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ABSTRACT
Running of the Magnetic Coupling

Zadia Hughes
Department of Physics and Astronomy, BYU
Bachelor of Science

Magnetic monopoles, or particles that emit radial magnetic fields, are as yet undiscovered.
However, quantum field theory makes many predictions about them. The prediction most
relevant to this paper is that the strength of the interaction between magnetic monopoles and
other particles depends on the interaction’s energy scale. This phenomenon is well understood
for electrically charged particles and is known as the “running of the electric coupling.” In
this paper, we show a formalism for determining how the magnetic coupling would run and
how it could affect the running of the electric coupling as well. We hope to be able to extend
these methods to other types of theories.

Keywords: Hypothetical Particles, Running Coupling, Electric Coupling, Magnetic Coupling,
Magnetic Monopoles, Quantization Condition
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Chapter 1

Introduction

This thesis is written largely as a companion to the paper Schwinger v. Coleman [1]. It is
meant to explain math and concepts needed to understand this paper and others in a way
that is accessible to undergraduate students. It is hoped that when another undergraduate
comes along who wants to study magnetic monopoles or get a basic introduction to some
aspects of Quantum Field Theory, they will be able to read the paper and this thesis, and
shorten their floundering time significantly.

The running of the electric and magnetic coupling is a quantum field theoretic phenomenon
that two scientists, Julian Schwinger and Sydney Coleman, studied. They got essentially
opposite answers to the question: How does the magnetic coupling run relative to the electric?
This paper, in conjunction with [1], aims to answer that question and reconcile the two
answers by employing a new formalism for calculating each piece.

To get to a point where we can make these calculations, this introduction covers the
basics of magnetic monopoles, coupling and charge, the Dirac quantization condition, and
the running coupling. Using this background, in the next chapter, we walk through the new
formalism to reconcile Schwinger and Coleman’s answers. Finally, we conclude that Coleman

was correct and Schwinger’s error was due to the mishandling of some topological terms. We
1
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elaborate further on the implications of these solutions and include ideas for future projects

involving this formalism.

1.1 Magnetic Monopoles

A monopole is any one particle that produces a radial field; for example, an electron is an
example of an electric monopole - a particle that produces a radial electric field. A magnetic
monopole is similar; it is any particle that produces a radial magnetic field. However, as is
typically taught in undergraduate electricity and magnetism classes, V - B = 0. This means
that the magnetic field is divergence-less, or has no sources or sinks. This would indicate that
there are no such things as magnetic monopoles, as they are defined as sources of a radial
magnetic field. This is not a requirement of Maxwell’s equations as a theory; it is simply

indicative that we have not yet observed a magnetic monopole.

1.1.1 Quantization Condition

While magnetic monopoles have not yet been discovered, there are some compelling arguments
for their existence. One of these is the quantization of electric charges, which is discussed in
the introduction of [1]. The idea is fairly simple, imagine we have one magnetic monopole
and one electric monopole separated by a distance r as shown in Figure 1.1.

As discussed in [1], we can calculate the angular momentum associated with this system.
To do this, we need the Coulomb field produced by the electric charge, which is a standard
result given by:

- eq T —7,

E(F) = (1.1)

dr |7 — g3
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Figure 1.1 An electric monopole e and a magnetic monopole g separated by a
distance 7.

Here e is the coupling and ¢ is the charge of the electric monopole, the difference between
these two values is discussed in Sec. 1.1.2, and 7, is the distance from some origin to the
electric monopole.

We also need the magnetic field produced by the magnetic charge, which is given by:

bg T —1y

B(r) = (1.2)

Ar |7 =73
Similar to the electric case, b and g are the coupling and charge, respectively, of the magneti-
cally charged particle, and 7, is the distance from the same origin to the magnetic monopole.
In essence, the magnetic monopole functions in the same way as the electric monopole; it is
just magnetic instead of electric.

Using equations (1.1) and (1.2), we can calculate the angular momentum for this system.

In 1904 J.J. Thomson [2] found this to be

. (1.3)

Here, 7 is a unit vector pointing from the electric monopole to the magnetic one. This result
is particularly interesting because it does not depend on the distance between the charges (7

is a unit vector). Quantum mechanics tells us that angular momentum is quantized, which
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means we can also write that L = nh, to get

eqbg
L — h: —_—
L =nh = 29
eqbg =4mnh . (1.4)

It is at this point that physicists often assume that

b= — (1.5)

It is important to note that this assumption is non-trivial. So much so that one of the main
goals of [1] was to show that Eq. (1.5) is justified by quantum field theory. The reasoning for
the assumption is explained in Sec. 1.3. This assumption leads to the aforementioned charge
quantization condition, which is calculated below.

When we plug Eq. (1.5) into Eq. (1.4), we get

4
eq (g) g = 4mnh
qg =nh . (1.6)

This gives us the condition between electric and magnetic monopoles that we were looking
for. In this equation, we have the electric charge and the magnetic charge multiplied together
to create some integer multiple. This is interesting because if g is zero, i.e., there are no
magnetic monopoles, then ¢ is unrestrained; it can take any value. However, if ¢ is non-zero,
q must take certain quantized values that are integer multiples of each other.

As we can see in Table 1.1, this integer multiple-ness is what we see in our universe.
Imagine we have some elementary charge, which we suggestively call %qd. Every single
fundamental particle that we have observed thus far has had an electric charge that is an

integer multiple of %qd, as is seen in Table 1.1.
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qd —2qq 34 04
neutrinos
electron
down quark up quark Z boson
muon
strange quark | charm quark photon
tau
bottom quark | top quark gluon
W boson
Higgs boson

Table 1.1 Electric charge of fundamental particles in terms of the charge of the
down quark

While this quantization argument does not guarantee the existence of magnetic monopoles,
it does offer an extremely elegant explanation of charge quantization, which warrants further

investigation.

1.1.2 Coupling v. Charge

In QFT, two quantities determine the strength of a charged particle’s interaction with the
electromagnetic field, and they are easy to confuse. The coupling e is a property of the
electromagnetic field; it sets the overall strength of the electromagnetic interaction with any
given particle. In contrast, the charge ¢ is the label given to a certain particle that specifies
how many "units of coupling" that particle carries. We often choose this to be +1 for the
proton and —1 for the electron and let e contain the actual strength of the interaction. It
is important to note that once we select a value for ¢ for any one particle, the rest of the
particles’ ¢’s are determined. For example, if we choose gejectron = 10, then gproron better be
—10. In reality, it is the combination of ¢ and e: ge that gives the force between particles.
A similar story holds for the magnetic charge and coupling in Eq. (1.2). The coupling b

is again a property of the electromagnetic field; it sets the overall strength of the interaction
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Figure 1.2 The classical vacuum.

with any given particle. The charge g is again something that we choose to define for a given
particle. Though because of the relation we found in Eq. (1.6), once we have chosen a value

for q or g, the rest of the particles’ ¢’s and ¢’s are determined.

1.2 Running Couplings

To understand the running coupling , we need to understand the vacuum. When we think
about a classical vacuum, we normally think about a completely empty space, as in Fig. 1.2.
However, the theory that we are using to describe the universe is not classical; it is called
quantum field theory (QFT), and it makes some different predictions about the vacuum. It
predicts what we call vacuum fluctuations in each quantum field, such as the electron field
and the photon field. We often think of these fluctuations as virtual particle-antiparticle pairs
that are popping in and out of existence, as in Fig. 1.3. This means that if we were to observe
a particle in a vacuum, we would observe it, along with the soup of particle-antiparticle pairs

it is sitting in and interacting with. For example, consider an electron in this soupy vacuum
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Figure 1.3 The QFT vacuum. Many particle-antiparticle pairs are popping in and
out of existence.

Figure 1.4 Particle-antiparticle pairs shielding an electron in the QED vacuum

as in Fig. 1.4. The particle-antiparticle pairs act as expected, the positive end nears the
electron, and the negative end moves away. This creates a “cloud” of virtual particles that
causes a shielding effect. This shielding effect is what causes the running of the coupling. We

can think of measuring the electron in this state as probing it with various wavelengths of
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Figure 1.5 Measuring the electron in the QED vacuum with a high frequency light
(violet) and a low frequency light (red).

light, as in Fig. 1.5. The red, low-frequency, lower-energy light gets what is essentially a
“blurry picture” of the electron. It cannot resolve the difference between the electron and the
soup. This means the value it returns for the electric coupling is slightly lower. This makes it
seem like the electron interacts more weakly with the field. On the other hand, the violet,
high-frequency, high-energy light can get a “clearer picture”; it probes more of the nuance in
the system and isn’t as blocked by the soup of particles. This higher frequency light returns
a value that indicates the electron has a stronger coupling to the electric field. This idea
of the measured value of the coupling changing with the energy used to measure it is what
we mean by a running coupling. As the energy scale increases, so does the value for how
strongly the electron interacts with the field

In Fig. 1.6 we can see data of this phenomenon, which comes from the L3 collaboration.
They measured a parameter alpha, which depends on e:

62

= . 1.7
“ dmeghc (1.7)
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e'e—e'e L3
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Figure 1.6 From the L3 collaboration [3]. Evolution of the electromagnetic coupling
e, the solid line represents predictions from QED, and the solid dots with error bars
and yellow region are experimental data from the L3 group; the width of the yellow
box represents the error in the measurements.

We can see that as the coupling, e, increases, so does . Looking at Fig. 1.6, we can see that
as the energy scale increases, the measured value of alpha, and thus of the electric coupling,
increases. This brings us back to our central problem. We know that the electric coupling
works this way, but we don’t have any magnetic monopoles to perform this experiment with.
Thankfully, the two scientists mentioned earlier, Julian Schwinger and Sydney Coleman,
each thought about this problem. Unfortunately, they got different answers; it is our job to

reconcile them.

1.3 Historical Background

Sydney Coleman and Julian Schwinger were both interested in the issue of the running of the
magnetic coupling; both studied it and obtained drastically different answers to the question

of how the magnetic coupling runs. Schwinger found that the electric and magnetic couplings
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run in the same way [4]. He found that

b(1t) = \/Zs()bo (L8)

This means that electric coupling increases with energy scale \/Zs(u), which we know
from experiment, and that the magnetic coupling does the same thing. As the energy scale
increases, the magnetic coupling does as well.

Coleman, on the other hand, found that the magnetic coupling ran inverse to the electric

coupling [5]:

b(p) = —=—=bo . (1.9)

This means that as the energy scale increases, the amount that the magnetic monopole

interacts with the field decreases. This is where we get that big assumption that is Eq. (1.5).

4m
b=—. 1.10
: (1.10)
If e(n) = \/Zs(p)eo and b(p) = \/le_(u)bo then we get this relation exactly.
1 4 4
b(p) = —mcby =~ = by = — (1.11)
Zs(p) Zs(p)eo €0

and we maintain the argument for charge quantization. We now have a substantial amount of
background and can move on to the specific formalism used to show that this big assumption

is, in fact, supported by quantum field theory.



Chapter 2

Mathematical Methods and Results

In this section we develop the formal mathematical methods to calculate the running of the
electric and magnetic couplings. We do this perturbatively by building Feynman diagrams
for specific processes involving electric and magnetic sources. Looking at charge quantization,
the electron charge is inversely related to the magnetic charge, if the electron charge is small,
the magnetic charge will be massive. However, as is explained in [1] we can get around this
large non-perturbative magnetic charge by using a "dark" magnetic monopole whose charge
is "suppressed by a dimensionless kinetic mixing". We start with a single potential formalism
in standard QED (no magnetic monopoles yet). This is a well-known result and gives us
something to check the rest of our work against. We then calculate the same results using
field strengths. This field strength formalism is what allows us to calculate with magnetic
monopoles relatively easily. Once we have an established method for the field strength
calculation, we apply it to QEMD (QED with magnetic monopoles) to calculate the running

of the magnetic coupling.

11
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<AMAV>k
eJH eJ”

Figure 2.1 One-photon exchange between electric currents.

2.1 Single Potential Formalism for Standard QED

We begin with the standard QED Lagrangian for electric currents *

1
L= FuF" —eAJ" (2.1)

We have a term with the coupling, the photon, and the current, which, according to standard
Feynman rules , means there is a vertex involving the current and the photon. We also have

the kinetic term F),, F** which results in a standard photon propagator 2:

My — (1 - 5)16”]2%
——= T o= (AA)E (2.2)

We start by creating a Feynman diagram for the most basic version of the system described
by this Lagrangian: one-photon exchange between electric currents, Fig. 2.1. We can then
use what we know about Feynman rules in momentum space to determine the leading order
matrix element between two electric currents: iMJ”7. The Feynman rules for our system are

as follows:

o vertex: —ieJ!

kuky
Ny — (1- 5)2_2

e photon propagator: —: :
k% —ie

Using these Feynman rules, we get that the zero-order matrix element for photon transfer

between two electric currents is:

kuk
Nuw — (1_5) 221/ - v
ER (—ie)J . (2.3)

IThis corresponds to chapter 4 in Schwinger v. Coleman [1].

iMJT = (—ie)J"(—i)

e

2A derivation of this can be found in Schwartz [6] section 8.5 “The photon propagator”.
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We can use the following identities to simplify this:
o Nt = Jeu.

e k,J! =0, which arises from the fact that electric current is a conserved quantity. In
position space, we have 9, J* = 0, but when we do a Fourier transform to momentum

space, the 0, becomes ik, [6].

Using these two identities, we get:

Ky ko
IMIT = (—ie)Jr(—i) _k:(zl—_z'? B (je).J
— e (et - -t
- ()
_ ZZZJ__“JZ: | (2.4)

This matches the standard result in [6].

We can now find the first-order correction to this “correlation function.” We again start by
making our Feynman diagram. Since we are looking at corrections to the photon propagator,
we are going to have essentially the same diagram as Fig. 2.1, but with a loop in the photon
propagator that we call H?ﬁ , the J indicating it is part of a system that has two electric

currents. Our Feynman diagram is Fig. 2.2.

Figure 2.2 First order correction to the photon propagator for one-photon exchange
between electric currents.

We can follow a similar process to the first calculation, but now we have an extra piece.

(g bk
We still have —ieJ# for the vertices, and (—Z)M for the photon propagators. So

k2 —ie
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our first order correction looks like:

ngy — (1 — €)%

o — (1 e
Ep— (—ie)J, . (2.5)

k2 — e

MY = (—ie) J/ (i)

()

A note: Schwinger v. Coleman [1] drops the ie terms, for simplicity [1]. From here on
out, we do the same thing.
We can now work through simplifying Eq. (2.5), we start by factoring out the is and es

expanding it into four terms:

kgky
. JJ - 2 Junﬂanaﬁnﬁl/ JI/ Junual—[aﬂ_(l - 5) 22 JV
ZMl =1e eﬁ Jﬁe‘F eﬁ JT@
(1 — £)huke ) (1 — £)huka (1 — g)kek
+ Jg—( kf) : H?B—Z; T+ Tl ( k? =157 ( k? EJr) . (26)

We can see that the second and fourth terms go to zero immediately because k,J’ = 0.
In addition, because we are working in momentum space, k, is just a number, and thus it
commutes with J¥. This leads us to another useful equation J*k, = 0, which eliminates the
third term. We are now left with just the first term, which simplifies to

ie?

i Jeall3 Jes (2.7)

We now use the Ward Identity to rewrite the propagator H?ﬁ in a slightly more useful
form. The Ward Identity states k,M* = 0, where M is the amplitude for all physical states.
As in Eq. (2.6), we can see that M is proportional to the photon propagator, so to satisfy
this, we know our propagator must have the form: TI(k?)(k*n** — k*k"). If we act on it with

k*, we get:
= k,(K*n" — k"EY)
= k*k" — k,k"k”

= K2k — K*kY = 0. (2.8)
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This satisfies the Ward Identity. This gives us the general form of our photon propagator.
We can use this new form to simplify our expression further.

ie?

o oo 17 (E?) (K20 — k*kP) o5 . (2.9)

Again, we know k” Jeg = 0, so the second term goes to zero, and we can evaluate the first

term to get:

: Jt Je
= Z€2HJTM . (210)
We can now add the first order correction to the tree level value to get:
JJ JJ 2 S ey
MU +M1J =€ [1 +HJ] . (211)

k2

Remembering that we are essentially creating a perturbation series, we have something of
the form: 1+ € + ..., which is the Taylor series expansion for 1%5 We can now rewrite Eq.
(2.11), using this idea to get:

SV Jep e’ - SV ey o

JJ JJ __
Mo+ MG = TR T R R

(k%) . (2.12)

We can relabel the [I_He—j(kQ)] as ek (k*) because e is what is getting renormalized in this
equation. The renormalized e depends on energy scale (k?), and as energy scale increases, e%
increases as well, as expected.

We can also recognize that Eq. (2.12) is the Fourier transform of the Coulomb potential
[7,8], which is another standard result. All of these checks indicate that we are on the right

track; we can now move to working in the field strength formalism.

2.2 Field Strength Formalism for Standard QED

While the single potential formalism worked well for QED, it gets complicated fast when we
introduce magnetic monopoles. Thus, we develop a formalism that involves the field strengths

instead.
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The first thing we need to build our matrix element is a way of defining the propagator in

terms of field strength. We know F* = k*AY — k¥ A*| so we can plug that definition in to:
(FoP Y, (2.13)
to get:
(FPFY, = (kAP — EPA) (K7 A° — K AY)),
= KRV (APA%Y, — kORO (AP AN, — KPRV (A A%, + KPS (AYAYY, (2.14)

Now the algebra here is non-trivial, and it is not immediately obvious that k£ commutes
with A or can come out of the brackets; a more detailed derivation can be found in [1]

Appendix A. We can now write this in terms of our propagator from the last section

.nuu_(l_g)% - . . i
—i———y——t— = (A, A,). This gives us:
BS 1_§k5k6 By _ 1_€k5k7
<Fa5F’)/6>k — kLY (—in (k2 ) k2 . kasz —in (k,g ) k2
ad 1 — kK oy _ (1 — kYEY
e (—@'n (k2 Szl BNPEIEY B (k;2 O
- ;—2’ (B — kK™ — KPR 4 K Rne)
—i(1 —
+ % (KKK — K ROKPKY — KPR RR + KPRk k)
= ;_22 <n55kakﬁ _ 77’37/{,‘0‘]{:6 _ naékﬁkﬁ + nwkﬁk(s)
—i(1 —
+ % (KKK — KRk K — KKKk + KPRk k)
- ;—j Pk — PR — KPR + 2 EPEY) 40 (2.15)

Where the second term has gone to 0 because the ks commute with each other. We also
know from [1] section 3, that the class of operators that map two forms to two forms (like

the field strength tensor) is defined by:

aB pyd 1 B6

Y _ By
@l = g =

g’ =" + ") (2.16)
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and we can write Eq. (2.15) in terms of this propagator. With ¢ = r = k.

(FPF1) = =2if P (2.17)

Before we begin calculating he rest of our matrix elements, we need a few identities to
make our lives easier. These all came from [1] section 3. We know from this section that:

1
MVI()cﬁ - 5 (nuanuﬁ - nuﬁnua) ) (218)

so I, can be written in terms of this identity element:

1

1 1 o a
Fior = 5(Fyo+ Fo) = 5(Fp = Fo) = & 0o — o) F° =0 TogF%(2.19)

The third equality comes from the fact that F),, is antisymmetric. We also know from Section

3 of [1], that the identity element can be written as:

k k)
wlag = EPG —®) ph (2.20)
Combining (2.19) with (2.20) we get:
— (k) pk) _(k) pk) of
F.UV - (;w Paﬁ * UV P*aﬁ) F7. (221)

However, we can think of L";) Po(é? as a sort of projector onto a space, and i’fL),,Pfs/)B as the
projector onto the orthogonal space, so they do not touch. The object ,(Zf,) Pg;) projects into
the space of objects that are wedge products with k,. Since F),, is of the form k A A, it lives

in this space and,

(40P P = 0. (2.22)
So we can write that,
k a
Fu = (0P%)) P2, (2.23)

We can now turn our attention to the sourceless Lagrangian, which we can write as:

I T 1 s
L= = FuF" = = Fop T Fys = = Fas (1P Fys (2.24)
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Which is great, but we still need a source (something like our —e A, J* term in our original
Lagrangian Eq. (2.1)). This is a little tricky because it needs to be able to couple to this
“two-form”, or two-index object, so we can’t just use J* like before, since that only has one
index. To find something suitable, we can look to the normal Maxwell equation in momentum
space:

ik, F* = ek . (2.25)
The useful solution to this equation, chosen in [1], is

_JEnY — JVnk

P = — 2.26
J e n-k ( )

Where n is a vector that points normal to the surface enclosed by the current. These surfaces
enclosed by the currents give rise to a topological term, which is related to the intersections
of those surfaces in 4D spacetime. [9,10]. We can use this definition to rewrite the —e A, J*

term in the Lagrangian.

—eA,J" — —eA 0, F — €0, (A,)FYY . (2.27)

In the first arrow, we have used the Maxwell equations in tensor notation d,F%"” = J*. In
the second arrow, we have used integration by parts. Because we technically are dealing with
a Lagrangian density that is integrated over, we can perform integration by parts to move
the derivative from F%" to A,,.

We know

F. =0,A, —0,A (2.28)

vl

and

FV;,L - aleu - a,uAy s (229)
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since 0, A, is antisymmetric in ¢ and v we can flip the indices and multiply by —1, which
gives:

F,. = 0,A, +0,A, = 20,4, (2.30)

so 0,4, = %Fvu

We can now plug in the definition of F7* and write d,(A,) in terms of F,, to get:

1 I — JVnt e JHENY — JVnH

g Fon(—ie) n-k - EFW n-k

€ay(A”)F5V = 2

(2.31)

Where we have again used the anti-symmetry of F'* to write £, = —F},,. We should also
note that all of the previous calculations of the source term have been done in momentum
space, which gives us the Feynman rules for the field strength generated by electric currents.
We can then move to position space to get the associated term in the Lagrangian. Remember

that during a Fourier transform ik, — 0, so we get:

—e JPn? — J'n# —e JEn? — J'n#
—r,— s —F,— 2.32
2 N n-ik 2 N n-o ( )
We can now write our new QED Lagrangian in terms of the field strengths only, with no

potentials involved:
1 e JEnY — J'nH

L=—-F, F¥" —--F,,
4" 2 # n-0

(2.33)
Using this Lagrangian and its associated momentum space Feynman rules, we can calculate
the amplitude of the tree-level diagram Fig. 2.3.

This leads us to a new set of Feynman rules for this formalism:

Janf — JPn
272,1 -k
and —e when the momentum is flowing out of the vertex.

e vertex: (+e) . It is +e when the momentum £* is flowing into the vertex,

e propagator: (—Qi)gkﬁ)Pég)
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(EuwEop)i

Figure 2.3 One-photon exchange between electric currents (blue) using field

strengths. X" is just a label for what the field strength couples to, it could
Jonf —J%ng

also be called =—3—

2.2.1 Tree level calculation

We start by using our new Feynman rules to get the bones of the matrix element down, we

get:
Jon? — JPne J'n$ — J°n]
A g T 1 1 -\ (k) p(k) 2 2
=(—e)——(—2i) 4, P —_— = 2.34
ZMO ( 6) in ke ( Z)a,B vé (6) 2712 ke ) ( 3 )
We can now use the identity given in section 3 of [1], plugging in ¢ = r = s:
[e]] e k k k * t k - S
(s°t” — 7)) P = o (5yks = sohy) + =5 (kyta — Katy) (2.35)
we use this to evaluate the propagator on the left vertex, to get:
k-n k-J
(Jony — I8 PG = = L(J ks — Jsk.) + — (kymus — ksnis) (2.36)

we know that k- J = 0 so the entire second term goes to 0. We can then plug this back in to

our original amplitude equation (2.34).

Mg = (o) BRI iy

(J'ng — J°nJ)
2712 -k

2.37
o (2.37)
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Figure 2.4 One electric loop correction to photon exchange between electric currents
using field strengths.

We can now simplify the coefficients and expand the numerator.

, 2ie(k - ny)
JJ: ks — k Yo 0 76,
MY = i Ty s — ) (T = )

2

B ie

- 2k3(ng - k)

B ie?

© 2k%(ng - k)

€2 (ng - k)

T 2(ma k)
ie? J?

kY (2.38)

(Jyks I nS — Jsky JnS — J ks J'n3 4 Jsk.,Jny)

(J*(k-ny) —0— 0+ J*(k - ny))

This result is the exact same as the one we got for the single potential calculation, which
is a good sign. It is also important to note that there is no n dependence in this result, which
means in future calculations we do not differentiate between n; and n.. We can now calculate
the one-loop contribution to this process, and again, check to see if it matches the single

potential (it should).

2.2.2 One-loop calculation

Looking at Fig.2.4, we can build our matrix element out of our Feynman rules:

JonP — JBnpe
2n - k

Jin® — JonY

iM{7 = (~e) (=20)q3 P 10°) (=20) 8 P13 (€) 5

op* 6

(2.39)

We already know how to evaluate most of this, but we need to get II to a better form so

it is easier to evaluate. Looking at the diagram there are two points where the field strength
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attaches to the loop, we can write these in the way we normally write vertices,

rvo

— nVpHe nov,]pﬂ _ npno'ﬁ
2n - k 2n -k

ntn

(2.40)

These tell us the vertices that are on the loop but we still need a rule for the loop itself,

which we again get from the Ward Identity, so the full expression for II is:

rvo

— n¥'nke n(’npﬁ _ npnffﬁ
2n -k 2n -k

w
TP — nn

IL(E*) (k*Nap — kaks) - (2.41)

We can now expand the numerator and do some additional algebra to get:

I1(k?)
HUTIoP — T 7 R V7Y o, 0B _ P 0B k2 g — kak'
—4(n_k)(n.k>(nn ) (n7 0 — ) (K 1ag 8)
— H(kQ) (nunyanonpﬁklr] o nunuanoankQU - n,unuanpnoﬁkQT]
d(n-k)(n-k) o o o

+ n”n“an”nc’ﬂk%aﬁ — n“n”an”n"ﬁkakﬁ + n”n“anonpﬁkakg

+ n“n”o‘npn"ﬁk:ak:g — n”n“anpnaﬁkakg)

T1(k?) 0.2 2 2
— T2V _ VO k2phP — plnP k2nve
—4(nk)(nk)(nn n n'n’k"n ntnfkn
+ n'nf kA" — nPn kY kP 4+ nn kP kP + nfnfkY kT — n"nPkPE7)
11 2
:—4(n : ]SCU}L 7 [E*(n*n 0P — n"n"n"* — nfnfn"° + n"nfnk’)
— (n"kY — n"E")(n7kP — nk?)] . (2.42)

We can now recognize the form of (an)’(% Pyl in the first term to get:

QUUTTop H(kQ) 2. 2\uv pop 1.V V. o1.p p1.0
1 (k*n?)
] 2 Ky pop 178 RZN 7y N7) oLp _ o, PLO 924
) (k%) gz 2(n-k:)2(nk n"k*)(n7k? — nPk?)| (2.43)

and use equation 38 from [1]:

2,.2
5 () qr 1
LqJPJ) N PCS‘[I)) — L qu)Péqp) _ —2(q Ay (qury — @) (@oTp — QpTs) (2.44)
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plugging in n and k for ¢ and r and inserting an identity to raise the indices we get:

27.2
ur pyo af pop n*k U pop 1 v VLK 01L.p __ PLO
o Pty o lesn T = Tz 0P — 30 gz WK — R (7R =) (245)

we can now see how we can pull this out of Eq. (2.43) to get:

1
HWTTOP — H (kQ) P’Yé

W o lasin Y - (2.46)

(k)" (n)

Looking back at Eq. (2.39) we can see that #*T1°7 is sandwiched between two propagators:

(k) p(k)yur pbe & pop (k) p(k)
aBPuV( )P( )gd)IgC( )P( )apr . (2.47)

We have changed the indices on the identity so as to not have more than two of a kind
in one term, they are just dummy indices so we can do this. Looking to Eq. (39) and (48)

from [1], which are written below, we can simplify Eq. (2.47):

(@) prv (r) p(@) _ (@) prv (q) pla) _ (@) p(a)
ot Flgy iP5 = as By i Py = asbas (2.48)
and
v k k
(k )P(“) /(LV)P')(/J) = ( )P( ) (2.49)

Using Eq. (2.48) twice we can simplify the two sets of Ps on each end to get

k) o (k)
ggp( oslecin Py (2.50)

We can now evaluate the identity and use Eq. (2.49) to get:

(k) _(k) pos(k) p(k) _ (k) (k)
o )P( Q;"‘f’[&( )P Tap P( k)6 Pl = apbs - (2.51)

Plugging this back into our matrix element Eq. (2.39), we get:

, Jonf — JBne . p JInd — JnY
ZMi]J = <—€)W(—22)(2)( 22) H(k’2> Pv(é)ew
Jonp — JPn~ J”’n — JonY
= 2i*T(k?) P =~ 2.52
e (k ) 2n . ]f aB 75 2n . k Y ( )
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which is identical to the tree-level calculation (Eq. (2.34)), so we can use that result to get:

2
iM] = ieQH(k2)% : (2.53)

This matches what we got for the single potential formalism exactly! Now we can use this

field strength formalism to deal with magnetic charges as well.

2.3 Field Strength Formalism in QEMD

We can now begin to include magnetic monopoles; we can assume that they are also sourced
by a magnetic current K* [1]. We start by assuming that F),, is unchanged by the addition

of magnetic monopoles to our theory.

V_KVnph

. . 1%
We define a source term in the same way ib*F),, % ST

, which assumes that the
relationship between *F),,, and K* is the same as the relationship between Fj,, and J*. If we
were to do this and calculate the tree level amplitude of the photon exchange between two

magnetic currents we would get:

Kenf — KPn~ K)ok K'nd — Kon"
om -k <_2Z>*aﬁp*'y(5(b) om -k
(Q.bg)Ko‘nﬁ — KPn©~ ( K'n? — K°n?
= 7 e —
2n - k 2n - k
gl Ot = (K )
k2 2(n - k)?

MK = (1)

k k
P - aﬁ’]'yé)

(2.54)

Where we have used Eq. (43) from [1] in the second equality.

However, this doesn’t match our previous assumption, that magnetic-magnetic scattering
works in the same way as electric-electric scattering. We have an extra term, that [1]
calls a “contact term.” In order to deal with this we have to take note of our assumptions
we have made thus far, we are assuming that F),, = 0,4, — 0,A,,, however, this leads to

P = 2eP(9,As — 03A,), when we take a derivative of this, we get a rather unfortunate
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answer:
8M*F’“’ _ %e“m'g@u(ﬁaflﬁ — 8/3Aa)
— %(ewaﬁaaauAﬁ — 950, A,)

1
= (P0,0,A5 — ¢P0,0,A5)

2
1 vo ro

= 5 (€ 0a0,A5 + €040, A)

= eP9,0,A5 =0 .. (2.55)

In the last line, we have something antisymmetric times something symmetric, which
is always 0, so with our current definition d,*F"” = 0. If we want to include magnetic
monopoles, we need to have something that is sourcing them. This could have the form
0, F* = bK".

After some trial and error we can define

b n®KP —nfKe

F* =0,A, — 0,A, — 5 Cuvas — , (2.56)
so that
cpur — VBT ZORY L wesy g, (2.57)
n-o
which gives
0, F" =bK" . (2.58)

which is exactly what we want.

Now that we have a new definition of F),,, we can plug it back in to our original Lagrangian
for QED £ = F,,, " —eA,J" to get:
2

= —FAFW ¢ A, J" 4 b9s(A o — K>~ (n-K)Y . (2
L 4FW eA,J" 4+ b0s( “>n~86 K,,na—|—2(n'a)2[n[( (n-K)° . (2.59)
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<F*uyF*0'p>k

Figure 2.5 One-photon exchange between magnetic currents using field strengths.

eXk” is just a label for what the field strength couples to, it could also be called
Kol —Kpgn¢
2n1-k

Or with the field strengths instead of the vector potential we get:

FA K#n¥ — K¥n# b2n2K2 —(n-K)?

R K . (2.60
Sy i 2n - 0 2n - 0 2(n-0)? ( )
We can now use Fourier transforms to get the Feynman rules for this system:
— KPn~
e vertex: ib
2n k
(k) plk)
e propagator: —QZ*QBP*,Y(;
K. -
e contact term: b — (K- n)”
(n - k)?

These, along with our Feynman diagram (Fig. 2.5), allow us to build our tree-level matrix

element for magnetic-magnetic photon transfer.

K“nﬁ KPn~ k) ok Kn® — K’n? K?n* — (K, -n)?
My = 2n -k (=20 >>(““)’BP"‘(7‘)S( ) 2n -k i (n-k)?
B 2ib2K€anﬂ — KPn®> (O‘BP( ) g ) Kn® — K’nY b2K2 n?— (K, -n)?
B 2n - k (k) on - k (n - k)2
KZ KQ 2 _ ( )2 K2 2 (K . n)Q K K
= ib? + ib® = ib? 2.61
™ (n- k)2 (n- k)2 YT (2.61)

This matches what we would expect to get if magnetic-magnetic works the same as electric-

electric at tree level, see Eq. (2.38).

2.3.1 One-loop calculation

There are four different one-loop diagrams:
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Figure 2.6 One magnetic loop correction to photon exchange between electric
currents using field strengths.

e Magnetic currents with a magnetic loop
e Magnetic currents with an electric loop
e Electric currents with an electric loop (Fig. 2.4)

e Electric currents with a magnetic loop (Fig. 2.6)

We have already calculated the one-loop diagram for electric currents with an electric loop,
so we are now calculating the one-magnetic-loop correction to electric-electric interactions as

in Fig. 2.6. This gives us the full picture of what is happening for the running of the electric

coupling
Jonf — JPne Jnd — JonY
Aqdd (k) Ve (k)
iMij = (—G)W(—Ql)agpfw)ﬂ“ 1177 (—2i)%) 'Y (e )W (2.62)
Since we already solved for #’TI°° we can plug in Eq. (2.46) to get:
Jenf — JPne yJJnd — JonY
. JJ __o:.2 (k) v ) af po (k)
M = 2T =5 s Pl Pl olesGo Piion P g - (269)

Now, for the tricky part, there are a couple of equivalent ways we can write the combination

of propagators surrounding the identity. In [1] Eq. (47) states:

(@ puv (r) pla) _ (@) pxyd (@) pxyd _  xafB p(a) *aﬁ (9)
as o) wivPas = asTie) — sty = () Fas + ) Das (2.64)

Or adapting it to what we see in our term:

(k)p( ) uv p75 (k)P*’Yé (k)P*’Y5 (k) p’Y(S (n) P’Y5

af” xpy (n)” (k) — aB” (k) T ap (n) — T xaf8 (k) *aﬁ (k) - (265)
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Looking at these two ways of expressing the propagator, we can see that the second term
on the right in each case is where the n* dependence lies. That is the topological term we
wish to remove. We wish to remove this because the topological terms are not physical. The
question asked in [1] is which definition we should use, since they are equal. They explain
that if we want to correctly remove the topological dependence we need to understand how
the J terms interact with il;)ﬁP(Vk‘; Vs gfﬁ)P(’;;é.

We know that J exists in a mathematical space. The propagators that pull from the dual

to this mathematical space returns 0 when acting on .J because no part of J is in the dual

space. This means that:
Jan’B — J’Bna(n)

6
o = 0. (2.66)

(k)

As is stated in [1], while this seems convenient, this goes to zero regardless of what we do,
so it is essentially equal to the other option. If we really want to get rid of the topological
terms, we need to use the first equality in Eq. (2.65) so that there is a non-zero term we

eliminate. This means we should write

JonP — JPne Jnd — JonY
A ATT o 2 (k) pxys (k) pvyé aB pop(k) p(k)
ZMIK = 2ie”ll om -k (aﬁp(k) a,BP(n) > ”/5]aﬂ(k)P(n)*opP'y§ om -k ) (267)
removing the topological term, we get:
Jonf — JPne JInd — JonY
g o 2 (k) p*yo af pop (k) p(k)
iMJ = 2ie Il (aﬁp(k) ) las) PP = (2.68)

Looking at the propagators on the right, we can follow a similar logic, though this time
we choose the other definition in Eq. (2.65), because the propagator is acting to the right in
this one. In [1] there is a typo in Eq. (106), and Eq. (107); they are all off by an overall

minus sign; we have fixed it here. We can use

a,BPO'p(k) P(k) — _Oéﬁp(k)

aB p(n) _ +af p(k) _ +aB p(k)
()" (myxop’ 78 () Pens T ()L Pls — oy Pas (2.69)

ks = ()
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to get
JonP — JBno JIn® — JonY
- 2 (k) pryo xaf p(k) _ *aB p(k)
iMJ = 2iet Il (QBP(,]) ),y(slaﬁ (w P® —wfp ) . (270)
Removing the topological term:
, JnP — Jn® () s ‘ol JInd — JonY
i = P G ) T
JonP — JPne Jind — Jony
—9:.2 *op k) p(k)
= 2ielle 2n - k ( P(k) ) (*””P'V‘S ) 2n - k
JonP — JPno (k) JInd — JonY
— —2ie?I (Bp) == ——
UK T 2n - k ™ A0 2n - k
J2
i (2.71)

This is significant; there is no extra “contact term”, and it has almost the exact same form
as the one-electric loop diagram. Adding up all of the diagrams for electric-electric thus far,
we get:

o J?

Which we can again treat as a Taylor Expansion to get:

62

o J?
JJ JJ JJ n I, =11 2 ) 2.
MO +M1J +M1 =€ kQ[ + J K] J kQ[l _HJ+HK] ( 73)

We can repeat this calculation for the instance of a magnetic current with a magnetic loop

and a magnetic current with an electric loop. We find that the total contribution is:

KZ
MEE + MEF + MISE = b2ﬁ[1 —T0; + k] . (2.74)
We can then see that

2

e
— , 2.75
B Ty PR s oy (2.75)

and

br = b*[1 —TI; + k] . (2.76)

Which is exactly in agreement with Coleman’s answer. The electric and magnetic couplings

run inversely to one another. In fact if we set Zg(u) = [1 —IL; +I1x] we get Eq. (1.9) exactly.



Chapter 3

Conclusion and Final Remarks

Schwinger and Coleman reached opposite conclusions about how the magnetic coupling
runs relative to the electric coupling. We explored a new formalism that reconciles their
disagreement. We first calculated the running of the electric coupling using the vector
potential as our source for the field. This reproduced standard results and served as a check
for future calculations. We then repeated the calculation using the field strength itself. This
formalism extends well when we add magnetic monopoles. Using this second method, we
calculated the running of the magnetic coupling, careful of the topological terms that arose.
Doing this, we found that the electric coupling runs proportionally to energy (k?):

2

e
- ) 3.1
BT =T (R) + (k)] (3.1)
and magnetic coupling runs exactly inverse to it:
br = b*[1 — 1, (k?) + Mk (k%)) . (3.2)

This is the relationship Coleman predicted, and the opposite of what Schwinger thought.

These results are also in agreement with the Dirac quantization condition; by = i—: is only

true if e and b run inversely. In the future, applying this field strength formalism to a
30
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Lagrangian with a theta term could be insightful. The theta term gives rise to the Witten
Effect [11], which is the theoretical phenomenon where magnetic monopoles gain some amount
of radial electric charge in addition to their magnetic charge. This electric charge would be
proportional to the theta in the Lagrangian. Using this formalism could reveal how theta

runs with energy.
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