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ABSTRACT

Simultaneous Determination of Three Different Spin Projections
Using Entanglement and Weak Measurement

Joshua Matern
Department of Physics and Astronomy
Bachelor of Science

Uncertainty relations constrain knowledge about incompatible (non-commuting) quantum ob-
servables, such as spin components of particles. I study a technique by Vaidman, Aharonov, and
Albert [Phys. Rev. Lett. 58, 1385 (1987)] to overcome these limitations using weak measurement
and particle entanglement of all three Cartesian spin components. I verify that this method, which
is referred to as the Buddy Method in this work, is applicable to all four Bell (maximally entangled)
states. I also show that the Buddy Method gives significantly better than random probabilities for
partially entangled states. Finally, I generalize the Buddy Method for arbitrary spin direction.
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Chapter 1

Motivation and Background

1.1 Introduction to Quantum Measurement

Can we fully understand quantum systems or are there fundamental limits to our knowledge?
Incompatible quantum observables, corresponding to non-commuting operators, define an area of
study with measurement constraints. This is due to the uncertainty inherent in such observables.
I will define strong measurement as definite measurements that give precise information. Strong
measurement of one of the observables loses information about the other observables. This is due
to the system collapsing down to one particular eigenstate of whichever observable was measured.
Because non-commuting operators do not share their eigenvectors, the strong measurement of one
operator leaves multiple possible outcomes for the incompatible second measurement. A new
method is needed to get more information and see if it is possible to overcome these limitations.
Vaidman et al [1] proposes such a method using weak measurement and entangled states. This
method will hereafter be called the Buddy Method in order to emphasize the importance played by
an entangled, external system.

Entangled states are superpositions of quantum states of two subsystems where the subsystem
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can only be measured in their relation to the system as a whole and not individually. For example,
if we have the entangled state

|00)ap +[11) 45,

then all there is to know about the system is A + B. We know nothing about A or B individually
because we ignore the value of each of them. Measurements need to be taken without collapsing
entanglement, but as previously stated, strong measurement causes collapse with loss of informa-
tion.

A fundamental property of all particles is spin, and its three components are incompatible
observable. As such, following the lead of Vaidman, spin makes an ideal choice for testing the
buddy method. Electron spin was chosen by Vaidman so we will do the same. Electrons are
prevalent throughout the universe and their spin can take only two possible values of spin: up or
down.

Spin, S, is a vector quantity and an operator in quantum mechanics. It thus has three Cartesian
projections, usually labeled as the Sy, Sy, and S; components, corresponding to the orthogonal axes
x, y, and z in 3-D space. These projections can be represented as the spin matrices oy , 0y, and oy,
where these components are quantum operators, which can be measured for any particular state

and thus describe spin outcome measurements in space.

1.2 Quantum Techniques

1.2.1 Weak Measurement

Weak measurement allows for a form of measurement without collapsing states including entan-
gled states. This is accompanied by choosing a state, called the pre-state, when preparing the
system and selecting specific outcomes called post-states by discarding all other measurement

outcomes. The system is then weakly probed in between these pre-selection and post-selection
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states in order to measure it. This weak interaction avoids a collapse of the wavefunction while
simultaneously giving a value of the measures observable. A trade-off between accuracy in the
measurement and lack of disturbance in the weak probe reflects quantum complementary. Data
not matching the post-states are discarded, so as to gain a more accurate outcome. Performing this
weak measurement many times allows us to know with increasing certainty which state the system
1s in.

Current experimental techniques [2] make weak measurement possible and enable us to de-
termine two of the three spin projections. The pre-selected and post-selected states correspond to
eigenstates of incompatible measurements such as 6, and o,. It has been shown that using weak
measurement allows for inferences for two measurements on multiple copies of a single system at
a given time [3]. This allows for the accurate determination of two of the three spin components
of a spin—% particle. That still leaves no commonly accepted nor experimentally verified method to

infer with certainty all three Cartesian components of a spin—% particle.

1.2.2 Particle Entanglement

So far it does not seem possible to determine all three projections of particle spin. The standard
measurement techniques used for quantum-mechanical systems cannot yield dispersion-free in-
ferences (i.e. predictions without uncertainty) of more than two non-commuting observable of
a single system at a single time. Attempting to measure all three spin components even using
weak measurement with pre- and post-selection still leads to collapsing the spin system and losing
information.

The use of entanglement with a second particle in conjunction with weak measurement is now
proposed as a method for getting all three spin projections [1]. The system that we wish to know all
three components for is entangled with another system. The physicist does weak measurement on

the newly entangled system with newly selected pre- and post-states. Ignoring the components of
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Figure 1.1 A particle entangled with another particle. The components for the second particle are

ignored, being used only to obtain more information about the original particle.

the external, or buddy, system introduced for the entanglement as in Figure 1.1, the physicist is then
able to infer with certainty the possible measurement outcome of any of the Cartesian components
of the spin-% system. As we consider entangled states, we will also consider joint measurement
operators, which are operators on the full system rather than on the two subsystems individually.
This entanglement is a purely mathematical construct. No actual particle needs be actually
introduced into the system. We use it as a point of reference in probability calculations. Two of
the spin components are found using the previously outlined weak measurement method. Entan-
glement then allows us to infer the remaining spin component. The Buddy Method Vaidman et al.
presented, however, is limited to a maximally entangled (or Bell) state. In the following, I study to

what extent this method can be expanded to states other than this Bell state.



Chapter 2

Theoretical Methods

2.1 The Buddy Method

2.1.1 Background

As seen in Chapter One, Vaidman et al. developed a method to get all three projections of spin
for a spin—% by using entanglement with weak measurement. In their paper, the authors use the
conventional language of quantum mechanics for easier access although their inspiration derives
from their two-state formalism of quantum mechanics [1]. This is the only method I am aware of
that can theoretically infer all three spin projections. Verification of this method will show that it
can be used to lead to more accurate analyses of incompatible quantum observables.

In its original version, this method was demonstrated using the |y ) Bell state

9) = 5V el 1) +] e 1)

as the normalized pre-state where | 1) and | |) refer to spin up and spin down in the z axis. The
subscript ext refers to the buddy or auxiliary spin system. This method was not extended to other

Bell states or states that were not maximally entangled.

5
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A set of eigenvalues a; and normalized eigenstates ®; as shown in Table 2.1 are chosen for the
post-selected states. The eigenstates and the pre-state |y, ) are expressed using | 1) and | |) with

the external particle showing up in front. The eigenvalues for these states,

®;), are determined by
A|®;) = aqi|®P;), i = 1,...,4. It is assumed that there is no degeneracy a; # a;. The operator used
for the measurement was not given. Through reverse-engineering of the eigenstates used in the

post-states, I determine the operator A, which can be found in Appendix A.

ext| 4 /4 | ) ext| T>e_m/4)

[@1) = 3V2] Pext| 1)+ 5(| Pexr| L)e

1@2) = 3V2] Dhewt| 1) — 5(| Dexr| )™+ | Lene] The™™/4)
[©3) = 32| Leal 1)+ 3 Theal e~/ +] Lew| 1e™/*)
[@4) = V2| Lexe| 1) = 5| Phewr] L4+ | Lexe| T)ei™/4)

Table 2.1 The post-state eigenstates for the |y ) pre-state.

The Buddy Method is outlined as follows: Each joint operator measurement corresponds to
0;® 1 or 1 ® 0; meaning either the external or first particle being measured as an operator state and
then entangled with another particle, the buddy, on which no measurement is performed, repre-
sented by an identity matrix. These are labeled as First particle and External particle respectively
in Table 2.2. This joining is done mathematically by taking the tensor product of the operator state
with the identity matrix, both with the operator state first and the identity state first. Each operator
yields only two different eigenvalues c,, namely, =1 each with multiplicity two. This results in
two different projection matrices. Using the variable C, the probability for any given result C = ¢,

at any time between two pre- and post-measurements on the entangled state is

. 2
p(C:cn) _ |<q’z|Pc:c,.W’>| 2.1)

L [(®ilPe=c, W) [?
with Pc—c, being the projection matrices on the subspace of the two eigenvectors corresponding to

eigenvalue c¢,. After inputting the projection matrices into this equation with the selected pre- and
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post-states, it is claimed the probabilities will be either one or zero for the spin up or spin down
state for each of the four post-states for the chosen o; as shown in Table 2.2. Probabilities of 100%

or 0% mean we have 100% knowledge of the spin state eigenvalues along the three axes.

First particle External particle

Alx y z Xy z
a |t T 1 T 47
a|ll | T N
a3 | T 1 | (N
ag |+ T | 4

Table 2.2 The possible outcomes of the spin measurement for any of the three Cartesian compo-

nents of the |y ) Bell state given specific eigenstates indicating post-selected states

2.1.2 Verification

In order to check this method, we replicate the technique outlined in order to see if we obtain the
same results. We first find the two projection matrices for each eigenstate and apply these to the
probability equation. We then determine the probabilities of possible spin measurements of spin—%
particles in the |y ) entangled state, from which we also derived the results in Table 2.2. These

results match the probabilities in [1] and confirm the validity of the method.
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2.2 Application of the Buddy Method

2.2.1 Extension

We now extend this method to the three other Bell states listed in Table 2.3. We want to check
if the Buddy Method is applicable and equally successful for any maximally entangled state. Ini-
tial attempts using the |y_) give 50% probabilities when using the post-states of Table 2.1. We
conclude a new operator tailored to this pre-state needs to be created with new eigenstates as the
post-states. These eigenstates are found in Table 2.4. The eigenvalues have the same structure as
the |w_) pre-state. This indicates that we expect the method needs to use appropriately worked

pre- and post-states because Bell states should be equivalent.

W’*) = l\/§(| T>ext’ T) - ‘ \L>exl| ¢>)
104) = 3V2(I Dexe| 1)+ x| 1))
10-) = 3V2(I Dexe 1) = Dex| 1))

Table 2.3 The Bell states other than the |y ) pre-state.

IT1) = 3vV2] Deut| 1)+ 3 (| Pexe| )ie™* 4| L xe| 1)ie™ /)
IT2) = 3V2[ Dext| 1) — 5(| Dew| DYiel ™4 4| 1) onr| 1)ie™7/4)
IT3) = —3V2] Dot 1) + 501 D] L)ie™ ™4 4] L) x| 1)ie/)
T4) = _%\/i| Pext| ) — %(| Next| 1)ie 44| D] 1)iei™#)

Table 2.4 The post-state eigenstates for the |y_) pre-state.

The eigenstates are found in an artificial manner by realizing that a negative value can be
obtained by the square of an imaginary number. As such, whenever a | |) appears in the eigenstates

for the |y, ) eigenstates, we multiply it by i. After implementing the method with these eigenstates,
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we determine they are valid and so the artificial method works as expected.

After showing the method can be extended to one other Bell state, we can be confident it
extends to the rest. For the sake of completeness, we carry out the method on the |¢, ) and |¢_)
pre-states with eigenstates found in Table 2.5 and Table 2.6 respectively. The transformation is

achieved by flipping the second arrow for each of the corresponding |y) states.

et D™ ] L ent| L)e /%)

(A1) = 3V Dew| 1)+ 5( x| e

182) = 3V2] Tew| 1) = 3| Thexe| T)e™* +] D] L)e™ /%)
183) = 3V2 Lew| 1)+ 3 (1 Thex| e ™ +] Len| He™*)
184) = 3V2| Deu| 1) = 51 Teu| e ™™ +] Leu| He™*)

Table 2.5 The post-state eigenstates for the |@) pre-state.

V2I Deul 1)+ 3 (| Dhel Die™ 4 | | Lie™ /%)
V21 Deul 1) = 3| Dhel Die™ 4 | Y| Lie™ /%)
=3V2| Dl 1)+ 3| et 1hie™ %4 )| ie™/)
=2V2| Dl 1) = 3| Dhewtl 1hie™ % 4] )| i€ ™)

IS
&
[
[

1
2
1
2

)
)
)
)

Table 2.6 The post-state eigenstates for the |¢_) pre-state.

We now apply the method to partially entangled states for further extension of the Buddy
Method. This is done by taking the |y, ) Bell state but generalizing it outside of maximum entan-

glement to

|W+> = 8| T>ext| T>+ \% 1_€2| i)extl l,>

where € is a real number between 0 and 1. When epsilon is zero or one, we have product (or non-

entangled) states. When epsilon is \% we have recovered a Bell state. We apply this transformation
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to the post-states as well and get the results in Table 2.7. As long as we are consistent, it does not

matter which order we use for € and v/1 — €2. We then carry out the same method as before.

Ar) = e |¢>extr¢>+f = M>ex|¢> infa g SRS | i
A) = Y2 ) 1) — YR ) pyoin/t VRN, 1y )y in
A3) = 4 >ex,|¢>+f L |¢>mu> i SO ) e
1A9) = 21 Dl 4) — YR 1] dyeinl 4 LELZEN) 1y inst

Table 2.7 The post-state eigenvalues with the normality factor k for the partially entangled |y_.)

pre-state.

To know how far this method can be extended with the operators and to try and determine
the range, we make linear combinations of both the x and y directions as well as the x, y, and z
directions using polar notation. We then graph the first linear combination using a standard plot

and the second using a spherical 3D plot as shown in Chapter 3.1.3.



Chapter 3

Results

3.1 Data

3.1.1 Bell States

The |y_),

0. ), and ¢_) pre-state probability results are shown in Table 3.1, Table 3.2, and Ta-

ble 3.3 respectively.

First particle External particle
Alx y z Xy z
ap |t LT U
2 A Tt
S R
ag | T T | U N

Table 3.1 The possible outcomes of the spin measurement for any of the three Cartesian compo-

nents of the |y_) Bell state given specific eigenvalues indicating post-selected states

11
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First particle

External particle

Alx vy z X y z
alt t ot |t
o3 A S A
as [t 4Lt 4t
as Lt L L1t

Table 3.2 The possible outcomes of the spin measurement for any of the three Cartesian compo-

nents of the |¢,) Bell state given specific eigenvalues indicating post-selected states

First particle

External particle

Alx y z Xy z
ar [T 4 1T T
2 A T4 4
az |4 | T 1T 1
a | T T | U

Table 3.3 The possible outcomes of the spin measurement for any of the three Cartesian compo-

nents of the |¢_) Bell state given specific eigenvalues indicating post-selected states

3.1.2 Partially Entangled States

The partially entangled states resulted in continuous functions for each post-state. The probability

is always one or zero for o;. The results for o, partially entangled states are shown in Figure 3.1.

The results for o, partially entangled states are shown in Figure 3.2. The line that reaches proba-

bility one and the line that reaches probability zero indicates spin up or spin down depending on

which post-state is being used. The first and fourth post-state are the same and the second and third

are the same for oy. For oy, the first and third post-state are identical and the second and fourth are
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identical.

For All Post—States of oy

Probability
10+

0.8

0.6

y=e"2

Figure 3.1 Partially entangled state with o, for all post-states. The line for up or down differs with

each post-state.
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For All Post—States of oy

Probability
10k

0.8

0.6

y=e"2

Figure 3.2 Partially entangled state with o, for all post-states. The line for up or down differs with

each post-state.

3.1.3 Linear Combination of Operators

The plots for arbitrary linear combinations of o, and oy in the equatorial plane
0y @1 = (cos o, +singo,) ®1

are shown in Figure 3.3 and Figure 3.4. The line corresponding to spin-up and spin-down flip
between post-states such that the spin-up line for |®;) is the same as the spin-down result for |®,).

The plots for arbitrary linear combinations in space
09, ®1 = (sinBcos g0y +sinOsinPo, +cos00;) ¥ 1

are shown in Figure 3.5-Figure 3.8. The sphere surrounding the plots is a representation of proba-

bility one for all spin directions.
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Probability
1.0

0.8

0.6

0.4

0.2

Figure 3.3 Linear combination of operators o, and o, for post-states |®1) and |®;). The line for

up or down differs with each post-state.
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Probability
1.0

0.8

0.6

0.4

0.2

Figure 3.4 Linear combination of operators o, and o, for post-states |®3) and |®4). The line for

up or down differs with each post-state.



3.1 Data

17

Figure 3.5 Linear combination of operators Oy, 0y, and o, for the first |y, ) post-state.
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Figure 3.6 Linear combination of operators oy, 0y, and o for the second |y.) post-state.
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Figure 3.7 Linear combination of operators Oy, 0y, and o for the third |y, ) post-state.
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Figure 3.8 Linear combination of operators Oy, 0y, and o for the fourth |y, ) post-state.
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3.2 Analysis

The results for the |y_) pre-selected state are different from the |y, ) pre-selected state. For
each of the four Bell pre-states, the post-state eigenstate has unique values of the spin projections.
As such, knowing the eigenstate tells us what components to expect and conversely knowing the
components tells us which eigenstate we are in. In the |y, ) pre-state, the external particle’s y
component differs from the initial particle in that they are flipped. In the |y_) pre-state, it is the x
component that differs and is flipped. For the |y ) pre-state, the z component is flipped while the
|w_) state has both the y and z component flipped.

The plots of the partially entangled states confirms what we already knew about the maximally
entangled state, found in the center of the plots, but it also shows that we can still have very high
probabilities of knowing the particle spin. We have a greater than 90% probability of knowing
until € is approximately 0.1 and 0.9. This indicates that not only is the Buddy Method useful
for maximally entangled states, but it is also useful for most partially entangled states. It is only
when we lose entanglement that we get equal probabilities for both outcomes of the spin projection
values.

The plots of arbitrary linear combinations in the equatorial plane show that, as expected, there
is a period of 27 for the combinations, and that there is a high probability of knowing the spin
direction except at certain values of ¢ marked at regular intervals and approximately 7 radians
around them as shown in Figure 3.3 and Figure 3.4. For the first and second post-states, the
intervals are at %” and %. For the third and fourth post-states, the intervals are at % and %’T. The
probability of up or down being the probability closer to one differs depending on which post-state
is being used.

The plots of arbitrary linear combinations in space show that certain directions have 100%
probability of being known, but there are large dead areas where no information better than random

probability is known. There is a large circle in the xz-plane in Cartesian space when y is zero that
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we get almost probability one for each post-state. The probability also extends in a cone on either
side of the circle up to the y-axis in Cartesian space. This would seem to indicate the cone of

possible information we can obtain from the Buddy Method.

3.3 Conclusions

3.3.1 Application

The Buddy Method can be extended to all maximally entangled states and most partially entangled
states. Although Vaidman et al. only demonstrated this method for the |y ) pre-state, we showed
this method works for any maximally entangled state with the other three Bell states explicitly
worked out. We also showed that except for the extreme ends away from the maximally entangled
states, partially entangled states can also be known with a high degree of certainty, although not
100% certainty. There are limitations to the Buddy Method, as was demonstrated by using linear
combinations which showed areas no better than random probability, but this method still gives

more information than was previously thought possible for incompatible observables.

3.3.2 Further Exploration

We propose here three possible extensions of this work. First, the Buddy Method could be extended
to three particle states to see if that changes any information we can obtain. Next, we studied spin-
% states but this method could also be applied to spin-1 states to see if it is possible to determine
with certainty all of their spin components. Finally, this method could also be applied to other

incompatible quantum observables besides spin.
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3.3.3 Final Thoughts

The language of quantum mechanics is very versatile. Using it, we were able to perform this
theoretical experiment. Furthermore, it did not require the use of difficult mathematics but only an
understanding of linear algebra. This field should be easily accessible for new physics researchers
who could possibly look into other incompatible quantum observables.

It is notable that through a mathematical construct, in this case entanglement with a particle
whose information we do not care about, we are able to take existing data and infer with certainty
additional information. The Buddy Method is limited to being retrodictive rather than predictive.
It can be applied when a weak measurement has already been made in order to find the value of
the remaining observables. It is unable to predict the values for an incompatible observable. Such
techniques and constructs could possibly be created and used in other fields of science.

I hope that the Buddy Method gains widespread focus so that it becomes the subject of more
study. We have shown that though there are limitations to our analysis of incompatible observables,
some of these limitations have been made much smaller. Perhaps through further extensions of the

Buddy Method, we will eliminate further limitations to studying incompatible observables.
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Appendix B

Mathematica Code

In this appendix, I include all of the relevant code used to complete my research.

Z = .5 {{Sqrt[2], ExplI Pi/4], Expl[-I Pi/4],
0}, {Sqrt[2], -Exp[I Pi/4], -Exp[-I Pi/4], 0}, {0, Exp[-I Pi/4],
Exp[I Pi/4], Sqrt[21}, {0, -Exp[-I Pi/4], -ExplI Pi/4], Sqrt[2]1}};
V = ConjugateTransposel[Z];
S = InverselZ];
Abs[Det[Z]];

Z.V // FullSimplify;

L

{{a1, 0, 0, 0}, {0, a2, 0, 0}, {0, 0, a3, 0}, {0, 0, 0, adl}};

A=71L1L.V;

A // Chop // FullSimplify // MatrixForm

Begin with first pre and post states

psi = Sqrt[2]/2 SparseArray[{{1, 1} -> 1, {4, 1} -> 1}, {4, 4}]1;
25
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phil = SparseArray[{{1, 1} -> Sqrt[2]1/2, {2, 1} ->
Exp[I Pi/4l/2, {3, 1} -> Exp[-I Pi/41/2}, {4, 4}];
phi2 = SparseArray[{{1, 1} ->
Sqrt[2]1/2, {2, 1} -> -Expl[I Pi/41/2, {3, 1} -> -Expl[-I Pi/4]/
2}, {4, 4}]1;
phi3 = SparseArray[{{4, 1} -> Sqrt[2]/2, {2, 1} ->
Exp[-I Pi/4]/2, {3, 1} -> Exp[I Pi/41/2}, {4, 4}1;
phi4 = SparseArray[{{4, 1} ->
Sqrt[21/2, {2, 1} -> -Exp[-I Pi/41/2, {3, 1} -> -Expl[I Pi/4]1/
2}, {4, 4}1;
philt = SparseArray[{{1, 1} -> Sqrt[2]/2, {1, 2} ->
Exp[-I Pi/41/2, {1, 3} -> ExplI Pi/41/2}, {4, 4}]1;
phi2t = SparseArray[{{1, 1} ->
Sqrt[2]/2, {1, 2} -> -Exp[-I Pi/41/2, {1, 3} -> -Exp[I Pi/4]/
2}, {4, 4}]1;
phi3t = SparseArray[{{1, 4} -> Sqrt[2]/2, {1, 2} ->
Exp[I Pi/4l1/2, {1, 3} -> Exp[-I Pi/41/2}, {4, 4}];
phi4t = SparseArray[{{1, 4} ->
Sqrt[2]1/2, {1, 2} -> -Exp[I Pi/41/2, {1, 3} -> -Exp[-I Pi/4]/

2}, {4, 4}1;

Construct matrices for sigmas x, y, and z. Find eigenvalues, eigenstates. Make projection

matrices.

Mz1 = {{1, 0, 0, 0}, {0, 1, 0, 03}, {0, 0, -1, 0}, {0, 0, O, -13}};
Eigenvalues [Mz1]

Eigenvectors[Mz1]
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Mzle = SparseArray[{{1, 1} -> 1}, {4, 4}]1;

Mzlet = Normal[SparseArray[{{1, 1} -> 1}, {4, 4}1];

Mzle2

SparseArray[{{2, 1} -> 1}, {4, 4}1;
Mzle2t = SparseArray[{{1, 2} -> 1}, {4, 4}]1;
Mzlp = Mzle.Mzlet + Mzle2.Mzle2t;

MatrixForm([%]

Mzle3 = SparseArray[{{3, 1} -> 1}, {4, 4}];

Mzle3t = Normal[SparseArray[{{1, 3} -> 1}, {4, 4}1]1;
Mzle4 = SparseArray[{{4, 1} -> 1}, {4, 4}]1;

Mzle4t = SparseArray[{{1, 4} -> 1}, {4, 43}]1;

Mzin = Mzle3.Mzle3t + Mzled.Mzledt;

MatrixForm[%]

Myt = {{o, o, 1, 0}, {0, o, o, I}, {-I, 0, O, 0}, {0, -I, 0, O}};
Eigenvalues [My1]
Eigenvectors [My1]

Myle = SparseArray[{{1, 1} -> I, {3, 1} -> 1}, {4, 4}];

Mylet = SparseArray[{{1, 1} -> -I, {1, 3} -> 1}, {4, 4}];

Myle2 = SparseArray[{{2, 1} -> I, {4, 1} -> 1}, {4, 4}]1;
Myle2t = SparseArray[{{1, 2} -> -I, {1, 4} -> 1}, {4, 43}]1;
Mylp = Myle.Mylet + Myle2.Myle2t;

MatrixForm[%]

Myle3 = SparseArray[{{1, 1} -> -I, {3, 1} -> 1}, {4, 43}]1;



Myle3t = SparseArray[{{1, 1} -> I, {1, 3} -> 1}, {4, 4}]1;
Myle4 = SparseArray[{{2, 1} -> -I, {4, 1} -> 13}, {4, 4}];
Myled4t = SparseArray[{{1, 2} -> I, {1, 4} -> 1}, {4, 4}];
Myln = Myle3.Myle3t + Myle4.Myledt;

MatrixForm([%]

MXl = {{0, O, 1, O}, {O, O, O, 1}, {1, O; O: 0}’ {O: 1: 0: O}};
Eigenvalues [Mx1]
Eigenvectors [Mx1]

Mxle = SparseArray[{{1, 1} -> 1, {3, 1} -> 1}, {4, 4}]1;

Mxlet = SparseArray[{{1, 1} -> 1, {1, 3} -> 1}, {4, 4}];

Mx1e2

SparseArray[{{2, 1} -> 1, {4, 1} > 1}, {4, 4}]1;
Mxle2t = SparseArray[{{1, 2} -> 1, {1, 4} -> 1}, {4, 4}];
Mxlp = Mxle.Mxlet + Mxle2.Mxle2t;

MatrixForm([%]

Mxle3 = SparseArray[{{1, 1} -> -1, {3, 1} -> 1}, {4, 4}];
Mxle3t = SparseArray[{{1, 1} -> -1, {1, 3} -> 1}, {4, 43}];
Mxle4 = SparseArray[{{2, 1} -> -1, {4, 1} -> 1}, {4, 4}];
Mxledt = SparseArray[{{1, 2} -> -1, {1, 4} -> 1}, {4, 43}]1;
Mxin = Mxle3.Mxle3t + Mxle4.Mxledt;

MatrixForm[%]

Mly = {{O, I, O, O}: {_I, O: O: O}, {O: o: 0: I}: {O: O, _I, O}};

Eigenvalues [M1y]



Eigenvectors [M1y]

Miye = SparseArray[{{1, 1} -> I, {2, 1} -> 1}, {4, 43}]1;

Mlyet

SparseArray[{{1, 1} -> -I, {1, 2} -> 1}, {4, 43}];

Miye2 = SparseArray[{{3, 1} -> I, {4, 1} -> 1}, {4, 4}];

Miye2t = SparseArray[{{1, 3} -> -I, {1, 4} -> 1}, {4, 4}];

Mlyp = Mlye.Mlyet + Mlye2.Mlye2t;

MatrixForm[%]

Miye3 = SparseArray[{{1, 1} -> -I, {2,
Miye3t = SparseArray[{{1, 1} -> I, {1,
Miye4 = SparseArray[{{3, 1} -> -I, {4,
Miye4t = SparseArray[{{1, 3} -> I, {1,
Miyn = Mlye3.Mlye3t + Mlye4.Mlye4dt;

MatrixForm[%]

Mix = {{0, t, 0, 0}, {t, 0, 0, 0}, o0,
Eigenvalues[M1x];

Eigenvectors [Mix]

1} > 1%},
2} > 1},
1} > 1%},

4% > 1%,

0, 0, 1},

{4,
{4,
{4,

{4,

{0,

4}1;
4}1;
4}1;
4}1;

0, 1, 0}};

Mixe = SparseArray[{{1, 1} -> 1, {2, 1} -> 1}, {4, 43}];

Mixet = SparseArray[{{1, 1} -> 1, {1, 2} -> 1}, {4, 4}];

Mixe2 = SparseArray[{{3, 1} -> 1, {4, 1} -> 1}, {4, 4}];

Mixe2t = SparseArray[{{1, 3} -> 1, {1, 4} -> 1}, {4, 4}]1;

Mixp = Mlxe.Mlxet + Mlxe2.Mlxe2t;

MatrixForm[%]



30

Mixe3 = SparseArray[{{1, 1} -> -1, {2, 1} -> 1}, {4, 4}];
Mixe3t = SparseArray[{{1, 1} -> -1, {1, 2} -> 1}, {4, 4}];
Mixe4 = SparseArray[{{3, 1} -> -1, {4, 1} -> 1}, {4, 4}];
Mixed4t = SparseArray[{{1, 3} -> -1, {1, 4} -> 1}, {4, 4}];
Mixn = M1xe3.Ml1xe3t + Mlxed .Mlxedt;

MatrixForm([%]

Miz = {{1, o, 0, 0}, {0, -1, 0, 0}, {0, O, 1, 0}, {0, 0, O, -1}};
Eigenvalues[M1z]
Eigenvectors[Miz]

Mize = SparseArray[{{1, 1} -> 1}, {4, 4}]1;

Mizet = SparseArray[{{1, 1} -> 1}, {4, 4}1;

M1ze2

SparseArray[{{3, 1} -> 1}, {4, 4}]1;
Mize2t = SparseArray[{{1, 3} -> 1}, {4, 4}];
Mizp = Mlze.Mlzet + Mlze2.Mlze2t;

MatrixForm[%]

Mize3 = SparseArray[{{2, 1} -> 1}, {4, 4}];

Mize3t = Normal[SparseArray[{{1, 2} -> 1}, {4, 4}]1];
Mize4 = SparseArray[{{4, 1} -> 1}, {4, 4}]1;

Mize4t = SparseArray[{{1, 4} -> 1}, {4, 43}]1;

Mizn = M1ze3.M1ze3t + Mlzed .Mlzedt;

MatrixForm[%]

Combine the sigma matrices

Mylmxj- = {{O: O, (I - 1)/2, O}: {O, O, O, (I - 1)/2}: {(_I - 1)/2: O:
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0, 0}, {0, (-I - 1)/2, 0, 0}};

Eigenvalues [Mylmx1]
Eigenvectors [Mylmx1]
Mylmxle =

SparseArray[{{1, 1} -> -(1 - I)/Sqrt[2], {3, 1} >
Mylmxlet =

SparseArray[{{1, 1} -> -(1 + I)/Sqrt[2], {1, 3} ->
Mylmxle2 =

SparseArray[{{2, 1} -> -(1 - I)/Sqrt[2], {4, 1} ->
Mylmxle2t =

SparseArray[{{1, 2} -> -(1 + I)/Sqrt[2], {1, 4} ->
Mylmxlp = Mylmxle.Mylmxlet + Mylmxle2.Mylmxle2t;

MatrixForm[%]

Mylmxle3d =

SparseArray[{{1, 1} -> (1 - I)/Sqrt[2], {3, 1} ->
Mylmxle3dt =

SparseArray[{{1, 1} -> (1 + I)/Sqrt[2], {1, 3} ->
Mylmxled =

SparseArray[{{2, 1} -> (1 - I)/Sqrt[2], {4, 1} ->
Mylmxledt =

SparseArray[{{1, 2} -> (1 + I)/Sqrt[2], {1, 4} ->
Mylmxin = Mylmxle3.Mylmxle3t + Mylmxle4.Mylmxledt;

MatrixForm[%]

1}, {4,

1}, {4,

1}, {4,

1}, {4,

1},

1},

1},

1},

{4,

{4,

{4,

{4,

43}];

4}];

4}];

4}];

4}];

4}];

4}];

4}];



Myipxl = {{0, 0, (I + 1)/2, 0}, {0, 0, 0, (I + 1)/2}, {(-I + 1)/2, 0,
0, 0}, {0, (-I + 1)/2, 0, 0}};

Eigenvalues [Mylpx1]

Eigenvectors [Mylpx1]

Mylpxle =

SparseArray[{{1, 1} > (1

+

I)/Sqrtl2], {3, 1} -> 1}, {4, 4}]1;

Mylpxlet =

SparseArray[{{1, 1} -> (1 - I)/Sqrt[2], {1, 3} -> 1}, {4, 4}];
Mylpxle2 =

SparseArray[{{2, 1} -> (1 + I)/Sqrt[2], {4, 1} -> 1}, {4, 4}];
Mylpxle2t =

SparseArray[{{1, 2} -> (1

I)/sqrt[2], {1, 4} -> 1}, {4, 43}1;
Mylpxlp = Mylpxle.Mylpxlet + Mylpxle2.Mylpxle2t;

MatrixForm[%]

Mylpxled =

SparseArray[{{1, 1} -> -(1

+

I)/Sqrtl2], {3, 1} -> 1}, {4, 4}];

Mylpxledt =

SparseArray[{{1, 1} -> -(1 - I)/Sqrt[2], {1, 3} -> 1}, {4, 4}];

Mylpxled =

+

SparseArray[{{2, 1} -> -(1 + I)/Sqrt[2], {4, 1} -> 13}, {4, 4}]1;
Mylpxledt =

SparseArray[{{1, 2} -> -(1

I)/Sqrt[2], {1, 4} -> 1}, {4, 4}]1;

+

Mylpxln = Mylpxle3.Mylpxle3t + Mylpxled.Mylpxledt;

MatrixForm[%]
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Myimximzi = {{-1, 0, (I - 1)/2, 0}, {0, -1,
0, (T - 1)/2}, {(-1 - 1)/2, 0, 1, 0}, {0, (-I - 1)/2, 0, 1}};
Eigenvalues [Mylmximz1]
Eigenvectors [Mylmx1imz1]
Mylmximzle =

SparseArray [{{1, 1} -> (-1/2

+

1/2) (-2

+

Sqrt[6]), {3, 1} ->
1}, {4, 4}1;
Mylmximzlet =

1/2) (-2

+

SparseArray[{{1, 1} -> (-1/2 Sqrtl6l), {1, 3} >
1}, {4, 431;

Mylmximzle2 =

+

SparseArray[{{2, 1} -> (-1/2 + 1I/2) (-2

1}, {4, 411;

Sqrtl6l), {4, 1} ->

Mylmximzle2t =

+

SparseArray [{{1, 2} -> (-1/2

1}, {4, 411;

I/2) (-2 + Sqrtl6l), {1, 4} ->
Mylmximzlp = Mylmximzle.Mylmxlmzlet + Mylmximzle2.Mylmxlimzle2t;

MatrixForm([%]

Mylmximzle3d =
SparseArray[{{1, 1} -> (1/2 - 1/2) (2 + Sqrt[6]), {3, 1} -> 1}, {4,
4}]1;
Mylmximzle3t =

SparseArray[{{1, 1} -> (1/2 + 1/2) (2 + Sqrt[6]), {1, 3} -> 1}, {4,



4315
Mylmximzled =
SparseArray[{{2, 1} -> (1/2 - 1/2) (2 + Sqrt[6]), {4, 1} -> 1}, {4,
4315
Mylmximzledt =
SparseArray[{{1, 2} -> (1/2 + 1I/2) (2 + Sqrt[6]), {1, 4} -> 1}, {4,
431
Mylmximzin = Mylmximzle3.Mylmximzle3t + Mylmxlmzle4.Mylmxlmzledt;

MatrixForm[%]
Determine the probabilities

pzlpl = (Abs[philt.Mzip.psil~2) [[1]11[[1]];
pz1p2 = (Abs[phi2t.Mzip.psil~2) [[1]11[[1]];
pz1p3 = (Abs[phi3t.Mzip.psil~2) [[1]11[[1]];
pzlp4 = (Abs[phi4t.Mzip.psil~2) [[1]11[[1]];
pzinl = (Abs[philt.Mzin.psil~2) [[1]11[[11];
pzin2 = (Abs[phi2t.Mzin.psil~2) [[111[[1]];
pzin3 = (Abs[phi3t.Mzin.psil~2) [[111[[1]];

pzin4 = (Abs[phidt.Mzin.psil~2) [[111[[1]];

pzllsum = pzlpl + pzinl;

pzl2sum = pzlp2 + pzln2;
pz13sum = pzlp3 + pzin3;
pzl4sum = pzlp4 + pzind;

{pz11lp = pzipl/pzilsum, pzlin = pzinl/pzllisum}
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{pz12p
{pz13p

{pz14p

pylpl =
pylp2 =
pylp3 =
pylp4 =
pylnl =
pyln2 =
pyln3d =

pylnd =

pyllsum
pyl2sum
pyl3sum

pyl4sum

{pylip
{py12p
{py13p

{py14p

pzlp2/pz1
pz1p3/pzl

pzlp4/pzl

(Abs [philt
(Abs [phi2t
(Abs [phi3t
(Abs [phi4t
(Abs [philt
(Abs [phi2t
(Abs [phi3t

(Abs [phidt

= pylpl +

pylp2 +

= pylp3 +

= pylp4 +

pylpl/pyl
pylp2/pyl
pylp3/pyl

pylp4/pyl

2sum, pzl2n = pzin2/pzi12sum}

3sum, pzl3n = pzin3/pzi13sum}

4sum, pzl4n = pzlnd/pzlédsum}
Mylp.psil~2) [[1]1[[1]] // Simplify;
Mylp.psil~2) [[1]1[[1]] // Simplify;
Mylp.psil~2) [[1]1[[1]] // Simplify;
Mylp.psil~2) [[111[[1]1] // Simplify;
Myin.psil~2) [[111[[1]1] // Simplify;
Myin.psil~2) [[111[[1]1] // Simplify;
Myin.psil~2) [[111[[1]1] // Simplify;
Myin.psil~2) [[111[[1]1] // Simplify;
pylni;

pyln2;

pyin3;

pyln4g;

lsum, pylin = pylnl/pylisum}

2sum, pyl2n = pyln2/pyl2sum}

3sum, pyl3n = pyiln3/pyl3sum}

4sum, pyl4n = pyln4/pyl4sum}

pxlpl = (Abs[philt.Mxip.psil~2)[[111[[1]1] // Simplify;

px1p2 = (Abs[phi2t.Mxip.psil~2) [[1]1]1[[1]1] // Simplify;
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px1p3

pxlp4

pxinl

px1in2

px1n3

pxlind

(Abs [phi3t.Mx1p.psil~2) [[111[[11]1 // Simplify;
(Abs[phi4t.Mxlp.psil~2) [[111[[11] // Simplify;
(Abs [philt.Mxin.psi]~2) [[111[[1]1] // Simplify;
(Abs [phi2t.Mxin.psi]~2) [[111[[1]1] // Simplify;
(Abs [phi3t.Mxin.psi]~2) [[111[[1]1] // Simplify;

(Abs [phi4t.Mxin.psi]~2) [[1]11[[1]1] // Simplify;

pxllsum = pxlpl + pxini;

px12sum = pxlp2 + pxlin2;

px13sum = pxlp3 + pxin3;

pxl4sum = pxlp4 + pxlind;

{px11ip
{px12p
{px13p

{px14p

plxpl

plxp2

plxp3

plxp4

plxnl

plxn2

plxn3

plxnd

pxlpl/pxllsum, pxlin = pxinl/pxllsum}
pxlp2/px12sum, px12n = px1n2/px12sum}
px1p3/px13sum, px13n = px1n3/px13sum}
pxlp4/pxl4sum, pxl4n = pxlnd/pxl4sum}

(Abs [philt.Mixp.psil~2) [[111[[11]1;
Simplify[(Abs[phi2t.Mixp.psi]~2) [[111[[111];
(Abs[phi3t.Mixp.psil~2) [[111[[11]1;
Simplify[(Abs[phidt.Mixp.psil~2) [[111[[111];
Simplify[(Abs[philt.Mixn.psil~2) [[111[[111];
(Abs[phi2t.Mixn.psil~2) [[111[[11]1;
Simplify[(Abs[phi3t.Mixn.psil~2) [[111[[1]]]

(Abs[phidt.Mixn.psil~2) [[111[[11]1;
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plxlsum

plx2sum

plx3sum

plx4sum

{pix1p
{p1x2p
{p1x3p

{pix4p

plypl
plyp2
plyp3
plyp4
plynl
plyn2
plyn3

plynéd

plylsum

= plxpl + plxnil;
= plxp2 + plxn2;
= plxp3 + plxn3;

= plxp4 + plxn4;

plxpl/plxlsum, plxin
plxp2/plx2sum, plx2n
plxp3/plx3sum, plx3n

plxp4/plx4sum, plx4n

plxnl/plxlsum}

plxn2/p1lx2sum}

p1xn3/plx3sum}

plxn4/plx4sum}

(Abs[philt.Miyp.psil~2) [[111[[111 //

(Abs [phi2t.Miyp.psil~2) [[1]11[[111 //

(Abs [phi3t.Miyp.psil~2) [[111[[111 //

(Abs [phidt.Miyp.psil~2) [[111[[111 //

(Abs [philt.Miyn.psil~2) [[111[[111 //

(Abs [phi2t.Miyn.psil~2) [[111[[111 //

(Abs [phi3t.Miyn.psil~2) [[11]1[[111 //

(Abs [phi4t.Miyn.psi]~2) [[111[[111 //

plypl + plynl; ply2sum

= plyp2 + plyn2; ply3sum

plyp3 + plyn3; ply4sum = plyp4 + plyn4;

{plylp

{ply2p

plypl/plylsum, plyin

plyp2/ply2sum, ply2n

Simplify

Simplify;
Simplify;
Simplify;
Simplify;
Simplify

Simplify;

Simplify;

plynil/plylsum}

plyn2/ply2sum}
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{p1y3p

{plydp

plzpl
plzp2
plzp3
plzp4
plznl
plzn2
plzn3

plzn4d

plzlsum

plz2sum

plyp3/ply3sum, ply3n

plyp4/ply4sum, ply4n

(Abs [philt
(Abs [phi2t
(Abs [phi3t
(Abs [phi4t

(Abs [philt

(Abs [phi2t.

(Abs [phi3t

(Abs [phidt

plzp4 + plzn4;

{pizip
{p1z2p
{p1z3p

{piz4p

plzpl/plzlsum, plzin
plzp2/plz2sum, plz2n
plzp3/plz3sum, plz3n

plzp4/plz4sum, plzén

.Mizp.
.Mizp.
.Mizp.
.Mizp.

.Mizn.

Mizn

.Mizn

.Mizn.

= plzpl + plznil;

plyn3/ply3sum}

plyn4/ply4sum}

psil~2) [[11][[1]];
psil~2) [[11][[1]];
psil~2) [[11][[1]];
psil~2) [[11][[1]];
psil~2) [[111[[1]1;

psil~2) [[117[[111;
psil~2) [[117[[111;

psil~2) [[111[[117;

plzp2 + plzn2; plz3sum = plzp3 + plzn3; plzdsum =

plznl/plzisum}

plzn2/plz2sum}

plzn3/plz3sum}

plznd/plzdsum}

Mnl1 = {{Cos[al, 0, 0, 0}, {0, Cosl[al, 0, 0}, {0, 0, -Cos[a]l, 0}, {0,

0, 0, -Cos[all}};

Eigenvalues[Mn1]

Eigenvectors[Mn1]



Mnle = SparseArray[{{1, 1} -> 1}, {4, 4}]1;

Mnlet

SparseArray[{{1, 1} -> 1}, {4, 4}1;

Mnle2 = SparseArray[{{2, 1} -> 1}, {4, 4}];
Mnle2t = SparseArray[{{1, 2} -> 1}, {4, 4}1;
Mnlp = Mnle.Mnlet + Mnle2.Mnle2t;

MatrixForm([%]

Mnle3 = SparseArray[{{3, 1} -> 1}, {4, 4}];
Mnle3t = SparseArray[{{1, 3} -> 1}, {4, 43}]1;
Mnle4 = SparseArray[{{4, 1} -> 1}, {4, 4}];
Mnle4t = SparseArray[{{1, 4} -> 1}, {4, 43}]1;
Mnin = Mnle3.Mnle3t + Mnle4.Mnledt;

MatrixForm[%]

Min = {{Cos[al, Sin[a] E~-(I b), 0, 0}, {Sin[a] E~(I b), -Cos[al, O,
0}, {0, 0, Cos[al, Sin[a] E~-(I b)}, {0, O,
Sinfal E~(I b), -Cos[all}};
Eigenvalues [Min]
Eigenvectors[Min]
Mine = SparseArray[{{1, 1} -> E~-(I b) (1 + Cos[al]) Csclal, {2, 1} ->
1}, {4, 4}1;
Minet = SparseArray[{{1, 1} -> E~(I b) (1 + Cos[al) Csclal, {1, 2} ->
1}, {4, 4}1;
Mine2 = SparseArray[{{3, 1} -> E~-(I b) (1 + Cos[a]) Csclal, {4, 1} ->

1}, {4, 4}1;
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Mine2t = SparseArray[{{1, 3} -> E~(I b) (1 + Cos[al) Csclal, {1, 4} ->
1}, {4, 4}1;

Mine.Minet + Mlne2.Mlne2t;

Minp = FullSimplify[%];

MatrixForm[%]

Mine3 = SparseArray[{{1, 1} ->

E~-(I b) (-1 + Cosl[al) Csclal, {2, 1} -> 1}, {4, 4}]1;
Mine3t = SparseArray[{{1, 1} ->

E~(I b) (-1 + Cos[al) Csclal, {1, 2} -> 13}, {4, 4}]1;
Mine4 = SparseArray[{{3, 1} ->

E~-(I b) (-1 + Cosl[al) Csclal, {4, 1} -> 1}, {4, 4}];
Mine4t = SparseArray[{{1, 3} ->

E~(I b) (-1 + Cos[al) Csclal, {1, 4} -> 1}, {4, 4}];
Mine3.Mlne3t + Mine4.Mlne4dt;
Minn = FullSimplify[%];

MatrixForm([%]

pnlpl = (Abs[philt.Mnlp.psil~2) [[111[[11];
pnip2 = (Abs[phi2t.Mnip.psil~2) [[1]11[[1]];
pnip3 = (Abs[phi3t.Mnip.psil~2) [[1]11[[1]];
pnip4 = (Abs[phi4t.Mnip.psil~2) [[1]11[[1]];
pninl = (Abs[philt.Mnin.psil~2) [[1]1]1[[11];
pnin2 = (Abs[phi2t.Mnin.psil~2) [[1]1]1[[11];

pnin3 = (Abs[phi3t.Mnin.psil~2) [[1]11[[11];



pnind = (Abs[phi4t.Mnin.psil~2) [[111[[11];

pnllsum = pnipl + pninl;

pnl2sum = pnlp2 + pnln2; pnl3sum = pnlp3 + pnln3; pnldsum =

pnlp4 + pnin4;

{pniip = pnipl/pnilsum, pnlin = pninl/pniisum}
{pn12p = pnip2/pni2sum, pni2n = pnin2/pni2sum}
{pn13p = pnip3/pni3sum, pni3n = pnin3/pni3sum}
{pn14p = pnip4/pnidsum, pni4n = pnin4d/pnidsum}

Mzx = {{0, 1, o0, 0}, {1, 0, 0, 0}, {0, 0, O, -1}, {0, O, -1, 0}};
Eigenvalues [Mzx]

Eigenvectors [Mzx]

Mzxe = SparseArray[{{1, 1} -> 1, {2, 1} -> 1}, {4, 4}];

Mzxet = SparseArray[{{1, 1} -> 1, {1, 2} -> 1}, {4, 4}];

Mzxe2 = SparseArray[{{3, 1} -> -1, {4, 1} -> 1}, {4, 4}];

Mzxe2t = SparseArray[{{1, 3} -> -1, {1, 4} -> 1}, {4, 4}];
Mzxp = Mzxe.Mzxet + Mzxe2.Mzxe2t;

MatrixForm[%]

Mzxe3 = SparseArray[{{1, 1} -> -1, {2, 1} -> 1}, {4, 43}];
Mzxe3t = SparseArray[{{1, 1} -> -1, {1, 2} -> 1}, {4, 4}]1;
Mzxe4 = SparseArray[{{3, 1} -> 1, {4, 1} -> 1}, {4, 4}]1;

Mzxed4t = SparseArray[{{1, 3} -> 1, {1, 4} -> 1}, {4, 4}];
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Mzxn = Mzxe3.Mzxe3t + Mzxed.Mzxedt;

MatrixForm[%]

Mzy = {{0, -I, 0, o}, {I, 0, 0, 0}, {0, 0, 0, I}, {0, O, -I, O}};
Eigenvalues [Mzy]
Eigenvectors [Mzy]

Mzye = SparseArray[{{1, 1} -> -I, {2, 1} -> 1}, {4, 4}]1;

Mzyet = SparseArray[{{1, 1} -> -I, {1, 2} -> 1}, {4, 43}]1;

Mzye2 = SparseArray[{{3, 1} -> I, {4, 1} -> 1}, {4, 4}1;
Mzye2t = SparseArray[{{1, 3} -> I, {1, 4} -> 1}, {4, 43}]1;
Mzyp = Mzye.Mzyet + Mzye2.Mzye2t;

MatrixForm[%]

Mzye3 = SparseArray[{{1, 1} -> I, {2, 1} -> 1}, {4, 4}];

Mzye3t = SparseArray[{{1, 1} -> I, {1, 2} -> 1}, {4, 4}];
Mzye4 = SparseArray[{{3, 1} -> -I, {4, 1} -> 1}, {4, 4}];
Mzye4t = SparseArray[{{1, 3} -> -I, {1, 4} -> 1}, {4, 4}];

Mzyn = Mzye3.Mzye3t + Mzye4.Mzyedt;

MatrixForm[%]

pzxpl = (Abs[philt.Mzxp.psil~2) [[1]11[[11];
pzxp2 = (Abs[phi2t.Mzxp.psil~2) [[1]11[[11];
pzxp3 = (Abs[phi3t.Mzxp.psi]~2) [[111[[1]1];
pzxp4 = (Abs[phidt.Mzxp.psil~2) [[1]11[[11];

pzxnl = (Abs[philt.Mzxn.psil~2) [[1]11[[1]1];
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pzxn2

pzxn3

pzxn4

pzxlsum

pzx2sum

(Abs [phi2t .Mzxn.psil~2) [[11]1[[1]1];
(Abs [phi3t.Mzxn.psil~2) [[11]1[[1]1];

(Abs [phidt.Mzxn.psil~2) [[11]1[[1]1];

pzxpl + pzxnil;

= pzxp2 + pzxn2;

pzxp4 + pzxn4;

{pzx1p
{pzx2p
{pzx3p

{pzx4p

pzypl
pzyp2 =
pzyp3 =
pzyp4 =
pzynl =
pzyn2 =
pzyn3 =

pzynd =

pzylsum

pzy2sum

pzxpl/pzxlsum,
pzxp2/pzx2sum,
pzxp3/pzx3sun,

pzxp4/pzx4sum,

(Abs [philt.Mzyp.
(Abs [phi2t.Mzyp.
(Abs [phi3t.Mzyp.
(Abs [phidt.Mzyp.
(Abs [philt.Mzyn.
(Abs [phi2t.Mzyn.
(Abs [phi3t.Mzyn.

(Abs [phi4t.Mzyn.

= pzypl + pzynl;

= pzyp2 + pzyn2;

pzyp4 + pzyn4;

pzx3sum = pzxp3 + pzxn3; pzx4sum

pzxin = pzxnl/pzxlsum}
pzx2n = pzxn2/pzx2sum}
pzx3n = pzxn3/pzx3sum}
pzx4n = pzxn4/pzx4sum}

psil~2) [[1]][[1]]
psil~2) [[1]][[1]]
psil~2) [[1]][[1]]
psil~2) [[1]][[1]]
psil~2) [[1]][[1]]
psil~2) [[1]][[1]]
psil~2) [[1]][[1]]
psil~2) [[1]][[1]]

//
//
//
//
//
//
//
//

FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;

FullSimplify;

pzy3sum = pzyp3 + pzyn3; pzy4sum
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{pzylp

{pzy2p

{pzy3p

{pzy4p

psin = Sqrt[2]/2 SparseArray[{{1, 1} -> 1, {4, 1} -> -1}, {4, 4}];

pzlpln =
pzlp2n =
pzlp3n =
pzlp4n =
pzlnln =
pzln2n =
pz1ln3n =

pzlndn =

pzlinsum
pz12nsum
pz13nsum

pzl4nsum

{pziipn
{pz12pn

{pz13pn

pzypl/pzylsum, pzyln
pzyp2/pzy2sum, pzy2n
pzyp3/pzy3sum, pzy3n

pzyp4/pzy4sum, pzy4n

(Abs [philt.
(Abs [phi2t.
(Abs [phi3t.
(Abs [phi4dt.
(Abs[philt.
(Abs [phi2t.
(Abs [phi3t.

(Abs [phidt.

pzlplin +

pzlp2n +

pzlp3n +

pzlp4n +

pzynl/pzylsum}
pzyn2/pzy2sum}
pzyn3/pzy3sum}

pzyn4/pzy4sum}

Mzlp.psin]~2) [[1]1]1[[1]1];

Mzlp.psin]~2) [[1]1]1[[1]1];

Mzlp.psin]~2) [[1]1]1[[1]1];

Mzlp.psin]~2) [[1]1]1[[1]1];

Mzin.psin]~2) [[1]1]1[[1]1];

Mzin.psin]~2) [[1]11[[1]1];

Mzin.psin]~2) [[1]1]1[[1]1];

Mzin.psin]~2) [[1]1]1[[1]1];

pzlinin;
pzin2n;
pz1in3n;

pzlindn;

pzlpin/pziinsum, pzlinn

pz1p2n/pzi2nsum, pzi2nn

pz1p3n/pz13nsum, pzi3nn

pzinin/pzlinsum}
pzin2n/pz12nsum}

pz1n3n/pz13nsum}



{pz14pn

pylpin
pylp2n
pylp3n
pylp4n
pylnin
pyln2n
pyin3n

pylndn

pzlp4n/pzl4nsum, pzl4nn = pzlné4n/pzl4nsum}

(Abs [philt.
(Abs [phi2t.
(Abs [phi3t.
(Abs [phidt.
(Abs [philt.
(Abs [phi2t.
(Abs [phi3t.

(Abs [phidt.

pylinsum = pylplin +

pyl2nsum = pylp2n +

pyl3nsum = pylp3n +

pyl4nsum = pylp4n +

{pylipn
{py12pn
{py13pn

{py1l4pn

pxlpin
pxlp2n
pxlp3n

pxlp4n

pylpin/pylinsum, pylinn
pylp2n/pyl2nsum, pyl2nn
pylp3n/pyl3nsum, pyl3nn

pylp4n/pyl4nsum, pyl4nn

Mylp.psin]~2) [[11]1[[1]1]
Mylp.psin]~2) [[111[[1]1]
Mylp.psin]~2) [[11]1[[1]1]
Mylp.psin]~2) [[11]1[[1]]
Myin.psin]~2) [[11]1[[1]]
My1in.psin]~2) [[11] [[1]]
My1in.psin]~2) [[11] [[1]]
My1in.psin]~2) [[11] [[1]]

pylnin;
pyln2n;
pyln3n;

pylndn;

//
//
//
//
//
//
//
//

Simplify;
Simplify;
Simplify;
Simplify;
Simplify;
Simplify;
Simplify;

Simplify;

pylnin/pylinsum}
pyln2n/pyl2nsum}
py1n3n/pyl3nsum}

pyln4n/pyl4nsum}

(Abs[philt.Mx1p.psin]~2) [[11]1[[1]1] // Simplify;

(Abs[phi2t.Mx1p.psin]~2) [[11]1[[1]1] // Simplify;

(Abs[phi3t.Mx1p.psin]~2) [[11]1[[1]] // Simplify;

(Abs[phidt.Mx1p.psin]~2) [[111[[1]1] // Simplify;
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pxlnin =
pxln2n =
pxln3n =

pxlndn =

pxlinsum
px12nsum
px13nsum

pxl4nsum

{px1ipn
{px12pn
{px13pn

{px14pn

(Abs [philt.
(Abs [phi2t.
(Abs [phi3t.

(Abs [phidt.

pxlpin +

pxlp2n +

pxlp3n +

pxlp4n +

pxlpin/pxliinsum, pxlinn
px1p2n/px12nsum, pxi2nn
px1p3n/px13nsum, px13nn

pxlp4n/pxl4nsum, pxl4nn

Mxin.psin]~2) [[111[[11] // Simplify;
Mxin.psin]~2) [[111[[1]1] // Simplify;
Mxin.psin]~2) [[111[[11] // Simplify;

Mxin.psin]~2) [[111[[1]1] // Simplify;

pxinin;
pxin2n;
px1n3n;

pxlindn;

pxinin/pxlinsum}

px1n2n/px12nsum}

px1n3n/px13nsum}

pxln4n/pxl4nsum}

New post-states for Psi-negative bell state

New Post-state

gaml = SparseArray[{{1, 1} -> Sqrt[2]/2, {2, 1} ->

=

gam2

Exp[I Pi/41/2, {3, 1} -> I Exp[-I Pi/41/2}, {4, 4}1;

SparseArray[{{1, 1} ->

Sqrt[21/2, {2, 1} -> -1 Expl[I Pi/41/2, {3,

1} -> -1 Exp[-I Pi/41/2}, {4, 4}]1;

gam3 = SparseArray[{{4, 1} -> -Sqrt[2]1/2, {2, 1} ->
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I Exp[-I Pi/41/2, {3, 1} -> I ExplI Pi/41/2}, {4, 4}1;
gam4 = SparseArray[{{4, 1} -> -Sqrt[2]1/2, {2,

1} -> -I Expl[-I Pi/41/2, {3, 1} -> -I ExplI Pi/41/2}, {4, 4}1;
gamlt = SparseArray[{{1, 1} ->

Sqrt[21/2, {1, 2} -> -I Exp[-I Pi/al/2, {1,

3} -> -1 ExplI Pi/41/2}, {4, 4}1;
gam2t = SparseArray[{{1, 1} -> Sqrt[2]/2, {1, 2} ->

I Exp[-I Pi/41/2, {1, 3} -> I ExplI Pi/41/2}, {4, 4}1;
gam3t = SparseArray[{{1, 4} -> -Sqrt[2]/2, {1,

2} -> -I ExplI Pi/4]1/2, {1, 3} -> -I Exp[-I Pi/41/2}, {4, 4}];
gamdt = SparseArray[{{1, 4} -> -Sqrt[2]/2, {1, 2} ->

I ExplI Pi/41/2, {1, 3} -> I Exp[-I Pi/41/2}, {4, 4}1;

gaml // MatrixForm
gam2 // MatrixForm
gam3 // MatrixForm

gam4 // MatrixForm

pzlpin = (Abs[gamlt.Mzlp.psin]~2)[[1]1]1[[1]1];
pzlp2n = (Abs[gam2t.Mzlp.psin]~2) [[111[[1]1];
pz1lp3n = (Abs[gam3t.Mzlp.psin]~2) [[111[[1]1];
pzlp4n = (Abs[gam4t.Mzlp.psin]~2) [[111[[1]1];
pzlnin = (Abs[gamlt.Mzln.psin]~2) [[111[[1]1];
pz1n2n = (Abs[gam2t.Mzln.psin]~2) [[111[[1]1];

pzin3n = (Abs[gam3t.Mzin.psin]~2) [[11][[1]1];



pzlndn =

pzlinsum
pz12nsum
pz13nsum

pzl4nsum

{pziipn
{pz12pn
{pz13pn

{pz14pn

pylpin = (Abs[gamlt.Mylp.psin]~2) [[11][[1]]
.psin]~2) [[11]1[[1]]
.psin]~2) [[11]1[[1]]
.psin]~2) [[11]1[[1]]
.psin]~2) [[11][[1]]
.psin]~2) [[11][[1]]
.psin]~2) [[11][[1]]
.psin]~2) [[11][[1]]

pylp2n = (Abs[gam2t.
pylp3n = (Abs[gam3t.
pylp4n = (Abs[gamdt.
pylnin = (Abs[gamlt.
pyln2n = (Abs[gam2t.
pyln3n = (Abs[gam3t.

pylndn = (Abs[gamdt.

pylinsum
pyl2nsum
pyl3nsum

pyl4nsum

(Abs [gamét

+

+

+

+

pzinin;
pzin2n;
pz1in3n;

pzlndn;

pzlpin/pziinsum,
pz1p2n/pzi2nsum,
pz1p3n/pz13nsum,

pzlp4n/pzl4nsum,

Mylp
Mylp
Mylp
Myln
Myln
Myln

Myin

pylnin;
pyin2n;
py1n3n;

pylnédn;

Mzin.psinl~2) [[111[[11];

pzlinn
pz1l2nn
pz13nn

pzl4nn

//
//
//
//
//
//
//
//

pzinin/pzlinsum}
pzin2n/pzi12nsum}
pz1n3n/pz13nsum}

pzin4n/pzl4nsum}

Simplify;
Simplify;
Simplify;
Simplify;
Simplify;
Simplify;
Simplify;

Simplify;
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{pylipn
{py12pn
{py13pn

{pyl4pn

pxlpln =
pxlp2n =
pxlp3n =
pxlp4n =
pxlnin =
pxln2n =
px1n3n =

pxlndn =

pxlinsum
px12nsum
px13nsum

pxl4nsum

{px1ipn
{px12pn
{px13pn

{px14pn

pylpin/pylinsum,

pylp2n/pyl2nsum,

pylp3n/pyl3nsum,

pylp4n/pyl4nsum,

(Abs [gamlt.
(Abs [gam2t .
(Abs [gam3t .
(Abs [gam4t .
(Abs[gamilt.
(Abs [gam2t .
(Abs [gam3t .

(Abs [gam4t.

pxlpin +

pxlp2n +

pxlp3n +

+

pxlp4n

pylinn
pyl2nn
pyl3nn

pyl4nn

pylnin/pylinsum}

pyln2n/pyl2nsum}

pyln3n/pyl3nsum}

pylné4n/pyldnsum}

Mxip.psin]~2) [[111[[11] //
Mx1p.psin]~2) [[111[[11] //
Mx1p.psin]~2) [[111[[11] //
Mx1p.psin]~2) [[111[[11] //
Mxin.psin]~2) [[111[[11] //
Mxin.psinl~2) [[111[[11] //
Mxin.psinl~2) [[111[[11] //
Mxin.psin]~2) [[111[[11]1 //

pxinin;
pxin2n;
px1in3n;

pxlindn;

pxlpin/pxlinsum,

px1p2n/px12nsum,

px1p3n/px13nsum,

px1p4n/pxl4nsum,

pxlinn
px12nn
px13nn

pxl4nn

Simplify;
Simplify;
Simplify;
Simplify;
Simplify;
Simplify;
Simplify;

Simplify;

pxinin/pxlinsum}

px1n2n/px12nsum}

px1n3n/px13nsum}

px1n4n/pxl4nsum}
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plxpin
plxp2n
plxp3n
plxp4n
plxnin
plxn2n
plxn3n

plxn4n

(Abs[gamlt .Mixp.psin]l~2) [[11]1[[1]] // FullSimplify;
(Abs [gam2t .Mixp.psin]l~2) [[11]1[[1]] // FullSimplify;
(Abs [gam3t .Mixp.psin]l~2) [[11]1[[1]] // FullSimplify;
FullSimplify[(Abs[gam4t.Mixp.psin]~2) [[1]1]1[[111];
FullSimplify[(Abs[gamit.Mixn.psin]~2) [[1]J]1[[111];
(Abs[gam2t .Mixn.psin]~2) [[11]1[[1]] // FullSimplify;
FullSimplify[(Abs[gam3t.Mixn.psin]~2) [[1]J]1[[1]1]1;

(Abs [gam4t .Mixn.psin]~2) [[1]11[[1]] // FullSimplify;

plxinsum = plxpln + plxnin;

plx2nsum = plxp2n + plxn2n;

plx3nsum = plxp3n + plxn3n;

plx4nsum = plxp4n + plxndn;

{pixipn
{p1x2pn
{p1x3pn

{pilx4pn

plypin
plyp2n
plyp3n
plyp4n
plynin

plyn2n

plxpin/plxinsum, plxinn = plxnin/plxinsum}
plxp2n/plx2nsum, plx2nn = plxn2n/plx2nsum}
plxp3n/plx3nsum, plx3nn = plxn3n/plx3nsum}
plxp4n/plx4nsum, plx4nn = plxné4n/plx4nsum}

(Abs [gamit.Miyp.psin]~2) [[1]11[[1]1] // Simplify;
(Abs [gam2t . Miyp.psin]~2) [[1]11[[1]1] // Simplify;
(Abs [gam3t . Miyp.psin]~2) [[1]11[[1]1] // Simplify;
(Abs [gam4t . Miyp.psin]~2) [[1]11[[1]1] // Simplify;
(Abs [gamit.Miyn.psin]~2) [[1]11[[1]1] // Simplify;

(Abs [gam2t .Mlyn.psin]l~2) [[111[[11] // Simplify;
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plyn3n = (Abs[gam3t.Miyn.psin]~2)[[111[[1]] // Simplify;

plyndn = (Abs[gam4t.Miyn.psin]~2)[[111[[1]] // Simplify;

plylnsum = plypln + plynin; ply2nsum = plyp2n + plyn2n; ply3nsum =

1lyp3n + plyn3n; ply4nsum = plyp4n + plyndn;
pPLlyp ply ply plyp ply

{plylpn = plypin/plylnsum, plylnn = plynin/plylnsum}
{ply2pn = plyp2n/ply2nsum, ply2nn = plyn2n/ply2nsum}
{ply3pn = plyp3n/ply3nsum, ply3nn = plyn3n/ply3nsum}
{ply4pn = plyp4n/ply4nsum, ply4nn = plynén/ply4nsum}

plzpin = (Abs[gamlt.Mlzp.psin]~2) [[111[[1]1];
plzp2n = (Abs[gam2t.Mlzp.psin]~2) [[111[[1]1];
plzp3n = (Abs[gam3t.Mizp.psin]~2) [[1]1]1[[11];
plzp4n = (Abs[gam4t.Mizp.psin]~2) [[1]1]1[[11];
plznin = (Abs[gamlt.Mizn.psin]~2) [[1]1]1[[11];
plzn2n = (Abs[gam2t.Mizn.psin]~2) [[1]1]1[[11];
plzn3n = (Abs[gam3t.Mizn.psin]~2) [[1]1]1[[11];

plzndn = (Abs[gam4t.Mizn.psin]~2) [[1]][[1]];
plzinsum = plzpln + plznin;
plz2nsum = plzp2n + plzn2n; plz3nsum = plzp3n + plzn3n; plzd4nsum =

plzp4n + plzndn;

{plzlpn = plzpin/plzinsum, plzinn = plznin/plzinsum}
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{p1z2pn = plzp2n/plz2nsum, plz2nn = plzn2n/plz2nsum}

{p1z3pn = plzp3n/plz3nsum, plz3nn = plzn3n/plz3nsum}

{plz4pn = plzp4n/plzd4nsum, plzd4nn = plzndn/plz4nsum}

Phi positive Bell State

Phi positive Bell State

phip = Sqrt[2]/2 SparseArray[{{2, 1} -> 1, {3, 1} -> 1}, {4, 4}];
dell = SparseArray[{{2, 1} -> Sqrt[2]1/2, {1, 1} ->
Exp[I Pi/41/2, {4, 1} -> Exp[-I Pi/41/2}, {4, 4}];
del2 = SparseArray[{{2, 1} ->
Sqrt[21/2, {1, 1} -> -ExplI Pi/41/2, {4, 1} -> -Exp[-I Pi/41/
2}, {4, 4}]1;
del3d = SparseArray[{{3, 1} -> Sqrt[2]/2, {1, 1} ->
Exp[-I Pi/41/2, {4, 1} -> Exp[I Pi/41/2}, {4, 4}];
del4 = SparseArray[{{3, 1} ->
Sqrt[2]/2, {1, 1} -> -Exp[-I Pi/41/2, {4, 1} -> -Exp[I Pi/4]/
2}, {4, 4}];
dellt = SparseArray[{{1, 2} -> Sqrt[2]/2, {1, 1} ->
Exp[-I Pi/4]/2, {1, 4} -> Expl[I Pi/41/2}, {4, 4}1;
del2t = SparseArray[{{1, 2} ->
Sqrt[21/2, {1, 1} -> -Exp[-I Pi/41/2, {1, 4} -> -Expl[I Pi/4]/
2}, {4, 4}]1;

del3t = SparseArray[{{1, 3} -> Sqrt[2]1/2, {1, 1} ->



Exp[I Pi/41/2, {1, 4} -> Exp[-I Pi/41/2}, {4, 4}];
del4t = SparseArray[{{1, 3} ->
Sqrt[21/2, {1, 1} -> -Exp[I Pi/41/2, {1, 4} -> -Exp[-I Pi/4l/

2}, {4, 4}1;

dell // MatrixForm
del2 // MatrixForm
del3 // MatrixForm

deld // MatrixForm

ppzlpl = (Abs[dellt.Mzlp.phip]l~2) [[111[[1]1];
ppzlp2 = (Abs[del2t.Mzlp.phip]l~2) [[111[[1]1];
ppz1p3 = (Abs[del3t.Mzlp.phip]l~2) [[111[[1]1];
ppzlp4 = (Abs[del4t.Mzlp.phip]l~2) [[1]11[[11];
ppzinl = (Abs[delit.Mzln.phip]l~2) [[1]11[[11];
ppzin2 = (Abs[del2t.Mzln.phip]l~2) [[1]1]1[[11];
ppzin3 = (Abs[del3t.Mzln.phip]l~2) [[1]11[[11];

ppzin4 = (Abs[del4t.Mzln.phip]l~2) [[1]11[[11];

ppzllsum = ppzlpl + ppzini;
ppzl2sum = ppzlp2 + ppzlin2;
ppzl3sum = ppzlp3 + ppzlin3;
ppzl4sum = ppzlp4 + ppzlin4d;

{ppz1llp = ppzlpl/ppzllisum, ppzlln = ppzinl/ppzllsum}
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{ppz12p
{ppz13p

{ppz14p

ppylpl
ppylp2 =
ppylp3 =
ppylp4 =
ppylnl =
ppyln2 =
ppyln3d =

ppylnd =

ppyllsum
ppyl2sum
ppyl3sum

ppyl4sum

{ppylip
{ppy12p
{ppy13p

{ppyldp

ppxlpl

ppx1p2

ppzlp2/ppz12sum, ppzl2n = ppzin2/ppzl2sum}

ppz1p3/ppz13sum, ppzl3n

ppz1n3/ppz13sum}

ppzlp4/ppzl4sum, ppzlé4n = ppzilnd/ppzlésum}

(Abs[dellt.
(Abs[del2t.
(Abs[del3t.
(Abs[deldt.
(Abs[delilt.
(Abs[del2t.
(Abs[del3t.

(Abs[deldt.

ppylpl +

ppylp2 +

ppylp3 +

ppylp4 +

ppylpl/ppyllsum, ppylin
ppylp2/ppyl2sum, ppyl2n
ppy1p3/ppyl3sum, ppyl3n

ppylp4/ppylé4sum, ppylén

Mylp.phip]l~2) [[11]1[[1]1]
Mylp.phip]l~2) [[11]1[[1]1]
Mylp.phip]l~2) [[11]1[[1]]
Mylp.phipl~2) [[11][[1]1]
Myin.phip]l~2) [[11][[1]]
Myin.phip]l~2) [[11][[1]1]
Mylin.phip]l~2) [[11][[1]]
Myin.phip]l~2) [[11][[1]]

ppylini;
ppy1n2;
ppy1n3;

ppylin4;

//
//
//
//
//
//
//
//

FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;

FullSimplify;

ppylnl/ppylisum}
ppyin2/ppyl2sum}
ppy1n3/ppyl3sum}

ppyin4/ppyl4sum}

(Abs[dellt.Mxlp.phipl~2) [[111[[1]1] // FullSimplify;

(Abs[del2t .Mx1p.phipl~2) [[111[[1]1] // FullSimplify;
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ppx1p3

ppx1p4

ppxinil

ppx1ln2

ppx1n3

ppxin4d

ppxllsum
ppx12sum
ppx13sum

ppxl4sum

{ppx1lp
{ppx12p
{ppx13p

{ppx14p

pplzpl

pplzp2

pplzp3

pplzp4d

pplznil

pplzn2

pplzn3

pplzn4

(Abs[del3t.
(Abs [del4dt.
(Abs [dellt.
(Abs [del2t.
(Abs [del3t.

(Abs [deldt.

= ppxlpl +
= ppxlp2 +
= ppxlp3 +

= ppxlp4 +

ppxlpl/ppxllsum, ppxlin
ppx1p2/ppx12sum, ppxl2n
ppx1p3/ppx13sum, ppx13n

ppx1p4/ppxl4sum, ppxlén

Mx1p
Mx1p
Mx1in
Mxin
Mx1in

Mx1in

.phip]~2) [[11]1[[1]]
.phip]~2) [[111[[1]]
.phip]~2) [[11]1[[1]]
.phip]~2) [[111[[1]]
.phip]~2) [[11][[1]]
.phip]~2) [[11]1[[1]]

ppxini;

ppx1in2;

ppx1n3;

ppx1in4;

(Abs[dellt.Mizp.phip]l~2) [[1]11[[1]1];

(Abs[del2t.
(Abs[del3t.
(Abs[delst.
(Abs[dellt.
(Abs[del2t.
(Abs[del3t.

(Abs[del4dt.

Mizp
Mizp
Mizp
Mizn
Mizn
Mizn

Mizn

.phipl~2) [[111[[11];
_phipl~2) [[111[[11];
_phipl~2) [[111[[11];
_phipl~2) [[111[[11];
_phipl~2) [[111[[11];
_phipl~2) [[111[[11];
_phipl~2) [[111[[11];

//
//
//
//
//
//

FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;

FullSimplify;

ppxinl/ppxllsum}
ppx1n2/ppx12sum}
ppx1n3/ppx13sum}

ppx1nd/ppxl4sum}



pplzlsum
pplz2sum
pplz3sum

pplz4sum

{ppizip
{pp1z2p
{pp1z3p

{ppiz4p

pplypl = (Abs[delit.
pplyp2 = (Abs[del2t.
pplyp3 = (Abs[del3t.
pplyp4 = (Abs[del4dt.
pplynl = (Abs[dellt.
pplyn2 = (Abs[del2t.
pplyn3 = (Abs[del3t.

pplynéd = (Abs[del4t.

pplylsum
pply2sum
pply3sum

pply4sum

pplzni;
pplzn2;
pplzn3;

pplzné4;

pplzpl/pplzlsum,
pplzp2/pplz2sum,
pplzp3/pplz3sunm,

pplzp4/pplzésun,

Miyp
Miyp
Miyp
Miyp
Miyn
Miyn
Miyn

Milyn

pplyni;
pplyn2;
pplyn3;

pplyn4;

pplzin
pprlz2n
pplz3n

pplz4n

.phip]~2) [[11][[1]]
.phip]~2) [[11][[1]]
.phip]~2) [[11]1[[1]]
.phip]~2) [[11][[1]]
.phip]~2) [[11][[1]]
.phip]~2) [[11][[1]]
.phip]~2) [[11][[1]]
.phip]~2) [[11][[1]]

//
//
//
//
//
//
//
//

pplznl/pplzisum}
pplzn2/pplz2sum}
pplzn3/pplz3sum}

pplzn4d/pplz4sum}

FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;

FullSimplify;
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{pplylp
{pply2p
{pply3p

{pply4p

pplxpl
pplxp2 =
pplxp3 =
pplxp4d =
pplxnl =
pplxn2 =
pplxn3 =

pplxnd =

pplxlsum
pplx2sum
pplx3sum

pplx4sum

{ppixlp
{pp1x2p
{pp1x3p

{pplxdp

pplypl/pplylsum, pplyln = pplyni/pplylsum}
pplyp2/pply2sum, pply2n = pplyn2/pply2sum}
pplyp3/pply3sum, pply3n = pplyn3/pply3sum}
pplyp4/pply4sum, pply4n = pplynd/pply4sum}
(Abs[dellt.Mixp.phip]l~2) [[11]1[[1]] // FullSimplify;
(Abs[del2t.Mixp.phip]l~2) [[11]1[[1]] // FullSimplify;
(Abs[del3t.Mixp.phipl~2) [[111[[1]1] // FullSimplify;
(Abs[del4t .Mixp.phipl~2) [[111[[11] // FullSimplify;
(Abs[dellt.Mixn.phipl~2) [[111[[1]1] // FullSimplify;
(Abs[del2t.Mixn.phipl~2) [[111[[1]1] // FullSimplify;
(Abs[del3t.Mixn.phipl~2) [[111[[1]1] // FullSimplify;
(Abs[deldt.Mixn.phipl~2) [[111[[1]1] // FullSimplify;
= pplxpl + pplxnl;

= pplxp2 + pplxn2;

= pplxp3 + pplxn3;

= pplxp4 + pplxn4;

pplxpl/pplxlsum, pplxin = pplxnl/pplxlsum}
pplxp2/pplx2sum, pplx2n = pplxn2/pplx2sum}
pplxp3/pplx3sum, pplx3n = pplxn3/pplx3sum}
pplxp4/pplxé4sum, pplx4n = pplxné/pplxé4sum}

Phi negative Bell State
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Phi negative Bell state

phin = Sqrt[2]/2 SparseArray[{{2, 1} -> 1, {3, 1} -> -1}, {4, 4}];
xil = SparseArray[{{2, 1} -> Sqrt[2]/2, {1, 1} ->
I ExplI Pi/41/2, {4, 1} -> I Exp[-I Pi/41/2}, {4, 4}1;
xi2 = SparseArray[{{2, 1} ->
Sqrt[2]1/2, {1, 1} -> -1 Exp[I Pi/4]/2, {4,
1} -> -1 Exp[-I Pi/41/2}, {4, 4}1;
xi3 = SparseArray[{{3, 1} -> -Sqrt[2]1/2, {1, 1} ->
I Exp[-I Pi/41/2, {4, 1} -> I ExplI Pi/41/2}, {4, 4}1;
xi4 = SparseArray[{{3, 1} -> -Sqrt[21/2, {1,
1} -> -I Expl[-I Pi/41/2, {4, 1} -> -I ExplI Pi/41/2}, {4, 43}1;
xilt = SparseArray[{{1, 2} ->
Sqrt[21/2, {1, 1} -> -I Exp[-I Pi/al/2, {1,

4} -> -1 ExplI Pi/41/2}, {4, 4}1;

xi2t = SparseArray[{{1, 2} -> Sqrt[2]/2, {1, 1} ->
I Exp[-I Pi/41/2, {1, 4} -> I ExplI Pi/41/2}, {4, 4}1;
xi3t = SparseArray[{{1, 3} -> -Sqrt[2]/2, {1,

1} -> -1 Expl[I Pi/41/2, {1, 4} -> -1 Exp[-I Pi/41/2}, {4, 4}]1;

xidt SparseArray[{{1, 3} -> -Sqrt[2]/2, {1, 1} ->

H

Expl[I Pi/41/2, {1, 4} -> I Exp[-I Pi/41/2}, {4, 4}1;

xil // MatrixForm

xi2 // MatrixForm



xi3 // MatrixForm

xi4 // MatrixForm

pnzipl = (Abs[xilt.Mzlp.phin]~2) [[1]1]1[[1]];
pnzip2 = (Abs[xi2t.Mzlp.phin]~2) [[1]1]1[[11];
pnzlp3 = (Abs[xi3t.Mzlp.phin]~2) [[1]1]1[[1]];
pnzlp4 = (Abs[xi4t.Mzlp.phin]~2) [[1]]1[[1]];
pnzinl = (Abs[xilt.Mzin.phin]~2) [[1]1]1[[1]1];
pnzin2 = (Abs[xi2t.Mzin.phin]l~2) [[111[[1]1];
pnzin3 = (Abs[xi3t.Mzin.phin]l~2) [[111[[1]1];

pnzind = (Abs[xi4t.Mzin.phin]~2) [[1]1]1[[1]1];

pnzllsum = pnzlpl + pnzinil;

pnzl2sum = pnzlp2 + pnzln2;

pnzl3sum = pnzlp3 + pnzln3;

pnzl4sum = pnzlp4 + pnzln4;

{pnz1lp = pnzlpl/pnzllsum, pnzlln = pnzinl/pnzllsum}
{pnz12p = pnzlp2/pnzi2sum, pnzl2n = pnzin2/pnzl2sum}
{pnz13p = pnzl1p3/pnzi13sum, pnzi3n = pnzin3/pnzi3sum}
{pnz14p = pnzlp4/pnzl4sum, pnzi4n = pnzin4/pnzi4sum}
pnxlpl = (Abs[xilt.Mxlp.phin]~2) [[111[[11] // FullSimplify;
pnxlp2 = (Abs[xi2t.Mxlp.phin]~2) [[111[[11] // FullSimplify;
pnx1p3 = (Abs[xi3t.Mxlp.phin]~2) [[111[[1]1] // FullSimplify;
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pnxlp4

pnxinl

pnxlin2

pnxin3

pnxind

pnxllisum
pnx12sum
pnx13sum

pnxl4sum

{pnx11p
{pnx12p
{pnx13p

{pnx14p

pnylpl

pnylp2

pny1p3

pnylp4

pnyinl

pnyln2

pnylin3d

pnylin4d

(Abs [xi4t
(Abs[xilt
(Abs[xi2t
(Abs[xi3t

(Abs[xidt

= pnxlipl
= pnxlp2
= pnx1p3

= pnxlp4

pnxipl/pnxilsum,
pnx1p2/pnx12sum,
pnx1p3/pnx13sum,

pnxlp4/pnx14sum,

(Abs[xilt
(Abs[xi2t
(Abs[xi3t
(Abs[xi4dt
(Abs[xilt
(Abs[xi2t
(Abs [xi3t

(Abs[xidt

+

+

+

+

.Mylp.

Mx1ip
Mx1n
Mx1n
Mx1n

Mx1in

.phin]~2) [[111[[1]1] // FullSimplify;

.phin]~2) [[11]1[[1]] // FullSimplify;

.phin]~2) [[11]1[[1]] // FullSimplify;

.phin]~2) [[11]1[[1]] // FullSimplify;

.phin]~2) [[11]1[[1]] // FullSimplify;

pnxlini;

pnxin2;

pnxin3;

pnxind;

Mylp

.Mylp.
Mylp.
.Myln.
.Myln.
.Myln.

.Myln.

pnxlin

pnxi2n

pnxi3n

pnxl4n

phin]~2) [[1]][[1]]
.phin]~2) [[1]11[[1]]
phin]~2) [[1]][[1]]
phin]~2) [[111[[1]]
phin]~2) [[111[[1]1]
phin]~2) [[111[[1]1]
phin]~2) [[111[[1]1]
phin]~2) [[111[[1]]

//
//
//
//
//
//
//
//

pnxinl/pnxilsum}
pnxin2/pnx12sum}
pnx1n3/pnx13sum}

pnxind/pnx14sum}

FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;

FullSimplify;



pnyllsum = pnylpl + pnylni;
pnyl2sum = pnylp2 + pnyln2;
pnyl3sum = pnylp3 + pnyln3;

pnyl4sum = pnylp4 + pnyln4;

{pnyllp = pnylpl/pnyllsum, pnylln = pnylnl/pnyllsum}
{pny12p = pnylp2/pnyl2sum, pnyl2n = pnyln2/pnyl2sum}
{pny13p = pnylp3/pnyl3sum, pnyl3n = pnyln3/pnyl3sum}
{pnyl4p = pnylp4/pnyl4sum, pnyl4n = pnyln4/pnyl4sum}

pnizpl = (Abs[xilt.Mizp.phin]~2) [[11]1[[1]] // FullSimplify;
pnizp2 = (Abs[xi2t.Mizp.phin]~2) [[11]1[[1]] // FullSimplify;
pnlzp3 = (Abs[xi3t.Mizp.phin]~2) [[111[[1]1] // FullSimplify;
pnlzp4 = (Abs[xi4t.Mizp.phin]~2) [[111[[1]] // FullSimplify;
pnlznl = (Abs[xilt.Mizn.phin]~2) [[111[[1]] // FullSimplify;
pnlzn2 = (Abs[xi2t.Mizn.phin]~2) [[111[[1]] // FullSimplify;
pnlzn3 = (Abs[xi3t.Mizn.phin]~2) [[111[[1]] // FullSimplify;

pnlzn4 = (Abs[xi4t.Mizn.phin]~2) [[111[[1]] // FullSimplify;

pnlzlisum = pnlzpl + pnlzni;
pnlz2sum = pnlzp2 + pnlzn2;
pnlz3sum = pnlzp3 + pnlzn3;

pnlzd4sum = pnlzp4 + pnlzn4;

{pnizlp = pnlzpl/pnlzisum, pnlzin = pnlznl/pnlzisum}
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{pn1z2p
{pn1z3p

{pniz4p

pnlxpl =
pnlxp2 =
pnlxp3 =
pnlxp4d =
pnlxnl =
pnlxn2 =
pnlxn3d =

pnlxnd =

pnlxlisum
pnlx2sum
pnlx3sum

pnlx4sum

{pnixip
{pnix2p
{pn1x3p

{pnix4p

pnlypl

pnlyp2

pnlzp2/pniz2sum, pniz2n = pnlzn2/pnlz2sum}

pnlzp3/pniz3sum, pniz3n

pnlzn3/pnlz3sum}

pnlzp4/pniz4sum, pnlz4n = pnlznd/pnlzdsum}

(Abs[xilt.
(Abs[xi2t.
(Abs[xi3t.
(Abs[xi4t.
(Abs[xilt.
(Abs[xi2t.
(Abs [xi3t.

(Abs[xidt.

pnlxpl +

pnlxp2 +

pnlxp3 +

pnlxpd +

pnlxpl/pnixlsum, pnlxin
pnlxp2/pnix2sum, pnix2n
pnlxp3/pnix3sum, pnix3n

pnlxp4/pnix4sum, pnlx4n

Mixp.
Mixp.

Mixp.

Mixp

Mixn

Mixn.

Mixn.

Mixn

phin]~2) [[1]][[1]]
phin]~2) [[1]][[1]]
phin]~2) [[1]][[1]]

_phin]~2) [[1]11[[1]]
_phin]~2) [[1]11[[1]]

phin]~2) [[111[[1]]
phin]~2) [[111[[1]]

_phin]~2) [[1]11[[1]]

pnlxni;

pnlxn2;

pnlxn3;

pnlxn4;

//
//
//
//
//
//
//
//

FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;

FullSimplify;

pnlxnl/pnixlsum}
pnlxn2/pnix2sum}
pnlxn3/pnix3sum}

pnixn4/pnix4sum}

(Abs[xilt.Mlyp.phin]~2) [[111[[1]1] // FullSimplify;

(Abs[xi2t .Mlyp.phin]~2) [[111[[1]1] // FullSimplify;
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pnlyp3 = (Abs[xi3t.Mlyp.phin]~2) [[11]1[[1]1] // FullSimplify;
pnlyp4 = (Abs[xi4t.Miyp.phin]~2) [[111[[1]] // FullSimplify;
pnlynl = (Abs[xilt.Miyn.phin]~2) [[111[[1]] // FullSimplify;
pnlyn2 = (Abs[xi2t.Miyn.phin]~2) [[111[[1]] // FullSimplify;
pnlyn3 = (Abs[xi3t.Miyn.phin]~2) [[111[[1]] // FullSimplify;

pnlyn4 = (Abs[xi4t.Miyn.phin]~2) [[111[[1]] // FullSimplify;

pnlylsum = pnlypl + pnlyni;
pnly2sum = pnlyp2 + pnlyn2;
pnly3sum = pnlyp3 + pnlyn3;
pnly4sum = pnlyp4 + pnlyn4;

{pnilylp = pnlypl/pnlylsum, pnlyln = pnlynl/pnlylsum}
{pnly2p = pnlyp2/pnly2sum, pnly2n = pnlyn2/pnly2sum}
{pnly3p = pnlyp3/pnly3sum, pnly3n = pnlyn3/pnly3sum}
{pnly4p = pnlyp4/pnly4sum, pnly4n = pnlyn4/pnly4sum}

Creating partially entangled states

Partially Entangled state (Check with values of epsilon just removed from 1/Sqrt[2])

Clear[\[Epsilon]]
Clear[\[Gamma]]
\[Epsilon] = Sqrt[\[Gammall;

(xpes= SparseArray[{{1,1}\[RulelSqrt[1-\[Epsilon]~2],{4,1}\[Rule]\



64

\[Epsilonl},{4,4}];

k=Sqrt [\ [Epsilon]~2+2 \[Epsilon]~2 Sqrt[1-\[Epsilon]~2]];
lami=SparseArray[{{1,1}\[Rule]\[Epsilon]/k \

Sqrt [21/2,{2, 13\ [Rule] (Sqrt [\ [Epsilon]] (1-\[Epsilon]~2)~(1/4))/k \
Exp[I Pi/41/2,{3,1}\[Rule] (Sqrt[\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/k \
Exp[-I Pi/41/2},{4,4}]1;

lam2=SparseArray [{{1,1}\[Rule]\[Epsilon]/k \
Sqrt[2]1/2,{2,1}\[Rule]l-(Sqrt[\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/k \
Exp[I Pi/4]1/2,{3,1}\[Rule]-(Sqrt[\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/k \
Exp[-I Pi/41/2},{4,4}]1;

lam3=SparseArray [{{4,1}\ [Rule]Sqrt [1-\[Epsilon]~2]/k Sqrt[21/2,{2,1}\
\ [Rule] (Sqrt[\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/k Exp[-I \
Pi/4]/2,{3,1}->(Sqrt [\ [Epsilon]] (1-\[Epsilon]~2)~(1/4))/k Exp[I \
Pi/41/2},{4,4}]1;

lam4=SparseArray[{{4,1}\[Rule]lSqrt [1-\[Epsilon]~2]/k Sqrt[2]/2,{2,1}\
\[Rule]-(Sqrt[\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/k Exp[-I \
Pi/41/2,{3,1}\[Rule]l - (Sqrt [\ [Epsilon]] (1-\[Epsilon]~2)~(1/4))/k Exp[I \
Pi/4]1/2},{4,4}];

lamit=SparseArray[{{1,1}\[Rule]\ [Epsilon]/k \

Sqrt[2]1/2,{1,2}\[Rulel (Sqrt[\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/k \
Exp[-I Pi/41/2,{1,3}->(Sqrt[\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/k \
Exp[I Pi/41/2},{4,4}]1;

lam2t=SparseArray[{{1,1}\[Rule]l\ [Epsilon]/k \
Sqrt[2]1/2,{1,2}\[Rule]-(Sqrt[\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/k \

Exp[-I Pi/41/2,{1,3}\[Rule]l-(Sqrt[\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/\
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k Expl[I Pi/41/2},{4,4}];

lam3t=SparseArray [{{1,4}\[Rule]lSqrt[1-\[Epsilon]~2]1/k Sqrt[21/2,{1,2}\
\[Rule] (Sqrt [\ [Epsilon]] (1-\[Epsilon]~2)~(1/4))/k Exp[I \
Pi/41/2,{1,3}->(Sqrt [\ [Epsilon]] (1-\[Epsilon]~2)~(1/4))/k Exp[-I \
Pi/41/2},{4,4}];

lam4t=SparseArray [{{1,4}\[Rule]lSqrt[1-\[Epsilon]~2]1/k Sqrt[21/2,{1,2}\
\[Rule]-(Sqrt [\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/k Exp[I \
Pi/41/2,{1,3}\[Rule]l-(Sqrt[\[Epsilon]] (1-\[Epsilon]~2)~(1/4))/k \

Exp[-I Pi/41/2},{4,4}]1;%)

pes = SparseArray[{{1, 1} -> \[Epsilon]l, {4, 1} ->
Sqrt[1 - \[Epsilon]l~21}, {4, 4}1;
k = Sqrt[1 - \[Epsilon]~2 + 2 (1 - \[Epsilon]~2) \[Epsilon]];
laml = SparseArray[{{1, 1} ->
Sqrt[1 - \[Epsilon]~2]/k Sqrt[2]/2, {2,
1} -> (Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/k Expl[I Pi/41/
2, {3, 1} -> (Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/
k Exp[-I Pi/41/2}, {4, 4}]1;
lam2 = SparseArray[{{1, 1} ->
Sqrt[1 - \[Epsilon]~2]1/k Sqrt[21/2, {2,
1} -> -(Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/
k Exp[I Pi/41/2, {3,
1} -> -(Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/
k Exp[-I Pi/41/2}, {4, 4}1;

lam3 = SparseArray[{{4, 1} -> \[Epsilonl]/k Sqrt[2]1/2, {2,
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1} -> (Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/
k Exp[-I Pi/41/2, {3,
1} -> (Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/k Expl[I Pi/41/
2}, {4, 4}]1;
lam4 = SparseArray[{{4, 1} -> \[Epsilon]/k Sqrt[2]/2, {2,
1} -> -(Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/
k Exp[-I Pi/41/2, {3,
1} -> -(Sqrt[\[Epsilonl] (1 - \[Epsilon]~2)~(1/4))/
k ExplI Pi/41/2}, {4, 4}];
lamlt = SparseArray[{{1, 1} ->
Sqrt[1 - \[Epsilon]~2]/k Sqrt[21/2, {1,
2} -> (Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/
k Exp[-I Pi/4l/2, {1,
3} -> (Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/k Exp[I Pi/4]1/
2}, {4, 4}]1;
lam2t = SparseArray[{{1, 1} ->
Sqrt[1 - \[Epsilon]~2]/k Sqrt[2]/2, {1,
2} -> -(Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/
k Exp[-I Pi/41/2, {1,
3} -> -(Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/
k ExplI Pi/41/2}, {4, 4}];
lam3t = SparseArray[{{1, 4} -> \[Epsilonl/k Sqrt[21/2, {1,
2} -> (Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/k Exp[I Pi/41/
2, {1, 3} -> (Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/

k Exp[-I Pi/41/2}, {4, 4}1;
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lam4t = SparseArray[{{1, 4} -> \[Epsilonl/k Sqrt[2]/2, {1,
2} -> -(Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/
k Exp[I Pi/41/2, {1,
3} -> -(Sqrt[\[Epsilon]] (1 - \[Epsilon]~2)~(1/4))/

k Exp[-I Pi/41/2}, {4, 4}1;

pezlpl = (Abs[lamlt.Mzlp.pes]~2) [[1]]1[[1]];
pezip2 = (Abs[lam2t.Mzlp.pes]~2) [[111[[11];
pezip3 = (Abs[lam3t.Mzlp.pes]~2) [[111[[11];
pezip4 = (Abs[lam4t.Mzip.pes]~2) [[11]1[[1]1];
pezinl = (Abs[lamlt.Mzln.pes]~2) [[111[[11];
pezin2 = (Abs[lam2t.Mzin.pes]~2) [[111[[1]1];
pezin3 = (Abs[lam3t.Mzln.pes]~2) [[1]1]1[[11];

pezind = (Abs[lam4t.Mzin.pes]~2) [[11]1[[11];

pezllsum = pezlpl + pezinil;
pezl2sum = pezlp2 + pezln2;
pezl3sum = pezlp3 + pezln3;
pezl4sum = pezlp4 + pezln4;
pezl = {pezllp = pezlpl/pezllisum, pezlln = pezinl/pezlilsum}
pez2 = {pezl12p = pezlp2/pezl2sum, pezl2n = pezln2/pezl2sum}
pez3 = {pezl3p = pezlp3/pezl3sum, pezl3n = pezln3/pezl3sum}
pez4 = {pezl4p = pezlp4/pezldsum, pezld4n = pezln4d/pezldsum}
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peylpl =
peylp2 =
peylp3 =
peylpd =
peylnl =
peyln2 =
peyln3 =

peylnd =

peyllisum
peyl2sum
pey13sum

peyl4sum

peyl = FullSimplify[{peyllp = peylpl/peylisum,
peylin
pey2 = FullSimplify[{peyl2p = peylp2/peyl2sum,
peyl2n
pey3 = FullSimplify[{peyl3p = peylp3/peyl3sum,
peyl3n
pey4 = FullSimplify[{peyl4p = peylp4/peylésum,

peylédn

(Abs[lamit.
(Abs[lam2t.
(Abs[lam3t.
(Abs[lamét.
(Abs[lamit.
(Abs[lam2t.
(Abs[lam3t.

(Abs[lamét.

peylpl +

peylp2 +

peylp3 +

peylp4d +

Mylp.
Mylp.
Mylp.
Mylp.
Myin.
Myin.
Myin.

Myin.

pes]~2) [[11]1[[1]1]
pes]~2) [[111[[1]1]
pes]~2) [[111[[1]1]
pes]~2) [[111[[1]1]
pes]~2) [[111[[1]1]
pes]~2) [[111[[1]]
pes]~2) [[111[[1]]
pes]~2) [[111[[1]1]

peylinil;

peyln2;

pey1ln3;

peylnéd;

= peylnl/peylisum}]

= peyln2/peyl2sum}]

= peyln3/pey13sum}]

= peylnd/peyl4sum}]

Figures 3.2 code

//
//
//
//
//
//
//
//

FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;

FullSimplify;
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peyl /. \[Gamma] -> .1
peyl /. \[Gamma] -> .9
plotpeyl =
Plot[peyl, {\[Gammal, 0, 1},
PlotLabel ->
"For All Post-States of \!\(\*SubscriptBox[\(\[Sigmal\), \(y\)I\)",
AxesLabel -> {"\[Gamma]l=\[Epsilon]~2", "Probability"}]
Export [NotebookDirectory[] <> "peyone.eps", plotpeyll;
plotpey2 =
Plot[pey2, {\[Gammal, 0, 13},
PlotLabel ->
"Second Post-State of \!\(\*SubscriptBox[\(\[Sigmal\), \(y\)I\)",
AxesLabel -> {"\[Gamma]=\[Epsilon]~2", "Probability"}]
Export [NotebookDirectory[] <> "peytwo.eps", plotpey2];
plotpey3d =
Plot[pey3, {\[Gammal, 0, 1},
PlotLabel ->
"Third Post-State of \!\(\*SubscriptBox[\(\[Sigmal\), \(y\)I\)",
AxesLabel -> {"\[Gamma]l=\[Epsilon]~2", "Probability"}]
Export [NotebookDirectory[] <> "peythree.eps", plotpey3];
plotpey4 =
Plot[pey4, {\[Gammal, 0, 13},
PlotLabel ->

"Fourth Post-State of \!\(\*SubscriptBox[\(\[Sigmal\), \(y\)I1\",



AxesLabel -> {"\[Gamma]=\[Epsilon]~2", "Probability"}]

Export [NotebookDirectory[] <> "peyfour.eps", plotpey4];

Figure 3.1 code

pexlpl =
pexlp2 =
pexlpd =
pexlpd =
pexinl =
pexlin2 =
pexlnd =

pexlind =

pexllisum
pexl12sum
pexl13sum

pexl4sum

pexl = FullSimplify[{pexllp = pexlpl/pexllsum,
pexlin
pex2 = FullSimplify[{pex12p = pex1p2/pex12sum,
pex12n
pex3 = FullSimplify[{pex13p = pex1p3/pex13sum,

pex13n

(Abs[lamit.
(Abs[lam2t.
(Abs[lam3t.
(Abs[lamét.
(Abs[lamit.
(Abs[lam2t.
(Abs[lam3t.

(Abs[lamét.

pexlipl +

pexlp2 +

pexlp3 +

pexlpd +

Mx1p.pes]~2) [[1]1[[1]] //
Mx1p.pes]~2) [[1]11[[11] //
Mx1p.pes]~2) [[1]11[[11] //
Mx1p.pes]~2) [[1]11[[11] //
Mx1n.pes]~2) [[1]11[[1]] //
Mx1n.pes]~2) [[1]11[[1]] //
Mx1n.pes]~2) [[1]11[[1]1 //
Mx1n.pes]~2) [[1]11[[1]1 //

pexinil;
pexin2;
pexin3;

pexlind;

= pexlinl/pex1lsum}]

= pexln2/pex12sum}]

= pex1n3/pex13sum}]

FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;

FullSimplify;
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pex4 = FullSimplify[{pex14p = pexlp4d/pexl4dsum,

pexl4n = pexln4/pexl4sum}]

plotpexl =
Plot[pex!l, {\[Gammal, 0, 1},
PlotLabel ->
"For All Post-States of \!\(\*SubscriptBox[\(\[Sigmall), \(x\)I1\)",
AxesLabel -> {"\[Gamma]=\[Epsilon]~2", "Probability"}]
Export [NotebookDirectory[] <> "pexone.eps", plotpexl];
plotpex2 =
Plot[pex2, {\[Gammal, O, 13},
PlotLabel ->
"Second Post-State of \!\(\*SubscriptBox[\(\[Sigmal\), \(x\)I\)",
AxesLabel -> {"\[Gamma]=\[Epsilon]~2", "Probability"}]
Export [NotebookDirectory[] <> "pextwo.eps", plotpex2];
plotpex3d =
Plot[pex3, {\[Gammal, 0, 1},
PlotLabel ->
"Third Post-State of \!\(\*SubscriptBox[\(\[Sigmall\), \(zx\)I1\)",
AxesLabel -> {"\[Gammal=\[Epsilon]~2", "Probability"}]
Export [NotebookDirectory[] <> "pexthree.eps", plotpex3];
plotpex4 =
Plot [pex4, {\[Gammal, 0, 13},
PlotLabel ->

"Fourth Post-State of \!\(\*SubscriptBox[\(\[Sigmal\), \(x\)I\)",
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AxesLabel -> {"\[Gamma]=\[Epsilon]~2", "Probability"}]

Export [NotebookDirectory[] <> "pexfour.eps", plotpex4];

Find the circle of x and y adding or subtracting together. Plot operator as moves aroun

Figure 3.3 and 3.4 code

xil = SparseArray[{{1, 1} -> Sqrt[2]/2, {2, 1} ->
Exp[I Pi/41/2, {3, 1} -> Exp[-I Pi/41/2}, {4, 4}1;
xi2 = SparseArray[{{1, 1} ->
Sqrt[21/2, {2, 1} -> -Exp[I Pi/41/2, {3, 1} -> -Exp[-I Pi/41/
2}, {4, 4}]1;
xi3 = SparseArray[{{4, 1} -> Sqrt[2]/2, {2, 1} ->
Exp[-I Pi/41/2, {3, 1} -> Expl[I Pi/41/2}, {4, 4}]1;
xi4 = SparseArray[{{4, 1} ->
Sqrt[2]/2, {2, 1} -> -Exp[-I Pi/41/2, {3, 1} -> -Exp[I Pi/4]/
2}, {4, 4}]1;
xilt = SparseArray[{{1, 1} -> Sqrt[2]/2, {1, 2} ->
Exp[-I Pi/4]/2, {1, 3} -> Exp[I Pi/41/2}, {4, 4}];
xi2t = SparseArray[{{1, 1} ->
Sqrt[2]/2, {1, 2} -> -Exp[-I Pi/41/2, {1, 3} -> -Exp[I Pi/4]/
2}, {4, 4}]1;
xi3t = SparseArray[{{1, 4} -> Sqrt[2]1/2, {1, 2} ->
Exp[I Pi/41/2, {1, 3} -> Exp[-I Pi/41/2}, {4, 4}]1;

xi4t = SparseArray[{{1, 4} ->
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Sqrt[21/2, {1, 2} -> -Expl[I Pi/41/2, {1, 3} -> -Exp[-I Pi/4]1/

2}, {4, 4}1;

M2dpoll = {{0, 0, E~(I \[Phil), 0}, {0, 0, O,
E~(I \[Phil)}, {E~-(I \[Phil), 0, 0, 0}, {0, E~-(I \[Phil), 0, 0}};

Eigenvalues [M2dpol1l]
Eigenvectors [M2dpol1]
M2dpolle = SparseArray[{{1, 1} -> E~(I \[Phil), {3, 1} -> 1}, {4, 4}];
M2dpollet =

SparseArray[{{1, 1} -> E~-(I \[Phil), {1, 3} -> 1}, {4, 4}];
M2dpolle2 = SparseArray[{{2, 1} -> E~(I \[Phil), {4, 1} -> 1}, {4, 43}]1;
M2dpolle2t =

SparseArray[{{1, 2} -> E~-(I \[Phil), {1, 4} -> 1}, {4, 4}1;
M2dpollp = M2dpolle.M2dpoliet + M2dpolle2.M2dpolle2t;

MatrixForm([%]

M2dpolle3 =

SparseArray[{{1, 1} -> -E~(I \[Phil), {3, 1} -> 1}, {4, 43}1;
M2dpolle3t =

SparseArray[{{1, 1} -> -E~-(I \[Phil), {1, 3} -> 1}, {4, 4}]1;
M2dpolled =

SparseArray[{{2, 1} -> -E~(I \[Phil), {4, 1} -> 1}, {4, 4}]1;
M2dpoliedt =

SparseArray[{{1, 2} -> -E~-(I \[Phil), {1, 4} -> 1}, {4, 4}]1;

M2dpolin = M2dpolle3.M2dpolle3t + M2dpolled.M2dpolledt;



MatrixForm[%]

psil~2) [[111[[1]]
psil~2) [[111[[1]]
psil~2) [[111[[1]]
psil~2) [[111[[1]]
psil~2) [[111[[1]]
psil~2) [[1]11[[1]1]
psil~2) [[1]11[[1]]
psil~2) [[1]11[[1]]

M2dpolipl (Abs[xilt.M2dpollp.
M2dpolip2 (Abs[xi2t .M2dpollp.
M2dpolip3 (Abs [xi3t.M2dpollp.
M2dpolip4 = (Abs[xi4t.M2dpollp.
M2dpolini (Abs[xilt.M2dpolin.
M2dpolin2 = (Abs[xi2t.M2dpolin.
M2dpol1n3 = (Abs[xi3t.M2dpolin.
M2dpolin4 = (Abs[xi4t.M2dpolin.
M2dpolillsum = M2dpollpl + M2dpolilni;
M2dpol12sum = M2dpollp2 + M2dpollnZ;
M2dpol13sum = M2dpollp3 + M2dpolin3;
M2dpoll4sum = M2dpollp4 + M2dpolin4;
M2dpolll =

FullSimplify[{M2dpolilp = M2dpollpl/M2dpolilsum,

M2dpoliin = M2dpolini/M2dpolllsum}]

M2dpoli2 =

FullSimplify[{M2dpol12p = M2dpolilp2/M2dpoli2sum,

M2dpoll2n =

M2dpol13 =

FullSimplify[{M2dpol13p = M2dpollp3/M2dpoli3sum,

M2dpoll3n =

M2dpolin2/M2dpoli2sum}]

M2dpol1n3/M2dpoll13sum}]

//
//
//
//
//
//
//
//

FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;
FullSimplify;

FullSimplify;
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M2dpolld =
FullSimplify[{M2dpoli4p = M2dpollp4/M2dpolidsum,

M2dpoli4n = M2dpolin4/M2dpolidsum}]

M2dplotl =
Plot[M2dpolll, {\[Phi], 0, 2 Pi},

AxesLabel -> {"\[Phi]", "Probability"}]
Export [NotebookDirectory[] <> "mtplotone.eps", M2dplotl];
M2dplot2 =

Plot[M2dpol12, {\[Phil, 0, 2 Pi},

AxesLabel -> {"\[Phil", "Probability"}]
Export [NotebookDirectory[]l <> "mtplottwo.eps", M2dplot2];
M2dplot3 =

Plot[M2dpol13, {\[Phi], 0, 2 Pi},

AxesLabel -> {"\[Phi]", "Probability"}]
Export [NotebookDirectory[] <> "mtplotthree.eps", M2dplot3];
M2dplot4 =

Plot[M2dpol14, {\[Phi], 0, 2 Pi},

AxesLabel -> {"\[Phi]", "Probability"}]

Export [NotebookDirectory[] <> "mtplotfour.eps", M2dplot4];

Figures 3.5-3.8 code

M3dpoll = {{Cos[\[Thetall, 0, Sin[\[Thetall E~(I \[Phil), 0}, {0,

Cos[\[Thetall, O,
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Sin[\[Thetal] E~(I \[Phil)}, {Sin[\[Theta]l E~-(I \[Phi]),
0, -Cos[\[Thetall, 0}, {0, Sin[\[Thetal]l E~-(I \[Phil),
0, -Cos[\[Thetalll}};
Eigenvalues[M3dpoli]
Eigenvectors [M3dpol1]
M3dpolle =
SparseArray[{{1, 1} ->
E~(I \[Phi]) (1 + Cos[\[Thetall) Csc[\[Thetall, {3, 1} -> 1}, {4,
4}1;
M3dpoliet =
SparseArray[{{1, 1} ->
E~(-I \[Phi]) (1 + Cos[\[Thetall) Csc[\[Thetall, {1, 3} ->
1}, {4, 431;
M3dpolle2 =
SparseArray[{{2, 1} ->
E~(I \[Phi]l) (1 + Cos[\[Thetall) Csc[\[Thetall, {4, 1} -> 1}, {4,
4}1;
M3dpolle2t =
SparseArray[{{1, 2} ->
E~(-I \[Phi]) (1 + Cos[\[Thetall) Csc[\[Thetall, {1, 4} ->
1}, {4, 4}1;
M3dpollp = M3dpolle.M3dpollet + M3dpolle2.M3dpolle2t;

MatrixForm[%]

M3dpolled =
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SparseArray[{{1, 1} ->
E~(I \[Phi]l) (-1 + Cos[\[Thetall) Csc[\[Thetall, {3, 1} ->
1}, {4, 4}1;
M3dpolle3t =
SparseArray[{{1, 1} ->
E~(-I \[Phi]) (-1 + Cos[\[Thetal]l) Csc[\[Thetall, {1, 3} ->
1}, {4, 4}1;
M3dpolie4d =
SparseArray[{{2, 1} ->
E~(I \[Phi]) (-1 + Cos[\[Thetall) Csc[\[Thetall, {4, 1} ->
1}, {4, 4}1;
M3dpolledt =
SparseArray[{{1, 2} ->
E~(-I \[Phi]) (-1 + Cos[\[Thetal]l) Csc[\[Thetall, {1, 4} ->
1}, {4, 4}1;

M3dpolin = M3dpolle3.M3dpolie3t + M3dpolle4.M3dpolle4t;

MatrixForm[%]

M3dpollpl = (Abs[xilt.M3dpollp.psi]~2)[[1]J]1[[1]1] // FullSimplify;
M3dpolip2 = (Abs[xi2t.M3dpollp.psil~2) [[1]1]1[[1]1] // FullSimplify;
M3dpolip3 = (Abs[xi3t.M3dpollp.psil~2) [[1]11[[1]1] // FullSimplify;
M3dpolip4 = (Abs[xi4t.M3dpollp.psil~2)[[11]1[[1]1] // FullSimplify;
M3dpolinl = (Abs[xilt.M3dpolin.psil~2)[[1]1]1[[1]1] // FullSimplify;
M3dpolin2 = (Abs[xi2t.M3dpolin.psi]~2)[[11]1[[11] // FullSimplify;
M3dpolin3 = (Abs[xi3t.M3dpolin.psil~2)[[1]1]1[[1]1] // FullSimplify;



M3dpolin4 = (Abs([xi4t.M3dpolin.psi]~2)[[1]1]1[[1]] // FullSimplify;

M3dpolllsum = M3dpollpl + M3dpolinil;
M3dpoll2sum = M3dpollp2 + M3dpolin2;
M3dpoll13sum = M3dpollp3 + M3dpolin3;
M3dpoll4sum = M3dpollp4 + M3dpolln4;
M3dpolll =

FullSimplify[{M3dpolllp = M3dpolip1l/M3dpolilisum,
M3dpolilin = M3dpolinl/M3dpolllsum}]
M3dpoli2 =
FullSimplify[{M3dpol12p = M3dpollp2/M3dpoli2sum,
M3dpol12n = M3dpolin2/M3dpoll2sum}]
M3dpol13 =
FullSimplify[{M3dpol13p = M3dpollp3/M3dpoli3sum,
M3dpol13n = M3dpolln3/M3dpol13sum}]
M3dpoll4d =
FullSimplify[{M3dpoli4p = M3dpollp4/M3dpolidsum,

M3dpoll4n = M3dpolin4/M3dpoll4sum}]
base = SphericalPlot3D[1, {\[Thetal, 0, Pi}, {\[Phi], O, 2 Pi},
AxesLabel -> {x, y, z}, PlotStyle -> Directive[Opacity[0.3]1],

Mesh -> Nonel;

cm = 72/2.54;



sphdpoll =
SphericalPlot3D[M3dpol11l, {\[Thetal, 0, Pi}, {\[Phil, 0, 2 Pi},
AxesLabel -> {x, y, z}];
sprimel = Show[base, sphdpoll, PlotRange -> All]
sphone = Rasterize[Show[sprimel, ImageSize -> 10 cm],
ImageResolution -> 600];

Export [NotebookDirectory[] <> "sphone.eps", sphonel;

sphdol2 =
SphericalPlot3D[M3dpol12, {\[Thetal, 0, Pi}, {\[Phil, 0, 2 Pi},
AxesLabel -> {x, y, z}];
sprime2 = Show[base, sphdol2, PlotRange -> Alll]
sphtwo = Rasterize[Show[sprime2, ImageSize -> 10 cm],
ImageResolution -> 600];

Export [NotebookDirectory[] <> "sphtwo.eps", sphtwol;

sphdpol3 =
SphericalPlot3D[M3dpol13, {\[Thetal, 0, Pi}, {\[Phil, 0, 2 Pi},
AxesLabel -> {x, y, z}];

sprime3 = Show[base, sphdpol3, PlotRange -> All]

sphthree =
Rasterize[Show[sprime3, ImageSize -> 10 cm], ImageResolution -> 600];

Export [NotebookDirectory[] <> "sphthree.eps", sphthree];

sphdpoléd =
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SphericalPlot3D[M3dpol14, {\[Thetal, 0, Pi}, {\[Phi], 0, 2 Pi},
AxesLabel -> {x, y, z}];

sprime4 = Show[base, sphdpol4, PlotRange -> All]

sphfour
Rasterize[Show[sprime4, ImageSize -> 10 cm], ImageResolution -> 600];

Export [NotebookDirectory[] <> "sphfour.eps", sphfour];
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