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ABSTRACT
Quantum Interference in the Hyperfine Transitions of Ytterbium

Adam Dee Dodson
Department of Physics and Astronomy, BYU
Bachelor of Science

Emission spectra from atoms with hyperfine structure typically show closely-spaced atomic
transitions. This happens because the hyperfine interaction splits and shifts the fine-structure
energy levels in both the ground and excited state by a small amount. In laser-induced fluorescence
measurements, the atoms are driven into a superposition of excited hyperfine states which then decay
into a range of ground hyperfine states. Interference in different quantum pathways for this process
influences the probability of excitation. Unless this is properly accounted for, this interference effect
systematically shifts the apparent center of the fluorescence lineshape. We report measurements of
this quantum interference (QI) effect in Yb-171 and Yb-173 and show that QI shifts the line centers
by up to 5 MHz. We extend and verify a published QI model for Yb-171. We show that optical
pumping complicates a straightfoward application of the model to the experiment for Yb-173. We
then demonstrate that optical pumping-induced variations in the distribution of magnetic sub-levels
in the hyperfine structure are insufficient to explain observed shifts in Yb-173.

Keywords: hyperfine structure, quantum interference, laser-induced fluorescence, ytterbium, isotope
shift, precision spectroscopy, laser metrology
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Chapter 1

Introduction

1.1 Motivation

Correct measurements of atomic transitions are important for benchmarking atomic structure
calculations as well as constraining the search for new physics beyond the standard model [1]. It is,
therefore, important to have accurate data on the atomic transitions for a given atom. Recent research
has revealed that fluorescence measurements of closely-spaced atomic transitions, specifically
transitions to hyperfine levels, are subject to the effects of quantum interference (QI). Unfortunately,
many past fluorescence measurements of hyperfine transitions have failed to account for this
interference. This is problematic because the failure to account for QI can result in systematic errors
of up to several MHz [2-4].

The main goal of our work is to verify the existing QI model for the odd isotopes of ytterbium
(!7'Yb and '73YDb). In this thesis, I will present our work verifying the QI model for a single transition
in 'Yb (F = 1/2 — F’ = 3/2). In addition, I will present the difficulties of fully verifying the
model in 73Yb. My specific contributions to this project are assisting in data acquisition, developing

the QI model for Yb which includes the effect of optical pumping in the hyperfine sub-levels, and
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Figure 1.1 Generic quantum interference scenario featuring two interfering paths between
the initial and final state. In quantum mechanics, paths A and B differ by a phase factor.
The probability of a transition from |i) to |f) is modulated by this phase difference.

fitting the measured data to the model.

1.2 Quantum Interference

Quantum interference occurs when two or more possible quantum path are allowed. Figure 1.1
shows a generic scenario where quantum interference occurs. An initial state |i) and a final state
|f) are connected by two possible pathways, path A and path B. If we took an arbitrary quantum
system and moved it from |i) to |f), we would observe behavior that is not the sum of how paths A
and B behave in isolation. The interaction between the paths forces the inclusion of an additional
factor to characterize how the paths interfere with one another.

In quantum mechanics, a matrix element characterizes the quantum amplitude for a quantum

system moving along a specific path. For the scenario in Figure 1.1, the matrix elements for paths A
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and B are Ay; and By;. The probability, which tells us how the quantum system behaves when both

pathways are available, is calculated as

12
Py =[Asi+ B (L.1)

where ¢ is the phase angle that characterizes the phase difference between the pathways. Assuming

that the matrix elements are real, we write
2 2
Py = |Agi|"+ |Bsi|” +2AsByicos(9). (1.2)

This equation is fairly simple to understand. The first term: ‘A ﬁ‘z is the transition probability when

only path A is available. The second term, 2, is the transition probability when only path B

By

is available. The final term: 2Af;By;cos(¢) is the quantum interference term, showing how the
transition probability is modulated when both paths are available. Notice that the result is the paths’
behavior in isolation plus an additional factor to characterize how they interfere.

This illustrates the principle of QI. If there are multiple available pathways between some initial
and final state, interference results. In a laser-induced fluorescence experiment, light interacts with
an atom and is scattered. In the course of the interaction, the atom is moved between an initial and
final state. In the absence of atomic hyperfine structure , there is only one available path between
the states. However, for atoms with hyperfine structure, excitation occurs through a superposition
of excited states, giving multiple paths through which fluorescence can occur. In a laser-induced
fluorescence experiment, QI should affect the fluorescence lineshape. Scientists at NIST have
published a careful analysis which modeled the fluorescence lineshape in lithium and showed that

QI does indeed affect fluorescence lineshapes [4].

1.3 Ytterbium-173 and Ytterbium-171

We extended the NIST QI model to Yb. This atom has two stable isotopes with hyperfine structure

71yb and '3Yb. Both of these isotopes have an easily accessible transition at 399 nm (65>
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Figure 1.2 Hyperfine splitting in Yb-173 and Yb-171. The hyperfine splitting is caused
by the interaction of the nuclear magnetic moment and the electronic spin-orbit magnetic
moment. Because the ground state has j = 0, there is no hyperfine splitting in that state.
The hyperfine splittings are taken from Refs. [1,2]
1Sy — 6s6p 1Pf’) where the excited state (6s6p 1Pf) splits into multiple hyperfine levels. That
means that we have a closely-spaced, accessible, atomic transition with which to test the QI model.

Figure 1.2 shows the level structure of this transition for both isotopes including the splitting of the

excited states.

1.4 Optical Pumping

Generically, optical pumping refers to using light to raise a medium or some of its constituents to
higher energy levels [5]. In a laser-induced fluorescence spectroscopy experiment it also describes
how interactions with a laser can place atoms into non-thermal distributions. Even though the 65215
has no hyperfine structure (see Fig. 1.2), the F = % and F = % ground states have several magnetic
sub-levels. In the absence of an external magnetic field these sub-levels have the same energy.

When the atoms are in thermal equilibrium, these sub-levels are equally populated. However, when
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ytterbium cycles through several S to P transitions, the population distribution in these sub-levels can
change. The population distribution that the atoms achieve is determined by the decay coefficients

of the excited state magnetic sub-levels.

1.5 Previous Work

The groundwork for the quantum interference of hyperfine transitions was laid by a Roger Brown,
et al. [3]. In their work they noted that there were multiple discrepancies in the measured values for
lithium transitions. These discrepancies, they said, might result from an incomplete lineshape model.
After illustrating that the extracted line center from a Lorentzian fit depends on the polarization
angle of the incident light, they sought to develop that more complete model of the atomic lineshape.

In a paper that followed soon after their initial observation, this same group showed that quantum
interference between hyperfine transitions caused the angular dependence in the Lorentzian fits [4].
Beginning with Fermi’s golden rule, they derived a more complete lineshape model. In their
derivation, they noted that the quantum interference between hyperfine levels arose from a required
summation and norm squared over all the possible excited states. That operation allows interference
between the quantum amplitudes that describe the transition of an atom to the excited states. The
result is an interference term whose strength depends on the energy spacing between the hyperfine
levels. With the QI lineshape model established, they revisited the experimental data and showed
that their model matched with great accuracy.

Our group has recently published work about ytterbium spectroscopy that mentioned the effect
of quantum interference in the odd isotopes of ytterbium [1,2]. Our 2016 paper [2] published results
for the isotope shifts of 65> 1Sy — 656p le. In that paper, we noted the effect of QI in the F=1/2 to
F’=3/2 transition found in !”1Yb. A more recent paper [1], published in January 2018, specifically

highlighted the '73Yb hyperfine splitting between the F’=3/2 and F’=7/2 and noted the presence of
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quantum interference in both transitions. This thesis is a continuation of the QI work done in both

papers.

1.6 Overview

In our next chapter, we will present our extension of the QI model to !7>Yb and !7!'Yb. We will also
present our optical pumping model and show how to account for non-thermal distributions of the
ground level magnetic sub-levels. In Chapter 3, we will compare the predictions of the QI model to

171yb. We will then discuss the difficulties of applying that same model to !73Yb.



Chapter 2

Modeling and Predictions

2.1 The Quantum Interference Model

In this section I present and discuss the QI lineshape model that was originally derived in Ref. [4].

The equation describing the QI lineshape is:

dRFi(éL) _ ii (E)S Z f(kwéLaFqul) + Z IRe g(ks,éL7E,F/,F”) (2 1)
dQ 4r I (AL +(T/2)2  pigper (AL +iT/2)(AL" —iT/2)

2
where [ is the laser intensity, I is the saturation intensity of the transition and I" is 1/t where 7 is
the excited state lifetime.

Since the equation is lengthy and complex, I will explain it piece by piece. The first summation
over F’ is called the Lorentzian term and it represents how an atom scatters near-resonant light in
the absence of interference. The strength of this term depends on several factors. The first of these
factors is called the laser detuning from the atomic resonance Ag. When the detuning is small, i.e.
when the laser frequency is close to the atomic resonance, the atom scatters more light.

Another factor influencing the strength of the Lorentzian term is the line strength f (K, &, F;, F').

This factor depends upon the laser polarization angle (&), the scattered light direction (Kkj), the
7
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kL
X

Figure 2.1 The coordinate system showing how 6; and 6; were determined in our
experimental setup [2]

initial state (F;) and the excited state (F'). After some simplication, the line strength is defined as:

f(65,6r,F,F') = A + %(3 cos?(6;) cos?(6) — 1) (2.2)
where 0y is the laser polarization direction and 6 is scatter light direction as told by Figure 2.1. The
coefficients A? and Bg/ for a specific transition can be calculated from the original work [3].

The second summation over F’ is called the interference term. As with the Lorentzian term, the
overall strength of the interference varies with the laser detuning A. However, the strength depends
upon the detuning from two atomic resonances F’ and F”, where F’ and F"” are the interfering
levels. This dependence allows the interfering term to be non-negligible only when both Ag and
Agl are small simultaneously. Hence, the smaller the spacing between hyperfine levels, the stronger
the resultant interference.

The numerator of the interference term is called the interference strength g (K, &, F;, F', F").
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This term has the same dependencies as f with the added dependence on the interfering line F”.
After the same simplifications that led to Eq. (2.2), the interference strength is defined as:

ct
g(6,,0,,F,F F") = 7F(3 cos?(6;)cos?(6y) —1). (2.3)

Once again, the coefficient CI{T/ can be calculated for a specific transition using the original work [4].

There is one more point that merits discussion: At a certain angle, referred to as the magic
angle, the terms associated with Bgl and C 1’?/ go to zero. At that angle, the QI term drops out and we
are left with only the Lorentzian term for closely spaced lines. In our experimental configuration,
0; = 0°. This means that the magic angle occurs at arccos(y/1/3) = 54.74°. As will be shown later,
when data taken at this angle is fit to a Lorentzian lineshape, the fit extracts the actual line center of

the transition.

2.2 Optical Pumping Model

The model presented in the previous section implicitly assumes that the ground state magnetic
sub-levels are thermally distributed. In their experimental work, the group at NIST was able to
use low enough laser intensity to keep that assumption true. Our detectors, however, are not be
able to detect signals that weak. As a result, we were forced to use a laser intensity that can induce
shifts in the ground state magnetic sub-levels via optical pumping. Therefore, in order to apply the
QI model, we need to predict how optical pumping perturbs the ground state magnetic sub-levels.
Furthermore, we need to make a small correction to the definitions of f and g to account for this
perturbation. Note that the model presented here assumes that the light is linearly polarized in order
to be consistent with our experimental conditions.

First, I will present our model for optical pumping. To understand how this model will work, I

will apply it to a simple scenario. Figure (2.2) shows this scenario. We have two levels of equal
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Figure 2.2 Here we have a scenario that shows a level structure with two ground and
excited states. The transition probability ¥; for each path is noted. Equation 2.4 tells how
the population of each level would change in time in the presence of a pumping laser.

energy in the ground state and two levels of near equal energy in the excited state. A laser of
intensity / excites the atoms from the ground states to the excited states where they then decay
back down to the ground states. With that picture in mind, the following set of coupled differential

equations describes how the population in each state changes with time:

% _ % (’)/1N3 + 13Ny — %%(Nl —N3)))
% = % <%I£0(Nl —N3)—(n +Y2)N3>
% = % (%I%(Nz —Ny) = (5+ Y4)N4> (2.4)

where 7 is the excited state lifetime, NV; is the population fraction of the ith level, ¥; is the appropriate

Clebsch-Gordan coefficient, [ is the laser intensity and I is the saturation intensity of the transition.
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Figure 2.3 '73Yb magnetic sub-level structure. The specific values of my are shown next
to each level. To the left, the total atomic angular momentum, F, is shown. The connections
between the individual states are labeled with a ;. The values for each 7; can be found in
Appendix B.

If we use matlab’s ode45 solver, we can generate a numerical solution for the population fractions
N; as a function of time. The principles of this rate model will be applied to the more complex level
structures of '71Yb (Figure 2.3) and '"3Yb (Figure 2.4) in Chapter 3.

A small change to Eq. (2.2) and Eq. (2.3) is now in order. In the original derivation, before the
simplifications that lead to Eq. (2.2) and Eq. (2.3), a factor of 1/g7 was included to account for
the number of ground state magnetic sub-levels. Note that g7 = Y ;(2F; + 1) [4]. This factor makes
the assumption that the ground state magnetic sub-levels are thermally populated. If we remove
1/gr and replace it with P(m;), the probability of being in a given Zeeman level, then the model

can handle non-thermal populations. With that change, the equations now read:
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12

Figure 2.4 '71Yb magnetic sub-level structure. The specific values of my are shown next
to each level. To the left, the total atomic angular momentum, F, is shown. The connections
between the individual states are labeled with a ;. The values for each 7; can be found in

Appendix B.



2.2 Optical Pumping Model 13

A 3 N
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Note that these can be simplified down to the form of Eq. (2.2) and Eq. (2.3) to obtain the A,
B and C coefficients. This format, however, is more convenient for showing the change. These
modified equations will enable us to account for any variations in the magnetic sub-levels, including
frequency dependent variations that end up arising in !73Yb. We are now in a position to apply the

QI and optical pumping models to '7'Yb and !73Yb.



Chapter 3

Predictions and Comparisons

3.1 Comparison of data and model for '’'Yb

3.1.1 Optical Pumping

Shifts in the ground state magnetic sub-levels due to optical pumping do not occur in !71'Yb because
the decay coefficients of the excited state magnetic sub-levels are symmetric. We used Tables B.4
and B.5 in tandem with Figure 2.4 to generate the appropriate system of equations to confirm that
no shifts occur (see Appendix A). Based on our simulation, we can apply the QI model to '/ Yb

without needing to account for optical pumping.

3.1.2 Quantum Interference Model

Using the methods described in Ref. [4], we generated the appropriate A, B and C coefficients
for the F’=1/2 and F’=3/2 lines (See Table 3.1). Those coefficients allowed us to use Eq. (2.1) to
generate lineshapes that we could then compare to the data. Unfortunately, we only have data on
the F’=3/2 line since the F’=1/2 line is blended with the resonance peak of another isotope (17°Yb)

making clean data difficult to obtain. In order to show the validity of the QI model for the F’=3/2
14
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Table 3.1 Calculated A, B and C coefficients for the 71Yb 652 1So — 6s6p 1PlO transition.

F F’ A;/ B;/ CEIFN

172 32 8/9 -4/9 -4/9

172 12 49 0 -4/9

transition, I will present the results of the fit of the F’=3/2 transition data to a Lorentzian lineshape
and the full QI lineshape. This will also make clear the systematic error introduced by assuming a
purely Lorentzian lineshape.

When we perform the fits of the data, we extract the apparent location of the transition line
center. We can then take the extracted line centers from both fitting routines and calculate their
shift from the published line center frequency [2]. Figure 3.1 shows those shifts from the published
line center frequency as a function of angle. The extracted line centers from the fit to the full QI
lineshape (black) match the published line center frequency with minimal deviation and suggest that
the QI model is valid. Contrast this with the angular dependence seen in the extracted line centers
from the Lorentzian fit (blue). As expected, there is a systematic shift in the extracted line centers
of the Lorentzian fit that disappears at the magic angle (54°).

As an additional verification of the QI model, we generated the full QI lineshape from the QI
model and then fit it to a Lorentzian lineshape. Figure 3.1 shows the extracted line centers from that
fit (red). If the model is correct, one would expect the blue and red data points to map out the same
line. Based on Figure 3.1, they do indeed map out the same line with a small exception that can be
attributed to a systematic error described in the figure caption. From Figure 3.1 we can conclude
that QI does alter how 71 Yb scatters near-resonant photons and that the model we adapted from

Ref. [4] accurately describes the data.
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Here the extracted line centers of a Lorentzian fit to the data (blue) and the prediction (red)

are shown. The extracted line centers for the full QI fit of the data are also show (black).

The x-axis is the laser polarization 6, which is determined from Fig. 2.1. The y-axis is
the shift from the true line center of the F’=3/2 transition. All the fittings were done by
allowing the line center, line width and signal offset to be fit parameters. One can see that
the agreement between the extracted Lorentzian line centers of the data (blue) and the
prediction (red) is quite good until ~ 60°. This discrepancy is a systematic error caused by
fitting non-Lorentzian data to a Lorentzian lineshape. As noted in the text, the Lorentzian
lineshape fitting of the data (blue) extracts the true line center at 6y ~ 54°.
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3.2 Comparison of data and model for '>Yb

3.2.1 Optical Pumping

In all of the transitions we are considering for !7>Yb (F’=3/2,5/2 and 7/2), optical pumping will
force the atoms into non-thermal distributions of the magnetic sub-levels. At the laser intensity
that we used in the laser-induced fluoresence experiment (I ~ 10 mW/cm?), the optical pumping
model (see Appendix A) shows that the atoms reach equilibrium with the laser in less than 0.5
microseconds. Since the atoms interact with the laser for ~10 microseconds, we can safely assume
that the majority of the scattered light signal comes from atoms whose magnetic sub-levels are in
equilibrium with the laser.

Unfortunately, the magnetic sub-level distribution changes with laser frequency, making a direct
comparison of the data with model problematic. Based on the coefficients given in Tables B.1 to
B.3, the atoms will reach a different distribution of magnetic sub-levels depending upon which
transition is being excited. If the transitions are reasonably separated, we can assume that in the
neighborhood of the transition, the distribution it generates dominates. For the F’=5/2 transition this
is true, but significant background from nearby transitions of other isotopes makes high quality data
of this transition difficult to obtain. Unfortunately, the remaining transitions, F’=3/2 and F’=7/2,

3/2 — 86.29 MHz [1]. As aresult, the equilibrium distribution of magnetic

are separated by only A5 1

sub-levels changes with the laser detuning. Figure 3.2 shows the equilibrium ground state magnetic
sub-levels for '73Yb as a function of laser detuning from the F’=3/2 transition. If the QI strength
depends upon the ground state magnetic sub-level distribution, and it does, then the QI strength

changes as one scans a laser across the transition.
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Figure 3.2 Variation in the ground state magnetic sub-levels as a function of detuning
from the F’=3/2 transition. Note that only the positive mr level populations are shown
because their corresponding negative mp level populations are identical. Notice also how
the population fractions drastically as one scans a laser across the F’=3/2 and F’=7/2
transitions.

3.2.2 Quantum Interference Model

The magnetic sub-level variations introduced by optical pumping alter the QI strength and preclude
a straightforward application of the QI model. This is clear in Figure 3.3 which shows both the line
(f) and interference (g) strengths for the F’=7/2 and F’=3/2 lines as a function of detuning from the
F’=3/2 line. Regardless of optical pumping difficulties, we can still compare the features of the data
to the predictions of the model.

Using our experimental conditions, we generated the magnetic sublevel populations and the
resultant lineshape for F’=7/2 and F’=3/2 lines. We then fit the predicted lineshape to a sum of
two Lorentzians and extracted the line centers of those fits. Figure 3.4 shows those extracted line
centers. We then took the actual data and performed the same fit. The extracted line centers for the
F’=7/2 and F’=3/2 data are shown in Figures 3.5 and 3.6 respectively. It is clear, unfortunately, the
predicted amplitude of the systematic shifts are inconsistent with the data. The direction of the shift

matches but the amplitude is smaller by a factor of roughly two. It is unclear as to the cause of this
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Figure 3.3 Line and Interference Strengths for the F’=3/2 and F’=7/2 as a function of
detuning from the F’=3/2 line. In the region of the F’=3/2 transition, the strengths vary
significantly.

difference.

Initially, we looked to determine if the optical pumping model was in error. We noticed that the
amplitude of the systematic shift increased as the atoms were driven the mg = £1/2 state. Since
the experimental conditions drive the atoms that direction, we reasoned that perhaps the optical
pumping model was underestimating that shift. Along those lines, we assumed that only mp +1/2
was populated and generated the resultant lineshape. We then performed the same Lorentzian fit
described above, we found that the expected systematic shifts in the line center were still to small to
explain the experimental result.

In our final attempt to reconcile the data and the model, we did a direct comparison of the
model to the data rather than simply comparing the systematic shifts. We generated the expected
lineshapes for each angle and then overlaid the data on the generated lineshapes and compared them.
In this direct comparison, we noted that the relative amplitudes of the F’=3/2 and F’=7/2 lines in the
model also differ from the relative amplitudes in the data. Once again, we do not know why that

difference occurs.
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Yb-173 Lorentz Fitting Shift

-
(3]

—3/2

o
(3] -

Frequency Shift (MHz)
o

Figure 3.4 Frequency shifts of the extracted line centers from a two Lorentzian fit of the
F’=7/2 and F’=3/2 prediction. The fits were conducted by allowing the peak locations and

their amplitudes to be fit parameters.

Based on our analysis, we conclude that there is an additional effect that we are failing to account
for that is altering the lineshape. One candidate for this effect is the presence of the pumping laser
tuned to F’=5/2. It may be that this laser is somehow altering how the atoms transition and thus

altering the lineshape. Further study is needed to determine what the actual effect is and how to

model is appropriately.
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Figure 3.5 Extracted line centers for the F’=7/2 line from a two Lorentzian fit of the
I13Yb F’=7/2 and F’=3/2 data. The fit parameters were the peak locations, peak widths
and peak amplitudes. Notice how the fit to the data reproduces the shift direction seen in

Fig. 3.4. Taken from [2]
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Figure 3.6 Extracted line centers for the F’=3/2 line from a two Lorentzian fit of the
173Yb F’=7/2 and F’=3/2 data. The fitting techniques were identical to that of 3.5. Notice
that the fit to the data also reproduces the shift direction seen in Fig. 3.4



Appendix A

Optical Pumping Coupled Equations

The coupled equations we used for calculating the optical pumping in '73Yb is:
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dN1 1 152 72
B2y (N =Ny — Py (N =N
% r( 210)’1( 1 —N7) 210}’32( 1 —Nig)
+71N7 + 13Ns + Y18N13 + 131N17 + V32N18 + V34N19) (A.1)
sz 1 152 172 132
T2 (220N = Ng) — s (No — Nio) — 2 119(Ny — N
” r( 2107/4( » —Ng) 210}’35( » —Nyo) 2107/19( » —Ni3)
+%N7 + ¥aNg + Y6No + Y19N13 + 121 N14 + Y33N18 + V35N19 + ¥37N20) (A2)
dN; 1

152 ]72 ]32
= = 22% (N2 — 2 B I3 N —
dt 1—( 2103’7( 3 —No) 210'}’38(N3 Ny) 2103/22( 3 —Nia)

+7Y5N3 + ¥7No + Y9N10 + Y20N13 + Y22N14 + Y24N15 + Y36N19 + V38N20 + Ya0N21) (A.3)

ANy 1 ([ Is
21y

I, I3
i Ni—Nio) — 291 (Ng — Nat) — 22 1ps(Na — N
el Y10(Na — N1o) 210}’41( 4 —Najp) 210}’25( 4 —Nis)

+%No + Yi0N10 + Y12N11 + Y23N14 + Yo5N15 + Y27N16 + 139N20 + Y41 N21 + Y43N22)  (A4)

da% = % (_%713(1\]5 —Nip) — %744(1\’5 —Nx) — %?’28(1\’5 —Nie)

+Y11N10 + 113N11 + VisN12 + Ya6N15 + V28N16 + YaaNa1 + YaaNao + YagN23) (A.5)
da% = % (_%716(]\[6 —Ni2) — %'}’47(]\76 —Na3)

+%14N11 + Yi6N12 + Y29N16 + Ya5N22 + 147N23 + YasN2a) (A.6)
dd# = % (%Yl (N1 —=N7)—(n +Y2)N7> (A7)
da% = % (%74(1\’2—1\’8) - (Y3+Y4+7’5)N8) (A.8)
da% = % (%W(N3—N9)_(76+77+7’8)N9) (A.9)
% = % (%Ylo(M—Nlo) - (}’9+Y10+7’11)N1o> (A.10)
d];’_tn: % (%}’13(N5—N11)—(?’12+713+}’14)N11) (A.11)
dg—tu = % (%%6(1\/6 —Ni2) = (ris + 716)N12> (A.12)
% = % (%’}’19(1\/2—1\’13) - (718+719+720)N13) (A.13)
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=1 (SN = 1+ -t ) (A.14)
dt 7t 210 212(N3 = Nia) = (Ya1 + 2 + 13)M1a .
leS 1 (I
s _ (B2 (N =N |
dt p (210 Y25(Ns — Nis5) — (}’24+725+}/26)N15) (A.15)
dN 1 /1
dt16 = (2728 N5 —Nig) — (127 + P8 + }/zg)N16> (A.16)
dNi7 _ -1 1N17
N Al
dt ( 7)
dN]g 1
d 1 210 ~155(N2 = Nio) = (154 + 55 + ¥36)Ni9 .
dNyy 1 (I
o ot \ 2 s T N0) = A2
dt p (210 38(N3 —Nao) — (137 + 138 + ’}’39)]\720) (A.20)
dN>; 1 /I
P (B2 NN |
dt T (2107’41 4 21) — (a0 + Ya1 +}’42)N21) (A.21)
dNy 1 /(I
ava2 _ 2 (N5 — N |
dt T (210 Ya4(Ns 22) — (Va3 + Vaa + Yas )N22> (A.22)
dN»3 1 (I
a3 2 _N N |
a1 (210 %47(No — Na3) — (Yas + 147) 23) (A.23)
dN- N-
dlz = 7/ e (A.24)

The coupled system of equations that we used for !”1Yb is:
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dN 1 I 1
=1 _EYZ(NI —Ng) — ﬁ%(Nl — N7) 4+ 71N3 + Y2N4 + 74Ns + N7 + Y9N3 (A.25)
dt T 21 21
dN- 1 I 1
=2 = (=22 45(N = Ns) — 22 10(Na — Ns) + 13N + ¥5Ns + %6Ne + N7 + oNs | (A.26)
dt T 21 21
dN3  —7N3
el (A.27)
dNa 1 (12 (N1 —N3) — N4 — 15N, (A.28)
a1 2109’2 1 4) — YIN4 — Y3lNg .
dN5 1 /Iy
5 2 229 (Ny — Ns) — N5 — %N .
= <21075( »—Ns5) — N5 — s 5) (A.29)
dNs  —%YNs

_ YN A.
dt T (A.30)
av; _1 (e (N1 —N7) — 1iN7 — N (A.31)
a1 2101’7 1 7) — YilN7T — RRIN7 .
aNg _1 (1 (N> — Ng) — 1NN N (A.32)
a1 2109’10 2 8) — YoiVg — Y10/V8 .



Appendix B

Rate Coefficient Tables

Each of the following tables has six columns. In order they are: m;, mys, N;, Ny, C-G and ¥;. The first
two columns correspond to the initial and final magnetic sub-levels. The next two reference these
magnetic sublevels to the coupled system of equations found in Appendix A. When referencing
them to the system of equations, make sure to select the one corresponding to the correct isotope.
The fifth column gives the Clebsch-Gordan coefficient corresponding to the transition between the
excited state and ground state magnetic sub-levels. The final column references the fifth column to

the respective ¥; for the coupled system in Appendix A.
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Table B.1 Rate coefficients for transition between F’=3/2 and F=5/2 in 173Yb. C-G stands

for Clebsch-Gordan Coefficient.

mi my Ni Ny C-G
-3/2 —=5/2 Niz N1 213 13
-3/2 =3/2 Niz N» 415 po
-3/2 —=1/2 Niz N3 1/15 o
~1/2 =3/2 Ny Ny 25
—1/2 —=1/2 Nis N3 2/5
~1/2 1/2 Nu Ny U5 3
1/2 —1/2 Nis N3 1S 79
1/2 1/2 Nis Nis 2/5 s
/2 3/2 Nis Ns 2/5 g
3/2  1/2 Nig Ny UIS 7y
3/2 3/2 Nig Ns 4/15 pg
3/2 5/2 Nig No 23 7o
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Table B.2 Rate coefficients for transition between F’=5/2 and F=5/2 in !73Yb. C-G stands

for Clebsch-Gordan Coefficient.

m; myg Ni Ny CG
~5/2 -5/2 N, Ny ST m
5/2 =3/2 N, N 20T p
3/2 -5/2 Ny Ni 27 1
~3/2 -3/2 Ny N» 935
~3/2 —1/2 Ny Ny 1635 75
~1/2 -3/2 Ny N, 1635 7
~1/2 —1/2 No Ny 135 p
~1/2 1/2 Ny Ny 1835 x5
1/2 —1/2 N N3 1835 1
1/2 1/2 Ny Ny 1735 79
1/2 3/2 Nipp Ns 16/35 vy
3/2 1/2 N Ny 16535 71
3/2 3/2 Nu Ns 935 3
3/2 5/2 N Ne 207 Y
52  3/2 N Ns 217 s
5/2 5/2 N Ne 57T e
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Table B.3 Rate coefficients for transition between F’=7/2 and F’=5/2 in !73Yb. C-G stands

for Clebsch-Gordan Coefficient.

m; my N;i Ny CG ¥
~7/2 -5/2 Ny N1
~5/2 —5/2 Nig N1 21T 1
~5/2 -3/2 Nis No ST 73
—3/2 —5/2 Nig Ni 121 74
—3/2 —3/2 Nig N, 1021 7pss
—3/2 —1/2 Nig N3 1021 134
—1/2 =3/2 Nyy No» U1 1
—1/2 —1/2 Nyy N3 417  pg
~1/2 1/2 Ny Ny 2T 79
12 —1/2 Noy Ny 27 o
12 1/2 Ny N& 47
12 3/2 Ny Ns 17T
3/2 1/2 Ny Ny 1021 73
3/2  3/2 Np Ns 1021 1y
3/2  5/2 Np Ng 121 s
5/2 3/2 Ns Ns 5/
5/2  5/2 Nx Ne 211 1
7/2  5/2 Ny No 1 g




Table B.4 Rate coefficients for transition between F’=1/2 and F=1/2 in 171'Yb. C-G stands
for Clebsch-Gordan Coefficient.

m; myg N; Nf C-G Yi
-1/2 —1/2 Ny Ny 13 ¥y
—1/2 1/2 N, Ny 23

1/2 —1/2 Ng Ni 23 %
1/2 1/2 Ng N, 1/3 Y10

Table B.5 Rate coefficients for transition between F’=3/2 and F=1/2 in !7'Yb. C-G stands
for Clebsch-Gordan Coefficient.

m; myg N; Nf C-G Yi
—3/2 —1/2 N3 N 1 "

—1/2 —1/2 Ny N 2/3 Y2
—1/2 1/2 Ny N 13 p

1/2 —1/2 Ns Ny 13 m
1/2 1/2 Ns N, 213

3/2 1/2 N¢ N> 1 Yo
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