decrease of approximately
5% in Hy, is observed once the hydrogen concentration exceeds 0.2%, slowly decreasing
on average with increasing hydrogen concentration.
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We expect that in a realistic surface with a distribution of hydride sizes and positions, there will
be a gradual transition from low-field behavior with little to no Q-slope to high-field behavior with
a steep Q-slope at fields where “typical" near-surface hydrides transition into the vortex state. This
trend is qualitatively consistent with experimental Q-slope measurements in low-temperature baked
cavities, as well as measurements in “clean" cavities, which do not undergo baking and have very
low impurity content. Cavities with low impurity content or relatively short exponential doping
profiles typically show a low-field state with little Q-slope, followed by a distinct high-field quality
slope (HFQS) state. As noted by other researchers, the onset of HFQS is directly related to impurity
doping [142], and our model is consistent with this observation if the characteristic size of hydrides
is inversely proportional to impurity concentration.

We emphasize that this mechanism differs subtly from previous proposals, in which impurities
were thought to trap near-surface hydrogen and prevent hydride formation. While it is unlikely that
impurities can completely prevent hydride formation by trapping hydrogen, our results indicate
that it is not necessary to entirely eliminate hydrides to reduce HFQS. The key factor is eliminating
large hydrides, which transition into the vortex state significantly below the niobium superheating
field. Therefore, counterintuitively, creating more hydride nucleation sites near the surface can be
beneficial by reducing the characteristic size of hydrides.

Our simulations support the idea that decreasing the size of hydrides is the most important factor
for improving Nb SRF cavity performance, with the distance from the surface being the next most
important factor. The dissipation mechanism behind HFQS in our simulations is hydride-induced
vortex nucleation, which contrasts with the mechanism proposed in a 2013 study by Romanenko et

al. [117], which suggested that proximity breakdown in the hydrides was responsible for HFQS.



3.4 Conclusions 82

While caution is needed in quantitatively interpreting quality factor and dissipation from TDGL
simulations, as these are primarily qualitative tools, the simulations provide valuable insights into the
underlying mechanisms. The steady-state properties, such as critical fields, offer more quantitative
validity, particularly in the dirty limit where our simulations are most relevant.

Overall, our results provide new insights into the role of hydrides in the dissipation mechanisms
that cause HFQS in Nb SRF cavities. We hope that these findings can guide future cavity construction
and performance refinement, particularly in optimizing hydride size and distribution to improve

cavity performance at high fields.
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Stoichiometric Surface Defects in Nb3;Sn

The following paper is one that I wrote in collaboration with several groups from CBB. Sarah
Willson from the Sibener group at the University of Chicago and I share co-first authorship over this
paper, and the two of us are jointly responsible for most of the text. The UHV-grown samples as
well as the SEM and EDS characterizations were done by Sarah Willson, Van Do, and Helena Lew-
Kiedrowska in the Sibener group at the University of Chicago. The furnace-grown samples were
done by Liana Shpani in the Liepe group at Cornell University. I performed the TDGL simulations
and theoretical calulations of superheating field values for differen Sn concentrations. In this paper
we demonstrate the impacts that several different surface defects have on Nb3Sn cavity performance.
The paper was published on November 13, 2024 in Phys. Rev. Research 6, 043133. It is available
via open-access at: https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.6.043133.
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NbsSn film coatings have the potential to drastically improve the accelerating performance of Nb supercon-
ducting radiofrequency (SRF) cavities in next-generation linear particle accelerators. Unfortunately, persistent
NbsSn stoichiometric material defects formed during fabrication limit the cryogenic operating temperature and
accelerating gradient by nucleating magnetic vortices that lead to premature cavity quenching. The SRF com-
munity currently lacks a predictive model that can explain the impact of chemical and morphological properties
of Nb;Sn defects on vortex nucleation and maximum accelerating gradients. Both experimental and theoretical
studies of the material and superconducting properties of the first 100 nm of Nbs;Sn surfaces are complicated by
significant variations in the volume distribution and topography of stoichiometric defects. This work contains a
coordinated experimental study with supporting simulations to identify how the observed chemical composition
and morphology of certain Sn-rich and Sn-deficient surface defects can impact the SRF performance. Nb;Sn
films were prepared with varying degrees of stoichiometric defects, and the film surface morphologies were
characterized. Both Sn-rich and Sn-deficient regions were identified in these samples. For Sn-rich defects, we
focus on elemental Sn islands that are partially embedded into the Nb;Sn film. Using finite element simulations
of the time-dependent Ginzburg-Landau equations, we estimate vortex nucleation field thresholds at Sn islands
of varying size, geometry, and embedment. We find that these islands can lead to significant SRF performance
degradation that could not have been predicted from the ensemble stoichiometry alone. For Sn-deficient Nb;Sn
surfaces, we experimentally identify a periodic nanoscale surface corrugation that likely forms because of
extensive Sn loss from the surface. Simulation results show that the surface corrugations contribute to the already
substantial drop in the vortex nucleation field of Sn-deficient Nb;Sn surfaces. This work provides a systematic
approach for future studies to further detail the relationship between experimental Nb;Sn growth conditions,
stoichiometric defects, geometry, and vortex nucleation. These findings have technical implications that will help
guide improvements to Nbs;Sn fabrication procedures. Our outlined experiment-informed theoretical methods
can assist future studies in making additional key insights about NbsSn stoichiometric defects that will help
build the next generation of SRF cavities and support related superconducting materials development efforts.

DOI: 10.1103/PhysRevResearch.6.043133

I. INTRODUCTION

Extensive resources and research personnel have been put
towards optimizing the accelerating gradients in accelerator
and high energy collider facilities, such as the LCLS-II at
SLAC National Laboratory [1]. Current state-of-the-art linear
accelerators utilize niobium (Nb) superconducting radiofre-
quency (SRF) cavities, enabling 30-35 MV/m gradients with
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quality factors (Q) of ~10'° while operating at ~2 K [2-4].
To reduce this cryogenic burden, thereby increasing the acces-
sibility of SRF technology, the accelerator physics community
has been exploring alternative SRF materials that can enhance
cavity accelerating gradients and Q factors while enabling
SRF operation above 4 K. One such potential next-generation
SRF material is the A15 triniobium-tin alloy (Nb3Sn), which
has a higher critical temperature 7, (~18 K) and superheating
field (uoHgn: 425 mT) than elemental Nb (7¢ ~ 9K, poHgn:
220 mT). Coating the interior walls of an existing Nb SRF
cavity with a thin NbsSn film could theoretically enable ac-
celerating gradients as high as ~100 MV /m while operating
above 4 K (Q ~ 10'%) [5].

However, Nb3Sn-coated SRF cavities have only achieved
gradients of 24 MV/m to date [6], underperforming the el-
emental Nb cavities. The poor SRF performance of Nb3Sn
is attributed to material defects accrued within the films
during the standard Sn vapor diffusion growth procedure. De-
spite the Sn vapor diffusion procedure producing the highest

Published by the American Physical Society
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performing cavity coatings, the small coherence length
(~4nm) of Nb3Sn means that its superconducting behavior
is particularly sensitive to material defects, which include
regions with inconsistent film growth, stoichiometric deficien-
cies, and surface roughness [7—13]. NbsSn coatings formed on
Nb SRF surfaces exhibit structural and chemical Nb;Sn inho-
mogeneities. Combined with the brittleness of the alloy and
other practical challenges of growing a high-quality Nb;Sn
film, these inhomogeneities have, to date, limited the use of
NbsSn in high-field accelerator applications [14].

Numerous growth studies of the Sn vapor diffusion proce-
dure have resulted in improvements to the material properties
of formed Nb3Sn coatings. One such area of improvement has
been identifying that the relatively slow Sn diffusion through
Nb3Sn bulk, as compared to Sn diffusion through Nbs;Sn grain
boundaries, results in Sn deficiencies preferentially forming
in larger Nb3Sn grains. Sn-deficient regions of the A15 lat-
tice manifest as antisite defects and can lower the Sn atomic
percent (at.%) to as low as 18% [10,14]. Cross-sectional en-
ergy dispersive spectroscopy (EDS) maps have documented
Sn-deficient regions throughout the entirety of the Nb3Sn
film, particularly at the interior of large grains and at the
intermetallic interface [7,15—17]. Procedural changes to the
vapor deposition procedure, such as increasing the Sn vapor
pressure, have been effective in decreasing the incidence of
larger, Sn-deficient NbsSn grains [6,18].

While the Nbs;Sn grain sizes are driven by the exper-
imental conditions during nucleation and coating steps, it
is the cooldown procedure that primarily dictates the stoi-
chiometry and roughness in the first few nanometers of the
films. The Nb3Sn film surface is particularly prone to form-
ing chemical deviations, such as Sn-rich residues, that likely
impact the cavity Q factors [19,20]. However, we lack a
thorough experimental realization of how stoichiometric de-
fects form, specifically at the Nb3Sn surface, where Sn-rich
and Sn-deficient regions can form with larger volumes and
alter the roughness and morphology of the Nbs;Sn surface.
One contribution to the lack of experimental data on chem-
ical defects in the Nbs;Sn surface region is the barriers to
experimentally characterizing Nb3;Sn surfaces with surface
(<100 nm), spatial (lateral), and chemical sensitivity. To vi-
sualize and characterize Nb;Sn surfaces, spectroscopic tools
such as EDS provide chemical contrast information, but lack
the spatial (lateral and depth) resolution to accurately probe
nanometer-scale surface features. Depending on the electron
beam energy and the sample properties, probed x rays used
during EDS measurements can originate from hundreds of
nanometers below the surface [21]. Alternatively, x-ray pho-
toelectron spectroscopy (XPS) has higher surface sensitivity,
usually on the order of nanometers. However, XPS instru-
ments do not typically focus the photon beam to achieve any
lateral spatial resolution. Another issue is that XPS measure-
ments can suffer poor quantitative accuracy due to the surface
roughness, heterogeneities, and oxidative properties of Nb3;Sn
surfaces [22,23]. EDS, XPS, and other common structural
analysis tools such as x-ray diffraction (XRD), provide valu-
able information about the ensemble Nb3Sn film properties,
but lack the lateral and surface sensitivity to examine the
volume and geometric distribution of nanometer-scale surface
defects. This can result in stoichiometric defects, such as

~10-nm Sn islands on a Sn-deficient Nb3Sn surface, being
experimentally characterized as near-stoichiometric 25 at.%
Sn. To fully capture chemical deviations at both nanometer
and micron scales, it may be beneficial to shift the focus to
experimentally probing the Nb3Sn grain morphology rather
than solely relying on global chemical analysis to infer the
local chemistry at the film surface. For example, large grains
with uncharacteristically low surface roughness are almost
always Sn deficient. This means that upon observing such
grains in future measurements, they can initially be assumed
to be Sn deficient. In this sense, experimental observations
can alleviate some of the challenges associated with accu-
rately quantifying spectroscopic data. Relating Nbs;Sn surface
chemistry with microscopic features can reduce the barriers
associated with assessing the Nbs;Sn film’s material properties
and, ultimately, the SRF performance.

Because of the large variety of geometric and stoichiomet-
ric defects that can be present in Nb3;Sn surfaces, and the
difficulties associated with experimentally probing local mi-
croscopic features, numerical simulation of superconducting
fields in the presence of these features can play a powerful role
in understanding their impact on SRF performance. Among
the most useful outputs of these simulations is the estimation
of critical fields for hypothetical Nb3Sn surfaces. NbsSn is a
type-II superconductor, so it has a stable mixed state between
its lower and upper critical fields (H.;, H.) in which mag-
netic flux vortices can penetrate the surface. These vortices
dissipate energy as they are driven by the rf cycle, which
degrades SRF cavity quality factors and, in some cases, leads
to thermal runaway and cavity quenching (i.e., transitions to
normal conducting). However, the lower critical field is not
the threshold for vortex nucleation. In practice, an energy
barrier against vortex nucleation allows the superconducting
(Meissner) state to remain metastable up to the superheating
field, Hyp, at which point the energy barrier disappears. Above
Hgp, vortex nucleation is unavoidable, and so the superheating
field is the fundamental limit for the maximum accelerating
gradient of an SRF cavity. High-field Nb SRF applications
are known to operate above H,;, within the metastable Meiss-
ner regime [24]. NbsSn cavities, with a lower critical field
of ~38mT [25], also operate in the metastable state when
accelerating gradients exceed ~9MV/m. In this state, SRF
performance is especially sensitive to material defects that can
act as vortex nucleation sites. Because of this, the performance
of Nb3;Sn SRF cavities is determined by local stoichiomet-
ric and geometric features present in the first few hundred
nanometers of the surface. Previous literature demonstrated
a strong effect of varying the global Sn percentage on the
calculated and measured 7, [5,26]. Additionally, several the-
oretical studies have investigated the surface topography and
Sn volume distribution of Sn-segregated grain boundaries and
their superconducting properties [8,27]. However, the lack of
predictive modeling limits our ability to connect the wide
variety of Sn volume distributions and feature geometries in
realistic Nb3Sn surfaces to specific performance metrics.

We present herein a broad experimental and theoretical
investigation of how certain structural variations of Sn-rich
and Sn-deficient NbsSn surfaces form during sample growth
and their potential impact on SRF performance metrics. In
particular, we look at the formation and impact of Nb3Sn
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surfaces which are Sn rich due to Sn islands, and the large, flat,
Sn-deficient grains and the nanometer-scale corrugations that
appear on them. Vapor-deposited Nbs;Sn films were formed
both in an ultrahigh-vacuum (UHV) chamber and in a cavity-
coating furnace. Experimental data provide insight into how
the critical final cooldown steps of the Nb3Sn growth proce-
dure can drastically alter the surface stoichiometry, geometric
distribution, and topographical profile of nonstoichiomet-
ric Nb3Sn species. These experimental characterizations are
modeled as approximate NbsSn surface profiles. Simulation
of these profiles shows how realistic surface features alter the
critical fields and vortex nucleation behavior of the underlying
material. In this way, this study demonstrates how structural
and stoichiometric properties in observed surface defects can
contribute to decreases in the maximum accelerating gradient
of NbsSn-coated SRF cavities.

The paper is outlined in the following order. The Methods
section (Sec. II) contains a subsection devoted to the exper-
imental methods (Sec. Il A). The UHV Nb3Sn growth and
in situ characterization procedures, as well as the furnace
Nbs;Sn growth procedure are outlined in Secs. IIA1 and
IT A 2, respectively. Section IT A 3 details the experimental ex
situ film characterization methods. The theoretical methods
are discussed in Sec. I B. The Results and Discussion section
(Sec. III) is comprised of three subsections (Secs. III A—
IIIC), each containing an experimental and theory-based
component to comprehensively characterize Nb3Sn surfaces
for high-field SRF performance. Section III A outlines the
challenges associated with assessing how the Nbs;Sn surface
morphology impacts SRF performance from experimental
and theory-based perspectives. Section III A 1 outlines how
experimental growth conditions can impact the Nb3Sn sto-
ichiometry throughout the entire film and at the surface.
This section also discusses the challenges associated with
characterizing the NbsSn Sn at.% using commonly available
techniques. In Sec. IIT A 2, the calculated relationship between
the superheating field and the global Nbs;Sn stoichiometry
is discussed. In Sec. III B, the formation and superconduct-
ing properties of Sn-rich Nb3Sn surfaces, particularly Sn
islands, are described. Finally, Sec. III C addresses the sur-
face morphology and impact of Sn-deficient surfaces on SRF
performance.

II. METHODS

A. Experimental methods
1. UHV film growth and in situ characterization (Recipes 1 and 2)

Nbs3Sn films were grown in a UHV chamber equipped with
an electron beam evaporator (EFM3T; Focus GmbH) con-
taining a tantalum crucible containing Sn pellets [Fig. 1(a)].
The substrate was a polycrystalline Nb foil (99.9% purity;
Goodfellow) that did not undergo any mechanical polishing.
Before Sn deposition, the Nb foil underwent repeated Ar™
sputtering (1.5 keV) and annealing (Tynnea: 1630 °C) cycles to
form an ordered NbO surface free of carbon contamination.
The Nb surface composition was assessed with in sitru XPS
and Auger electron spectroscopy (AES). A 3.00 keV elec-
tron source (Staib) was used in AES and a Mg Ko photon
source (Specs XR 50) was used for XPS. Both AES and
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FIG. 1. Three different growth recipes used to form the Nb;Sn
films on Nb substrates. Schematics of experimental setups for (a)
e-beam and (c) furnace deposition; (b) e-beam growth conditions for
NbsSn film Recipes 1 and 2; (d) furnace temperatures for Nb;Sn film
Recipe 3.

XPS photoelectron signals were collected using a cylindrical
mirror analyzer (Staib DESA 100). The sampling depth for
the Mg Ko anode (1253.6 eV) in this setup is approximately
6 nm, whereas the sampling depth (31) for our Auger beam is
approximately 2 nm [22].

Preceding Sn deposition, the Nb sample was sputtered with
1.5 keV Ar™ for 15 min at room temperature to increase the
density of favorable Sn nucleation sites on the Nb surface
[28,29]. The base pressure in the deposition chamber was
approximately 107 torr. During evaporation, the Nb and Sn
temperatures were independently controlled using two sepa-
rate filaments [Fig. 1(a)]. Since the Nb substrate and Sn source
were electron beam annealed, the temperatures were able to
rapidly quench during the final cooldown steps of the deposi-
tion procedure [Fig. 1(b)]. The Nb temperature was monitored
using an infrared pyrometer (Mikron Infrared; MG-140). The
Sn flux at the substrate in nm/min was found by calibrating
the evaporator heating conditions with a quartz crystal mi-
crobalance (QCM; INFICON) that was inserted into the same
position as the Nb sample during deposition. A summary of
the growth recipes used to experimentally grow each Nbs;Sn
film can be found in Table I.

Recipes 1 and 2 are the UHV-grown Nb;Sn films grown
at the University of Chicago and were intended to represent
condensed versions of the standard Nb3Sn vapor deposition
procedure [6]. The Nb heating conditions were comparable
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TABLE 1. Preparation of different Nb;Sn surfaces.

Growth Deposition Peak Peak Peak Sn Cooldown period

recipe environment Tao Tsn deposition rate (starting from Typ: 1100 °C) Estimated film thickness
1 UHV 1100°C 1120°C 1.7 nm/min <2 min ~275 nm

2 UHV 1100°C 1175°C 4.2 nm/min <20 min ~500 nm

3 Furnace 1130°C 1243°C 3.8 nm/min 7h ~3 um

for both growth recipes (peak Txp: 1100 °C). For Recipe 1, the
Sn flux was kept intentionally low (peak: 1.7 nm Sn/min) in
order to promote the growth of large Sn-deficient grains [30].
For Recipe 2, the Sn flux was higher (peak: 4.2 nm Sn/min) to
better simulate the typical Sn impingement rate in the standard
Nb3Sn procedure. In the typical growth furnace, the Sn flux is
highly dependent on the location of the Nb cavity with respect
to the Sn source, so Recipes 1 and 2 represent how deposition
conditions can vary across the Nb SRF cavity surface [30,31].
The main differences from the furnace growth procedure in
Recipes 1 and 2 are the shorter growth time, smaller film
thickness, and the lack of a SnCl, nucleating agent during the
initial nucleation growth step [hours 2-8 in Fig. 1(d)]. The
SnCl, increases the Sn vapor pressure during the nucleation
stage since the Sn source is only at ~525°C. To compen-
sate, the UHV-grown films had a relatively consistent Sn flux
throughout the entire growth procedure. In the Supplemental
Material [32], the Sn source temperatures during Recipes 1
and 2 were calculated from the deposition rate and plotted in
Fig. S1(a) [33,34].

2. Furnace film growth (Recipe 3)

The Recipe 3 film was prepared using the standard vapor
diffusion recipe at Cornell University [35]. High residual re-
sistivity ratio (RRR) niobium samples were electropolished
before being placed in the high-vacuum vapor diffusion fur-
nace. The samples were hung from the heat shields to a height
of where the equator of a 1.3-GHz cavity would be relative
to the Sn source. After degassing the furnace at ~175 °C, the
Nb temperature was ramped up to the nucleation temperature
of ~500 °C and held there for 5 h. During this time, Sn-rich
droplets started to nucleate on the Nb substrate. Utilizing the
secondary heater for the Sn source, a temperature gradient of
~170°C was established before ramping the temperature up
for the coating stage. During the coating stage, the tempera-
ture of the Sn source was kept at ~1200 °C, while the samples
were kept at ~1100 °C for 1.5 h. Lastly, the secondary heater
was turned off, and the samples were annealed at 1100 °C for
1 h

The Sn deposition rates used during Recipe 3 were calcu-
lated from the measured temperature of the Sn source during
growth and plotted in Fig. S1. NbsSn films were transported
to the University of Chicago for analysis.

3. Ex situ film characterization

Scanning electron microscopy (SEM; Zeiss Merlin), EDS
(Oxford Ultim Max 100), atomic force microscopy (AFM;
Asylum Research Cypher), and XRD (Rigaku SmartLab)
measurements were taken ex situ. SEM images were acquired

using the Everhart Thornley secondary electron (SE), In-lens
SE, In-lens, and angle selective backscatter (AsB) detectors.
SEM characterization was conducted with a primary beam
energy between 1 and 10 keV depending on the desired sur-
face sensitivity and selected detector. The typical primary
beam current was 5 nA for all images except for those taken
with a 1-kV beam voltage, in which the beam current was
lowered to 1-3 nA. Surface topography measurements were
conducted using AFM. Images were taken on an atomic force
microscope in tapping mode. All image workup and analysis
was conducted using GWYDDION, an image analysis soft-
ware. XRD measurements with taken using Cu Ko radiation
(1.54 A).

The NbsSn stoichiometry of each film was assessed with
EDS and XRD. During EDS measurements, the primary beam
was kept at 7 kV for the films grown with Recipes 1 and 2 and
increased to 10 kV for the thick film grown with Recipe 3.
The NbsSn films grown using Recipes 1 and 2 are approxi-
mately between 250 and 500 nm thick, so EDS measurements
were taken at the lowest possible beam energy to increase
the surface sensitivity without comprising the EDS energy
resolution [21]. It is still possible that the EDS signal probed
past the intermetallic Nb3Sn/Nb interface for these thinner
films, so the EDS measurements likely underestimated the Sn
concentration in the Recipe 1 and 2 Nb;Sn films.

B. Theoretical methods

The simulations in this paper were done using the time-
dependent Ginzburg-Landau (TDGL) equations,
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These equations (presented here in Gaussian units) are solved
for the complex superconducting order parameter, ¥, and
the magnetic vector potential, A. |y|? is proportional to the
density of superconducting electrons. Additionally, « and S
are phenomenological parameters related to superconducting
properties that we will discuss later, ¢ is the scalar potential,
o, 1s the normal conductivity, I" is the phenomenological rate
of relaxation of v, and e; = 2e¢ and m; = 2m are the total
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charge and total effective mass of a Cooper pair, respectively.
The TDGL equations are subject to boundary conditions:

(ihvw n esmp) =0, 3)
C
VxAxn =H,xn, (@)
<v + “’A) - s)
¢ c ot =0

where n is the outward normal vector to the boundary surface,
and H , is the applied magnetic field. Equation (3) ensures no
current will flow out of the superconducting domain. Noting
that E = —V¢ + %‘3—*" Egs. (4) and (5) are standard electro-
magnetic interface conditions with an applied magnetic field.

The parameters «, 8, and I' are temperature-dependent
quantities. While they were originally introduced as phe-
nomenological constants by Ginzburg and Landau, they
can be derived from microscopic theories using the time-
dependent Gor’kov equations [36]. This microscopic deriva-
tion relates these parameters to well-defined, experimentally
observable material properties. The approximate material de-
pendencies are given by Kopnin [37]:

a(w(0),T.,T) Q’\)(0)(1-— ;j>, (6)
7¢(3)v(0)

BWw(O0),T.,T) = TZTCZ» @

rwo), 1) ~ YO 8

(0. 7~ =, ®)

where v(0) is the Fermi-level density of states, T is the super-
conducting critical temperature, and T is the temperature; ¢ is
the Riemann zeta function. Using spatially varying values for
v(0), T, and T in Egs. (6)—(8) gives nonuniform profiles for
o, B, and I'. This framework allows us to simulate the impact
of material defects, such as Sn islands, on vortex nucleation. It
is useful to introduce two other derived quantities, namely, the
Ginzburg-Landau parameter « and the thermodynamic critical
field H.. The Ginzburg-Landau parameter, x = %v relates the
London penetration depth X to the superconducting coherence
length, &. These quantities can be expressed as functions of «
and B [38]:

2 _ mfczﬁ 9
- 2mh%e?’ ®

4 2
H? = 7;“ . (10)

The superheating field is related to these two quantities.
Transtrum et al. [39] give an asymptotic expression for Hy,
in the large « limit:

Ha(k) /10 4 0.3852
V2H, 6 NG
The « of Nb3Sn is approximately ~26, placing it solidly
in the large « limit, so Eqgs. (6)—(11) accurately estimate the
superheating field for Nbs;Sn directly from v(0) and 7.
The superheating field is a material-specific quantity de-

fined for perfect materials and surfaces. When geometric or
stoichiometric defects induce vortex nucleation at a field less

Y

than Hg, it is a sample-specific phenomenon. Therefore, we
define the sample-dependent field, Hyq, as the threshold for
vortex nucleation of a specific (simulated) sample. For a uni-
form surface with no defect, Hyorx = Hg,. In the presence of
defects, the ratio Hyo/Hgy quantifies the reduction on the
maximum field that the sample can sustain.

The TDGL equations have several important limitations in
the context of SRF modeling. First, the equations are only
quantitatively valid for temperatures near 7, but are generally
believed to be qualitatively faithful throughout the supercon-
ducting state. Next, the equations implicitly assume gapless
superconductivity, as the singularity in the density of states
for a gapped superconductor prevents the expansion of the
free energy in powers of the energy gap [38]. The gapless
condition can be lifted with the use of a generalized version
of TDGL proposed by Kramer and Watts-Tobin [40], and
future work may include implementing these equations. It
is also worth noting that Proslier et al. [41] found evidence
of gapless superconductivity in the surface of some Nb SRF
cavities due to Nb oxides. Additionally, Gurevich and Kubo
[42,43] have found a generic lowering of the energy gap
and broadening of the near-gap density of states under typ-
ical SRF operating conditions. We argue that these findings
further justify our use of TDGL for SRF applications. Addi-
tionally, the computational cost makes more detailed models
prohibitively expensive, so TDGL strikes a reasonable balance
between fidelity and accuracy. Because of these limitations,
however, we only limit ourselves to drawing qualitative con-
clusions and making relative comparisons between different
systems.

We solve the TDGL equations using finite-element meth-
ods. Most of the simulations were performed using COMSOL’s
general form partial differential equation solver [44], follow-
ing the two-domain method laid out by Oripov and Anlage
[45]. The fully embedded Sn island simulations were solved
using the open-source PYTHON package FENICS [46] with the
TDGL weak form originally derived by Gao and Sun [47]. We
apply periodic boundary conditions in the X and Y directions
of the domains, and a constant field oriented in the X direction
is applied to the top surface of the domain. For the plots of
two-domain simulations, the solid-filled regions are the su-
perconductors, and everything else is vacuum. All simulations
were run on the HPC cluster at Brigham Young University.

In practice, we solve a nondimensionalized version of
Egs. (1)—(5) [48] in which all of the physical constants are
absorbed into the fields, and only factors of x and dimen-
sionless analogs of «, 8, and I" remain. Dimensionless values
of «, B, and I" are expressed relative to their corresponding
values for Nb3Sn. Similarly, Eq. (9) suggests that the value of
k ought to be determined by the reference value for 8; how-
ever, numerical considerations motivate other choices. In most
cases (except where explicitly stated otherwise) simulations
use x = 10 as the bulk value, which remains within the large
k limit [and thus Eq. (11) is still valid] but is smaller than the
actual « of Nb3Sn (~26). Large « leads to simulations with
extremely separated length scales that are both technically
challenging and computationally expensive. To capture vor-
tex nucleation, the full domain must span several penetration
depths, while the element size of the meshes needs to be
smaller than the coherence length. A mesh that produces good
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solutions for k = 10 would need ~17 times as many elements
to produce a similar quality simulation with x = 26, and the
total simulation time would be over 100 times as long.

Using smaller values of « introduced controlled approx-
imations into our simulations. As mentioned above, Eq. (9)
shows that « is determined by the value of 8, and is indepen-
dent of «. Referring to Egs. (6) and (7), at low temperature,
decreasing « is roughly equivalent to increasing the effective
T. of the material. This also means that we are decreasing
the value of I', but since I' is a relaxation rate it will only
affect the dynamics of the simulation and will have little to no
effect on critical fields. So, using ¥ = 10 instead of 26 means
effectively simulating a material that has the same density of
states as Nb3Sn, but a T that is a factor of 2.6 larger. From
Eq. (10), H. is therefore also a factor of 2.6 larger, and thus the
corresponding Hy, calculated with Eq. (11) is strictly larger.
Due to our definition of Hyy, there exists a limiting process
for any defect in which Hyox — Hgy. As a result of this, we
argue that any given estimate for Hyy using x = 10 will be
strictly larger than the corresponding value for k = 26, and the
k = 26 simulations that we did run corroborate this assertion.
In summary, using ¥ = 10 allows simulations of superconduc-
tors within the large « limit without the significant additional
computational costs incurred by using ¥ = 26; while doing so
does mean the simulated material is no longer exactly Nb;Sn,
the resulting Hy,y estimates are still valuable, as they may be
treated as upper bounds to the true ¥ = 26 values.

III. RESULTS AND DISCUSSION

A. General Nb;Sn surface stoichiometry

1. Experiment: Spatial distribution and characterization
of Nb3Sn stoichiometries

NbsSn stoichiometric inhomogeneities are more likely to
form at specific regions throughout Nb3;Sn films grown via
vapor deposition. For instance, Sn-deficient regions are pref-
erentially located at (1) the intermetallic interface, (2) regions
further from grain boundaries, and (3) at the film surface.
The relationship between the grain boundary density and Sn
stoichiometry is important because it impacts the film compo-
sition at all depths. For all three growth recipes, we observe
the formation of “abnormal” Nb3;Sn grains that are large,
smooth, and Sn deficient (Fig. S2, and Table SI of the Supple-
mental Material). These abnormal grains have been previously
identified in literature as “patchy” and microscopy of film
cross sections shows that these grains are also unusually thin
and contain Sn deficiencies [11,16,30]. For this study, we fo-
cus on the stoichiometry of the first tens of nanometers into the
Nb3Sn surface and the different structural morphologies that
form with varying Sn concentrations. While the NbsSn sur-
face does form a surface oxide upon exposure to atmosphere,
we focus our discussion of the Nb3;Sn surface composition in
terms of the relative Nb and Sn content. The XPS and AES
data of the Nb3Sn surface oxide are shown in Figs. S7 and S8.

To understand how the experimental growth conditions
impact the Nb3;Sn surface stoichiometry, we must consider
that the film surface morphology is driven by the relative
Sn loss and accumulation rates that occur during the final
cooldown steps of the growth procedure [Figs. 1(c) and 1(d)].

Throughout the vapor deposition growth procedure, adsorbed
Sn vapor on the formed Nb3;Sn surface undergoes multi-
ple diffusive processes including desorption, lateral diffusion,
subsurface dissolution, and incorporation into the intermetal-
lic unit cell [49,50]. The interplay and relative rates of these
competing surface-mediated processes are primarily dictated
by the Nb substrate temperature and Sn vapor flux above the
surface. Therefore, the relative cooldown rates of the Nb and
Sn heating sources can drastically impact the composition of
the first few nanometers of the Nb3Sn surface. An appreciable
Sn vapor pressure is present while the Nb cavity drops below
the temperatures required for Sn subsurface incorporation,
between 800 °C and 900 °C, which will increase the density
of Sn-rich and elemental Sn islands. On the other hand, a
premature depletion of the Sn supply will result in excess Sn
desorption from the Nbs;Sn surface. Post-deposition thermal
treatments have been shown to deplete the Sn surface con-
centration (Fig. S8), not just by elemental Sn desorption, but
from Sn segregating and desorbing from Nb3Sn. The optimal
ratio between the Nb and Sn temperature during the cooldown
process is difficult to identify and is likely impossible to
achieve experimentally.

For the UHV grown films [Recipes 1 and 2; Fig. 1(b)], the
Nb and Sn cooldown process was rapid. The Nb source was
cooled from 900 °C to below 300 °C in approximately 2 min.
The main experimental differences in Recipe 1 are that the Nb
cooldown was more gradual (reduced from 1100 °C to 900 °C
in ~20 min) and that the Sn temperature was slightly reduced
about 2 min before the quenching of both Nb and Sn heating
sources.

In contrast, the Nb3;Sn surface formed using the standard
furnace deposition procedure (Recipe 3) had a much longer
cooldown process. Since the Sn crucible was fully depleted,
there was a period in which the Nb surface was heated with
little to no Sn overpressure above the surface. This may have
promoted the precipitation and desorption of Sn from the
surface. However, we must also consider that this NbsSn
film was grown at a higher Sn flux and over a much longer
period than in Recipes 1 and 2. Therefore, we expect fewer
Sn-deficient regions within the first 100 nm of the Recipe 3
Nb;Sn film. Globally, EDS analysis of the Recipe 3 Nbs;Sn
film shows that the overall film is Sn rich, with the regular
Nb;Sn grains containing an estimated 26 at.% Sn (Fig. S6).
Despite the higher Sn content, we still observe large, abnormal
NbsSn grains in the Recipe 3 film that are indicative of Sn
deficiencies. These features will be discussed in Sec. IIIC 1
of the Results and Discussion.

2. Theory: Effect of global Nb;Sn stoichiometry
on SRF performance

While the specific local features present in Nbs3Sn sur-
faces will certainly have their own effects on SRF per-
formance metrics, some of which we discuss later in this
paper, we first consider the impact of stoichiometry alone.
Equations (6)—(11) provide a method for estimating the Hg,
of a material from the Fermi-level density of states and 7
of the material. Using this method, we can directly estimate
the effect that stoichiometry will have on Hg,. Sitaraman
et al. [51] performed DFT calculations on A15 phase Nb-Sn
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FIG. 2. H, as a function of Sn percentage. 1oHg, is given in units
of millitesla. The superheating field of pure Nb and the maximum
field of the record Nb;Sn cavity performance (documented in Posen
et al. [6]) are also depicted for comparison.

systems, varying the concentration of antisite defects to esti-
mate the Fermi-level density of states and 7, for different Sn
at.%’s. Using these values with Egs. (6)—(11), we estimate Hyp,
as a function of Nb3Sn stoichiometry.

Figure 2 gives the bulk superheating field versus stoi-
chiometry. While 25% Sn (perfect stoichiometry Nb3Sn) has
the expected value for poHg, of ~425 mT, off-stoichiometry
samples exhibit significant performance degradation. Indeed,
Fig. 2 demonstrates why Nb3Sn is such a difficult material
from which to engineer SRF cavities; even small deviations
from the perfect stoichiometry can lead to significant reduc-
tions in Hg,, and by extension the limiting operating fields
and maximum accelerating gradients. For example, a Sn stoi-
chiometry of 23.4% cuts the expected Hy, nearly in half, and
some Sn-rich compositions reduce Hg, nearly all the way to
zero. The expected value of poHg, for pure Nb is ~220 mT
(the blue line in Fig. 2), so not only do stoichiometric varia-
tions suppress the potential performance of Nbs3Sn surfaces,
but it can even result in NbszSn-coated Nb cavities that under-
perform elemental Nb. The record performance for a Nb;Sn
SRF cavity (the red line in Fig. 2) is an accelerating gradient
of 24 MV/m, which corresponds to a peak magnetic field of
~100 mT, well below even Nb’s Hy,.

The Hy, values in Fig. 2 are valid for surfaces with a Sn
composition that is uniformly distributed within the Nb3Sn
lattice. This assumption holds up well for many Sn-deficient
compositions, as the A15 phase remains stable down to ~17.5
Sn at.%; however, it is only stable for Sn-rich compositions up
to ~26% [52]. Compositions with higher Sn concentrations
than this have not been observed in bulk, but they are known
to appear locally near grain boundaries [9]. While the results
in Fig. 2 could serve as an initial guess for the supercon-
ducting properties of some local feature, our calculations are
only strictly applicable to surfaces that are nearly uniform
on scales of several penetration depths (i.e., a few tenths of
a micron). Real surfaces can exhibit both stoichiometric and
structural variations on much smaller scales than this, which
have specific impacts on vortex nucleation. Unfortunately, it is
difficult to characterize samples on these scales. Experimental
techniques such as EDS or XRD lack the sensitivity to resolve
submicron-scale features, and so they must report weighted
averages that may show a surface to be broadly Sn rich or Sn

deficient. Such surfaces may be mostly good stoichiometry
Nb3Sn with many highly localized Sn-related defects. In these
cases, the mechanisms for vortex nucleation are driven by
the morphology of the specific defects rather than average
stoichiometry. An example of one such surface defect is the
presence of Sn islands embedded in the Nbs;Sn, which we
cover in Sec. III B of this study. Additionally, variations in
the surface geometry of the sample may further induce vortex
nucleation. We explore an instance of this in Sec. III C, where
we discuss the surface corrugation present on Sn-deficient
grains.

B. Sn-rich regions on Nb;Sn surface: Sn islands
1. Experiment: Partially embedded Sn islands

Sn-residue or Sn-rich regions due to elemental Sn islands
or Sn-rich intermetallic phases (NbgSns, NbSn;), can often be
found on Nb;Sn surfaces [53,54]. The persistence and chemi-
cal identity of the Sn-rich residue is dependent on both the Nb
temperature during and after Sn nucleates on the Nb3Sn sur-
face. Above 930 °C, we expect Sn to diffuse, predominantly
through Nbs3Sn grain boundaries, to form the A15 NbsSn
structure [55].

For the Recipe 1 film, the accumulation of elemental Sn
was observed on the surface and is shown in Fig. 3. The Sn
islands were confirmed to not contain any detectable Nb with
EDS analysis and are morphologically distinct from any Sn-
rich intermetallic phase. We observe two distinct geometries
for the Sn islands—Ilarger irregular polyhedra and smaller
tetrahedra. The SEM image in Fig. 3(a) shows an example
of each Sn island geometry. The Nb Lo EDS map [Fig. 3(b)]
shows a lack of Nb EDS signal in the locations of each island.
The Sn Lo EDS map [Fig. 3(c)] shows a relative increase of
Sn EDS signal at each Sn island. An EDS map depicting the
relative Sn proportion is shown in Fig. 3(d) and was calculated
by dividing the Sn Lo EDS image by the sum of the Sn L«
and Nb Lo EDS images. In this relative Sn concentration
map, the stoichiometric variations within the Nb3Sn film are
distinguishable from the more dramatic increase in Sn concen-
tration due to the Sn islands. The diameter of the Sn islands
varies, with the polyhedral islands ranging between 50 and
400 nm and the edge of the tetrahedral Sn islands typically
ranging between 80 and 250 nm. Overall, the larger Sn is-
lands conform to the polyhedral shape, with many appearing
generally cubic.

Another varying aspect to these Sn islands is their topo-
graphic height. AFM images along with respective line scans
are shown in Figs. 3(e)-3(h). Overall, the polyhedral island
width is typically approximately three times as large as the
protruding height. The tetrahedral islands tended to be more
deeply embedded into the NbsSn surface with the height only
~25%—50% of the measured island width. The Sn islands
overall have a greater diameter than topographic height which
can be due to geometric asymmetry or a degree of embedment
into the NbsSn surface. It is worth noting that once these Sn
islands form on the Nb3Sn, removing them, via thermal des-
orption or incorporation into the NbsSn lattice, is incredibly
difficult. Annealing experiments have shown that the thermal
stability of elemental Sn islands exceeds the thermal stability
of Sn alloyed in the NbsSn unit cell [56]. Thus, heating a
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FIG. 3. Experimental data of polyhedral and tetrahedral Sn islands on Nbs;Sn surfaces grown using Recipe 1. SEM image (a) along
corresponding EDS maps (b)-(d) show two Sn islands that are marked with the yellow dashed circles. AFM images of polyhedral and
tetrahedral Sn island are shown in (e) and (f), respectively, along with corresponding line scans for each image. The inset textbox on each
line scan denotes the width (w) and height (k) for each Sn island. Image sizes are denoted by scale bars. (a) SEM image, 4.17 umx2.5 pum;
SE2 detector, 7 keV; (b) Nb Lo EDS map, 7 keV; (¢) Sn Lo EDS map, 7 keV; (d) calculated Sn(La)/Nb(La)+Sn(La) EDS intensity proportion
map; (e) AFM image of polyhedral Sn island, 600 nm x 600 nm; (f) AFM image of tetrahedral Sn island, 5 umx5 um.

Sn-rich surface is likely to induce Sn deficiencies within the
Nb3Sn film at the temperatures necessary for Sn desorption
to occur. This eliminates selective elemental Sn desorption
through post-deposition thermal treatments as a viable option
for reducing Sn-rich surfaces.

2. Theory: Impact of island geometry and size
on vortex nucleation

We model Sn islands as idealized cubic and tetrahedral
volumes embedded in the sample as shown in Figs. 4(a) and
4(d). Table II shows the values used for «, g, and I' (rela-
tive to the corresponding values for Nb3Sn) both inside and
outside the islands as estimated using Eqgs. (6)—(8). To deter-

TABLE II. Parameter values used for Sn island simulations. Note
that the «, B, and I" values were defined relative to the respective
values for Nb3;Sn to make them unitless for our simulations which
use natural units. The values of v(0) and T, were calculated with
DFT using the A15 phase for Nb;Sn and the body-centered tetragonal
phase for Sn and came from private correspondence.

Parameter Nb;3Sn Sn
v(0) [states/(eV nm?)] 101.78 16.8
T. (K) 18 2.9
o /ctnpssn (unitless) 1 —0.029
B/ Bxbssn (unitless) 1 3.907
I"/T'Nbssn (unitless) 1 0.803

mine the impact these Sn islands have on SRF performance,
we estimate the lowest field at which vortices spontaneously
nucleate, denoted by Hyo-

Figure 4(b) shows one of our simulations for a cubic
Sn island with side length A (where for NbsSn, A =~ 100
nm). In this case we found that Hy = 322.59 mT, which
is ~24.2% lower than the superheating field for Nb;Sn,
noHsy, = 425 mT. As discussed in Sec. II B, the « for this
simulation was 10, but for this size of island we ran another
simulation with k = 26, and found H,.; = 304.73 mT, which
is ~30% lower than the Nb3Sn Hy; this agrees with our earlier
assertion that our ¥ = 10 simulation results may be treated
as upper bounds (or lower bounds in terms of percentage
decreases).

It is instructive to compare the impact of a localized Sn
island to that of average stoichiometry. The volume-averaged
Sn concentration of this simulation is given by

VSn
3V + Ve

where Vs, is the volume of the region containing Sn and
Vb is the volume of the region containing Nb. In the case
of Fig. 4, Vs, = 32.543 and Vi, = 31.5A3, resulting in a Sn
at.% of ~25.6%. From Fig. 2, we see that the expected poHgp,
for a surface with a uniform Sn concentration of 26.5% is
about 348 mT, which is only 18% lower than the Nb3;Sn
Hgy, of 425 mT. This means that surfaces with localized
stoichiometric defects, such as the one from Fig. 3, may

Sn at.% = (12)
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(b) 112 at an Applied Field of 322.59 mT (c)
4

[P|? = 0.2 Isosurface

®

FIG. 4. (a) Simulation geometry of cubic Sn islands. Half of the cubic island is embedded below the surface. We also simulated some
islands which were fully embedded, with the top surface of the cube flush with the Nb;Sn surface (not pictured). (b) A plot of |I[/‘|2 at an
applied field of 348.25 mT. The black arrows show the direction of the magnetic field in the vacuum. (c) An isosurface of || = 0.2 showing
the shape of the vortex during nucleation. (d) Simulation geometry of tetrahedron Sn islands. Approximately half of the island’s total volume
is embedded below the surface. (e) A plot of [1/|? at an applied field of 335.88 mT. The black arrows show the direction of the magnetic field
in the vacuum. (f) An isosurface of |1,b|2 = 0.2 showing the shape of the vortex during nucleation.

exhibit more significant SRF performance degradation than
average stoichiometry alone would imply. In this case, the
mechanism behind this degradation comes from Sn island-
induced vortex nucleation that occurs 25%-30% below the
Nb3Sn Hsh~

We now consider the impact of island size on vortex
nucleation. Table III reports the results of simulations with
geometries similar to those in Fig. 4 with half of the is-
land protruding above the surface, and the remaining half
embedded beneath the surface. Larger islands lead to more
significant decreases in Hyo. The largest island we simulated
was a cube with side length 200 nm corresponding to an
average Sn at.% of 30%. A uniform surface with a 30 at.%
Sn will have a poHg, of around ~24.6 mT (see Fig. 2), which
is an ~94% decrease relative to the pure Nb3Sn Hg,. Com-
paratively, the 200-nm side length cubic Sn islands only led
to a 29.2% decrease. Thus, relative to uniform surfaces with
the same at.% Sn, small Sn islands produce more significant

drops in Hy, while larger Sn islands produce less significant
drops in Hyo. An important caveat to this analysis is that the
calculated Sn concentration of a simulation depends on both
the total volume of the superconducting domain as well as the
size of the island. We have chosen our domain size such that it
falls within the range of reasonable resolutions for experimen-
tal techniques which can estimate material composition, such
as EDS. The lateral and surface sensitivity of EDS is material
dependent and has a complicated depth dependence which
makes it difficult to estimate exactly, but it can reasonably be
assumed to fall within a range of several hundred nanometers.
Our simulation domains span ~400 nm, and so the Sn at.%
estimates of the compositions of these domains give a rough
approximation for the local compositions of similar Sn islands
measured experimentally.

We next consider cubic Sn islands fully embedded in
the surface, with the top surface of the cube flush with the
surrounding NbsSn bulk. These simulations were performed

TABLE III. Results of half-embedded Sn islands.

Cubic island side % decrease from

% decrease from Nb3Sn Hy, for a

length (nm) toHyore (mT) Nbs;Sn Hy, Estimated Sn at.% uniform surface with equal Sn at.%
50 3434 19.2% 25.07% 0.79%
100 (x = 10) 322.59 24.2% 25.59% 6.68%
100 (k = 26) 304.73 28.3% 25.59% 6.68%
200 300.9 29.2% 30.0% 94.21%
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TABLE IV. Results of fully embedded Sn islands.

% decrease

from Nb3;Sn
Hy, fora
uniform
Cubic island moHyorw % decrease Estimated surface with
side length (nm)  (mT) from Hg, Snat.% equal Sn at.%
50 313.65 26.2 25.07 0.79
100 274.55 354 25.6 6.68
200 228.65 46.2 30.77 96

using FENICS and the weak formulation derived by Gao and
Sun [47] and our results are listed in Table IV. Similar to the
half-embedded case, larger islands produce larger decreases
in Hyy overall but have a smaller decrease relative to the
Sn at.%, while smaller islands have smaller overall values
with larger increases relative to the Sn at.%. It is notable
that this fully embedded case reduces Hyo¢ more than in the
half-embedded case. We conjecture this is because the part of
the island which is above the surface in the half-embedded
case goes completely normal conducting, and so there is no
magnetic field screening in that region. Therefore, from the
perspective of the magnetic field, this part of the island is no
different than vacuum, and so the island appears to have a
smaller effective volume than their fully embedded counter-
parts. This smaller effective volume leads to lower Hy; values
in the half-embedded islands.

Finally, we also considered a single tetrahedral Sn island.
In this case we used a regular tetrahedron with an edge length

of ~150 nm, with roughly half of the total volume beneath the
surface. Our result for k = 10 is shown in Figs. 4(e) and 4(f).
We found that for this case, woHyox &~ 335.88 mT, which is
~26.9% lower than the Nb3Sn Hyy,. Notably, the total volume
of this island is less than half the total volume of our cubic
island with a side length of 100 nm. Even in the cubic case,
the vortices tended to nucleate off the corners of the cube,
so this result seems to imply that the smaller opening angle
of the vertex of the tetrahedron more effectively nucleates
vortices than the cube shape, resulting in a lower Hyo. We
also simulated this island geometry for k = 26, for which we
found poHyore &~ 304.58 mT, approximately 28.3% lower than
the expected Hyp.

C. Sn-deficient Nb3;Sn surfaces: Corrugations

1. Experiment: Formation of surface corrugations
resulting from Sn loss

As was discussed in Sec. III A 1, the “abnormal,” large
Nb;3Sn grains contained some degree of Sn-deficient stoi-
chiometries throughout the grain volume. However, the Sn
composition within the first 100 nm drastically influences
vortex nucleation. To assess the Nb3Sn grain properties, we
turn to structural morphology to augment our compositional
characterization. SEM images of an abnormal, large grain
formed from each film recipe are shown in Fig. 5. On the
Recipe 1 film in Fig. 5(a), there are sporadically distributed
10-nm-sized pores on the surface. These pores were found on
all of the Nb3Sn films but were difficult to visualize with SEM
with beam voltages exceeding 7 kV.

FIG. 5. SEM images of Nb;Sn surfaces grown on polycrystalline Nb substrates with varying Sn deposition conditions. Image sizes are
denoted by scale bars. (a) Recipe 1, UHV growth, 1.7 nm/min Sn flux, inset SEM area denoted with blue box, InLens detector, 3 kV; (b) Recipe
2, UHV growth, 4.2 nm/min Sn flux, SE detector; (c) Recipe 2+60-min UHV anneal at 925 °C, UHV growth, 4.2 nm/min Sn flux, SE detector;

(d) Recipe 3, furnace growth, 3.8 nm/min Sn flux, SE detector.
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For the UHV grown films, the surface area distributions
of the abnormal Sn-deficient grains were comparable (Ta-
ble SI). The main morphological distinction between the
Recipe 1 and 2 films was that the Recipe 1 grains formed
periodic corrugations [Fig. 5(a)], whereas the Recipe 2 large
grains were smooth and absent of these features [Fig. 5(b)].
The corrugations on the Recipe 1 grains are periodic, with
the peaks typically separated by 30-50 nm. The depth
of the corrugations varies as well; the depth is highly unlikely
to exceed the peak width. Not all of the large grains in Recipe
1 are corrugated; roughly 50% of the abnormal, Sn-deficient
grains exhibited this corrugated surface morphology. There
does seem to be a minor correlation between the grain area
and the likelihood of forming surface corrugations. This may
suggest that the formations of surface corrugations indicate
a more egregious Sn deficiency, potentially for Nbs;Sn grains
with close to the minimum 18 Sn at.% for the A15 structure.

For the abnormal, Sn-deficient grains formed using the
Recipe 2 surface, the only distinguishable features were the
nanopores and sporadic Sn-rich aggregates. The lack of cor-
rugated grains on the large Recipe 2 Nb3Sn grains (grown
at a higher Sn flux) support that the formation of these cor-
rugations is related to the Sn composition within the first
100 nanometers of the surface. If the formation of surfaces
corrugations was only dependent on the NbsSn grain surface
area, we would expect at least some of the Recipe 2 grains
to contain corrugations since the surface area distributions
were not significantly different from Recipe 1 (Table SI). It is
possible that the more rapid cooldown process used in Recipe
2 may have prevented Sn loss from the surface.

To test whether the corrugations are indicative of (1) an
overall Sn deficiency based on the large grain area or (2) Sn
deficiencies within the first 100 nanometers of the surface,
we conducted post-deposition annealing experiments on the
Recipe 2 Nb3Sn film (AES data in Fig. S8). An SEM image of
the Recipe 2 Nb;Sn film that was annealed at 925 °C to induce
Sn loss is shown in Fig. 5(c). Many of the large, abnormal
grains now contain corrugations that appear shallower and
more widely separated than the corrugations that were formed
on the Recipe 1 film. During any Nb3;Sn annealing without a
considerable Sn overpressure, Sn desorption dominates over
any other diffusion processes [54,56]. Therefore, we can as-
sociate these corrugations with a Sn deficiency specifically
within the first few nanometers of the surface.

Finally, Fig. 5(d) shows a large grain on the furnace grown
(Recipe 3) Nb3Sn film. We observe the shallow corrugations
on the grain surface, similar to those formed on the annealed
Recipe 2 film [Fig. 5(c)]. These corrugations may be symp-
tomatic of substantial Sn loss from the Nb;Sn surface. These
observed corrugations can serve as a highly surface sensitive
structural indicator of severe Sn deficiencies.

2. Theory: Simulations of corrugated Sn-deficient Nb;Sn surfaces

We now model the effects that the corrugation geome-
try has on SRF performance. As a preface to the following
discussion, it is important to note that the grains exhibiting
these structures tend to be Sn deficient. We can see from
Fig. 2 that for 18-24 Sn at.%, this stoichiometry already
exhibits a 50%—-80% drop in the expected Hy, based on the Sn

[b|? at an Applied Field of 49.19 mT

0(c)

FIG. 6. (a) The geometry used for our corrugation simulations.
The solid-filled region is the superconductor, with vacuum in the rest
of the domain. Periodic boundary conditions are applied to the outer
surfaces in the X and Y directions, and the external field is applied to
the top surface of the vacuum domain. The distance labeled by # is
the height of the ridges, and the distance labeled by d is the distance
between them. (b)—(d) Plots of |y/|? during vortex nucleation at
different applied fields for different corrugation spacings and heights.
The black arrows show the direction of the magnetic field in the
vacuum. (b) has # = 50 nm, d = 50 nm. (c) has 4~ = 50 nm, d = 25
nm. (d) has 2 = 25 nm, d = 50 nm.

deficiency alone. However, as we will demonstrate, the pres-
ence of these geometric corrugations has the potential to
degrade this performance even further. We use an idealized ge-
ometry shown in Fig. 6(a), varying the height (%) and spacing
(d) between the corrugations. This geometry unambiguously
defines heights and widths for the corrugations while ignoring
potential secondary effects due to curvature. Our primary goal
with this part of the study is to qualitatively demonstrate some
of the effects that the surface geometry of these corrugations
has on SRF performance. Future work may include a more
extensive study of the many different geometric factors at
play in these simulations. Because of the periodic boundary
conditions, these simulations are an infinite series of “boxlike”
ridges, which approximate the local shape of the observed cor-
rugations. For the same reasons discussed in Sec. II B, these
simulations all use « = 10, and the following H,q estimates
should be treated as upper bounds to the true values. For the
purposes of estimating the critical field values, we assumed
the corrugations to have a uniform composition of 18.7 Sn
at.%, resulting in a superheating field of uoHg, = 57.1 mT
(see Fig. 2).

In our first corrugation simulations, we used ridges with
heights and widths of 50 nm and ran two different simulations:
one where the ridges have a 50-nm separation distance [shown
in Fig. 6(b)] and the other with a 25-nm separation distance
[Fig. 6(c)]. We find that the corrugations lead to a meaning-
ful drop in Hyy, With the corrugations shown in Fig. 6(b)
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producing an estimated poHyorr =~ 49.19 mT, which is an
~13.8% decrease below Hg,. The corrugations in Fig. 6(c)
have an poHyorr & 51.39 mT, a 10% decrease below Hg,. The
vortex nucleation in this case happens because the ridges act
as nucleation sites, with vortices having a much easier time
entering the thin ridge. In addition to this, these ridges also
exhibit some field enhancement, an effect where the Meissner
effect pushing the field out of the material leads to field lines
“bunching” up near the outer surface of geometric defects,
leading to “enhanced” field magnitude near the defect surface.
In this case, the local magnetic field magnitude is slightly
larger than the applied field above each ridge, which fur-
ther improves the possibility of vortex nucleation. The closer
spaced corrugations led to a smaller decrease in Hyoq because
the field enhancement is smaller, as well as the surface appear-
ing slightly closer to a flat surface.

We also simulated corrugations with a width of 50 nm and
a height of 25 nm, as shown in Fig. 6(d). In this case the
smaller ridges produced less field enhancement and were less
strong nucleation sites, so the resulting poHyor €stimate was
52.18 mT. This is ~8.5% lower than the expected value of Hyj,,
meaning that shallower corrugations have a less pronounced
effect on vortex nucleation.

IV. CONCLUSION

In this work, experimental and theoretical results address
how deviations in Nb3Sn stoichiometry can manifest in dis-
tinct surface morphologies that have varying impacts on SRF
performance. Experimentally, we demonstrate some of the
limitations of characterizing Nb3Sn by relying on global Sn
atomic percentage estimates from experimental methods such
as XRD or EDS. Not only does the Sn concentration vary
drastically as a function of film depth, but the Nb;Sn surface
can contain drastically different surface morphologies with
the same estimated chemical makeup. For example, a Sn-rich
surface can manifest in micron-diameter Sn residue or sub-
100-nm Sn particles that are difficult to characterize using
the higher beam voltages (=10 kV) commonly used during
SEM/EDS analysis of Nb3Sn films. Simulated results of the
impact of Sn island geometry on vortex nucleation show that
smaller Sn islands will nucleate a vortex at a lower applied
field as compared to a uniform flat Nb3;Sn surface with the
same global Sn at.%. Conversely, we conclude that introduc-
ing a larger Sn island has a smaller than expected drop in the
vortex nucleation field (Hyot) based on a uniform composi-
tion, though our estimated values for H,y were still lower
than the corresponding values for the small islands. For the
Sn-deficient Nb3Sn grains, we experimentally show that the
Nb3Sn surface develops a corrugated topography that may be
used to identify Sn loss within the first few nanometers of the
Nb3Sn surface. While the simulation results show that bump
corrugation geometries only minorly contribute to the vortex
nucleation field reduction that already occurs on flat, uni-
formly Sn-deficient Nb;Sn surfaces, these corrugations may
serve as an identifying characteristic of extensive Sn loss from
NbsSn. Utilizing structural features to characterize Nb3Sn
surface stoichiometry can compensate for the experimental
challenges associated with accurately chemically probing the
first 100 nanometers of the Nb3;Sn surface.

Overall, these results demonstrate that local structural
differences significantly impact superconducting properties
of cavity surfaces, even on length scales smaller than the
sensitivities of experimental techniques, such as EDS. The
simulations in this study were performed using a smaller
Ginzburg-Landau parameter of 10 than the true value of 26
for Nb3Sn. While this choice was mostly due to technical
constraints, our simulations still fall within the same “large «”
regime as Nbs3Sn. Choosing a smaller value for « is effectively
equivalent to increasing the 7. while holding the Fermi-level
density of states constant, and the ultimate result of this is
that our Hyo predictions are likely overestimates of the true
values. The xk = 26 results we did obtain agree with this,
as the simulations for a 100-nm Sn island at x = 26 had a
28.3% vortex nucleation field reduction compared to 24.4%
at « = 10. The biggest drop in H,.y relative to the Nbs;Sn
Hg, we estimated was 46.2% for the fully embedded 200-nm
island, so the true impact of such an island is likely an
even larger drop in performance. This island is still relatively
small compared to the scale of many of the defects in Nb3;Sn
samples, so it is plausible that larger instances of Sn islands
are contributing to the performance limitations which have
plagued NbsSn cavities to date.

Future studies should involve simulating more sizes of Sn
islands, particularly smaller ones, that may further illuminate
performance degradations which can occur for even surfaces
which may appear only minimally Sn rich. Also, larger,
longer-term simulations done at x = 26 may help determine
the specific thresholds for vortex nucleation. Collaborative
experimental-theory efforts should also be dedicated to un-
derstanding how the Nb3Sn surface oxide, alternative Nb-Sn
phases (NbeSns, NbSn;), and other film properties affect
the expected SRF behavior. It would also be beneficial to
simulate how the stoichiometric variations at non-surface-
specific features, such as grain boundaries, further contribute
to variations in SRF performance [27]. For example, building
upon previous studies of vortex nucleation at Nb3Sn grain
boundaries by Carlson et al. [8], the SRF performance can
be directly correlated to experimental scanning transmission
electron microscopy and electron energy loss spectroscopy
data of Sn-rich subsurface features.

There currently exists a significant gap between theoreti-
cal and experimental Nb3Sn SRF optimization efforts. Many
NbsSn surface defects have been observed throughout the
SRF community and have proven immensely difficult to pre-
vent or remove during the fabrication process. Experimentally,
it is likely impossible to form a defect-free Nb3Sn surface on a
Nb SREF cavity using the vapor deposition procedure. Despite
this, there is relatively little prior theoretical work specifically
modeling the effect of the wide variety of observed material
defects. In order to continue the monumental progress made
towards improving the quality of vapor-deposited Nbs;Sn
films, we need to know which stoichiometric defects have
the largest impact on accelerating gradients and prioritize
reducing their incidence. We argue experiment-informed the-
oretical models are the best way to determine the impact
of defects, since it is generally impossible to isolate micro-
scopic defects for direct measurement. This work provides
a systematic approach to close the experiment-theory gap in
the SRF community. We developed an intuitive framework to
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create predictive models which combine experimental char-
acterizations of defects in Nb3Sn surfaces with theoretical
methods that model the interaction of these defects with
applied magnetic fields. These models allow us to estimate
how specific submicron-scale defects attenuate high-field SRF
performance. While the results we report in this work include
specific insights about the growth and impact of Sn islands and
Sn-deficient surfaces, our methods provide a general frame-
work for future studies. This study as well as future ones
like it will help to guide the development of improved Nbz;Sn
fabrication procedures that can enable the next generation of
SREF cavities.
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Chapter 5

Other Defects in Nb3;Sn

In the previous chapters, we have investigated several different defects in Nb3Sn. In Chapter 2, we
investigated Sn deficient islands, and in Chapter 4 we investigated embedded islands of Sn in Nb
surfaces, as well as rough surface features on Sn-deficient grains. We now turn our attention to
several other defects that we simulated with TDGL, but that at the time of writing have not been

published.

5.1 Nb3;Sn Grain Boundaries

Grain boundaries are widely considered one of the most critical defects to address when improving
Nb3Sn cavity performance [80,81]. A previous study in Physical Review B by several members of
CBB and its collaboraors studied this question in detail [54]. This study concluded that, in agreement
with the suspicions of many in the field, grain boundaries are indeed a strong candidate for one of
the primary sources of dissipation and peformance drops in Nb3Sn SRF cavities, concluding that
grain boundaries act as both nucleation and pinning sites for vortices, and that it would only require
~ 0.03% of the grain boundaries in the cavity to be filled with vortices to lead to a drop in Q by an

order of magnitude.
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Figure 5.1 Two different profiles of the Fermi-level density of states (v(0)) for clean
and Sn-rich grain boundaries. Image provided courtesy of Dr. Michelle Kelley [87]. The
background shows the lattice configuration near the grain boundary, and the blue and
red curves show the shapes of the DoS profiles for clean and Sn-rich grain boundaries,
respectively.

There were two key things we build upon from this study. Firstly, the TDGL simulations used
in this analysis used a more simplified material dependence for the TDGL parameters, setting
ool — % and only varying the 7, in the grain boundaries. Now that we have a more sophisticated
method for estimating the TDGL parameters for specific materials (described in Chapter 2), we
wanted to revist this problem and see how more realistic TDGL parameters would impact these
results. Additionally, these calculations only focused on Sn-segregated grain boundaries, grain
boundaries in which there is a higher than 25% Sn concentration. We wanted to also compare
these grain boundaries to ‘clean’ grain boundaries, which do not see as significant stoichiometric
differences, and only see modified superconducting properties due to local strain fields and other
microscopic geometric effects.

Figure 5.1 (provided courtesy of Dr. Michelle Kelley [87]) shows the Fermi-level density of
states profiles for clean and Sn-rich grain boundaries. We see that the profile for the clean grain
boundary is much more narrow than that of the Sn-rich one. This is a direct result of the larger

Sn concentration near the grain boundary for the Sn-rich case leading to a lower density of states
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Figure 5.2 Steady State Plots of Sn-Rich Grain Boundaries at Different Applied Fields.
The figures depict states in which the grain boundary is (a) vortex free, (b) containing only
two vortices after initial nucleation, (c) full of vortices at a higher field, and (d) unable to
contain the vortices, in which they spill out into the bulk.

due to the material properies of off-stoichiometry Nb-Sn systems, as opposed to the clean graain
boundary, where the supression in the density of states is primarily due to the local strain fields
across the boundary. Using these values along with the associated 7;. estimates (also courtesy of
Michelle Kelley), we construct profiles for o, B, and I" using the methods described in Chapter 2.
Figure ?? depicts a representative sample of the kinds of behaviors we observed in our simula-
tions, with vortices nucleating into the grain boundary at the vortex penetration field, H,,,;, then the
grain boundary slowly fills up with more vortices until the field reaches the bulk penetration field,
Hp, ;i where the grain boundary can no longer contain any more vortices, and so they are pushed

into the bulk. It is worth noting that this behavior is the result of a sort of ‘buckling’ instability,
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where when the linear number density of vortices becomes to large, and the line ‘buckles’ and
some vortices are pushed out into the bulk in either direction. This is a fundamentally different
mechanism than what is calculated in Ref. [87], where the vortex pinning force was compared
against the Lorentz force for a single vortex.

This buckling behavior is consistent with what was observed in the previous grain boundary
study with TDGL, which described this system in terms of three states, a flux free state, a pinned
flux state, and a bulk flux state. Our simulations reflects this, but there is an interesting subtelty
when introducting multiple kinds of grain boundaries, in this case the clean boundary in addition to
the Sn-rich one (which is what was simulated in the prior grain boundary study). Table 5.1 shows
the results of our critical field calculations compared to those from Ref. 54. Using our sample
specific formulation, we find lower results for both the vortex penetration field H,,,; and the bulk
penetration field H,,,;. The vortex penetration field was lower for the Sn-rich grain boundary than
the clean grain boundary, which is what we expect. This is because the clean grain boundary both
has a thinner depression in both the Fermi-level density of states as well as 7, and slightly higher
values (compared to the Sn-rich case) for both at the center of the boundary lead to a higher energy
barrier against vortex formation. The more surprising result is that both the Sn-rich and clean grain
boundaries had essentially the same bulk penetration field Hp,;;/H,, = 0.9. We suspect the reason
for this result is that while the clean grain boundary doesn’t start nucleating vortices until a higher
field value, the weaker pinning of this type of grain boundary also leads to the buckling instability
occurring at a lower vortex line density than for the Sn-rich case, meaning both end up reaching
their respective Hp,;; values at the same field. A simple schematic demonstrating this behavior is

found in Figure 5.3. The basic picture is that each type of grain boundary nucleates vortices at their
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respective H,,,; above which the vortex density linearly grows (in the limit of infinite size, this is
technically a discrete process) until they reach some critical vortex density at Hp,;; that induces the
buckling instability and the vortices enter the bulk, with new vortices that enter the grain boundary

displacing existing ones into the bulk, leading to a constant vortex density.

Grain Boundary Type Hyore /Hg | Hpuir/Hgp,
Sn-rich (PRB Results) 0.7 0.95
Sn-rich (Using Sample Specific Formulation) 0.42 0.9
Clean 0.57 0.9

Table 5.1 Results for the vortex penetration field H,,,; and bulk penetration field Hp,,;;
with respect to the superheating field of Nb3Sn at 4.2 K. The results are compared between
the two kinds of grain boundaries we simulated and the results from the PRB article on
this topic. We find that using our sample specific formulation, we predict both lower H,
and Hy,;; values.

The macroscopic interpretation of these two fields is seen in experimentally measured Q vs E ..
plots for real cavities. When vortices enter the grain boundary, but stay pinned there they lead to
dissipation which causes a drop in Q, thus leading to high-field Q-slope (HFQS). So H,,,; serves
as the field of the onset of HFQS. On the other hand, vortices in the bulk will lead to even more
significant runaway dissipation, and represent a cavity-quenching issue. As such Hp,;; represents
the cavity quench field. In this way the distance between these two fields represents how abrupt the
HFQS is. We see in real cavities that sometimes the HFQS starts at a relatively lower field, and then
the Q slowly drops as the accelerating field increases until it reaches a quench at a much higher
field. Conversely, in some cases the Q remains relatively stable until a high field value, at which
the Q rapidly drops and quenches soon after. This interpretation lends itself to the picture that a
cavity with more Sn-rich grain boundaries may look more like the first of these, whereas cavities

with more clean grain boundaries would look closer to the second of these.
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Figure 5.3 A simple schematic of vortex density versus applied field. Both types of
grain boundaries start nucleating vortices at their respective H,,,; values, and then as the
field increases the vortex density grows until the vortices in the grain boundary reach the
buckling stability, after which any new vortices entering displace existing ones, pushing
them into the bulk and leading to a constant vortex density inside the grain boundary.
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This picture is augmented by another calculation from Ref. 54, where the authors estimate that
the vortices will lead to local heating of the grain boundaries, but it stays contained to within a small
distance of the grain boundary. The distance over which this heating is contained still falls outside
of our simulation domain, meaning that this heating would be relevant to our simulations. A future
goal for our code could include coupling the dissipation from our solutions to a temperature field to
simulate this ourselves, but a simple approach that we take here is to just rerun these simulations
at the temperature value of the GBs in the vortex state calculated in the PRB article, 10 K. The
H,,, estimates would not make sense for this case, as the temperature would only reach 10K after
vortices already nucleate, so we will only report the Hy,;; values. We found that for both types of
grain boundaries at 10 K, Hp,./Hy, = 0.75, which decreases the distance between the previous
H,,,; values and this new Hp,,; value.

To conclude these calculations, it is worth comparing out results to the experimental values.
At the time of writing, most NbsSn cavities reach quench at accelerating gradients of ~ 15 —24
MV/m. This corresponds to Hp,;/Hy, = 0.15 — 0.23 in our unit system. The onset of HFQS varies
significantly from cavity to cavity, but on average it tends to occur around H,,,s/Hg;, ~= 0.1 —0.15.
These numbers are all a good bit smaller than our calculated values, indicating that there are likely
more sources of dissipation at play than just what we have simulated here. Though a significant
portion of this discrepancy may also come from the inherent limitations of TDGL, which is not
quantitatively accurate for T << T, and assumes gapless superconductivity. It is possible that
a similar analysis with more sophisticated theories of superconductivity, such as Eilenberger or
Eliashberg theory, could improve this quantiative discrepancy. Nonetheless, TDGL provides a

powerful qualitative tool, providing clear physical insignts into the dissipation mechanisms at play,
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and it is also worth pointing out that even if the absolut magnitude of our results is higher than the
experimentally measured ones, the relative distance between our estimates for H,,,,; and Hp,;; are
comparable to those of experiment, which lends additional credence to our typical arguments that
TDGL does well at predicting relative behaviors even when it is not quantitatively accurate.

These results do not result in overall conclusions which are substantially different than those of
Ref. 54, which is why we ultimately opted not to publish these results, but we still believe that they
provide some interesting additional insights into the very relevant grain boundary defects in Nb3Sn

SREF cavities.

5.2 NbsSn Surface Layers

Nb3Sn cavities are constructed by vapor diffusing Sn into a Nb surface creating a relatively thin
layer of Nb3Sn on top of Nb. We have investigated many of the potential defects which may
appear within this layer, but we have not yet accounted for the actual shape of this layer itself.
We will now cover simulations of Nb3Sn surface layers we performed to investigate this question.
This was a project largely performed by an undergraduate, Aaron Fawley, under my supervision.
All simulations and figures in this section were created by Aaron, which I present here with his
permission.

We start by simulating a completely flat layer, and just look at the impacts of layer thickness.
We solve TDGL in 2D (which assumes a symmetry along the z-axis) and then construct the TDGL
parameters &, 3, and I" such that at the surface the material is Nb3Sn, then at some distance d below
the surface the material parameters transition to the corresponding values for Nb. Figure 5.4 shows
our results for this calculation. We see that above a layer depth of d ~ 2.5A, H,,,;; asymptotes to
the superheating field of Nb3Sn (the dotted black line). For layer depths d < 2.5A, H,,,; starts to

drop significantly, eventually reaching the superheating field of Nb for near zero thicknesses. This
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behavior is expected, as when the layer is sufficiently thick, it will screen essentially all of the field
from the Nb, meaning H,,,; just looks like the superheating field for Nb3Sn, and as the layer depth
approaches zero, the material will be exclusively Nb and thus should just have the superheating

field of Nb.

H vs. Layer Depth

100 I I I I I 1 I 1 I I I I I I I I
0 025 05 075 1 125 15 175 2 225 25 275 3 325 35 375 4 425 45 475 5

Nb3Sn Layer Depth (100 nm)

Figure 5.4 A plot of H,,,; vs. layer depth for flat layers. The value of H,,,; asymptotes to
the superheating field of Nb3Sn for sufficiently thick layers, and starts to drop for layer
depth d < 2.51.

With this baseline in mind, we now consider the shape of the actual layer. To do this, we will
simulate layers with a sinusoidal shape of some frequency and estimate how H,,,; changes with
respect to this frequency. Som examples of such simulations are shown in Figure 5.5, which shows
some vortex nucleation for simulations of a few wavelengths. To maintain the periodicity of our
simulations we had to modify the width of our domain in order to capture several wavelengths
for each case we simulated. Of particular concern to these simulations is the notion of the critical

wavelength, A., of variations in the order parameter during vortex nucleation. We derive our
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expression for the critical wavelength from the corresponding formula for the critical wavenumber,

k¢, given by Transtrum et. al. [47]:
ke ~ 0.9558 K34 5.1)

where A and k¥ = A /& are the penetration depth and Ginzburg-Landau parameters, respectively.

This equation, noting that A, = 27 /k,, results in a critical wavelength given by

2™ L yjag3/a
’1““0.95587L & (5-2)

The value of A, gives the characteristic spacing of vortices during vortex nucleation. For our
simulations, we normalize distances with respect to A, meaning in Equation 5.2 we set A = 1, and
then since we run at kappa = 20 to simulate Nb3Sn, & = 0.05. This results in a critical wavelength

for our simulations of A, = 0.695, which defines the natural spacing for vortices during nucleation.

Ha: 0.583, Time: 97.500 Ha: 0.575, Time: 92.500 0 Ha: 0.559, Time: 167.500 o

o

B o o efo os

0.0 0.0

Figure 5.5 Several plots of vortex nucleation for different layer wavelengths.

When vortices enter the simulation domain, they will deviate from this fundamental spacing,
both because of numerical effects such as mesh spacing and also more fundamental effects, such as
the transition from a 1D arrangement (along the surface) to a 2D lattice arrangement (where the
spacing becomes determined by the Abrikosov spacing). In our simulations, the critical nucleation

can best be seen in terms of ‘proto’-vortices, which is a term we give to the depressions in |y/|? near
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the surface which may eventually become a vortex, but has not yet fully formed, as shown in Figure
5.6. The spacing between these proto-vortices should go like A, though, as we will later discuss,
this can vary due to numerical effects. We care about this particular length scale, as we expect that

there may be some relevant effects to H,,,, when the wavelength of the layer matches A..

Ha: 0.573, Time: 45.000

- 0.6

lw|?

Figure 5.6 A plot of the proto-vortices (circled in red) which form right before vortex

nucleation. The spacing between these should theoretically be A, ~ 0.695, though this can
vary somewhat due to the numerics.

Figure 5.7 shows our results for estimations of H,,,; versus layer wavelength, for a sinusoidal
layer centered at d = 1.5A below the surface with an amplitude of 0.254. We see that there are two
asymptotes for large and small wavelengths. At large wavelength the shape of the layer changes

slowly enough that it behaves closer to a flat layer, and so vortices nucleate at the same field value
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as for a flat layer positioned at the peaks of the sinusoid. In the limit of small wavelength, the shape
of the layer is changing fast enough, that it asymptotes to the same value as a corresponding flat
layer positioned halfway between the peak and the center value of the sinusoid. As we suspected,
there is indeed something happening near A, as well as at some of the higher harmonics. However,
our expectation was that there would be a decrease in H,,,; at A, as the alignment of protovortices
with the peaks of the layer should reduce the energy barrier against vortex nucleation relative to
other nearby wavelengths which do not perfectly match the shape of the layer. We instead see a
peak at A, and a depression at a slightly higher wavelength. We believe that this is directly due to

finite size effects.
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Figure 5.7 Values for H,,,; versus the wavelength of the layers in our simulations. There
are two asymptotes, one at large wavelength where H,,,; approaches the corresponding
value for a flat layer at the peaks of the layer, and another for small wavelengths where
H,,, approaches the value of a flat layer centered halfway between the peak and center of
the sinusoid. The drops below the amplitude for the large wavelength limit are likely the
result of numerical noise.
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When performing our numerical simulations, we necessarily must use a finite size domain, and
we somewhat arbitrarily chose our domain to capture 7 wavelengths of the layer boundary. However,
vortex nucleation is inherently a discrete process. Suppose we have a surface which nucleates some
number of vortices. If we were to then increase the width of this surface by a small amount and
run another simulation, there would still be the same number of vortices, though perhaps no longer
spaced in the same way. This is because vortices exert forces on one another, and this would prevent
any additional vortices from entering if there is not enough room to fit another one given the force
balance. Because of this sort of effect, we suspect that the increase in the curve above the low
wavelength asymptote in Figure 5.7 is a numerical artifact resulting from finite size effects, and
the shift in the expected depression away from A, is the result of the simulation having a different
effective A, due to uncertainty in k space. This k space uncertainty can be estimated with

21
‘/Vsim ’

Ak = (5.3)

where Ak is the k space uncertainty and W;,, is the width of the simulation domain. Using Equation
5.3, for the simulation widths that we used for the simulations in Figure 5.7, Ak ~ 1.2, while the
points around k. are only separated by about 0.1 in k space. This indicates that we need a much
larger mesh to be able to resolve differences of this scale in our simulations. At the time of writing,
these simulations are still ongoing, so we do not yet have preliminary results for this adjustment,
but it is clear that readjusting our simulations to a larger domain size is the clear next step for our
simulations.

In addition to the finite size effects, the results from Figure 5.7 are generally somewhat noisy.
This is becasue for these simulations we chose to center the layer at d = 1.5A below the surface,
and with an amplitude of 0.25A. This layer is somewhat deep, and thus there is a relatively small
distance between the two asmptotes for the plot, meaning the values are more sensitive to noise
in the calculation that can just come from small differences in the mesh. To address this issue,

we attempted to repeat this same analysis for a later that is closer to the surface. Doing so led us
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to discover a rather interesting phenomenon, depicted in Figure 5.8. Here we see that the vortex
nucleation pattern leads to the nucelation of a vortex-antivortex pair at the peaks of the layer, with
the antivortices exiting the domain and the vortices travelling further down into the domain. At the
time of writing this is again a somewhat preliminary result, but this behavior seems to be robust
to refinements in the mesh, as well as under conditions such as a changing applied field, and this
modality of vortex nucleation persists even at higher fields, so we are inclined to believe it is not
merely a numerical fluke. The exact reason for this behavior is still unclear, but it seems that
something about the shape of the peaks near the surface lead to it being more energetically favorable
to nucelate this vortex-antivortex pair at the peaks rather than at the surface as usually happens. If
this behavior is realistic, it would have meaningful rammifications for SRF performance, namely
that the ammount of dissipation in the vortex state would essentially be doubled, as there would be
two vortices to dissipate energy as opposed to the usual one in most other cases.

As we have mentioned here a few times, much of the latter part of this work is fairly new at the
time of writing, and this work is ongoing. In terms of the implications for SRF research, the primary
conclusion is that the Nb3Sn layer should be as thick as possible, at least until it is > 2.5A thick.
This conclusion is not too surprising, but the final result in this section suggests that thin spots in
the layer resulting from peaks in the boundary layer shape could potentially be extra problematic.
This means that it may be important to prioritize growth procedures which produce a relatively
uniform layer, in addition to the thickness. The future outlook for these simulations is that we plan
to continue investigating these thinner layers, and also will refine the meshes in some of the earlier
calculations to hopefully reduce noise. These calculations, in addition to ones looking at the impact
of changing the amplitude of the layer boundary will hopefully constitute results which can be

published separately in the future.
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Figure 5.8 Plots of |y|? for the nucleation of a vortex-antivortex pair. The figures depict (a)
the layer before vortex nucleation, (b) the initial vortex pair formation, (c) the antivortices
being pushed out of the domain while the vortices travel below the layer, and (d) the

vortices left behind after the antivortices have been pushed out.



Chapter 6

More Surface Defect Calculations

The following chapter details more of the calculations we did of general surface defects. The
simulations in this section utilize the same methods as the simulations from Chapter 4, using the same
formulation as Oripov et. al. [55,56] and running these simulations using COMSOL® Multiphysics.
The following sections will cover simulations of “step bump” simulations, where we study surface
bumps with a step function shape. We chose this geometry as it allows us to explore the effects
of the height and width of surface bumps for a shape where these quantities are unambiguously
defined; the only length scales associated with this shape are exactly the height and width, there
are no length scales associated with curvature or other effects. In addition to this, “cliff-like"
structures have been observed in the surface of real cavities [143], so this kind of structure is not
even completely unrealistic. In order to further isolate the length scales of this problem, we will
restrict the bulk of our analysis to two primary limits, the “tall bump limit" in which the height of
the bump 4 >> A > &, and the width of the bump is small comparatively. An example of this limit

is shown on the left in Figure 6.1. This limit allows us to explore the length scale associated with
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bulk nucleation of vortices. The other limit we explore is the “wide bump limit" in which the width
of the bump w >> A > &, and the height is small. An example of this limit is shown on the right
in Figure 6.1 In this limit we explore the length scales ascoiated with the initial vortex nucleation

process. We will begin by exploring the tall bump limit.

Figure 6.1 Example geometries for the tall (left) and wide (right) bump limits.

6.1 The *““Tall Bump Limit"

In this section we run simulations under the tall bump limit. Under this limit, vortices are easily able
to nucleate into the bump itself, as the current screening is weak. However, while the energy barrier
against the formation of these vortices in the bump itself is small, there is an additional energy
barrier required for these vortices to grow and push down into the bulk. This leads to the vortices
becoming pinned at the base of the bump. An example of this is shown in Figure6.2, where we see a
number of vortices pinned to the base of the bump. More vortices nucleated than could fit at the base

of the bump, so the additional vortices sit above the pinned ones inside the bump. Eventually, once
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the field is strong enough, the vortex will nucleate into the bulk. We will call this the bulk nucleation
field, Hp,;x. An example of this process is shown in Figure 6.3. Once the field reaches Hp,;, the
vortices at the base of the bump form a semiloop, which grows until it meets its perodic images, and
then straightens out. In terms of the macroscopic SRF picture, this phenomenon is associatied with
the quench field for SRF cavities. When vortices are able to enter the bulk material, it will lead to
runaway heating and dissipation that will eventually cause a quench, so this calculation tells us what

characteristic width of surface defects needs to be controlled in order to prevent early quenches.

Figure 6.2 A plot of |y]|? for a tall bump. The arrows indicate the direction of the magnetic
field. Most vortices are pinned to the bottom of the bump, with additional vortices that
entered sitting above where there is more space for them.
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Time=230s Time=250 s Time=270s
6

6 0

Figure 6.3 Plots of |y/|? for a tall bump. The arrows indicate the direction of the magnetic
field. The process of a vortex nucleating into the bulk is shown. First a vortex semiloop is
formed (left), then it grows in size (middle), and finally it meets the its periodic images
and flattens out into a line (right).

In order to extract the length scale of this phenomenon, we consider an expansion of Hyp,; in

terms of the bump width, w,

Hpp w1 w2
T =AW+ B+ 5C(0) (I> v ©6.1)

where H, is the thermodynamic critical field, k¥ = % is the Ginzburg-Landau parameter, A and

& are the penetration depth and coherence lengths, and A(k), B(k), and C(k) are the expansion
coefficients, which in general could be functions of k. We know that if w = 0, this represents a
completely flat layer, meaning that A(x) = H,/v/2H,.. Then the rest of the problem requirest both
determining Hp,,;; with respect to small w, and then doing this for multiple values of k to extract the
length scales.

Figure6.4 shows our results for this calculation. We see that at each value of x, the dominant
term of Equation 6.1 is clearly the linear one, and so each set of points is fit to a line. The values of
B(x) are plotted in Figure 6.5. We see that B is linear in k, meaning that B < k. This means that we

can conclude that the expansion of Hy,;; in small w goes like

Hpux ~ Hgpy 4B

V2H, 2H.

w Hyy, W
= sh g 6.2
P TTAE: 2
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Bulk Entry Field Vs. Bump Width
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Figure 6.4 Plots of Hp,;/ v/2H, versus bump width w. Each set of points is fit to a line,
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showing that the linear term of Equation 6.1 is the dominant term for this effect, the slope

also clearly gets steeper with increasing K.

where B’ is the constant of proportionality for B. What this expansion tells us is that the relevant

length scale for vortex bulk entry is the coherence length, . This then implies that the quench fields

for SRF cavities are impacted by surface defects on the scale of & which for Nb3Sn is ~ 4nm. We

will now turn to the wide bump limit

6.2 The “Wide Bump Limit"

In this section we run simulations under the wide bump limit. Inthis limit, the vortices are not as

easily able to nucleate into the actual bump as they were in the tall bump limit. Additionally, once

vortices do enter the bump the pinning seen in the tall bump limit does not happen, as the vortices

already need to form semiloops in order to enter these bumps, and so they can freely enter the bulk

from there. This limit therefore allows us to explore the length scale associated with the initial
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Figure 6.5 Plots of B versus k, where B is the coefficient of the linear term in Equation
6.1. The x dependence of B appears to be linear.
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nucleation of vortices. An example of the vortex nucleation pattern is shown in Figure 6.6. We see
that the vortices form as lines across the bump, then are able to move downward once they have
formed. In the SRF picture, the field at which these vortices first nucleate, H,,,; would represent the
ability for a defect to initiate dissipation which leads to high-field O-slope (HFQS). So this limit

can give us the characteristic height for the ability of surface defects to induce HFQS.

Time=90 s Time=100 s

0.9

0.8

-

0.7

0.6

0.5

0.4

Figure 6.6 A plot of |y|? for a wide bump. The arrows indicate the direction of the
magnetic field. Vortices begin to nucleate in lines across the bump (left) and then once
they form are able to move downward (right).

Similar to the tall bump limit, we can extract this length scale with an expansion of H,,,; in the

bump height, A,

2
+%C(;<) <ﬁ> b (6.3)
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where H, is the thermodynamic critical field, k¥ = % is the Ginzburg-Landau parameter, A and

& are the penetration depth and coherence lengths, and A(k), B(k), and C(k) are the expansion
coefficients, which in general could be functions of k. We again know that if 2 = 0, this is a
completely flat layer, so again we have that A(x) = Hy,/v/2H.. And we will simulate the wide
bump limit for several values of k and extract both the dependence of H,,,; on A, and the x

dependence of the expansion coefficients.
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Figure 6.7 Plots of H,/ V/2H, versus bump height /. Each set of points is fit to a line,
showing that the linear term of Equation 6.3 is the dominant term for this effect. The
slopes are essentially identical, meaning that B is a constant with respect to K.



6.3 Conclusions 121

Figure 6.7 shows our results for our wide bump limit calculations. We see that at each value of
K the dominant term of Equation 6.3 is clearly the linear term again. However, unlike the tall bump

limit case, here all of the slopes are given by B ~ —0.1. This means that the expansion becomes

Hpuik Hyy, w
= —0.1—. 6.4
V2H. 2H, A ©H

This implies that the relevant length scale for this effect is the penetration depth, A. This means that

variations of the height of defects will have a meaningful impact on the onset of HFQS only over

scale of A or larger.

6.3 Conclusions

In this chapter we have explored two funadmental limits for the size of surface defects. In the
tall bump limit we determined that the impact to the bulk nucleation field Hy,; 1s determined by
the characteristic length of the coherence length, . This means that controlling the quench fields
for SRF cavities requires control over the size of surface variations on the scale of &, which is a
challenging task for Nb3Sn, which has & = 4nm. In the wide bump limit, we determined that the
characteristic length scale for the vortex penetration field H,,,; is determined by the penetration
depth, A. This means that controlling the onset of HFQS requires only control over surface variations
on the scale of a penetration depth. For Nb3Sn, A &~ 100nm, which is a much more attainable lengh
scale for control of the surface roughness. This provides a possible explanation for the behavior of
some Nb3Sn cavities which do not have HFQS but still quench well below the superheating field of
NbsSn, it is possible that this is the result of the surface roughness being controlled to within the
scale of a penetration depth, but not a coherence length. Meaning there isn’t an onset of HFQS to
speak of, but once vortices penetrate there is no pinning to the surface defects, so there is runaway

dissipation which leads to cavity quenching.
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While the simulations in this chapter were run in full 3D, the length scales we captured here
really only encapsulate two dimensions, we assumed a symmetry in the third direction for each of
these limits to help us isolate a singular length scale. Future work using a similar approach to what
we have done here could look at simulating full 3D defects, similar to those that we simulated in
Chapter 4, except without any variations in the material stoichiometry. Additionally, these step bump
defects (by design) have sharp corners. Adding some curvature to these corners would introduce
additional length scales to the problem which would allow for more detailed analysis of the impacts
of the actual shapes of rough surface features. Future work could also include simulating full
sinusoidal surfaces of different characteristic frequencies/amplitudes. This would allow for a direct
comparisons with experimental characterizations of SRF surfaces that decompose the surface into
fourier components.

Overall, our results here present a compelling, albeit somewhat preliminary, picture for how
simulations of 3D surfaces could explore questions of the important length scales associated with
rough surface features. We think our conclusions as they stand already provide valuable insights for
experimentalits developing new procedures for smoothing the surfaces of NbzSn cavities, and we

hope that future work can extend our approach to more detailed/realistic simulated defects.



Chapter 7

Generalized TDGL and the Frequency

Dependence of H;,

Throughout the previous chapters in this dissertation, we have primarily focused on calculations
involving time-dependent Ginzburg-Landau theory. As we have emphasized a number of time,
TDGL is primarily useful as a qualitative tool which allows for mesoscopic scale simulations with
reasonable computational costs. This emphasis is largely the result of the restrictions to the quanti-
tative validity of TDGL to temperatures near 7, under the assumption of gapless superconductivity.
The latter condition, however, can be remedied with the use of generalized TDGL, which will be

the focus of this chapter

7.1 Generalized TDGL

The generalized time-dependent Ginzburg-Landau (GTDGL) equations were first introduced by
Kramers and Watts-Tobin in the 90s [27,28]. In this paper, Kramer and Watts-Tobin derive GTDGL
by starting with a set of equations from Larkin and Ovchinnikov [144], which come from a version

of the Gor’Kov equations under the Keldysh formalism [16, 145]. Using these equations, along
123



7.1 Generalized TDGL 124

with a corresponding set of kinetic equations augmented with a “mutilated collision operater"
with collsion time g [146], Kramer and Watts-Tobin eventually arrive at the generalized TDGL

equations. We present the non-dimensionalized versions here

2 . 2
L (5o T Yyt (Lvea) -y =oma @)

VI PP 2 d
10A
Za_t+VXVXA+_(WVW YY)+ yPA=0, (72

where u = T{I, /7; is similar to what it was for TDGL, except that ”L'(V is now the characteristic
relaxation time of the phase of y and x is the ratio of penetration depth and coherence length,
the same as for TDGL. The new parameter ¥ = 27gAg, where Tg was introduced earlier as part
of the derivation of GTDGL and is the inelastic electron-phonon scattering time, and Ay is the
zero-field energy gap. Under GTDGL, v is the main parameter which differentiates it from TDGL,
and it serves as a new relaxation time for the magnitude of y (as evidenced by its presence as the
coefficient on the new time derivative term in Equation 7.1); When y = 0, the equations reduce to
the traditional TDGL equations.

Whereas TDGL assumes gapless superconductivity, GTDGL does not because y o< Ay # 0;
however, both equations do still assume that 7 ~ 7.. Because of the addition of 7g into the
formulation, some of the simplifying assumptions in Reference 27 result in the additional condition
that the inelastic diffusion length Lz = (D1g)'/? << &, where D =v €/3 is the diffusion coefficient
(vr and £ are the Fermi velocity and electron mean free path, respectively).

It is worthwhile to discuss the differences between GTDGL and TDGL. Firstly, they clearly
will have different time dynamics, as TDGL only has a single timescale for the order parameter,
whereas GTDGL has a separate timescale for the magnitude and phase. While they have different

time dynamics, we can show that any steady-state solution of TDGL also satisfies GTDGL. To do
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so we start with both y equations:

y . i 2 ,
W:_”{""(;V—A) v+ (1—|y|")y  (TDGL)
1 0 ) 28 2 . 2
TW(EHKM% gﬁ >"’:_(év—A) y+(-|y)y.  (GTDGL)

Now let yp # 0 be a steady-state solution of TDGL, then we have that ¢ = 0, and the right hand

side of both of the above equations evaluate to zero:

% =0 (TDGL)
1 J _ 7rolwl\, _
m (E + E o1 ) Y= 0. (GTDGL)

If % = 0, then we also have that &\aL?F = 0, and thus both equations are solved by yp. Since both
theories have the same A equation, any solution to TDGL will trivally also solve GTDGL.

We can also show that for any steady-state solution of TDGL vy, the same solution used in
GTDGL will also have the same stability properties. Let v — yp + Sy, if we assume that Sy is
small, we can linearize the ¥ equation of TDGL in terms of § y, which will allow us to define a

matrix equation

JdRe(d

| |Re(8w) .
oIm(8 '
oy Im(8y)

where M is a matrix which defines the system of equations that result from the above substituion. The
real part of the eigenvalues of M will give the stability properties of the solution, if the eigenvalues
are > 0, then the solution is unstable and if the eigenvalues of M are < O then the solution is stable.
If we make the exact same substitution for GTDGL, the right hand side of Equation 7.3 will be

identical, but there will be an additional matrix on the left hand side:

14 7Re(y)?  PRe(yp)Im R vl Re(d
1 YRe(wo)”  y*Re(yo)Im(yp) o |y [REOV) (7.4)

VIFPIVE | 2Re(yo)im(yo) 1+ PIm(yp)? | | 2miow) Im(3y)
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The new matrix on the left hand side of Equation 7.4 is positive definite (a fact which can be easily
determined via Sylvester’s Criterion [147]). Because this matrix is positive definite, inverting it and
moving it to the right hand side will not change the signs of the real parts of the eigenvalues of M,
and thus the stability properties of the solution will also be preserved.

These two results mean that as far as steady-state properties are concerned, GTDGL will not
give us any information that we do not already get from regular TDGL. Conversely, this means
that the steady state solutions of TDGL have a wider range of validity than the rest of the theory,
a fact which is well known, but this is a concrete calculation which demonstrates that a theory
with less restrictive assumptions (e.g. GTDGL and the ability to model gapped superconductors)
shares steady state solutions with TDGL. Additionally, because GTDGL only differs from TDGL in
the transient solutions, this makese it a natural candidate to study phenomena which never reach
steady state, which is exactly the case for SRF cavities, where the field is constantly changing. The
reason we often still trust the steady state solutions of TDGL for SRF research is because relative
to superconducting timescales, the RF period of typical cavities is much slower, and so a DC field
is a reasonable approximation. But if we want to study the impacts of frequencies higher than the
typical 1.3 GHz, GTDGL is a natural choice.

In the simulations in the following section, we will solve GTDGL using the finite element
method. To do so, we adapt the formulation for TDGL by Gao [25] which we use for most of our
TDGL simulations. We take Gao’s fomulation, and modify the y equation to match Equation 7.1.
We then use mostly the same function spaces and weak forms, but we use a mixed function space for
the real and imaginary parts of y, as the additional time derivative in Equation 7.1 causes the two
components to mix. We then solve the equations using the same solvers as in our TDGL simulations,
modified to accept the mixed function space for the components of y. All the computation in this
chapter were performed using FEniCS [26]. We will now discuss some of our preliminary studies

on the frequency dependence of Hyy,
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7.2 The Frequency Dependence of Hy,

The superheating field is often considered a steady state property of a superconductor and this is,
in general, true. However in this section we will slightly tweak the definition of H, to apply to
sinusoidal applied fields, as are present in SRF cavities. Normally the superheating field is defined
as the lowest field at which the Meissner state becomes thermodynamically unstable, or more
heuristically, the lowest field that will nucleate vortices if (slowly) approached from the Meissner
state. Along these lines we will use a similar heuristic definition for what we now name the “RF
superheating field", Hy,gr. We define Hy,gr as the lowest value of the RF field amplitude which
will lead to a complete vortex nucleation at some point during the RF period. The emphasis here is
on the word ‘complete,’ as at high frequency there may be situations where ‘proto’-vortices (similar
to those discussed in Chapter 5, Section 5.2) form, but do not have the time to fully become vortices.
The idea here is that Hg,gr will increase with respect to the cavity frequency, not because vortices
couldn’t form at the peak amplitudes, but because the vortices do not have the time to fully nucleate
before the field changes direction.

Figure 7.1 shows an example of protovortex formation during one of our GTDGL simulations
with an RF period of 100. We see that when the applied field reaches its maximum magnitude at
t = 25, the value of |y|? lags behind, not reaching the lowest surface value of |y|? until several
simulation seconds later. This is a direct result of the fact that in this simulation ¥ = 5, meaning the
magnitude of y changes on a timescale that is ~ 5 times slower than the field. We then see that at
t =40 as the field is on the way out, protovortices have formed and reached their maximum size.
In the next few seconds of the simulation, the field becomes small enough that the protovortices
are forced away fairly quickly, and the solution almost reaches a value of |y|?> = 1 everywhere at

t = 50 when the field goes to zero.
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Figure 7.1 Plots of |y|? solved with GTDGL showing proto-vortex formation. The applied
field label on the plots refers to the maximum field amplitude. The period of the field for
this simulation was 100, (a) shows the solution when the field reaches its maximum at
t =25, (b) shows how the y solution lags behind the field. In (c¢) the protovortices begin
to form on as the field is on the way down. In (d) the protovortices have reached their
maximum size. By (e) the field is low enough that the protovortices are quickly suppressed,
and by (f) the solution has almost relaxed fully to |y|? = 1 everywhere as the field reaches
Zero.
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Figure 7.2 Plots of |y|? solved with GTDGL showing vortex nucleation. The applied
field label on the plots refers to the maximum field amplitude. The period of the field for
this simulation was 100, (a) shows the solution when the field reaches its maximum at
t =25, (b) shows how the y solution lags behind the field. In (c¢) the protovortices begin
to form on as the field is on the way down. In (d) one of the protovortices has managed to
fully nucleate into a vortex. By (e) most of the protovortices have been supressed leaving
behind the full vortex, and by (f) only the vortex is left as the field reaches zero. The vortex
will soon be pushed out of the domain a few simulation seconds later.
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Figure 7.2 shows the same simulation, but at a slightly higher field. Here a vortex is able to
fully form, meaning that Hy,gr has been reached, and for this particular period and value of 7,
Hgrr = 0.91. In this particular case, it is visually clear that a vortex has formed, however, this may
not always be the case. To remedy this, we can calculate the number of vortices in a simulation by

calculating the winding number of the phase of y,

N = ifve dl, (75)
2w Jp

where N is the winding number of the order parameter phase, P is a closed path around the simulation
domain, 6 = arctanIm(y) /Re(y) is the phase of the order parameter, and d/ is the length element
along the path P. Doing this for the simulation shown in Figure 7.2 results in Figure7.3. We see that
the number of vortices correctly jumps around as vortices enter and leave the domain. Negative
values refer to vortices with field oriented in the negative direction. Using this kind of calculation,
we can unambiguously determine whether a vortex has formed, and thus whether or not Hy,gr has
been crossed

Figure 7.4 shows the results of our GTDGL simulations at several different values of y. We see
that in all cases (even Y = 0 which corresponds to regular TDGL), Hy,gr increases with respect to
the frequency of the applied field. As y becomes larger, the slope of the roughly linear frequency
dependence seems to increase. These results indicate that the maximum field values of SRF cavities
could artificially be increased by using higher frequency cavities, and the use of GTDGL further
emphasizes this conclusion, as it indicates that the incorporation of gapped superconductivity only
strengthens this relation. While such an approach could lead to higher accelerating fields, it is not
without downsides. The BCS resistance Rj,.s o< ®”, where o is the angular frequency of the cavity,

so going to higher frequency could significantly lower Q, even at low fields. Additionally a higher
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Figure 7.3 A plot of the winding number of the order parameter phase around the
simulation shown in Figure 7.2. The winding number was calculated using Equation 7.5,
where negative numbers are vortices with field oriented in the negative direction.
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Figure 7.4 A plot of RF frequency versus Hy,zp for different values of y. For all values
of y (including y = 0, which corresponds to regular TDGL) Hy,gFr increases in a roughly
linear fashion, with the slope increasing with respect to 7.
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frequency means a smaller cavity, and there are other deleterious effects (such as multipacting [148])
which become much more difficult to manage the smaller a cavity gets. Nonetheless, our results
indicate that even a relatively modest increase in frequency could lead to a slight increase in the
maximum accelerating gradients allowed by the RF cavity before quench.

Another aspect of this calculation is that we know the microscopic material dependencies of
Y = 27tgAp. These quantities could be easily estimated with something like DFT; future work would
likely include recruiting DFT experts to help us estimate Tg so that we can work out the accurate
value of y for a given material. GTDGL has recently been used by several groups working on
superconducting quantum interference devices (SQUIDs) and superconducting nanowires [59, 60,
149], and in these papers they chose 7 = 10, though it appears this choice may be somewhat arbitrary.
To our knowledge, GTDGL is fairly underutilized in the SRF field despite the natural fit of the
sorts of time dynamics present in SRF research that GTDGL naturally lends itself to, as we have
discussed. It is our hope that this preliminary work, in which we have demonstrated some of the
usefulness of GTDGL, will serve as inspiration to future SRF researchers to consider the use of

GTDGL for future Ginzburg-Landau type simulations.



Chapter 8

Conclusion

This dissertation provides an in-depth examination of the factors influencing the performance
of superconducting radiofrequency (SRF) cavities, with particular focus on niobium (Nb) and
niobium-tin (Nb3Sn) as primary materials. These materials are central to SRF technology, and
understanding their behavior, especially at the mesoscopic scale, is critical for optimizing their
performance in modern particle accelerators. The work presented here primarily explores the
mesoscopic behavior of these materials, using computational models to investigate how material
defects, surface characteristics, and superconducting properties interact and influence SRF cavity
performance. While experimental methods, conducted by my collaborators, provide valuable
insights, the core of this dissertation is grounded in computational research. Using my sample-
specific time-dependent Ginzburg-Landau (TDGL) framework, I helped to provide insights into
mechanisms that limit cavity performance and identify potential pathways for improvement. The
following section summarizes the key findings from each chapter, outlining how the computational
approaches and models developed in this dissertation contribute to advancing our understanding of

SRF cavity behavior.
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8.1 Summary of Key Results

In Chapter 2, we introduced a sample-specific TDGL framework, which forms the core of much
of the work presented in this dissertation. This framework allows us to simulate SRF cavity
performance under conditions that are representative of real materials, providing a more accurate
description of their behavior. We also used this framework to calculate dissipation and quality factors.
While the quantitative results are somewhat limited, the framework provides valuable qualitative
insights into the factors that influence SRF cavity performance. Additionally, we estimated the
impact of Sn-deficient islands on cavity performance. We found that islands several penetration
depths in diameter could cause a 60% reduction in the vortex penetration field, H,,,;, when located
within a penetration depth of the surface. We also demonstrated that Sn-deficient islands could
cause high-field O-slope (HFQS) curves that qualitatively resemble those observed in real NbzSn
SRF cavities, thus providing a potential mechanism for HFQS and quality factor degradation.

In Chapter 3, we investigated the impact of hydrides in Nb SRF cavities, focusing on their
role in high-field Q degradation. We calculated the effect of hydrides of various sizes, again
finding that large hydrides—particularly those with diameters several penetration depths—could
lead to a drop of 70% or more in H,,,; if located within half a penetration depth of the surface.
Furthermore, we performed simulations with numerous nano-hydrides, and we observed that when
their concentration reaches a certain threshold, the material begins to behave as a single effective
material. This results in a slight reduction in the superheating field, approximately 7% lower than
that of pure Nb, although this is still much less detrimental than the effects of larger hydrides.
These results not only provide a mechanism for hydride-induced HFQS, specifically through vortex
nucleation and associated dissipation, but also suggest that treatment procedures aimed at improving
HFQS in Nb cavities may be effective in increasing the number of hydride nucleation sites, thereby

reducing hydride size and improving cavity performance.
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Chapter 4 presents a joint experimental-computational approach to investigating the impact of
surface defects in Nb3Sn, focusing on excess Sn and surface roughness. Using our sample-specific
TDGL framework and a new multi-domain COMSOL model, we examined how excess Sn and
surface roughness affect SRF cavity performance. We performed calculations that allowed us to
estimate the expected superheating field for surfaces with varying average Sn concentrations. Our
findings suggest that performance degradation due to excess Sn islands embedded in the surface can
be more significant than in a uniform surface with the same average Sn concentration. However,
for high Sn concentrations, the impact of surface islands was less severe than that of uniform
high-Sn surfaces, though it is important to note that high Sn-concentration uniform surfaces likely
do not occur regularly due to Sn diffusion properties in Nb. Additionally, we found that surface
corrugations on Sn-deficient grains could lead to slight ( 10%) performance degradation. However,
Sn-deficient grains themselves already exhibit significantly poor performance, which aligns with
the observed performance of real Nb3Sn cavities. This suggests that Sn-deficient grains may be a
significant contributor to the historically poor performance of Nb3Sn.

In Chapter 5, we present results on grain boundaries in Nb3zSn, where we made corrective
adjustments to estimates derived from a previous CBB paper published in Physical Review B. Our
conclusions align closely with the previous paper, namely that vortex nucleation at grain boundaries
is a key candidate for one of the main causes of high-field Q-slope (HFQS) in Nb3Sn SRF cavities.
We identified two qualitative features of dissipation in this context: initial vortex nucleation, where
vortices become pinned to the grain boundary, contributing to HFQS, and bulk nucleation, where
vortices already in the grain boundary enter the bulk, potentially leading to cavity quench (i.e.,

transitioning to a normal conducting state).
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One of the new calculations we performed compared the results of "Sn-rich" grain boundaries,
as simulated in the previous PRB paper, to "clean" grain boundaries, which do not exhibit Sn
segregation. These results represent perturbative corrections to those in the PRB paper and reveal
some new qualitative insights, such as a decrease in the distance between the vortex penetration
field and the bulk entry field due to the dissipative heating estimated in the earlier study. Despite
these new insights, our qualitative conclusions remain largely the same, which is why we chose not
to publish these results.

We also estimated the impact of Nb3Sn surface layers, finding that layers thinner than approxi-
mately 2.5 penetration depths could start to experience performance drops below what is expected
from perfect Nb3Sn. To further explore this, we simulated sinusoidal-shaped layers, comparing
their impacts relative to the "critical wavelength"—the theoretical spacing between vortices during
nucleation. In doing so, we observed a situation in which vortex-antivortex pairs would nucleate
at the peaks of the layer. This is a preliminary result, but if confirmed, it suggests that rough or
thin spots in the Nb3Sn surface layer could lead to additional dissipation, beyond what is normally
expected from vortex nucleation, due to the nucleation of these pairs.

In Chapter 6, we presented additional surface calculations where we explored two limiting
cases of idealized step-function-like defects, which we term the “tall bump" and “wide bump"
limits. In the wide bump limit, we found that vortices can easily nucleate into the bulk, but they
become pinned to the base of the defect. The characteristic length scale associated with vortex
nucleation into the bulk, Hp,;;, was the coherence length. This implies that surface defects capable
of nucleating vortices need to be controlled down to the scale of the coherence length in order to
mitigate their impact on cavity performance. Furthermore, this result suggests that the field at which
cavities quench is primarily determined by defects on the scale of a coherence length, provided the

quenching is caused by a surface defect.
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In the wide bump limit, we also examined the vortex nucleation field, H,,,;. In this case, vortices
were no longer pinned, allowing us to explore the characteristic length scale associated with the
initial vortex nucleation. We concluded that this length scale was the penetration depth, meaning
that the initial penetration of vortices—and thus the onset of HFQS—is determined by features on
the scale of the penetration depth. This finding underscores the importance of surface features on
the scale of the penetration depth in determining the onset of vortex penetration and subsequent
dissipation in SRF cavities.

Finally, in Chapter 7, we introduce and discuss the generalized time-dependent Ginzburg-Landau
(GTDGL) theory, comparing it to the traditional TDGL model. We show that the additional time
derivative in GTDGL decouples the magnitude and phase of the order parameter, leading to two
distinct timescales for each. This decoupling makes GTDGL particularly suitable for time-dependent
problems. Additionally, we demonstrate that any steady-state solution of the TDGL equations is
also a steady-state solution of the GTDGL equations, with both equations having identical stability
properties for those solutions. This means that GTDGL does not provide new insights for steady-
state conditions beyond those of TDGL, but it also implies that TDGL can still make accurate
predictions for gapped superconductors, even though it assumes gapless superconductivity.

We conclude the chapter by using GTDGL to explore the frequency dependence of the "RF
superheating field," Hg,gr, which is the minimum field amplitude of a sinusoidal applied field
required to induce vortex nucleation during the RF cycle. Our calculations show that Hy,gp
increases roughly linearly with frequency, with the slope of this dependence becoming steeper
as the new parameter ¥y in GTDGL increases. This result provides valuable insights into how the
superheating field behaves in relation to RF frequency, offering potential applications for optimizing

SRF cavity operation.
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8.2 Potential Future Directions

While this dissertation has made significant strides in understanding the performance of SRF cavities
through computational models, there remain many opportunities to expand upon and refine the work
presented here. The research has provided valuable insights into the impact of material defects
and surface features on SRF cavity performance, but many questions remain, particularly in areas
where mesoscopic behavior interacts with macroscopic performance. Future work could build on
the findings and models developed here to deepen our understanding of superconducting materials
and further enhance the efficiency and effectiveness of SRF cavity technology.

One promising direction for future research is to couple the dissipation estimates to a temperature
field. By doing so, we could simulate the dissipative heating of vortices directly during the
calculation, allowing for a more dynamic and realistic representation of the heating effects that
occur as the vortices move through the superconductor. Currently, the simulations presented in
this dissertation analyze the system at fixed temperatures, which limits the ability to capture the
full temporal evolution of the system as energy is dissipated. Coupling the dissipation to the
temperature field would allow for the calculation of self-consistent temperature distributions in
response to the energy dissipated by vortex motion. This approach could reveal more detailed and
time-resolved behaviors of SRF cavities, particularly in high-field conditions where dissipation is
most pronounced. Moreover, it would provide insights into the thermal feedback mechanisms that
may influence the overall performance and stability of the cavity during operation.

The sample-specific framework developed in this dissertation represents a significant contribu-
tion to the modeling of SRF cavity performance. By integrating detailed experimental characteri-
zations of various defects, density functional theory (DFT) estimates of the physical properties of
these defects, and time-dependent Ginzburg-Landau (TDGL) simulations, this framework offers a
more holistic approach to understanding how material defects affect cavity performance. While we

have already applied this methodology in various instances throughout the dissertation, a natural
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next step would be to scale this approach for a more comprehensive study. By broadening the scope
to incorporate a wider range of defect types and material configurations, we could develop a fully
realistic—if not quantitatively exact—Q vs. E plot that more accurately reflects the performance of
SRF cavities across different conditions.

Increasing the scope of this framework would involve extending the experimental data, DFT
calculations, and TDGL simulations to a larger array of sample-specific features, including more
complex defect structures and varied material compositions. This expansion would allow for a
more complete understanding of how different defects and material properties interact, ultimately
improving the accuracy and applicability of the resulting Q vs. E plots. While the results may
not be quantitatively exact, they would provide a far more realistic and comprehensive qualitative
description of SRF cavity behavior, serving as a powerful tool for guiding experimental designs,
improving our understanding of SRF cavity performance, and optimizing cavity technologies for
future accelerators.

Additionally, the methods developed in this dissertation could be extended to a broader range of
candidate SRF materials. For instance, NbZr is a material of particular interest to CBB [43, 44],
but we did not fully incorporate it into this dissertation. While we did perform some preliminary
calculations for Nb3 Al as a side project for a collaborator, this material was not extensively analyzed
as part of this work. Nb3Al, although it underperforms compared to Nb3Sn, offers the advantage
of being less sensitive to stoichiometry, which makes it a potential candidate for future research.
The reduced sensitivity to compositional variations is a significant benefit, as it could mitigate
performance degradation often seen in Nb3Sn due to variations in the material’s composition.
Furthermore, Nb3Al can be grown using similar vapor diffusion techniques as Nb3Sn, making it a
viable candidate for practical SRF applications. While it does not match Nb3Sn in superconducting

performance under ideal conditions, its improved tolerance to stoichiometry suggests that it could
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be an important material for future studies. Incorporating our sample-specific TDGL framework
into the study of NbZr, Nb3Al, and other emerging materials would enable a more thorough
understanding of their potential for SRF applications and allow for a direct comparison to Nb and
Nb3Sn.

As discussed in Chapter 7, there is also room to improve our GTDGL calculations. By incorpo-
rating DFT estimates of the inelastic electron-phonon scattering time, we could more accurately
calculate the parameter 7y, allowing for more specific predictions of the frequency dependence of
Hg,rr. Additionally, GTDGL offers a natural extension to TDGL for quality factor calculations,
as such calculations require dealing with sinusoidal applied fields that prevent the system from
reaching steady state. While GTDGL would not provide a completely quantitatively accurate
solution, it would offer a significant improvement over TDGL in modeling time-dependent effects

and the behavior of SRF cavities.

8.3 Final Remarks

This dissertation has provided a comprehensive exploration of the factors influencing the perfor-
mance of superconducting radiofrequency (SRF) cavities, focusing particularly on the role of
material defects and surface features in Nb and Nb3Sn. By combining computational models, such
as the sample-specific time-dependent Ginzburg-Landau (TDGL) framework we developed, with
a detailed understanding of mesoscopic behavior, we have been able to uncover mechanisms that
govern dissipation and high-field Q-slope (HFQS), and have offered insights into strategies for

improving SRF cavity performance.
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The results presented here highlight the critical importance of understanding material properties
on a mesoscopic scale and how defects such as hydrides, Sn-deficient islands, and grain boundaries
contribute to performance degradation. Through our analysis, we have demonstrated that these
defects, even in small concentrations, can have significant effects on vortex behavior, dissipation,
and overall cavity efficiency. In addition, our work on Nb3Sn has provided valuable insights into
how surface features and stoichiometry can impact cavity performance, with the potential to guide
future research into optimizing material growth and treatment procedures.

Looking forward, there are numerous opportunities to build on this work, whether by expanding
the computational framework to include temperature fields and more complex defect interactions,
exploring new materials for SRF cavities, or refining the generalized TDGL model to provide
more specific predictions for frequency-dependent behavior. The methods developed here provide
a strong foundation for future research, and the findings presented in this dissertation offer new
avenues for improving SRF cavity performance in the next generation of particle accelerators.

Ultimately, this work contributes to a deeper understanding of the microscopic and mesoscopic
factors that influence superconducting materials and provides a roadmap for future improvements in
SRF cavity design and technology. As we continue to push the boundaries of accelerator technology,
the insights gained from this research will serve as a stepping stone toward achieving more efficient
and cost-effective particle accelerators, enabling advancements in fundamental physics and a wide

range of applied fields.
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Miscellaneous Supplimentary Calculations

The folllowing chapter outlines several calculations which were either too onerous or out of scope

for the main text.
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A.1 Chapter 2 Appendices

The following section includes several of the appendices associated with the contents of Chapter
2, which include an abbreviated version of the TDGL nondimensionalizations (the next appendix
section will go into this in much more detail), and several calculations related to our quality factor

estimates.

A.1.1 Brief Overview of TDGL Non-dimensionalization

To nondimensionalize the TDGL equations, we start with Egs. 2.1 and 2.2, and make the following

coordinate transformations:
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If we substitute in Egs. 2.10, 2.11, 2.12, and 2.14 for «, 3, I', and o, respectively, we can then

P — myc? By
4me2| oy
/ h2

define the quantities:
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Ko = g
4o
HCO - ﬁo
)

Ty = low|
o GnOmsﬁO
P e oyl

Ty
uyg = —
‘ Tjo
oo = 0
0 = :
€Ty

Using these relations, the resulting equations under the above coordinate transformations simplify

into Eqgs. 2.15 and 2.16 (where we then drop the tildes).

A.1.2 Approximate Estimation of Normal-State Conductivity

We outline here a possible route to estimate o, using the Drude model [150], where the electrical

conductivity is given by

c=—0), (A.1)

with e and m the electron charge and mass, n the carrier density, and 7 the mean free collision time.
For the normal quasiparticle density at low temperatures, we adopt the approximation from Ref.
151,

ny, = 8ne Mk T (A.2)
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which leads to an expression for the normal-state conductivity in the Meissner regime:

G, = ne’s <8e_A/ka) . (A3)

m

We emphasize that this expression is approximate, and moreover that the energy gap A is inferred
from the TDGL order parameter y, which is known to overestimate A at low temperatures [152].
Given these limitations, we regard this estimation primarily as a qualitative reference and have

proceed with treating o, as a free parameter in the main text.

A.1.3 Quality Factor Derivation

We start with the quality factor:

2nE
= —. A4
Q=+ (A.4)
These quantities (working in SI units for this section) can be expressed as integrals:
1 2
E= 1y, / dVH (A.5)
2" v
T
AE = / dt dVur D, (A.6)
0 Vsurf ‘

where V' is the cavity volume, T is the RF period, and D is given by Equation 3.20. Vs is the
volume in the first few penetration depths of the cavity surface where essentially all of the dissipation
occurs. TDGL simulation outputs are unit-free, so it is helpful to pull constants with units out
of these integrals, leaving behind dimensionless functions which can be calculated from TDGL

solutions. We start by expressing Equation A.5 in cylindrical coordinates:

E:%uo/rdr/dq)/dsz
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We then define some dimensionless quantities:

F= L A7
r_l_i (A7)
Zzé (A.8)
. H

H:E (A.9)

Where R is the maximum radius of the cavity, L is the length of the cavity in the axial direction, and
H, is the maximum value of the applied field at the surface of the cavity during an RF period. These

quantities allow the definition of a unit-less integral that only depends on the cavity geometry:
Iy= / FdF / d7H? (A.10)

Using these definitions with Equation A.5 and assuming that H has azimuthal symmetry results in
E = nuoH>LR*Iy. (A.11)

Turning to the dissipated energy integral, suppose all of the dissipation occurs within a distance d
below the cavity surface, where d << R. This allows the cylindrical integral to be converted into
cartesian coordinates, with the azimuthal direction becoming the new x direction, the axial direction
becoming the new y direction, and the radial direction becoming the new z direction. A diagram of
these transformations is found in Figure A.1.

With these transformations, we have

T 2mR L d
AE :/ dt/ dx/ dy/ dzD. (A.12)
0 0 0 0

When calculating this from simulation outputs, the integral is necessarily calculated over a small
region of the overall cavity surface. Let L, and L, be the simulation domain size in the x and y
directions respectively, and let N be the total number of simulation areas needed to fully partition

the cavity surface. Then the dissipation integral becomes

T Ly Ly d
AE :N/ dt/ dx/ dy/ dzD, (A.13)
0 0 0 0
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Figure A.1 Schematic of Transformations for the Quality Factor Calculation. The
cylindrical geometry is shown on the left, with the cavity radius R and length L depicted,
and the coordinate directions, 7, qS and Z. Under the transformation (on the right) the
coordinates become cartesian, with the 7 direction becoming the new 2 direction, the ¢
direction becomes the X direction, and the old Z direction becomes the y direction.
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and N can be approximated as
27RL

N = : (A.14)
L.L,
Contuining as before we again define dimensionless coordinates:
X
F=_ A.15
== (A.15)
~_ Y
== A.16
y=3 (A.16)
Z
5= A.17
=7 (A.17)
Y
="t (A.18)

T

where A is the penetration depth and Ty;,, is the period in units of simulation time. These convert

the integral to
T (T % 7
AE:7L3—N/ df/ df/ dy/ dzD. (A.19)
Tsim Jo 0 0 0
Additionally, under the temporal gauge (¢ = 0), Equation 3.20 can be expressed as
X2
o 2 Tsim a ‘7/ 2 2 Tsim 87A
D =2poH; =" | | 52| +ouod® =5 (== ) ] (A.20)

where § and A are the unit-free versions of the vector potential and order parameter that are solved
for with Eqgs. 2.15 and 2.16 (a derivation of Equation A.20 can be found in the next section of the
Appendix). Finally, we define some more dimensionless integrals over the TDGL solutions:

Tsim L;Tx l% %
IWE/ df/ di/ dy/ dz
0 0 0 0

Tyim Ly Ll 4 aA 2
IAE/ df/ldi/ldy“/ldf(f) (A.22)
0 0 0 0 or

.. . . 2
Combining everything and noting that w = 2%, we get

o |?
== (A.21)

27RL AT
AF =2u0H223 2 (IW + mW@ . (A.23)
Loy

Now using Equations A.4, A.11, and A.23 we get an expression for the quality factor,
H2RL, LIy

0= , (A.24)
22‘3 (II[I + a)o'n/vl()zl;nim IA)
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where H, = \/%I;I is the applied field in simulation units. It is common to express the quality factor

as

G
0= (A.25)

S

where R; is the cavity surface resistance and G is a geometric factor that depends only on quantities
which are determined by the cavity geometry. We can define these quantities under the framework

we have presented as

1
G = 3 UoWRI (A.26)
wl’j n AZTw’m
R, =0 (11,, n wG“O—‘IA) . (A27)
H2L.L, 21

For a typical 1.3 GHz 9-cell Nb TESLA cavity, G = 270 Q [105], so in practice we can just use this

value or other known values of G, and only calculate R; from Equation A.27.

A.1.4 Nondimensionalizing the TDGL Dissipation

We start with Equation 3.20,

_ iesQy 2
D—2F‘(a + 5 )‘ +0,E

2+o‘9_A2
"\or )’

Next, we make the same coordinate transformations as from the previous section (and the same time

choosing the temporal gauge (¢ = 0) we have

oy

D=2I'| =—
‘at

transformation as from the methods section) and use the expressions for Ty and H, on the first term:
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where in the last line we used the fact that T = Ty, T;,. Finally, this expression is in Gaussian units

so we convert to SI units so that it is compatible with the other expressions in Section 2.2.5:

T2, (aA)2

2
of

+20,udH?A? 72

2 ~ 2
QTs‘im aA
+ OnkloA" = (af

2
Tsim

_ 2
D =27y loH; 72 |5

T (10W
—2 H2 sim oy
HoHe = (‘ of

oy
P




A.2 Ginzburg-Landau Equation Nondimensionalization 152

A.2 Ginzburg-Landau Equation Nondimensionalization

A.2.1 Initial Equations and Useful Values

The Ginzburg-Landau equations are as follows:

2

5 (—ihv . ﬁA) v+ ay+ BlyPy = 0 in the domain (A.28)
g c
2miesh 4re?
VXV x A - (V- V) — o |y 2A = 0 in the domain (A.29)
mgc mgc

<ihV1,l/+ ﬁAw) -7 =0 on the boundary (A.30)

C
(V x A) x n=H x n on the boundary (A.31)

To nondimentionalize these equations, we first start by getting a few useful constants from these
equations. The coherence length, &, can be found by looking at Equation A.28, and letting A =0

(and thus y will be real):

V2W+% (w+§w3) =0 (A.32)

Where £2 = %. The coherence length is the length scale for the variance of y.

The penetration depth, A, can be found by looking at Equation A.29 and considering the ma-
1

terial to be perfectly superconducting, i.e. Y = Yy = (%) ?, this makes the second term in the

equation go to 0 and we get:

1
V><V><A—|—ﬁA:O (A.33)
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2 mg® _ —Bm? . . .
Where A~ = Tyl = Ardla The penetration depth is a length scale for how deep magnetic field

is able to penetrate into a superconducting material.

We now have the well known Ginzburg-Landau parameter, K = % =4/ 2%’:}5 . The material’s
. .. 2
thermodynamic critical field, H, = 4’%0‘ also becomes a useful constant later.

A.2.2 Nondimentionalization

To nondimentionalize the GL equations, we make a number of coordinate transformations: x = Ax’

(and therefore V = %V’ ), A =+v2HAA' and v = /_T“l//’ . Doing this to equation A.28:

. 2 3
1 (—ih_, ~2H. e , -, — -0
(0T e G [Fivivao s

Dropping the primes and dividing by o, / _T“ gives:

1 h_ V2H.A ’
_l C es
( TV A) v+y—|yPy=0 (A.35)

2mg 0

If we bring the m into the parentheses of the first term (square rooting it of course), and expand

out the As and Hc, you will see that the term in front of A goes to 1, and the term in front of the V

goes to —, so the final equation is:

. 2
<fV—A> y+v—|yly=0 (A.36)

If we make the same transformations for Equation A.29, we get the following:

2H, 2ieshat 4mela
V2Heg g/ M gy ypongr) + EQ e agan =0 A
A mgcA msc?
Once again dropping the primes and then multiplying by \/% gives:
2mieshat 4mel o)’
VXV x ALY gy yvyt) 4 ST y2a =0 (A.38)

mgc\/2H, B mgc2f
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Expanding H, and A again makes the coefficients in front of the second term reduce to ﬁ, and the

terms in front of |y|?A reduce to 1:
V><V><A+i(l//*Vw—wa/*)+|1//|2A=O (A.39)

For the first boundary condition, it follows the same process as for the first term in Equation A.36,
and doing the transformations for the last boundary equation, there will be v/2Hc¢ in front of both

terms, which cancel, so the final nondimentionalized equations are:

(%V—A)2w+w—lwlzw=0 (A.40)
V><V><A+%((I/I*V1//—y/V1//*)+|y/|2A:0 (A41)
(i"(vwm,/) =0 (A42)

(VxA)xn=Hxn (A.43)

A.2.3 o and B Spacial Dependence

Now we want to let o and 3 vary with space, this can represent different materials, or material
defects. To do this, we make the transformations o = @a(r) and B = Byb(r), where o and Py are
constant reference values with the same units as a and 3, and @ and b are dimensionless functions
of position. Returning to our definitions of £ and A, we see that setting A = 0 in Equation A.28 and

collecting terms gives:

Viy <al,l/+ ff, ) 0 (A44)
0

Where 502 = % To find the other length scale we once again let the material be perfectly
1

superconducting, but this time in terms of the reference o and B; v = yp = (%) ?  this makes

Equation A.29 go to:

1
V><V><A+ﬁA:O (A.45)
0
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2
Where A2 = s —Pomsc® Similarly, H. becomes H.q = 4% and Ko =20 = (/Bume yye
0 ™ drely> ~ dmelop » e 0= "By > & 27 eshi

then do the same process as we did before, but replacing any A, &, k, or H, with Ay, &y, ko, or He.

This will result in almost the same equations, but with an a and a b in front of the y and |y|?y

terms:
i 2
(EV—A)VHﬂW—MWPW:O (A.46)
VX VXAt (W VY= V) [yPA =0 (A47)
(éwﬂw) =0 (A48)

(VxA)xn=Hxn (A.49)



A.3 Time Dependent Ginzburg-Landau Equation Nondimensionalization 156

A.3 Time Dependent Ginzburg-Landau Equation Nondimen-
sionalization

A3.1 o and B constant

The Time Dependent Ginzburg-Landau equations are as follows:

r (a—w+ tes w) +

2
(—ihV—ﬁA) v+ay+ Byl y =0 inthe domain,
c

ot h 2my
(A.50)
4o, (10A 2miesh 4re?
TOon (292 L ve ) 1V VxA— 9 vy — yvy) — 5 1y PA =0 in the domain,
c c ot msc mgc?

(A.51)
(ith//—l— %Al]/) -n=0 on the boundary,
(A.52)

(VxA)xn=Hxn ontheboundary,
(A.53)

JA
— <V¢ + E) -n=0 on the boundary.

(A.54)

To nondimentionalize these equations, we first use the same definitions for A, &, k, and H, as
we defined in Section A.2.1. We also make the same change of variables as in Section A.2.2 in

addition to letting t = 1ot and ¢ = ¢y¢’; For equation A.50, this gives us:

1 ih V2H A ? o a o’
—1 vV _ c eSA/ —e - - 125
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Dropping the primes and dividing by «, / %x gives:

1 [ —ih_  2H:)es 5 1oy iesdod \
2msa<lv_ c A) vy -lvl "’+|ay(f ot ¥)=0 (A9

The first three terms reduce down to the same terms as in Equation A.36. We then let Tp = % and

0o = e’z—r’i to get the final equation:

. 2
— oy
(?ZV—A) v+ y— WIIZI/H—8 +igky =0 (A.57)

Making the same coordinate transformations for Equation A.51:

2H, 2rmiesh
\/_ i TieshQl (w/*vlwl _ W!V/W/*)
micAp (A.58)
477:6 (04 2 477:6}1 \/zHcl JA’ ¢0 '
2HAA"+ - =0
W/‘ V2 ( ctpn Ot * A vy’
Dropping the primes and then multiplying by \/%I—H gives:
2riesh
VXVxA+ L (y'Vy —yVy™)
mycv/ 2Hep (A.59)
4re?ad? .. 4mo, (A2 OA ¢ '
5 WA+ —(— =+ Vo | =0
mgc? c cTpn 0t \/2H.

Once again the first 3 terms go the the same as Equation A.39. We then define 7; = %, which

gives:

T 0A  4mo,d
VxV A+— \% V') + 2A+’ +
x V x (V' Vy —yVy) + |y 3 T V3.

If we define u = %, then the coefficents in front of the time derivative go to %, and it turns out that
J

Ton0ve =0 (A.60)

if we substitute in the value for ¢y we found earlier, the coefficients in front of the V¢ go to %:

1 1 [JdA
V><VxA+§((w*Vw—y/Vly*)+|w]2A+; (W+V¢) =0 (A.61)
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So the final equations are:

. 2
- d
(;ZV—A> w+w—|wlzw+a—‘i’+i¢xw:0 (A.62)
VxVxA+i( Vy —yVy*) +| |2A+1 a—A+V¢ =0 (A.63)
5 WYY =Yy |y L = :
(LKVIV—FAIV) ‘n=0 (A.64)
(VxA)xn=Hxn (A.65)
- <V¢ + aa—‘j‘) n=0 (A.66)

A.3.2 o and B vary with time and space

If we now let @ = apa(r,t) and B = Bob(r,t), we can do the same thing as we did in Section A.2.3,

_i? 2 —Bomyc? 4o X o
and let £ = —melao’ 3= 4n’e?‘clpo|2 = 45‘;%02 ,Ho= —7[2:0, and Ky = % = g—g% Additionally
we also let Taog = F‘l;o\’ Tio = i”%? %5, Uy = %, and ¢g = e’;";fo. We can then follow the same steps as
above with these new values and we get:
: 2
—i d
(K—V—A) ‘lf+allf—b\llf!21l’+a—z/+i¢1€0w=0 (A.67)
0
VXVxA+ —(y'Vy—yVy )+ |y|'A+— | —+Vo | =0 (A.68)
2Ko Up ot
(ivw+Aw) =0 (A.69)
Ko
(VxA)yxn=Hxn (A.70)

JA
- (V¢+E) n=0 (A.71)
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