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ABSTRACT

Analyzing the Dynamics of Coupled
Quantum Harmonic Oscillators

Christina Cook Horne
Department of Physics and Astronomy, BYU
Bachelor of Science

The dynamics of a coupled ground and coherent state are explored. The approach is
focused on solving for the time evolution operator and then applying it to a tensor product of a
ground and coherent state representing a physical system and environment respectively. The
coherent state is then partially traced to extract the dynamics of the ground state. The time
evolution operator is found by solving a series of eleven coupled differential equations. The

results demonstrate that a change in coupling results in a change in the evolution of the ground
state.
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Chapter 1

Introduction

1.1 Overview

Quantum mechanics helps us understand nature at the most fundamental level. Everything is
composed of atoms and quantum particles and, as we delve deeper into the quantum world, we
uncover more of the mysteries of the universe. My project approaches a small part of the
workings of quantum mechanics by attempting to understand more about the dynamics of a
quantum system. There are several approaches to understand the dynamics of a system within
classical mechanics. The Newtonian, Lagrangian, and Hamiltonian approaches to classical
mechanics predict where a ball will fall and how a spaceship will fly in space. However,
quantum mechanics does not currently have a simple method for solving for the time-
dependence of any system. Many time-independent approaches are available for simple systems,
but our research group has aimed at using an approach to solve for the time-dependence of more
intricate systems, such as systems depending on time-dependent parameters, for example, time-
dependent harmonic oscillators. The simple harmonic oscillator is commonly known in a

classical sense as a mass m on a spring with a specific spring constant k or a swinging pendulum



as represented in Fig. (1.1). The importance of the simple harmonic oscillator (SHO) follows
from the fact that any system with a local minimum can be approximated by it. The time-
dependence of the SHO with constant m and k has been worked out in introductory quantum

physics courses [1] and will not be addressed here.
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Figure 1.1 Examples of Simple Harmonic Oscillators. (a) A mass on a spring and (b) a swinging
pendulum.

Within the research group students have succeeded in approaching topics such as simple
harmonic oscillators with a time-dependent mass, a time-dependent parametric oscillator, or a
time-dependent driving force [2][3]. My specific project builds upon this previous work by
coupling two simple harmonic oscillators and attempting to solve for their time-dependence. In
my research, | create a time-dependent model of a quantum system interacting with its
environment and by so doing, gain new insight into the effect of an environment on a quantum
system. This effect of the environment on a quantum system is termed decoherence.
Decoherence occurs as multiple quantum systems interact. This phenomenon can thus greatly
hinder the ability to control a quantum system and, as needed, in the creation of a quantum

computer.



1.2 Background

As mentioned, other students within the research group have approached topics related to the
SHO. The results of this work have shown that quantum control is possible. Squeezing of a
coherent state has been shown to be possible through varying both the mass and the oscillation of
the system [4]. Research conducted by another group has also shown that analysis of the coupled
quantum oscillator can lead to squeezing [5]. This previous research, conducted on analyzing the
coupled quantum oscillator, similarly approached coupling a ground and coherent state but
solved for the evolution by using the normal mode coordinates. This technique demonstrates that
when the oscillators are in resonance squeezing is observed. They found that the position
uncertainty decreases while the momentum uncertainty increases in the equal-mass and equal-
spring constant case [5].

I use coupled harmonic oscillators to model the coupling of the environment to a physical
system. As the coupling increases, the connection between the state and the environment around
it strengthens and, as the coupling disappears, we expect to see a decrease in the influence of the
environment. Interestingly, it may be possible to observe the disappearance of the environment,
without a complete disappearance of the effects of the coupling. This concept of removing
coupling while yet still observing a connection can help us learn more about how the
environment affects a system. We hope to be able to establish control over the state through the
strength, length, or time-dependence of the coupling. This control can give us power to create
new states, but also teach us more about how an environment can influence a quantum state.

A major difficulty when working with quantum states is maintaining coherence. It is
difficult both mathematically and technically to observe a state for very long. Mathematically,

due to the uncertainty principle and, technically due to complications creating instruments that



work at that level. Decoherence is the term used to describe the breakdown of information that
occurs as you get further from the original quantum state. A typical example is Schrodinger’s
cat. The experiment is set up where you have a cat in a box with a Geiger counter and a box of
poison. The question comes when you ask what part of the experiment is no longer “quantum.”
Can you describe a cat as being in a superposition state? Where does the ability to describe a
state in a quantum sense disappear? This is a question | hope to explore through my model. By
expanding my model to include the ability to adjust the mechanics of the system and
environment we can adjust the “mass” of one of the two oscillators and continuously increase it
until we reach a point where the dynamics no longer make sense. This point becomes our
breaking point for “coherence” and the beginning of decoherence.

The wide applicability of the harmonic oscillator makes it an easy choice for this model.
Almost every system can be approximated by the harmonic oscillator at a minimum. The
potential energy well of a SHO is a simple curve and can fit into any local minimum. Also, the
dynamics of the SHO are well understood and covered in the undergraduate curriculum [1].
These characteristics make it an approachable problem. My rough model uses the idea of two
masses connected to springs coupled together as described in Fig. (2.1) in the next chapter. This
model allows us to utilize the known and researched coupled oscillator and extrapolate by

varying the parameters [1].

1.3 Lie algebra approach

The Lie algebra approach to solving complex differential equations has been used since 1963 [6].
This approach utilizes the idea that if a set of operators and their commutators generates a Lie

algebra then the time evolution operator can be factorized into exponentials of the Lie algebra



basis operators multiplied by time-dependent functions [3]. Using this approach, we can take a
very complicated partial differential operator equation and turn it into a coupled set of nonlinear
ordinary differential equations. We can turn a time-dependent operator problem into a time-

independent series of operator equations and a time-dependent algebraic formulation.



Chapter 2

Methods

2.1 System Overview

The system used throughout this thesis is a set of two coupled harmonic oscillators. I am using
the most straightforward formulation where the two masses are constant and equal, the two outer
spring constants are equal whereas the coupling spring constant is time-dependent and not equal
to the outer spring constants. Throughout, | denote m for the mass, k(t) for the outer spring
constants and ka(t) for the coupling spring constant. A graphical representation of the system can

be seen in Fig. (2.1).
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Figure 2.1 This is a representation of the model of two coupled harmonic oscillators. The simple approach has
ml=m2=m and k1=k2=k(t)




To describe the configuration mathematically we write down the Hamiltonian H(t) for the
system. Eq. (2.1) describes the Hamiltonian in terms of the position operators, X1 and X2, and

momentum operators, p1and pa,

T @)% |, B)? |, 1, .. 1, o 1, o o
H(t) = Py Py ;k1(x1)2 +5k2(x2)2 + 5k3(x2 — %)%, (2.1)

2mq 2my,

while Eq. (2.2) describes the Hamiltonian in terms of the raising and lowering operators, a and a',
A = hw (a*a + 1) + ho (BTB +1) + 5% (B2 4 bt + a2 + at? + 2(b*h — ba — ba' —
2 2 Imw
bta —btat +ata+ 1)) (2.2)

ifm; =m, and k; = k,where w = \/% . InEq. (2.2) aand a' are related to x1 through

h ~ ~ . h ~ N T
x, = /% @t + a) similarly x, = /% (b + b) [1]. We will impose later that a and a

describe the system and b and b describe the environment degrees of freedom. We are then able

to insert this Hamiltonian into Schrddinger’s equation for the time evolution operator U(t),

au) _
at

ih HOU®). (2.3)
Here i is the imaginary number, h is Plank’s constant, and U(t) is the time evolution operator
which evolves states such that U(ty, t,)|(t,)) = |p(t,)). Following [6], the time evolution
operator U(t) can further be written as a product of exponentials,

O(t) = 1AL, esn®4n, (2.4)
The eleven operators A, that comprise the time evolution operator can be found in the
Hamiltonian and are: aa, bb, ab,a*a, bth,abt,btat,ath, atat, btht, 1, while the eleven
functions sn(t) are functions associated with each operator and will be plotted in Chapter 3. To

ensure that we can use the Lie algebra approach explained in Chapter 1 we evaluated the

commutation between all operators. A table comprising all the commutations between each



operator is found in the Appendix. The table demonstrates that the Lie algebra is closed since
there are no new operators contained in the table. Since the system forms a Lie algebra basis we

know we can move forward in solving for the dynamics.

2.2 Mathematical Approach

The ultimate goal is to solve Schrddinger’s equation, Eq. (2.3) above. By solving this equation
we will be able to observe the time evolution of our system. We can then apply the evolution
operator to specific states.

We begin by re-writing Eq. (2.3) as

h 2O g = A). (2.5)
From here we can substitute the time evolution operator from Eq. (2.4) and the Hamiltonian from
Eqg. (2.2). Using a Mathematica program written by Ty Beus, a member of the research group,
we can then solve Eq. (2.5). The program solves for the unknown sn(t) equations within the time
evolution operator. Once these equations are known, we can input them back into Eq. (2.4), the
time evolution operator, and subsequently apply this operator to different states.

We chose to apply the time evolution operator to a tensor product of two coherent states,
specifically the ground state (system) and a general coherent state (environment) to compare our
method to the method described above found in Ref. [5]. The application to this tensor product of
states can be written as

(x1|®(x,|(I®1) U |2)®|B), (2.6)
where |a) is the system, | ) is the coherent state (environment), and (x,| and (x,| are the
coordinate eigenstates so as to obtain a position representation of the evolved state. We insert the

completeness relation for coherent states found in Ref. [7] as,

8



1®1 = 1/n* [ dy d& |y) ®[5Xy|®(5|, 2.7)
to allow us to solve for the position representation of the evolved state. Here y and & are both
coherent states. The application of the time evolution operator on a tensor product of a ground
and coherent state written in coordinate representation is

1/m? ff dy d& (x,1y) - (x218) (vI®(5|U|a) ®IB), (2.8)
again found in Ref. [7]. Once we complete this double integral we have a position representation

of the time evolved ground and coherent state.

2.3 Partial Tracing

In order to visualize the time evolution of the states we apply partial tracing. Partial tracing is a
mathematical technique used with matrices. This technique allows you to integrate over the
portion of the function you wish to ignore or trace over. In our case we will integrate over the
position of the second oscillator x (the environment in a coherent state) to be able to observe the
dynamics of the first oscillator x; (the ground state). This will allow us to observe the system in
the ground state that has interacted with the environment, while choosing to ignore the
environment itself. Upon completing this integration, we can plot the time-evolved ground state

and observe its dynamics. These plots are included in Chapter 3.



Chapter 3

Results

3.1 Time Evolution Operator

The time evolution operator is composed of a product of exponentials raised to a time-dependent
function multiplied by an operator, see Eq. (2.4). For the coupled harmonic oscillator, the time
evolution operator is composed of 11 operators and 11 exponentials. Each time-dependent
function is a solution to a coupled differential equation. Mathematica was unable to solve for
these functions analytically so after inputting specific values for the system such as the mass, and
spring constants k(t) and ks(t), and h, we found solutions to the differential equations
numerically. Plots of these functions are included below. The real part of each function is 0, so
the imaginary part is plotted. The input values for the plotted functions are: w = 3.29x10%5,
m = 9.1x10731, h = 1.0545718x10~3%, and multiple values were used for the coupling
constant ks(t).

When using a coupling constant k5(t) = 0, or no coupling as seen in Fig. (3.1), we

observe what would be expected for a non-coupled simple harmonic oscillator. The Hamiltonian
for this situation simplifies to H(t) = hw (a*a + %) + hw (E*E + %) therefore, the functions
associated with any of the coupling operators are zero while the functions associated with 1,

ata, and b*h have a constant slope as seen in Figs. (3.2) — (3.3), representing the energy. This

10



matches our expectations for two uncoupled SHO’s with a lack of dissipation and unitary

evolution. The evolution will be explained in the next section.

k3

1.0+

05

time

-05F

Figure 3.1 Graph of ks(t)=0 associated with no coupling

Figure 3.2 Graph of the function associated with the operator aa. The graphs associated with operators 1
and b'b are identical

[=]

-05}

Figure 3.3 Graph associated with the operator (af)2. The graphs associated with operators ab, a2, b?, (bf)?,
a'bf, abf, and a'b are identical
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When using a permanent coupling, represented as a constant k5;(t) = 5, Fig. (3.4), we
observe two different functions associated with the 11 operators. For the 4 operators associated
with a combination of the two oscillators, ab, a'b, ab’, and a’b’ there is a positively sloped
function as seen in Fig. (3.5). While, for the 7 operators associated with the individual
oscillators, (b")?, (a%)?, afa, bb, b2, a2, and 1, there is a negatively sloped function as seen in Fig.

(3.6). Again, these functions and the resulting evolution will be described in the next chapter.

N

! R 1 L L L time
20 40 60 80 100

Figure 3.4 The graph of the coupling function ks(t) with a permanent coupling.

Figure 3.5 Graph of the function associated with the operator a'bf. The functions associated with the
operators ab, a’b, and ab' are identical.
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Figure 3.6 Graph of the function associated with the operator (b")2. The functions associated with the
operators (af)?, a'a, b'b, b?, a2, and 1 are identical.

Next, we chose a coupling that represents a disappearance of the coupling over time. We

)2

(
used a Gaussian distribution centered at t = 0 described by the function, k5 (t) = \%e‘ﬁ and

seen in Fig. (3.7). When using this disappearing coupling, we observe a peak in the functions

associated with the coupling when there is an inflection point in the coupling function itself, as

seen in Figs. (3.8) — (3.9). Similar to the previous two situations a negatively sloped function is

associated with the non-coupled operators a'a, b’b and 1, as seen in Fig. (3.10).

I L time

20 40 60 80 100

Figure 3.7 Coupling function ks(t) for a situation where the coupling begins strongest then gradually

decreases to zero.
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Figure 3.8 Graph of the function associated with the operator a’b’. Graphs associated with the operators
abf, a'b, and ab are identical.

2 x 13‘:: -

—25x10720 [

~ax10720 |
Figure 3.9 Graph of the function associated with the operator (b%)2. Functions associated with the operators
(ah)?, b2, and a2 are identical.

Figure 3.10 Graph of the function associated with the operator aa. Graphs of the functions associated with
the operators 1 and b'b are identical.
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Finally, we chose a coupling that represents beginning with no coupling, introducing
coupling, then removing it to see if we observe similar evolution compared to the previous

results from uncoupled oscillators and a disappearing coupling. We represented this coupling

2 (t-50)2

with a Gaussian distribution centered at t = 50 using the function k5(t) = \/?ine_ 20, and

seen in Fig. (3.11). When comparing with previous results we do see many similarities as with
the peaks associated with a decrease in the coupling, Figs. (3.12) and (3.13), and an identical
function associated with the non-coupled operators, a‘a, b'b and 1 as seen in Fig. (3.14) and

observed in every coupling previous Figs. (3.10), (3.6), and (3.2).

k3

X
L */ - time

- 20 40 60 3:] 100
Figure 3.11 Graph of the coupling function ks(t) where the coupling begins zero, increases to a maximum,
then decreases back to zero according to a Gaussian distribution.

Figure 3.12 This figure represents the imaginary part of the function associated with the operator a2
within the time evolution operator when the coupling is a Gaussian distribution centered at 50. The
functions associated with (af)?, b?, and (b")? are identical.

15



Figure 3.13 This figure represents the imaginary part of the function associated with the operator ab
within the time evolution operator when the coupling is a Gaussian distribution centered at 50. The
functions associated with a'h, a'b, and ab™ are identical.
a'a
E . . . . .

Figure 3.14 This figure represents the imaginary part of the function associated with the operator
afa within the time evolution operator when the coupling is a Gaussian distribution centered at 50. The
functions associated with b'h and 1 are identical.

Again, the complete time evolution operator is composed of a product of exponentials raised to

the power of the plotted function multiplied by its associated operator, as seen in Eq. (2.4).

3.2 Dynamics of single oscillator

To observe the dynamics of the coupled oscillator, we partially trace over the coherent state (the

environment in which we are not interested) to observe the changes to the ground state (the

system). To see what happens under different coupling situations I chose various values of ka(t)

as explained above and plotted in Figs. (3.1), (3.4), (3.7), and (3.11). The following are images

of the wave function of a ground state coupled with an arbitrary coherent state with the coherent

16



state traced over. The results show any changes that occur in the ground state as a result of being

coupled with a coherent state. | could not obtain valid results when leaving the equations in

analytic form so I input values for the time and took multiple times to better understand the

results.

All the different iterations of coupling, at all times, results in the same plot for the real

part of the expression as seen in Fig. (3.15).

25
20
15
10

05

-1 x1079 -5 x10~10

— t=50
— t=100

Figure 3.15 This figure is a plot of the real part of the wave function of the ground state after being
coupled with an arbitrary coherent state, then having the coherent state traced over. The figure did not
change when the coupling was changed. Every time produced the exact same plot so every time is

represented in the same line.

Different coupling does result in slight changes to the imaginary part of the wave function. Figs.

(3.16) — (3.19) represent the resulting wave function due to the four different values of ks(t)

described in the previous section. Fig. (3.16) represents the wave function when no coupling is

present. The different curves represent differenttimest = 0,t = 1,t = 5,t = 50,t = 100.

17



— t=50
— t=100

Figure 3.16 The evolution of the ground state with no coupling to the coherent state. The imaginary
part of the wave function is plotted against xi, the real part can be seen in Fig. (3.15).

Fig. (3.17) represents the imaginary part of the wave function, attimest = 0,t = 1,t = 5,t =

50,t = 100, of a permanent coupling between the ground and arbitrary coherent state.

-1.4x107""T

Figure 3.17 The imaginary part of the wave function of a ground state permanently coupled to an arbitrary
coherent state plotted against x; at five different times. The real part of the wave function can be seen in Fig. (3.15).

Fig. (3.18) represents the wave function attimest = 0,t = 1,t = 5,t = 50,t = 100 of a ground
state and coherent state with a Gaussian distribution as the coupling. The distribution is centered
at zero (meaning the system begins with maximum coupling) then the coupling disappears over

time.

18



— =50
— t=100

Figure 3.18 The imaginary part of the wave function of a ground state coupled to an
arbitrary coherent state plotted versus position xi. The coupling gradually decreases after t=0
to disappear by t=15. The real part of the wave function can be seen in Fig. (3.15).

Finally, Fig. (3.19) demonstrates the evolution of the ground state as it begins uncoupled, slowly
becomes coupled to a maximum coupling at t = 50, then slowly becomes uncoupled according
to a Gaussian distribution. Again, the different lines represent differenttimest = 0,t = 1,t =

5t =150,t =100.

— t=50
— =100

Figure 3.19 The imaginary part of the wave function of a ground state as it begins
uncoupled, becomes coupled to an arbitrary coherent state with maximum coupling at t=50,
then the coupling disappears to be gone by t=100. The wave function is plotted against
position x; on the horizontal axis. The real part of the function can be seen in Fig. (3.15).

This figures will be analyzed in the following chapter.
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Chapter 4

Conclusion and Outlook

4.1 Conclusion

From the results described in Chapter 3 it is shown that we have been able to solve for the
dynamics of the coupled quantum harmonic oscillator with a time-dependent coupling term,
when the two masses are constant and equal and the outer spring constants are time-independent,
constant and equal. To compare our results against previous results recorded by Ref. [5] we
applied our time evolution operator to a tensor product of a ground state and coherent state. By
observing the evolution of the ground state, which is the most “classical” quantum state, we can
observe if it remains coherent after being coupled with the coherent state. By analyzing both the
functions within the time evolution operator and the final dynamics seen in Figs. (3.16) — (3.19)
we can come to the following conclusions.

First, by analyzing the time evolution operator we see that different coupling does yield
different time evolution operators. This result was expected and matches our hypothesis and
previous research. It is interesting to note that identical functions within the time evolution
operator can be grouped depending on the coupling. With no coupling, we have two separate

groups of operators and associated functions: coupling operators, those found in the Hamiltonian

20



that multiply the coupling function ks(t), and non-coupling operators, those found in the
Hamiltonian that do not multiply the coupling function ks(t) and can be found in the equation for
a simple harmonic oscillator without any coupling. This split in the 11 operators into two
separate groups demonstrates the symmetry of the equation.

When looking at the time evolution operator with coupling we see a similar situation of
identical functions associated with different groups of operators. With constant coupling, the 11
operators are split into two separate groups. The first group includes operators associated with
one oscillator, a2, b2, a'a, b'b, (a")?, (b)?, and 1. While the second group includes operators
associated with a combination of the two oscillators, ab, a'b, ab™ and a'b’. In both situations of
Gaussian coupling identical functions are seen associated with the non-coupling operators (a'a,
bfb, and 1), the coupling operators associated with one oscillator (a2, b? (a%)?, (b")?), and the
coupling operators associated with a combination of two oscillators (ab, a’b, ab' and a'b"). This
result is expected. The associated functions are found by solving a series of differential equations
and it is expected that the functions associated with each separate oscillator, “a” and *“b,” should
be identical. Thus, identical functions should be seen associated with the non-coupling operators
1, a'aand b'b. Further, each equation associated with the coupling operators, should result in
similar results without consideration to which oscillator is being operated on. That is to say, the
functions associated with an “a” operator should be identical to those associated with the same
“p” operator as seen in the fact that each function associated with the operator a? is identical to
each function associated with the operator b?. Again, this result is expected and shows that the
coupling acts as would be expected in a classical sense.

We also see what we can term a memory effect. In situations where the coupling does not

exist we consistently see a negative sloped function associated with operators a'a, b'b, and 1. We
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also observe in functions associated with all the other operators that when coupling does not
exist the function is constant, when coupling is zero the function is zero, but when coupling
returns to zero after being transient we see that the function remains constant but at a new value.
This ability for the function to “remember” that there was once coupling even though it now does
not exist is what we mean by having a memory effect.

Second, we see through analyzing the final time-dependent wave functions that changes
in coupling results in minimal changes in the imaginary part. When there is no coupling, the
wave function grows from a minimum at ¢t = 0 to a maximum at t = 100. With a constant
coupling the wave function begins at a value equal to that of no coupling, drops to near zero then
grows to a maximum at t = 100. The maximum with constant coupling is greater than the
maximum in the no coupling situation. Fig. (3.18) associated with the Gaussian coupling
centered at zero, shows a wave function that begins at the same value as when no coupling is
present, drops near zero, then grows to a value less than both no coupling and constant coupling.
The wave function associated with a Gaussian coupling centered at t = 50 produces a very
similar evolution compared to the function associated with Gaussian coupling centered at t = 0.
The differences are so small compared to the real part of the wave function plotted in Fig. (3.15),
a ratio of 1:1071°, that they seem insignificant. We conclude that changes in the coupling do not

produce squeezing and our results do not confirm the results found in Ref. [5].

4.2 Outlook

Looking forward, we hope to be able to compare more closely our results with those found in
Ref. [5] and find where the differences lie. We assume there are no coding errors, but further

research can re-check my work, and compare more closely with Ref. [5]. To avoid numerical
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error, we also can work toward dimensionless quantities by redefining h=1. Further research can
build from these results and investigate the dynamics of coupled oscillators with unequal mass or
unequal spring constants. The approach used here of utilizing the Mathematica integrate function
does not seem strong enough to tackle such complex integration. Further research can also
attempt application of the time evolution operator on different states to see if further information

can be gleaned.
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Appendix A
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—1—aat — bbt
0
0
—2bat
—2abt

abt

0
—abt
abt

aZ

0
aat — bbt
_(bT)Z
0
2ab
—2atpt
0

bat

0
bat
—bat
b2
—aa’ + bb?
0
_(aT)Z
2ab
0
0
—2atpt

atpt

0
atpt
atpt

1+ aa’ + bbt

(b")?
(ah)?
0
2abt
2bat
0
0

—2ab
—2abt
0
0
—2(1 + 2aa")
0

b2

—2b?
—2ab

—2bat
0
0
0
—2(1 + 2bb™")

(a")?

0
2(ah)?
0
2bat
2ath?
0
0
2(1 + 2aa®)
0
0
0

(b1)?

0
0

2(bHy?
2ab’

0
2atpht

0

0

2(1 + 2bbh)
0
0

Figure A.1 This table shows the commutation relations between all 11 operators and demonstrates that there are no new operators formed when performing the
commutation, thus making the operators in this Hamiltonian form a Lie algebra basis. The operators are listed along the top and left of each row and column.
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Appendix B

Included below are my Mathematica documents.

info = "starting, Attempting to open Definition NoteBook™; £

Dynamic["statma : " <» info]

BetDirectory["E: "]

EvaluateNotebook [nbname_] :=

Module [ {nb}, nb = HotebookOpen [ToFileName [Directory[] , nbname] ] ;

NHotebookEvaluate[nb] ;
HotebookClose [nb] ;]

OpenNotebook [nbname_] := NotebookOpen [ToFiledNams [Directory[] , nbname]] ;

EvaluateNotebook [ "\ Phy=sics\Research\Coupled Oscillators Project -

Copy'\Mathematica Hotebooks/SolveForAlphaEgindd]gindetNolef7_3universal .nb"];

InitializeAlgebraMajor([{sho[1l], shol[2]}]:
id = idsho[1] #+ idsho[2] ;
(#xph[i_] ["BasisNames"] :={x[i] ,p[i] ,idxp[i]}; commmtation of x and p iz Is)
(#xp[i_]["BasisHamea"] :={x[i] ,p[i], idwp[i]};
commtation of x and p ia I fisx)
{#sho[i_] ["BasisMames"]:=
{a[i]1',a[i] ,num[i] ,idsho[i] } commutation of a[i]" and a[i] is idsho;x)
(#aadagar[i_] ["BasisNames"]:={a[i]t,a[i] ,idsho[i]} ;%)
(spanli[i_] ["BasisNames"]:={ sM[i],sP[i], sE[i] idpauli[i]}+)

Ag["Alg"] = ~{a[2]f wxaf[2]t exid, afl]t evall]f sxid, a[1]' s« a[2]" =« id,

afl] #+=a[2] e#+did, a[1l]’ ++a[2] e+ id, a[l]' ++a[l] s+id, a[2]' sxa[2] ++ id,

af2) »+ a[2] #+id, a[l] #+a[l] ++id, a[l] =+ a[2] #+ id, idsho[l)] #+ idsho[2] };
MakeSubAlg[Alg, Alg["Alg"]];
Hamiltonian = id s {nw {a[l] t#sa[l] +idsho[1] /2) « Aw (a[2]' +=a[2] + idsho[2] /2] «

(Bk3) /(d4mw) (a[2] «+a[2] +a[2]'«sal2]' +a[l] #+al] +a[1]t «sal1]'+
2 {a[:]‘ ##af[2] -a[2] s+ a[l] -a[2] ++a[l1]t-a[2]! #+xa[l] -
al2]'w»al1]t +a[1]' #+a[1] + idsho[1] #+ idsho[2]))]);
{gEJllSimplify[idg*{w [a[1]+Ha[1]fidahnu]fzjm{a[z]+Har_2]fidahn[2:|j2]f
1:3/’{4 m W) |:{3[2113[2]+}*:{a[2]+a[2]1}—
2{3[1]+a[1]+]|n|[a[2] +al[2] "]l+{a[1] 13[1]+::|**|::-EI.[1]+EI.[1]1}}]]*}

MAlphaBquations [Alg, Hamiltonian] ;

SubAlgEqInfoEct[Alg, Hamiltonian]

InitializeCoherentStatea[]
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ELStES - <> IhNI0

(I+D0InvIsocl-Hamiltonian} in term= of Jubidlg :

Took too long..

The mapping between AlgMajor and 3ublAlg is l-to-1:

Comrutation table of Subklg M :

I sguations :

{c:n-.‘Lf-]
Oy’ [ 5]

e’ [£]

2EI Mg [t] (=1 ¢ @ [t]) -2k 0[] - 2mw® o [B] + mm.[t.]*j,

o, [ 5]

Oy [ 5]

Do [£] (L # 200, [£] D]} +0e (€] {2+ (-2 + 20 [t]) O [t]])),

mﬁ.i[tj = -

0 (2R3 (]2 + B2 (140 [6] )% + O[] (4R3I + Bmw? -4 I'.Eam[t.]l}

o o o o -Z My
o o i -2 M3 o
o o 0 -My -Hy
o 2 My My o -Mg + My
2 My o Mz Mg = M3 o
1] 2 Mz Hy -Hy Hy
ZMy o My My -Hg
2 (2M7 + My o 2 Mg 2 Mg o
o 2 (2Mg +Hy) 2 My o 2 My
ZHy 2 Mg Mg + My + My Hy Hy
o o i o o

True=

El‘;;ﬂ

e t i
cggpocog

=ZMy =2 (2 My + M)

o
-Ha
-y
Mg
o
o
2 My
o
Mg
o

0
-2 My
-2 My

1
DEEDNED
E

ih [4k2u,,,[1—.]2+k3 (-l +0y[6])1% + o [s] (4E2+Emu? - 4 kI O, [£]))

4mw

4 mw

1
—— ih (E2+ 2 k2O (5] (1+ 20 (t] - malt]) -

Zmw

"

o

=2 (Z Mg +M1)

LR (-1 +my [t]) (1 +2 0[] + 0 [t] + 20 [t] O [t] - O [t] (1 [t]))

ZmwW

1
— 1 k3N (1+ 20, [t] Che[t] + 20 [t] O, [5] -

Zmw

i (k3 +2mw’ -2 k3 ag (5] (-1 +0e[6]) + 53 0 [6] (-1 +0 [t]) - k30 [£])

Zmw

-2M,

=& M1
-2 My

r

o

[ R )

Ih (E2+2muw? + 2 k3 O (6] + k3 O, [B] + 2 k2 O, [©] O, [t] - k2 0, [£] (1 +ae[t]))

' 6] = -

2mw

fedemt] 30 (14 (-1 +de[6]) O [t] 12

o, [B] = -

' [E] = -

Dhera’ [£]

Oy, " [ 5]

e, [0]
ey [ 0]

amw
letame] k2 A (-1 + o, [£])2

4mw

"

1 el t] k2 f (-1l +n[t]) (1+({-1l+m(t]) Delt])

Zmw

1h (k2 +2mu’ + k230 [t] + E2 0y, [o] - K2 ag, [t])

O o, [O]
O Coms [D]

I:'f I:’;“'J[I:']
Oy Coes [D]

Z2mw

0, G, [0] = 0, cm, [0] = 0, aw [0] =0,

[}

0, e [0] = 0, G (0] = 0}
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Alg["equationsbaseSimple"] =
Flatten[{FullSimplify[ (Solwve [Drop[Simplify [Alg["equationsbase”]], -Length[Alg]],
DiAlg["="], t]] /- Bole » Equal) [[1]]],
Drop[Simplify[Alg["equaticonsbase”] ], Length[Algl]}]
Al g["equationzbaseSimple =2"] = Alg[ "equaticnsbaseSimpla"] /.
Flatten[{h].g["atuﬂ"], (Bl ates"] /. £+ 0) }]
1

{mq.'[t] = - ih(4k3am[t]®+ k3 (-l+rom[t])?+4am(t] [k3+2mw’-kIawm[t]]],
dmw
1 .
ops” [£] ==, ih(dkiot]?+ k3 (-l+ou[c])®+domt] (K3+2mw’ - k3o [t])]),
mw
1
oy [E] = ih

Zmw
(23 (1+2aw[t]) (L+Zom[t]) -2 (E3+2mw? + k3 (o [E] o [5])) o [£] + K3 oug [£]2),

ikdb (-l+ma[t]) (1+2omw(t] + (1+Z2aw[C]) o [t] —ow [T] (L+ow[T])) « o’ [E] =

Zmw
0, oy’ [t] =
Tmn LB (L 2o [E] o [E] + 2 (o [E] - 0w, [B] + (14 2o, [E] -aw [B]) o [£]) o (2],
D‘u‘r[t]=_zl ih(k3+2mut s 2RI ay (2] - k3w (5] + &3 (-1-Zaw (2] aw [5]) aw (=],
mw
" .
oy’ [8] = - —— ik (k3 2mut s 2 k3 ow (5] + k2 (1 2 [2]) o (5] - e (2] (1o []) ),
m&w
1ot k3R (1+ (-1 +am[t]) ow[T])?
oWa [E] = - ’
dmw
ie?®ltl k3 h (-1 +me[t])?
oWy [E] = - ’
dmw
G’ [£] = - ———i €™ E1a (8 k3 B (-1 + g [£]) (1+ (-1 +me[t]) a5,
Zmw
ifh (k3+2Zmw? + k3 (o [T] + o [t] - @ [6]))
o) A28 S ) cme s e le)]

Zmw
oWy [0] =0, o [0] =0, o [0] =0, o [0] =0, o [D] =10,
aw, [0] =0, o [0] =0, aw, [0] = 0, e, [0] = 0, aw, [0] =0}
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Attempt to solve analytically:

DSolve [{D[me [E], t] == L
[{ B ! - dmw

if [41:3::..__[t]2+]:3 |{—1+m¢,[t]:|2+4au‘[t] (k3 +2mw -kaq.,[t]]}, Dfaw, [t], t] =

—%u: {41:3::;.,[1;]%1:3 (-1+ @ lt])*+ 2t {k.3+2mw2—k3m¢,[t]”,
mw

1
Dfaw, [t], €] = ——ih (k3 (1+2ay[t]] (1+2a[t]) -
2mw
2 (k3+2mw’ +k3 (o, [t] + g [£]) ) @ [E] + I, [£)7), Daw, [t], ] =
o ik3h |{—1+um[t]} (1+2amy [£] + (1+2ay,[t]) ay [t] - ay, [t] |{1+a,h[t]”,

2mw
Do [t], ] = %11;35 (1+2 o [E]) -au,[t] +
mW
2 (o, [t] - [E] + (142 auw, [£] - o, [£]) @, [E]) e [E]), Dlaw, [E], t] =

—Liﬂ (k3+2mw’ +2k3 au, [t] - k3 @y [£] +k3 (-1-2 ay, [t] +n;.,[t]}| .::.u[t]].,
2mw

i
Dlay, [t], t] = - in
2mw

(k3+2mw + 2 k3 ag [£] +k3 (1+ 2w, [t]) i [E] - k3 g [£] (1+ae[t])),
1% k3 1+ (-1+ay[t]) aw[t])?

Do, [t]. t]

4dmw

eI k3h (-1 +a[t])?

Do [£] . E] s v
mw

Dfm, [E], t] = - ie™tmelt k3 h (-1 +ay, [t]) {1+ (-1 +aw[t]) ::u‘[t]},

Zmw
it (k2+2mw? + k3 (me [£] + @, [B] - o [£])
Dlay, [t], £] =~ t 2. o, an, }:
mw

@, [0] =0, o [0] =0, o, [0] =0, e, [0] =0, @, [0] =0, @4, [0] =0,
@, [0] =0, @, [0] =0, @ [0] =0, &, [0] =0, o, [0] =0},

{aw [B], o [B], e [B], o [E], @ [B], o [B], awm [E],

aw [t], a[t], ae.[t], aw, [t]}, t];
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Solve numerically with values chosen for k3, w, m and hbar defined

m:z_ﬁf{s@t[zpij} nxp[-{t-Eu}*zf{z .1u:|]
(#Ganssian distribution with peak at 50%); w=3.29x10°15; m=9.1=10*-31;
B =1.0545718 = 10-34; («2.5/(Sqzt[2 Pi] )Exp[-( t-50)+2/(2 =10)]=)
Plot[k3, {t, 0, 100}, PlotRange - All,
Bxeslabel - {"time", "k3"}, LabelStyle - {Bold}]
a0l1 = lﬂ]SolvE[{]Il [ew [t], ] =

_Lul [4k3m[t]’+kﬂ {—1+4:5¢,[t]:|2+4a..‘[t] |[k3+2mw2—k3m.¢,[t]}} , D [E],
dmw

t] = - 1 ih{iﬂmq,[t]2+h3[—lim.,[t]}i+4m..,[t] {k3+2mw*—k3m.,[t]}|:|,
imw

1
Dfaw,[t], ] = —— i 8 (k3 (1+2am [t]) (1+2an([t]) -
2mw

2 (k3+2mw’ + k3 (m [t] + @ [E]) ) @ [t] + X3 @ [£]7), Dlas [t], t] =

. 1k3 B {-1+m[t]}| (1+#2my [t] ¢ (142 [t]) o [B] -, [E] |[1+a..,[t:|].}|,
mw

1
Dlow[t], £] = —— dk3 8 (1+2my [E] -, [E] +
2mw

2 (g, [t] - o [E] + (1420, [£] - [£]) o, [t]) @y [t]), Dlaw,[t], &] =- iz

Z2mw
|[k3+2mw2+2k3m.,[t] k3 ms [t] + k3 {-1-2:.;.,[1;] + o, [£]) m[t]}, Dfaw [t], t] =

1
-——iih (k3+2mw + 2 k3 oy, [t] + k3 {1;2::;.,[1:.1} o, [£] - k3 o, [B] (1emw[E]])),

Zmw
1 @it k3 (Ls (-1 4+ [t] [£])?
Dlay [£], t] = - (1 (-1eanltl) aie))
4mw
iefmaltl k3A (-1+m [£])F
Dfaw, [t], £] = - { ) .
imw
D[, [t], t] = - ie™ el k3 (~1ra, [8]) (1+ (-1+at]) alt]),
2mw
if (k3+2mw* + k3 (my [£] + @, [E] - o, [E])
Dfaw, [E], E] = - [ }I,

Zmw
@, [0] =0, o [0] =0, @, [0] =0, @ [0] =0, aw [0] =0, m, [0] =0,
G, [0] =0, @ [0] =0, @, [0] =0, a,[0] =0, a,,[0] =0},
(o [E], @[], @ [t], @[], ow[t], ow(t], ow[t], aw [t],
am, [£] , e, [E], @, [E]}, {&, O, 100}, PreciaionGnal—rZDDﬂ];
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10 L)

i
el }

o4l |

|

. :_J \, . L e

20

a [t_] = aw [£] /. 3011[[1]];
mw, [t_] = e [t] /. 8011[[1]]; aw,[t_] = aw [t] /. sol1[[1]];

@ [E_) = meg [£] /. 20l1[[1]]; am([E_ ] = @ [E] /. 2011 [1]];

o, [t ) = @, [t] /. 8011[[1]]7 aw, [E_] =aw [E] /. 80l1[[1]];

O, [t ) =@y [E] /. 80l1[[1]]; @y [t ] =@y [t] /. 201L[[1]];

@ [£_] = Mo [£] /- 8011[[1]]; e, [t ] = @, [E] /. 23011[[1]]"
Plot[{Re[aw, [t]], Im[ams,[t]]}, {t, 0, 100},

PlotLabel -+ "b'" ", Plotlegends -+ "Expressions”, PlotRange -+ J.ul]
Plut[{Re[au:[t]]_ Im[a, [t]1]1}, {t, O, 100}, E‘lotl.abel—r"a"",
Plotlegends -+ "Expressions”, PlotRange -+ .!Lll]
Plut[{Re[m,l,[t]], Imf[aw, [t]]}, {t, 0, 100}, PlotLabel + "a'b'",
Plotlegends -+ "Expressions”, PlotRange -+ .!Lll]
Plut[{Re[m,u[t]], Im[me, [t]]1}, {t, O, 100}, PlotLabel + "ab'",
Plotlegends + "Expressions”, PlotRange -+ .!Lll]

Plot[{Re[a, [t]], Im[aw[t]]1}, {t, 0, 100},

PlotLabel -+ "a'b", PlotLegends -+ "Expreaaicma“]
Plnt[{Re[am[t]], Imf[aw [t]]1}, {t, 0, 100}, PlotLabel + "a'a™,
Plotlegends -+ "Expressiona”, PlotRange -+ .!Lll]

Plot|{Re[aw, [t]], Im[ms,[t]]}, {t, 0, 100},

PlotLabel -+ "b'h", Plotlegends -+ "E:lpresainns“]
Plut[{Re[a,,..[t]], Im[a, [t]11}, {t, O, 100}, PlotLabel + "b*",
Plotlegends -+ "Expressions”, PlotRange -+ .!Lll]
Plut[{Re[m,l.[t]], Imf[a, [£]]1}, {t, 0O, 100}, PlotLabel + "a®",
Plotlegends -+ "Expressions”, PlotRange -+ .!Lll]
Plot[{Re[a,[t]], Im[a,[t]]1}, {t, O, 100}, PlotLabel - "ab",
Plotlegends + "Expressions”, PlotRange -+ All]

Plot[{Re[m., [t]], Im[aw,[t]]}, {t, O, 100},

PlotLabel -+ "1", Plotlegends + "Expressions"]
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Bt

=1, %1032

=2 %10
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=4, %10
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0 40 &0
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B0 100

R aad
-:.-=1u'“‘;
]
-4.-:1u'“'5
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1.A1u'“5
5.A1u'x5
5.A1u'x5
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Z0 40 ED

atpt
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— Re{my, (1))
Iz, (1))

— Re{my, (1)
I, (1))

- H.E{Eu'] (£
I e, (1)



1.A1u'“5
5.a1u'x5
5.A1u'x5
A.Am-xg

IR T el o

ab?

1.A1u'“5
5.A1u'x5
5.A1u'x5
a'..nm'xE

=10 ¥

40 B0 B0 100

atb

F

40 B0 BO 100

a'a

=5 x40~
SET
=152 10717
=2 %4017
=25 %40~
=% 107"

=35 =107

=0 &0 &0 100
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— Ref{aw,(t)
I ce, (£))

- H'E{q“-ﬂ”
I e (£)

— Re(au,(1)
Im{ e (6)



b'b

—

20 &0 &0 &0 100

=5 %1071
1% 1017
=15 10717
=2 2 1077
=2.5%40-17
=3.x 1077

=35 =107

rr

0 40 &0 80 100

=1 %30
=2 #1073
=3 %907

=i, % 10730

I T N T
20 40 &0 80 100
R
=210~
=30 ®
-4, #1070

- @ |
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— Ref{my (t])
I cug, ()

— Re{o, ()
I g, (1))

— Re{au,(t)
I (1)



10 ¥

8. =10

— Re{ou,, (1))

g =107 L
I v o (1)

4 =0

2 =0

0 £0 EQ B0 100

S S
20 40 50 B 100

=5 %4010

L n
— Re{ow, (1))
Iz, {£))

-1.5= 10717
=2 %1017
2.5 9017
=32 9077

=355 90717

(# From here it is easy to form our time evolution operator T and by hand
I have worked out how the operator applies to coherent atates which
become a constant through all the whole process and is given by: &)

uapp(t_] = Explaw, [t]] Explaw, [t] a f] Explay, [t] a*2]
Exp[aw, [t] B~2] Exp[- (1/2) £ Conjugate(g] ] Exp[- (1/2) aConjugate(a] ]
Exp[(1/2) Explaw, [£] B] Conjugate [Exp[aw [t] £] ]]

Exp[ (1/2) Explay, [t] a] Conjugate [Exp[ay, [t] a]] ]

(Exp [, [£] Exp[ay, [£]] a Conjugate[5]] Exp[ay, [t] Conjugate[y] Exp[ay [£]] B] +
Exp[aw, [t] Conjugate[5] | Exp [aw, [t] Expla, [t]] 8])

Exp|[ay, [t] Conjugate [y] Conjugate[5] ] Exp[ay, [t] Conjugate([y] *2]

Exp[ay, [t] Conjugate[5] ~2];

(#We will also need the coherent atate which can be written as:
a=0;

P=X0 Sqrt[m w/(2 &)]; #)

(# 50 our complete U with the ground state and an
arbitrary coherent state coupled together can be written as: #)

ult_] = wapp[t] /. {a=0, B xuSqrt[nu,-“(zz.]]},-
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(# we now know how to multiply this state by the identity 1 and after that

we can integrate over x2 (the enviromment) and see what we can get. =)

dylx1_] = (mw/ (Pih))~(1/4) Bxp[-y Conjugate[y] /2]

Ezp“:ll qut[mwnl}*z,-’z] E:p[—{:l Sgrt[mw / #] -Tqu:t[zl}ﬂzl:
#5[x2_] = (mw/ (Pih)) *.[1,-’4} E:p[—r.i l:mjugate[ﬁjjz]

Exp| (x2 Sqrt[mw/8))*2 /2] Exp[- (x2 Sqrt[mw/ &) - 5 /Sqrt[2]) ~2];

(#8ince coherent states are not orthogonal we
also have to multiply by their orthogonality condition #)

ya[t_] = Exp[1/2 (Conjugate[y] Explay, [t]] a- y Conjugate[Exp[ax, [t]] a])]
Exp[-1/2 (v - Bxplasw, [t]] a) Conjugate[ (y - Explaw, [t]] @)]] /. {a=0};
58[t_] = Exp[1,/2 (Conjugate[5] Explaw, [t]] B - & Conjugate [Exp[aw, [t]] £]) |
Exp[-1/2 (5 - Exp[a, [t]] £) Conjugate (5 - Expay, [t]] £)1] /.
{8~ x05qrt[mw / (21) ]}

(s#putting it all together we alsc carry
a 1;’91'*2 from the completness relation with us =)

totall[t_, x1_, x2_] = yy[x1] #5[x2] u[t] ya[t] 68[t] 1 /Pi~2;

(#Mow we integrate over gamma and
delta to get rid of them from our expression #)

X0 =5.29%10~-11;
Integrate[totall[t, x1, x2], {y, -Infinity, Infinity}, {§, -Infinity, Infinity}]
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3.04583 = 108

0. §906 ordugeca | Sterpalan b sghnes o | m Domain: {{0.100.1 |51 0. 190008 txcerpeasingransson] E
Output: scalar

0. 480135+ &

[

Ircarpalacingfune i) N Dﬂl’l"ﬂll‘c{{ﬂ.,‘lm}} | ie1

Output: scalar I
0.195306 @ Conjugatalr] Inc-xpou:mgnmcnan[ N

L -]

N—— N Domain: {{0.1003} |
Crutput scalar

0.1890306 & Intupe.utmgmuon[ N Emain: {{'ﬂl.
tput sca

e

ds
dy
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totalg[t_, xl1_, x2_ ] = InfiniteComplexIntegral [totall[t, =1, x2], ¥]-
Error: yConjugate(y]

Error: y Conjugate(y]

totalgd[t_, =1_, x2_] = InfiniteComplexIntegral [totalg[t, x1, x2], &];
(#*How we have integrated over gamma and delta and need to partial trace owver the
x2? wariable so we can obaerve what happened to x1 after interacting with xZs)

16 | FAna Ondedngnb

Error: §Conjugase(d]

Error: §Conjugase(d]

totalgdx? [t_, x1_] = InfiniteComplexIntegral [totalgd[90, x1, x2], x2]

Power-infy - Infinite expression encountered. s

L+ 0L

Infinityzindet: Indeterminate expression (0L + 0L§) Complexinfinity encountered. =

1
Power-infy - Infinite expression = enoountered. s
0. +0.d

owerinfy : Infinite expression encountered. s

0 +0.d
Generabstop © Further output of Power:in® will be suppressed during this calculation. =
Infinityindet : Indeterminate expression (0. + 0Li) Complexinfinity encountered. s

Indeterminate
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totalgdx?blt_, =x1_] =
Integrate [totalgd[t, =1, =2] /. {t=+{0,1, 2, 5, 10, 20, 30, 40, 50, &0, 70%}},
{x2, -Infinity, Infinity}]
{(7-53726 - 1.44556 % 10-1€ i) e-t-4124010td,
|:3 76863 - 1.355948 x 10-18 -1} gl (65564021074 1 7278007 4] (1. a154mn 0t T o012l 0 4 | 1] w2
|:3 _TEBE3 - 135948 « 10-18 -1} el (1-30541x00%43. 7455020075 4] - (1. d158910M a3, 540180107 1) 1) =
|:3 _TEBE3 - 7 _TLE96 = 10-1% -1]_ E|:[2.95-:3:Jn'-“+-1.2-u-15=.1u:-"' 1]-[1.41949x10°%45. 0235310 4] =1 21
|:3 _TEEE3 - 7 _T1E9E = 10-128 -1} el (5299561077 8 02885107 4] - [1.41589x00"% 6. 023532007% 4] ml] w1
|:3 _TEEE3 - §.79741 = 10-18 -1} el (2.93151x10°%41 68585207 1] - [1. 419431043, 194432207 1] 1] w1
|:3 TEBE3 - §.79741 = 1018 -1} el [5-263022107%.3 375700207 1] - (1. 4188810 2. 104831071 4] 21] =l
|:3 _TEBE3 - 1.35948 = 10-17 -1} el (22205080007 06 400230007 4] - (1. 415830017 1. 209871077 4 ) 2l ] w1
|:3 CTEBE3 - 1.35948 « 10-17 -1} el (44411700001 2800820077 4] - [1. d158910%41. 20987010777 1) 1) =
|:3 _TEBE3 - 2 _T1896 x 10-17 -1} el (515685010707 g28a3a 007" 4] - 1. 415830 e Lo and2dnde™ 1 sl ] wd
|:3 _T6B63 - 7 _T1E96 = 10-17 -1]_ E|:[:u.-:-3093A1-:-'“+1.assss:m'-" i) -1- 4188910t .1. 40424x107" 1) 1) 2l
|:3 TEBED - 407845 % 10-17 -1} El:{5.43233:\.10'”1-3.5]43a1l:l"'".‘|:|-|:Z|.-1-15454-\.1!:!"1'+T.35543AJ.D"'.‘|:| w1l
|: {3_?5553 _ 4.07845 % 10-17 i] el 19.50857:007 " 47, 82850107 1) - (1. 4104810747, 39043107 1) 21} 31
((-0.000704191 -1.01482x00% i) +1. 21}/
((-0.000704191-1.01482x10% i) +1. x1),
|:3 CTEBES - 54427 x 10-37 1-] el [5-84s2Txao ™z 7oassx10 " 1) - (1. 81949210"% 40, 528257 4] =1} %1 4
|: {3_75553 — §_4455 x 10-17 -1} el (27798200045 5879107 1] - [1.4194910° %40 528187 1) 1) w2l
((-9.64417%10-%-1_42175%10%1) +1_=1)) /
((-9.64417%10-%-1_42175=10%i) + 1. =l),
|:3 _TEEE3 - §_8165 % 10-17 1-] el (2-90252x 1041, 1175221077 1) - (1. 41948x10%%42.12252 1) ®1) =1
|:3 _TEBE3 - §_82768 = 10-17 -1} el (48568610742 235082070 4] - (1. 415800001002, 11252 1] 1) w1
|:3 _TEBE3 - B_20048 = 10-17 -1} el (5.87725x0077 43 21838n 007 1] - 1. 4154300 2 04002 4 ] sl | md
|: {3.?6563 - 2_18438 % 10-17 i] el (5418172007741 6091801070 4 ) - [1. 4194921 0°%43. 04192 1] %1 x1
([-1.782%6 % 10-%-2_ 46853« 10%i) +1_x=1)) /
((-1.78296 %10 -2 46853 =108 i) + 1 xl),
|: {3 76863 — 9_55734 » 10-17 i:l el (1. 0565710743 0248 7x107" " 1)~ (1. 41949x10°%+2. 85904 1] x1) x1
((-9.07382x10-10-2 €2643x10%4i) =1 x1)) /
((-9.07382x 101" -2 62643 x10% i) +1. xl) +
|: {3_75553 - 9.54721 % 10-17 i] el (679315107 s 512430107 1) - (1. 41949200 %42 85004 1] w1) x1
([-7-74671Lw10-40- 2 62643 % 10% i) +1_ 1)) /
((-7-74671%10-10-2 62643 x10%i) + 1. x1}}

tl[=1_] = {3 .TEBE3I1996459896° - 1. 3594819663996296 «~-18 i‘]
gl 15 BE2EE0BE4E44TS7 0 - 10841 ERTITIASAL00B0 o %58 4] - {1 J10EBE0B004BR008" 44 1043 1E1B03E3EI02TE 4 TE &) 21} =

* {3 .TEBE31396459896 - 1. 3594819663996236 " «~-18 i.}
g 11 1552100857080022 4% 10343, 36634 TOREAZ1ITEL "0 B5 &) - (1. 41048608504 58008 4 1043, 182802830529278 " -T5 4) =1}

£1[0]
7.53726-2.71896x 108 §
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o

plot[{Re[totalgx2d[x1] ]}, {¥1, -1x18~-9, 1x18"-9}]

=1.w10# =5, w1010 o S 1010 1.x 102

FinalOrderingGaus50.nh | @

Plot[{Im[t@[x1]], Im[t1[x1]], Im[tS[x1]], Im[tS@[x1]], Im[ti@@[x1]]},
{x1, -1x18~-9, 1x18~-9}, PlotRange + {-1=18~-16, 8}, PlotLegends - "Expressions"]

— Im{tD{x1}))
— Im{t1{x1))
— Im{t5(x1})
— Im{t50{x1))
— Im{t100(x1)}
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k3 =@ («n0 couplings);

W=3.29x10"15; m=9.1x190"-31; h = 1.8545718 = 18~ -34;

Plot[k3, {t, @, 180}, PlotRange -+ All, AxesLabel - {"time", "k3"}, LabelStyle - {Bold}]
s0l1 = IIJSDI'U'E[

{Dlaw [t], t] -——— i [dk_-'la.l[‘t]1+k3 (=14, [t])? +day [] [k3+2nu‘-k3a..,[t]}|},
Amw

Dlaw [t], t] -———in [aﬂm[t]1+k3 (-1+am[t])? +dan[t] [k3+2nu‘-kam[u]},
Amw
1

Do, [t], t] =min|[k3 (1+ 2oy [t]) (1+2a[t]) -

2 (k3+2mw’ + k3 (a, [T] +aw, [1]) ) ae, [T] + K3 @y, [1]%), D[aw [1], 1] = 1 i3
2mw

[-1+o[t]) (1+2an[t) + (1+2apn[t]) on [t] - o [£] (1+ap[t])), Dlaw[t], t] =

1
mikan (1+2ay,[t] - ay[t] +2 {c:n_[‘l:] - oy, [£] + {1+ 2oy, [t] - oy, [t]) aw [t]) an[t]),

D[am [t], t] =-L1n [k3+2nu1+2k3m,[t] -k3 ap, [t] +
Zmw

k3 (-1-2aw, [t] +aw [t]) an [t]), Dla [t], t] =

-Lin {l:3+2l1u1+2k3m5[t] +k3 (1+2am [1]) aw [t] - k3 am, [1] {1+u:.,_[‘t]:|},

2mw

de?sM k3 p (14 (-1+ay[t] [t1)?
Dlaw, [t], ] = - (e (1ranit)) aultl)

aAmw

dettaltl k3p (-1+m [t])°

Dlaw [t], t] = - [(1eanih)
Amw

4t a0t k3 p (1 e [1]) (1+ (-1+ aw [t]) an [1]

Dlan, ], £] = - (-1+om(t]) (1+(-1+au[t]) an ]J
Zmw

i (K3+2mwt+ k3 (o [t] +aw [t] - as [T]

D[am, [t], 1] = - [ '[ ”,um[a]=a,m,[a]=ﬂ,

2mw

On, [8] = 8, @y, [8) =8, ay, [8] =0, o [8] =8, o [8] =8, oy [8] =8, @, [8] =8,

o, [8] = 8, aw,[0] =8}, {mm[t], (1], ay(t], a,(t], o (t], aslt],

o, [t], o (1], ow (1], aw,[t], au, [t1}, {1, @, 184}, F'I"ECiSiﬂ"GDﬂl-EBBB]i
om [£_] = aw [t] /. SOLL[[1]]; om [ ] = oo [t] /. 50LL[[1]]; o [t_] = aw, [T] /. SOQ1[[1]];
o [T_] = ow [1] /. S0LL[[1]]; oow [t ] = awg [t] /. SOLA[[1]); am[t_] = am[t] /. SOLL[[1]];
o [t_] = an [£] /. 5011[[1]]; am[t_] = am,[t] /. SOLL[[1]); am[t_] = an[t] /. sOLL[[1]];
an, [t_] = om, [t] /. 5012[[1]]; am, [t ] = aw,[t] /. s0d2[[1]];
Plot[{Re[aw [t]], Im[aw [t]]}, (t, @, 100},
PlotLabel -+ "b"'", PlotLegends + "Expressions”, Plu'tnange—r.ul]
Plot[{Re[aw,[t]1], Im[ay [t]1]}, {t, O, 100}, plotLabel + "at'",
PlotLegends + "Expressions”, PlotRange - All]
Plot[{Re[aw,[t]], Im[aw[t]]}, {t, @, 10@}, PlotLabel +™a'b'",
PlotLegends + "Expressions”, PlotRange -+ All]
Plot[{Re[ay, [t]], Im[ay [t]]}, {t, ©, 180}, PlotLabel +» "ab'",
PlotLegends + "Expressions”, PlotRange —+ All]
Plﬂt[{ﬂf[mﬁ[t]]: Im[aw [t11}, {t, @, 108},
PlotLabel - "a'b”, PlotLegends + "Expressims']
Plot|[{Re[aw [t]], Im[ay [t]]}, {t, ®, 180}, PlotLabel +» "a'a",
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PlotLegends » "Expressions™, PlotRange - All]
Plot|{Re[aw, [t]1], Im[aw [t11}, {t, @, 188},
PlotLabel -+ "b'b", PlotLegends » "Expr'essiuns']
Plot|{Re[aw, [t]1], Im[aw, [t11}, {t, @, 188}, PlotLabel + "b*",
PlotLegends -+ "Expressions™, PlotRange - All]
Plu'l:[{RE[q._[t]], Im[aw [t1]}, {t, @, 1@@}, PlotLabel -+ "a®",
PlotLegends -+ "Expressions™, PlotRange - All]
Plot[{Re[aw,[t]], Im[as,[t1]1}, {t, @, 18@}, PlotLabel -+ “ab"”,
PlotLegends + "Expressions”, PlotRange - All)
Plot[{Re[am, [t]], IM[a, [t1]}, {t, @, 188},
PlotLabel -+ "1%, PlotLegends - "Expressions™]
uapp(t_) = Exp[aw,[t]] Explaw, [t] o 8] EXp[aw, [t] a"2]
EXp [aw, [t] £2] Exp[— {1;’1} ﬁcunjugate[ﬁ]] Exp[— (1/2) acmjugate[u]]
Exp[(1/2) Explaw, [t] B] Conjugate[Exp[ax, [t) 8] 1]
Exp[(1/2) Explaw,[t] a] Conjugate [Exp[ay,[t] a]] ]
(ExpLaw, [1] Exp[aw, [t]] aConjugate[5]] Exp[aw, [t] Conjugate[y] Exp[ax, [t]] B] +
EXp[ay, [t] Conjugate[5] | EXp[aw, [£] Explay, [£]] 8])
EXp [aw, [1] Conjugate [y] Conjugate[&]) EXp[aw, [T) Conjugate[y] 2]
Exp [ay, [t] Conjugate[5] ~2];
uft_] = uapp[t] /. {a=8, B mmrt[muf[u]]};
#ylxl_] = (mw/ (Pig))~ {1;’4} Exp[-y Conjugate[y) r:fz]
E}q:[{xi sqri[mw / &]) *zl,.-’i] Exp[- (x1sqri[mw /&) -y /Sqri[2]) *2];
#5(x2_] = (mw/ (Pin))~(1/4) Exp[-5 Conjugate[s] /2]
Ex]:-[{xz!'.qrt[mu fh]}*z,-’z] Exp[- (x2sqri[mw/ &] -5f5qrt[2:|:| *z];
ya[t_] = Exp[1/2 (Conjugate[y] Explay,[t]] - ¥ Conjugate [Exp[ay, [t]] a])]
Exp[-1/2 (v-Explan,[t]] a) Conjugate| (v - Explaw [t]1 a)]] /. (== 8};
SB[t_] = Exp[1/2 (Conjugate[5] Explaw, [t]] B - & Conjugate [Exp[aw, [t]1] B]) ] Exp|
-1/2 (& - Explaw, [t]] B) Conjugate[ (5 - Explaw, [t]1] B)]] /. {B+XesSgrt[mw /(28)]]};
totalift_, x1_, x2_] = gy [¥1] #5[x2] u[t] ya[t] SB[t] 1/Pi~2;
@ = 5.29:18"°-11;
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bt
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a'p'

T I
B0 100
1 1 1 1 1
B0 100
T S T |
B0 100
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— Re{o, (1))
I o, (£))

— Re{my(t))
L TR )]

— Re{my(t))
I s, {£))



abt

— Re{ay,(t))

S — Imf{czu, (1))

a'b

PR H,E{E’_u! ff”

'z:-"'-m"lsulllsu"'v:l-u I g (1))

ala

L

1 L L L L
a0 &0 =] &0 oo
=5 % 10718

=A.w 1077

PR H-E{E.Hg ff”
Im{ i, (1))

=1.50 1017
=2 1017
=2.5w 1077
=3_% 1077

=3.5x 19077
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&b

=5 1018
=1w 10T
=15w 1u"75
=2 % 10717
=25w 1u"7;
=30 1017

=35w10-1TF

20 £0 &0

&0 100

L PR |
B0 100

PR |
B0 100
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— Re{omy, (1))
I e, (£)

— Re{oy,(t))
Iy, ()]

— Re{oy(t))
I e, ()



ab

— Re{ay,(t))

S T T I i, (1)

20 40 &0 &0 100

=5 w10~

=10 107

- H'E{EHH “]:I
I, (1))

=15 1077
=20 1017
=2.5% 10717
=3.w 10T

=3.5% 10717

finale =

Integrate[totalift, =1, x2] /. {t-+ {®, 1, 5, 10, 28, 38, 40, 58, 68, 70, B8, %99, 108}},
{y, -Infinity, Imfinity}, {&, -Infinity, Infinity}]

{3 L35516 « 195 g-4-73162:18" x1'+ |5. 00685 18" -4 7316218 u2) =2
:'3_ 35516« 187 - 1,1795 « 18-% i :I E—ﬂ-.?!‘.l.i!a‘.l.ﬂ":ﬂ“'-l:E.HExIB'-].TBEB\?AlB". i) -8.73162: 18" x2| "!,
(3.35516« 18% - 5.89743 x 18% i :I g% TEIEZA184 10, | (5. 80685100 8. BB436-18°4 | | -2 TINEZ18M ) 22
(3.35516 « 187 - 1.1795 « 187 i :I o~ TILEZ1BHE K1 5. BREA5 184 1. TISETA2EY 4| 4. TILE2. 104 w2 =
[3.35516 < 16% - 2,359« 165 § :I -4 TILEZ=18 n1%+ | | 5. @685 18" -3 7374107 1] -4, 7306218 u2 *2
:'3_ ICC16 « 189 - 3.5385 « 18-% i :I -3 TIIEZ187 x1%+ | [ 5. @B685-18" -5 21861187 i | -4 7306218 n2 ) =
:'3_ I5516« 187 — 4,718 « 18F i :I E_n.'.rnshm“ ¥1s | |5.88605,10 6. 947808 " 1) -4, 7316220 x2) "!:
(3.3551610% - 5.89749 x 18 i :I -3 TE1E218 2’ | |5. 00685, 16"-B. 68438187 | | -4.73162x18" u2| w2
:-3_ 35516« 187 - 7.87699 « 187 i :I P w14 | |5 B@E05: 187 1. BATIT-18F § | -4 TIVET= 1 w2 | le
:'3_ IEE16 « 187 — 8. 75649 « 18-5 i :I -3 T1E2:18 w1, | [5.@0ea5.18"-1. 2151187 | | -4 TIEZ18" w2 | =z
(3.35516 « 187 - 9.43599 « 10-% i :I -3 TALEZ1E" w1+ | [5.E0685.18"-1. 3895107 1 | -4. TINEZ-16%" u2 =
[3.35516 « 167 - 1.86155 x 187 i :I -3 T31E2x18" w1+ | [5. 00685 18"-1. 56318187 1 | -4 TIN6218" x2 | =

:'3_ ICC16 « 189 - 1.1795 « 18-7 i :I -3 FILEZ187 x1¥+ | [ 5. 80685-16"-1. 73687087 1 | -4 7306218 n2) u!}
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finalx2e = Integrate[finale, {x2, -Infinity, Infinity}]

{[2.77034 - 2.6809 x 10777 i) -4 TR,
(2.77834 - 2.77324 %1877 | e+ 2T (5 77834 - 3.1426 1 1077 | o TREENA,
(2.77834 - 3.68431 x 18777 | o4 THE2AENA 5 77034 - 4,52772 x 10777 | gt THIELANNA
(2.77834 - 5.45113 « 1877 j | e 736236 (5 77934 _ 6,37454 % 19777 | g TRERASNA’
(2.77834 - 7.29795 « 18°% | g~ T36238%2" (3 77834 _ 8.22136 « 1077 | g4 THERASA,
(2.77834 - 9.14477 « 1877 | e~ T2622° (3 77834 _ 1.00682 « 1877 | g4 7R,
(2.77034 - 1.89916 x 1876 § | & T2 5 77834 _ 1.1915 % 1877 | -4 TS

Plot [Re[finalx2@8], {x1, -1x18"-9, 1x18~-9}]

1 1 1 1 1 1
T =5 w10 3 5 w0 1. 107°

Plot [Im[finalx28], {x1, -1x18~-9, 1x18"-9}]

=1 w10

=120

nonetd = finalx2e[[1]];
nonetl = finalx2a[[2]];
nonets = finalx2@8[[3]1];
nonetsd = finalx28[[8]];
nonetlde = finalx2e[ [13]];
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Plot[{Im[nonet@], Im[nonetl] , Im[nonets), Im[nonets@], Im[nonetlea] },
{x¥1, -1x18"-9, 1x18~-9}, PlotLegends -+ {"t=0", "t=1", "t=5", "t=50", "t=188"}]
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k3 = 5 ({«constant couplings);

W=3.29x18°15; m=9.1=x18~-31; & = 1.8545718 = 18~ - 34;

Plot[k3, {t, @, 188}, PlotRange -+ All, AxesLabel - {"time", "k3"}, Labelstyle - {Bold}]
soll = NDSolve|

[Dlaw [t1, t] =—$1h [dkilu.l[‘t]1+k3 (-1+ap[t])? +day, 1] [k3+2nu‘-k3a*[t]}|},

D[aw [t], 1] -———in [4k3um[‘t]1+k3 (-1+am[t])? +dan[t] |:k3+2nu2—k3q1,[‘t]:|},
amw
1

Dlaw, [t], 1] = ——i8 (k3 (1+2a,[1]) (1+2ay[t]) -

2 {k3+2mu2+k3 {aﬁm #ap, [t])) aw, [t] + k3 ap, [£]%), D[ay, [t], ] = iik}.ﬁ
2mw

(-1 + o [t)) (1+2a (1] + (1+2an [t]) am (1] - c [£] (1+am[t])]), Dl [t], t] =

1
mllﬂh (1+2au[t) -aw [t] +2 (aw [t] -aw [t] + (1+ 20y, [t] -ow, [1]) @ [t]) aw (1),

Do [t]1, T] = —Lih [k3+2l‘lu2+2k3m,[t] -3 an [L] +
2mw
k3 {—1-1M[t] +M[t]:| m_[‘t]], Dlaw [t], t] =

-Lin |[|:3+2|1w1+2k3m.,[t1 +k3 (1+20m, [£]) ow, [T] - k3w, [T] {1+ o, [£1) ) 5
2mu

ie?™[k3n (14 (-1+ay[t]) a, [1])*

Dlay, [t]1, 1] =
Amw

de?=tl k3f (-1+ay[t])°

Dlaw, [t], 1] = - (-1eam(t])”
Amuw

B o™ om0t g3 n (-1 ¢ o [1]) (1+ (-1+aw[1]) aw [T]
Dlaw, [t], 1] = - ( “'-“i'[ (-1+aw[t]) aw, :IJ

if (k3+2mw? + k3 [an, [t] +om [T] - an, [1)]
Dlow, [t], 1] = - l: { ]},m[B]=B,m,[B]=B,

Zmw

o, (0] =8, o, [08] =9, ag (0] =0, ay,[8] =0, au, [0] =9, ay[0] =8, au,[0] =8,

o, [8] = 9, oy, [8] =B}J {aﬂlt]: E-.t[t]J II:':Ilm[t]J “Ilq[t]J “&[t]J “&Lt];

o, [£1, ow (1], ae (], o, (t], au, [t1}, {1, @, 108}, F"I‘ECiSiﬂ"GDﬂl-Mli
aw [t_] = aw [t] /. sol1[[1]]; am [t _] = o [t] /. SOLL[[1]]; aw [t ] = aw[t] /. sOL2[[1]];
om, [t_] = am [t] /. SOL1[[1]]; aw [t_] = aw [t] /. SOL1[[1]]); am[t_] = aw[t] /. soli[[1]];
am, [T_] = ow, [1] /. 5011[[1]]; am [t_] = aw,[t] /. SOLL[[1]); aw(t_] = aw [t] /. SOLL[[1]];
o, [E_] = am, [t] /. s012[[1]]; am, [t ] = aw,[t] /. sOD1[[1]];
Pln‘l:[{lle[m,[t]], Im[aw [t1]}, {t, @, 108},
PlotLabel + "bt'", PlotLegends + "Expressions”, Pln‘l:llange-r.ﬁ.ll]
Plot[{Re[a, [t]], Im[ay [t]]}, {t, @, 100}, plotLabel + "at’",
PlotLegends -+ "Expressions”, PlotRange - All]
Plot[{Re[aw,[t]], Im[aw, [t]]}, {t, @, 108}, PlotLabel -+ "a'b'",
PlotLegends -+ "Expressions”, PlotRange -« All]
Plot[{Re[a, [t]], Im[ay [t]]}, {t, @, 100}, PlotLabel -+ ab'",
PlotLegends -+ "Expressions”, PlotRange = All]
Plﬂt[{ﬂftﬂﬂ.[tl], Im[aw [t1]}, {t, @, 188},
PlotLabel + "a'b™, PlotLegends - "Expr'essions']
Plot[{Re[a, [t]], Im[ay [t]]}, {t, @, 100}, PlotLabel + “a'a",
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PlotLegends + "Expressions™, PlotRange - All]
Plot[{Re[m, [t]], Im[a [t]]}, {i, @, 1@},
PlotLabel + "b'b", PlotLegends -+ "Expr'essims']
Plﬂ't[{llf[q:m.[t]], Im[aw, [t11}, {t, @, 188}, PlotLabel -+ "b*",
PlotLegends - "Expressions™, PlotRange - All]
Plﬂ't[{ﬂf[a,,._[t]], Im[a [t11}, {t, @, 188}, PlotLabel -+ “a®",
PlotLegends - "Expressions™, PlotRange - All]
Plot[{Re[ow,[t]], Im[aw,[t1]}, {t, @, 188}, PlotLabel -+ “ab"”,
PlotLegends - "Expressions”, PlotRange -+ All)
Plot [{Re[aw, [t)], Im[aw,[t1]1}, {t, @, 160},
PlotLabel - "1", Plotlegends » "Expressions™)
uapp[t_) = EXp[aw, [1]] EXp[aw, [T] @ 8] Exp[a, [t] a"2]
EXp[aw, [t] £~2] Exp[-{1fz}| Bcunjugate[,ﬂ]] Exp[- (1/2) acmjugate[n]]
Exp[(1/2) Explaw, [t] B] Conjugate[Exp[aw, [t] 81 1]
Exp[(1/2) Explaw, [t] a] Conjugate [Explay, [t] al] ]
(Explaw, [1] Exp[aw, [t]] a Conjugate[5]] Exp[aw, [t] Conjugate[y] Exp[as, [t]] B] +
Exp[ay, [t] Conjugate[s] | Explaw, [£] Explay, [£]] £1)
EXp [aw, [1] Conjugate [y] Conjugate[&]) Exp[aw, [1) Conjugate[y) 2]
EXp [aw, [1] Conjugate[&] ~2];
uft_] = uapp[t] /. {a=@, g+ ¥esqrt[mw/ (22)]};
#y[x1_] = (mw/ (Pin))~(1/4) Exp[-y Conjugate[y] /2]
E}q][{xl sqri[mw/&]) *2,.-’2] Exp[— (x1sqri[muw/ &) - v/ sqrt[2]) *2] ;
#5[x2_] = (mw/ (Pin))~(1/4) Exp[- 5 conjugate[s) /2]
Exp[{uSqrt[mufh]}“zl,a’z] Exp[- (x2sqri[mw/ 8] -afs-qrt[z]] *z];
ya[t_] = Exp[1/2 (conjugate[y] Explan,[t]] - ¥ Conjugate [Explaw, [t]] a])]
Exp[-1/2 (y- Explan, [t]] a) Conjugate [ (y - Explay [t]] @) ]] /- {a=0);
sg[t_] = Exp[1 /2 (conjugate[5] Explam, [t]] B - & Conjugate [Exp[awm [t]] B1) ] Exp[
-1/2 (& - Explaw, [t]] B) Conjugate[ (5 - Exp[aw [t]1] B)]] /- {8+ XeSqrt[mw /(28)]]};
totalift_, x1_, x2_] = dy[x1] &5[x2] u[t] ya[t] S8[t] 1/Pi~2;
M@ = 5.29: 18 -11;
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bt

T - BT
-'I.-:1I:I"":
e[ - H-E{E.Ih“”
=2 u 10"
[ Irrif iy, (£1)
-3.-:1I:I"":
-4.-:1I:I"":
at
'2Iu"'4ln"lslu' 'slu"'v.'luu
-'I.-:1I:I"":
i — Re{m,(t))
=2 W10~
i Im{ i (£))
-3.-:1I:I"":
-4.-:1I:I"":
atpt
5__”]-“:
5.-1u'“:
r — Re{ou,(t)
R I gy ()
:__”]-“:
z;Jlllilu"'sln' 'slu"'v.'luu
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abt

5.-1u'“-
5.-1u“'-

[ — Re{om, (1))
J—] I e, {£))
:.-1u'“-

2I11 Alu — sln — slu — '1|:I-u
a'b
5.-1u'“-
5.-1u“'-

[ — Re{mu (1))
sroef I s {£))
z.-1u'“-

zlﬂ ilu sl-:- ' slu 1|:I-u
ata
'2|u' 'Jn"'slu"'slulllvzluu
-1.-c1u'"":

— Re{au(f))
=210 im{ s, (6)
-3.:1u-'7:

--1.-:1I:I":":
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b'h

=1 w1017

=2 w1017

=3 w107

=4 % 10-17

0 40 &0 80 o0

=A% 1018

=2 w1018

=307

=4, w1018

Z0 40 &0 B0 100

=1 w10

=2 w1071

=3 w1018

=4, w1018

L PR L L P P |
0 40 &0 80 100
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— Re{my, (1))
Iz, {£))

— Re{ay, ()
Im{ i, (£))

— Re{o, (1)
I iy, {£))



L .____.f".
R Ll o -~
+ -
-
-
L -
-
[RR Tl o P
r X,x — Refaw,,(f)
- "
FReE T e - I g, ()
L ._d__.-'"'
-
-
-~
L -
2mio® -
L -~
.-"'{-'
L _.f"
'-d.l 1 1 1 1 1 1
2 40 [ B0 100
1
1 1 1 1 1 1 1 1
S 0 40 &0 B0 100
-
L '\-\H
L .
=17
=110 “HHH
.
-
-
: ~ — Re{au, ()
=2 w1077 [ S
: - — Im(au,, (1)
-
L oy
=3 w107 s
L e
-
-
HH"'\-\.
L "\-\.
=4, w1017 | ‘“*HH
[ .

final = Integrate[
totalaft, x1, x2) s. {t» {0, 1, 5, 10, 20, 30, 40, 59, &0, 78, BD, 99, 188}},
{¥s; -Infinity, Infinity}, {5, -Infinity, Infinity}];

finalx? = Integrate[final, {x2, -Infinity, Inmfindty}1;

Plot [Im[finalx2], {x1, -1x18"-9, 1x18~-9}, PlotRange » {-1 = 18~-16, 8}]

=1. % 10
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finalx2[[1]]

(2.77834 - 2.6889 x 19717 j| g+ 736228

finalté[xl_] = finalx2[[1]];
finaltl[x1_] = finalx2[[2]];
finalts[x1_] = finalx2[[3]];

finaltie[x1_]
finaltze[x1_]
finalt3e[x1_]
finaltae[x1_]
finaltse[x1_]
finaltee[x1_]
finalt7e[x1_]
finaltse[x1_]
finaltoe[x1_]

= finalx2[[4]];
= fimalx2 [ [5]];
= finalx2[[&]];
=finalx2[[7]];
= finalx2[[8]];
= finalx2[[9]];
= finalx2[[108]];
= finalx2[[11]];
= finalx2[[12]];

finaltiea[x1_] = finalx2[[13]];

Plot [ {Im[finalt@[x1]], Im[finalt1[x1]], Im[finalts[x11], Im[finaltie[x1]],

Im[finaltze[x1]], Im[finalt3@[x1]], Im[finaltae[x1]], Im[finaltse[x1]],
Im[finaltee[x1]], Im[Finalt7@[x1]], Im[finaltSa[x1]], Im[finaltoe[x1]],

Im[finaltie@[x1]]}% , {x1, -1=18"~-9, 1:x18~-9}, PlotLegends -+ "Expressions™]

Plot [ {Im[finalte[x1]], Im[finalt1[x1]], Im[finalts[x1]], Im[finaltse[x1]1,

=14 w19

Im{finalt0(x1))
Im({finalt1(x1))

Im{finaltS{x1))

Im{finait10(x1})
Im{finalt20{x1})
Im{finalt30(x1))
Im{finait40(x1))
Im{finalt50(x1))

Im{finalt&0(x1))
Im{finalt7o(x1))
Im{finaltB0(x1))
Im{finalta0(x1))
Im{finalt100(x1))

Im[finaltie@[x1]]% , {¥1, -1=18"~-9, 1x18~-9}, PlotLegends -+ "Expressions™]
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k3= 2.5,:-f (sgri[2pi]) Exp[- (t)~2/ (2 *m]] (#Gaussian distribution with peak at @s);
W=3.29218%15; m=9.1x18"-31; & = 1.0545718 = 18~ -34;

plot[k2, {t, ©, 180}, PlotRange + All, AxesLabel - {"time", "k3"}, Labelstyle - {Bold}]
5011 = lIJSDlve[

0e

L

02

1
{Dlaw [t], ] =_m1n [dk_:lc:.t[‘t]1+k3{—lfa.‘[t]}2+da.q[1:] [k3+2mu1-k3a.,[t1]|},

Dloy, [t], 1] =- i% [dbﬂu:.*[‘l:]l+k3{—lfah[t]}2+dam[‘t] [k3+2mu2-|:3a.,[11]},

4mw
1
Dlaw, [t], t] = mtn (k3 (1+2aw [1]) (1+2an[t]) -

2 (k3+2mw’ + k3 (o, [1] + o, [1]) ) o, [T] + k3, [1]7), D[a[1], T] = —ikn
2mw

(-1 [t]) (142 [t] + (1+2a [1]) a[t] - aw (1] (L+ay(t])), Dlaw 1], t] =

1
muan (1+2ay [t] - oy [T] +2 {a.l[‘t] - ay, [t] + {1+2a*[t] -y, [1]) aw, [T]) @ [1]).

Doy [t], t] =_L1n (k3 + 2mw® + 2 k3 ay, [T] - k3 ay, [T] +
2Zmw

k3 (-1-2ay[t] +aw[t]) an[t]), Dlaw, [t], t] =

—Liﬂ (k3+2mw + 2k3 ay, [t] + k3 [1+ 2o, [1]) ap, (1] - K3 a, [1] {1+a~[‘t]:|},
2mw

ie*™ T k3n (14 (-1+ay[t]) e, [1])?

Dlaw, [t], t] = - )
Amw

de?®t k3p (—1+ay[t])2

Dlaw [t], ] = - (2eomitl)”
Amw

i Tt g3 s (m1em [1]) (1+ (-1+aw [T [t

D, [t], 1] = - {~remml)) (2o (~temi)min)
2mW

18 (k3+2mul+ k3 oy [t] +a [t] - an [1]

D law, (1], 1] = - 2 (o, (21 + n)) 0] =0, an 0] =0,

Zmu
an, [@8] = 8, au, [0] =@, au [B] =8, ay, [8] =8, au, [8] = 8, aw, [B] =8, an,[B] =8,
O, [8] =8, 2, [8]) =0}, {aw[t], aw[t], an[t], aylt], o (t], a[t],
aw [£], an,[t], e [t], am,[t], =, [t]}, {1, @, 188}, PrecisionGoal -+ 2088 ;

L

20 a9 &0 aa Rl
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aw, [t] = o [t] /. SOLI[[1]]); aw [t ] = aw [t] /. sOlL[[1]];

o, [t_] = o, [1] /- 5002[[1]]; aw [t_] = an, [t] /. sOQD[[1]1];

o, [£_] = @, [T] /. S0LL[[1]]; aw [t ] = aw [t] /. sO11[[1]];

o, [£_] = @, [1] /. SOLL[[1]]; aw [t_] = au [t] /. SOIL[[1]]; aw [t ] = a [t] /. SOL1[[1]];

oy, [E_1 = aw, [£] /. 5011 [1]]; aw,[t_] = aw,[t] /. SOLL[[1]];

Plﬂt[{ﬂflm@.[t]], Im[aw [t1]}, {t, @, 188},

PlotLabel + "b"'™, PlotLegends + "Expressions”, Pln‘tllange-r.ﬁ.ll]

Plot[{Ref[aw,[t]], Im[aw [t]]}, {t, @, 186}, PlotLabel +"a"™",

PlotLegends -+ "Expressions”, PlotRange = All]

Plot[{Re[a, [t]], Im[aw[t]]}, {t, @, 108}, PlotLabel -+ "a'b'",

PlotLegends -+ "Expressions”, PlotRange - All]

Plot[{Re[a, [t]], Im[ay [t]]}, {t, @, 188}, PlotLabel + "ab'",

PlotLegends -+ "Expressions”, PlotRange - All]

Plﬂ't[{ﬂflﬂn.[t]], Im[aw [t1]}, {t, @, 188},

PlotLabel -+ "a'b™, PlotLegends - "Expressims']

Plot|{Re[m [t]], Im[aw [t]1]}, {t, ®, 188}, PlotLabel + "a'a",

PlotLegends - "Expressions”, PlotRange - All]

Plﬂ't[{ﬂ'E[ﬂm[t]]; Im[aw, [t1]}, {t, @, 108},

PlotLabel -+ "b'b™, PlotLegends - "Expressiuns']

Plﬂ't[{ﬂflﬂn.[t]]; Im[a, [t]11}, {t, @, 188}, PlotLabel + "b*",

PlotLegends -+ "Expressions”, PlotRange - All]

Plﬂ't[{RE[q._[t]], Im[ay [t1]}, {t, @, 1@a}, PlotLabel - "a®",

PlotLegends + "Expressions”, PlotRange - All]

Plot[{Re[ay, [t]], Im[ay, [t]1]1}, {t, @, 188}, PlotLabel -+ "ab",

PlotLegends + "Expressions”, PlotRange -+ all)

Plot[{Re[ow, [t]], IM[ow, [t]7}, {t, @, 188}, PlotLabel - "1", Plotlegends -+ "Expressions™)
bt

20 £0 &0 &0 100

=5 w10

=1w 1™ — Re{aw.(t))
15w 1™ Iz, (£))

=2 w103

=2 5w 10-2

=3 w1 ™
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=5 w40~
- =311
et — Re{omy, ()
1.5 40~ I, (1))
=2 w102
=25 % 10
=310
a'pt
5. 107
5. w10-%
4 w10
— Re{am(t)
-
Boan Irm{ s (1))
2. w10
1. m10-%
L 1 " 1 " " 1 " " L 1
F 0 &0 &0 ETH 100
bt
5. 107 a
5. w10-%
4 w10
— Ref{au,(t))
- -
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— Re{my,(t))
310 Iz, (£))

_,_
B
i
=]
1]
[=]
o
=1

100

E L M
20 20 50 0 100
-E.x 10-18
=10 107"
-15x 1017 — Refauw, (1)

I iy, {£))

=2 1077
=250 10717
=3.% 1017

=35 % 10717

b'b

—

L P P P PR
20 &0 &0 &0 100

=5 1071

=1 w1017
— Re{ou, ()
Iz, {£))

=1.5x 1077
=2 1077
=25 % 10717
=30 1077

=3.5w 1017

58



40

P |
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20
=5 w10~
- —0
1.3 10 — Re{a(l))
=1.5% 10-3 I g, (1))
=2 40-3
=25 % 10
=3 w1 ™
I' 1 1 1 1 1 1 1 1 1 1 1 1
20 40 50 &0 100
=5 w 10~
ST | e — Re(aw,(f)
1.5 %02 I, ()
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5. w107
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— Refa.. ()
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F

PRI
20 &0 &0 &0 100

=5 10-18

=10 1077
— Refay,, (1)
I e, (1))

=1.5x 10717
-2 1017
=251 1017
=3 1017

=35 % 10717

uapp[t_] =
EXp [ap,, [1]] EXp [a, [t] @ B] EXP[a, [T] 2] EXp[ay, [t] B~2] E!P[- (1/2) BCDHI]"EETE[.EI]
Exp[- (1/2) aConjugate[a] | Exp[(1/2) Exp[an,[t] B] Conjugate [Exp[as, [t] 2] 1]
Exp| (1/2) Exp[aw, [t] @] Conjugate [Expla, [t] a]] ]
(Exp[an, [t] EXp[aw, [1]] aConjugate[5]] Exp[aw, [t] Conjugate [¥) Exp[aw, [t]] B] +
EXp [aw, [] Conjugate[5] ] EXplaw, [t] EXplay, [t]] B])
EXp [aw, [T] Conjugate [y] Conjugate[s]] ExXp[aw, [T] Conjugate[y] ~2]
Exp [aw, [T] Conjugate[&] ~2];
uft_] = uapp[t] /. {a=®, 8- ¥@sSgrt[mw/ (28)]};
#y(x1_) = (mw/ (Pis))~(1/4) Exp[-y Conjugate([y] /2]
Em[{xlsqrt[nu F81) *2,.-’2] Exp[— (xisqri[mw/a] -y /Sqri[2]) *2] H
#6[x2_] = (mw/ (Pin))~(1/4) Exp[-& conjugate[s) /2]
Exp[{xzsr.]rt[nu F81) *2,.-’2] Exp[— (xzSqri[mw/ A] —.5;’5qrt[zj|] *z];
ya[t_] = Exp[1,/2 (Conjugate[y] Explaw [t]] a- ¥ Conjugate [Explaw[t]] a])]
Exp[-1/2 (v - Explaw,[t]] a) Conjugate[ (v - Explaw [t]]1 @) ]] /- (== @};
S8[t_] = Exp[1/2 (Conjugate[5] Explaw, [1]1] B - & Conjugate [Explaw, [1]1] A1) ] Exp[
-1/2 (5 - Explaw, [t]] 8) Conjugate[ (5 - Expla, [t]]1 B)]] /. {8 +XeSqrt[mw / (28)]]};
totalift_, x1_, x2_] = dy[x1] &6 [x2] u[t) ya[t] 88[t] 1/Pi~2;
¥P = 5.29x18"-11;
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totalg[x1_, x2_] =
Integrate[totalift, x1, x2] /. {t =+ {0, 1, 5, 58, 1881}, {y, -Infinity, Infinity}]
{2 LIAI0E « 107 -3 TILEZA1E x1'-1 41943 18" x24T 5352118" x2 £-8.5 7+ (9. 1993086-1. &) Conjugete[d] )
£ |—4- 731621878 8528331 1 | 11°-1.41349:18° w2+ [ 7. 53571 18" -6 46235187 1) a2 - (B.5-1.568463:08" 1] O (5.87EI6. 1878, 24763
[ [ [1.15154 « 18° - 4.220869 « 1872% i |
& [3-25892:08 ™8 25766,28° 1) w1+ | [8.199306-7. 24ITEA187" 4| + 2. 5510a287 4. 2432207 H 4] 21~ [1.-3.089272E M 1| 8) O
((1.69367 « 187" + 4.363082 « 1057 1) + 1. x1+ (1.33586x 18°** + 2.1891 « 167 i
conjugate[s]) | f.-*’ [(1.69367 « 107 + 4.36302 1871 1) +
1. x1+ (1.33586 19°% + 2.1891 » 18- i) Conjugate[s5]) +
(el [0.199306 -5 59425187 1 | 4 (2 551128 ,4 143200 H 1) w1 (1. -3. 88327007 1) &) Conjugmte[s)
[[1.15154 « 16° - 4. 18283 « 1877 i) 1 +
[2.45396 « 18- + 2.52083 « 18-** i | Conjugate 5] ) ': f.-f
(1. %1+ (1.33586x 167 + 2,1891 « 18" i} Conjugate[s])|,
[-4.73162-28°% -9 173426 1] x1°- [1.42949:16""+ 1. 66533, L] x27+7. 5352118 x2 §-0.5 &' [6.6735:107"+2. 74879287 i | Conjugat=[:
[ (1.15154 % 16° - 2.06815 « 187 i |
ol 8199386 -3 A1732087 1] - [3.35543.08 -1 3208528 1] x1-1. &) Conjugste[£)

[

(1.15154 = 18" - 2.87277 x 1877 i}
o |5-15553 18,2 752122087 1 | ol | (8.195306-3. 56788187 1 | + |3, 355430871 38825087 1) wl-1. &) Conjugete[d] '| s

& I: -4 TI1EZ= 1% @ 130053 i) *19-1. 41345 1850 w284 |7- 53521« BB, 1. 2924718 | I| xZ G- :B. 5-1.58453:18" 4 1:| L | 7 EReEI- 18 2. 2B45E:

[(1.15154 % 10° - 2.00267 102 i
\ I| {
gl @ 199306242021, 00-5 4 | - (3. 78200-00-97 1. 18746-10-9% § | x1- |1.-3.8892716% 1| 5| Corgjugat=[5]
(1.15154 16° - 2808368 « 108 i |
£ 3-85519:187. 2 20725187 1] w14 | (@.199386 -3 4663187 §] + 3. 780151077+ 1. 18745287 1 | ¥1- (1. -3. 00927187 §] & Con;
i
| ¥
g |—4- 731620878, 139063 1 | x1°-1.41945.10% x2¥+ 7. 53520287+ 1. 28247187 | | u2 §- |8.5-1.58452.18 " § | - (15189518 *. 2. 20458:
[(1.15154 % 10° - 4.00032 18- i )
{! )
o @ 1993866 Y9108 4 |+ (7 638418-i7.1 1076107 1 | w1~ (1. -3 8091718 % 1 | 5| Conjugmte ()
(1.15154 16° - 4808133 « 19°% i |
o 7684251872 20725187 1] w1+ | (@.195386 -6. 5231187 1 |+ [7.6364x18"7+1. 18795287 1| x1- (1. -3.@0927-187" §] & con]

1
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totalgu2[x1_] = Integrate[totalg[x1, x2], {x2, -Infinity, Infinity}]
{1.88347 g-¢-73IERAE a1’ 0.5 00 (9.295306 1. &) Comjugete (D], (4. 79446 « 16720 - 777877 « 1875 i
g |-3-73162:18"" 0. BS28330 1 | w1+ |@_5-2. 1860710 1] (- [5.87B36x10" +8. 247672287 1] Conjugete[S)*
( L [1.1515410% - 4.22869 « 1871 i)
o |3.25892:18 ™. 8. 257662187 1) w1+ | [©.199306 -7 24378187 1| + | 2. 55110287 4. 143220 4] w1 [1. 30092708 1) 8| o
((1.69367x 107" - 4.36382 107" i) + 1. x1+ (1.33586x 18"+ 2.1891 =187 i)
Conjugate [5] ) :: j-’ [[1.69367 « 18-% + 4.36302 « 18730 i +

1.1+ {1.33586< 107 + 2.1891 = 18- i ) Conjugate[s5]) +
(el (8.1993086 -5_ 53475287 1 ) + (2. 55110844 3432520 1 | w1 (1. -3.28327:207™ 1] 5| Conjugmte[ 5]

((1.15154 x18° - 4.18283 x 187" i) x1+
[2.45396 x 187 + 2,52883 « 18- i | Conjugate[s] ) ': f-’
(1. %1+ (1.33586 = 18°% + 2.1891 « 10-® i| Conjugate[5]) '| .
g | -3 7IETI0_0. 173926 § | w1+ [B.5-1.2722.10° " §| §7- (667951874 2. 7487187 1| Conjugete [5]F
i -13 .y | (81993863 en7az.3et 1) .3 355430807, 1 3888500 1) x1-1. &) Conj &
|:LB.541?3E—9.6913'9><19 i) ell 1+ X | Comjugate[d] .

(8.541736 - 975125« 18- 4
| ]
£ [5-15553:1877.2 75212:107% ] w1+ | [8.199306-3. SE708.187% 1 |+ 3. 355430001, 1. 380850071 1) ¥1-1. &) Comjugate[d] '| .

g |-9.7316218% 8139063 § | w1+ [@.5.4. 93511087 § | F-(7.54862.18" 7 127845518 1 | Conjugmre (5]
( (B.541736 - 9.42145 « 18- i |
ol [B. 1993863 22270,08-5 | | - (3. 7EEB0x1047 1. 167261871 1 | x1- 1. -3.88927:18-% 1 | &) Conjugate [5] |
(8.541736 - 9.42621 < 1828 4 )
o |3-B5519:187 2 287255187* 1] w1+ | [B.199386-3. 4663187 1] + (3. TERELx18"+1. 1073528 1 ] w1~ 1. -3 @@927=287" 1] &) Con;

| o |- 73162:18% 8. 139883 1 ¥1%+ (8,544, 93501207 1) & - [1.51895x18" % :2 2845818 1 | Conjugate[5]*

| (8.541736 - 1.88193 x 187" i
o |8 199386 -6 B7I7L187 1 | - (7.6384 28 ¥ .1 18746187 1) w1~ (1.-3. 889271387 1| &) Conjugmte f)

(8.541736 - 1.88241 < 18727 4 )
o |7-6B4T5.187™ 02 287255107 1] w14 | [B.199306-6. 52381187 1 |+ 7. 630107 +1. 1075287 1 ] w1~ (1. -3 00927287 1] &) Con;

/1

62



totalgxdd[x1_] = Integrate[totalgx2[x1], {&, -Infinity, Infinity})

{[2.77034 - 3.42483 x 1877 § | gt TRERAED
1 | : :
— el-emezadiseneni g’ | (-7.16533 1075+ 1.12892 < 18777 i) +
®l '
(1.63877x18°" + 1.81306 <1872 i | x1+ (1.38517 - 5.93148 « 187 i) x1%+
e :i.ﬁ-ﬂgixlﬂ'.q.s_.ﬁ?ﬁﬁx]n'ﬁ‘l] wl :' [_:-"_ 16533 « 1850 . 1,13128 « 18-7" 1:| -

(1.63673 18+ 1.81386 « 107> i) x1+ (1.38517 - 5.87701x 18- i) x1?) |,

[ -18 ;| |1.18858.28° %% . 2_75202.307H 4| - [4_7326228'%40.173426 1) 11| x1
(1.38517 - 2.60182 < 18-% i} ell -l [

I' |1.335-1? —2.63137 = 1ﬂ-:|.3 1" E]_I:l.mxlﬂﬂ-E.Em“'” IJ-I:q.?ﬂﬁZx'.l.ﬂ“-B.lTiqlﬁ-l:l :11: xl
) !

.. =1g -1, Y l.r.][ll.-'.. =18 -1. Y l.r.]['l,
[[9.24888 « 167" - 1.44336« 187 i) + 1. x1| :;’;_9 240888 « 1807% - 1.44336 187 i) + 1. x1)
::1_ 38517 - 2.58664 « 18-17 j_} el :1.]3&95::18"’1-2.26?25:-.]#“ i) - [4.?3152-.]5"1-3.139533 i) x1] x1 ¥

|:1 .38517 - 2.58947 « 18- i:l EI: [1.5253:5::]B“”+-1.414-19:'.I.B"‘ i) -[4.73162-18""-8. 139883 1 | x1| J|.'IJ
(1.38517 - 5.90584 <« 1827 i el :2.!8355«1!!"’;-2.2&:'!&]#“ i) - |_4.T-‘31EZAZIE"+B.139023 ijwl] x1 ¥
(i - !

|:1 .38517 - 5. 80748 « 1&-12‘ i :I EI: |'3.3555'.|'x13"3‘7+4.4144‘3x18'” i -|:4.2‘3:I.52x1ﬂ'-' +@.135a83 l:| 11: bl }

tezero[x1_] = totalgx2d[x1] [[1]]3
tizero[x1_] = totalgx2d[x1][[2]];
tszero[x1_] = totalgx2d[x1] [[3]];
tsazero[xl_] = totalgxad[x1] [[4]];
tisézero[xl_] = totalgw2d[x1] [[5]1];

plot [{Re[totalgx2d[x1]1}, {x1, -1x18~-9, 1x18°-9}]

" L " 1 L " " L " L " " " " L
T -5, w110 3 5 w10 1.01079

Plot[{Im[t@zero[x1]], Im[tlzero[x1l]], Im[tS5zero[x1]],
Im[t5ezero[x1]], Im[tl@ezero[x1]]}, {x1, -1x18~-9, 1x18"-9},
PlotRange + {-1=18~-16, 8}, PlotLegends » "Expressions™)

.
—Ex0'L 1Lxa0?

— Imit0zen(x1))
— Im{tizero(x1))
— Imi{tSzem(x1))
— Im{t50zem(x1))
— Im{t100zem(x1))
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