
nent analysis. [67] However, it is not immediately clear that the eigenvalue distributions found for

i.i.d. random matrices will be directly applicable to the CSCE correlation matrices P̄ because the

correlation values for real structures are neither independent nor identically distributed, and hence

the entries of P̄ are only approximately i.i.d. We have numerically calculated the distribution of

the largest eigenvalue of P̄P̄T using subsets of 1  M  500 fcc-based ordered structures with 12

or fewer atoms in the unit cell. [64] We considered N = 986 correlations (up to six-body terms)

and averaged the calculated eigenvalues over 1000 subsets randomly drawn from the above list of

10850 structures. We find that, for a fixed N, the average value of aP̄ increases linearly with the

number of structures M. Therefore, A µ P̄/
p

M.

!"#M !"#M
!"#

M

Figure 4.2: kJexact � Jfitk1(solid) and kJfitk0(dashed) vs log10µ for the short-ranged pair model with
M = 200 (a) and M = 400 (b). Random uniform noise of ⇠ 10%(blue circles), 20% ( green squares),
and 50% (red “x”s) of the noiseless energies was added to the fitting structures. (c) kJexact �Jfitk1 vs the
number of fitting structures and the noise level. Each point represents an average over ⇠100 different
subsets of M structures.

Random noise: Here we demonstrate that CSCE is not only stable with respect to noise in

the input data, but that it can also filter out the effects of noise on the calculated ECI’s. We assume

that the DFT formation energies E(s) contain random noise which is represented by a vector ~he

of length M and i.i.d random components with variance e2
rand. The contribution of ~he to the FPC

gradient in Eq. (4.9) is given by

dg f µ � 1
M

M

Â
s=1

P̄ f (s)he(s), (4.24)
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numerical errors in the calculated formation enthalpies from state-of-the-art quantum mechanics

codes.3

The values of each of the 986 basis functions were computed for all structures in the train-

ing set, thus forming the sensing matrix, A. The rows of the sensing matrix, A, which each rep-

resent a training set structure, were constructed by drawing randomly from a uniform distribution

on [�1,1]. For real systems, such as Ag-Pt in the next section, these rows should be mapped onto

real crystallographic configurations as described in Sec. 4.4.4. However since the quality of the fit

for the short-ranged pair case was found to be unaffected by this mapping, either favorably or ad-

versely, we chose to simply use the random vectors themselves in order to simplify computations.

Figures 4.2(a) and 4.2(b) illustrate the performance of CS by showing two quantities: 1)

the `1-norm of the difference between the exact and fitted coefficients (kJexact � Jfitk1), and 2) the

number of non-zero coefficients (`0-norm of the solution, kJfitk0). We varied µ to investigate it’s

optimal values for a given noise level. Each data point in Fig. 4.2 was obtained by averaging over

approximately 100 different sets, each of size M = 200 or 400.

The curves in Fig. 4.2 exhibit a series of plateaus, each one indicating a region over which

the extracted solution remains practically unchanged. Notice, for example, the plateau located

between log10 µ = �0.75 and log10 µ = �0.4 in the kJfitk0 vs. µ curve for M = 200 and the lowest

noise content (circle markers). This plateau indicates that CSCE has extracted three non-zero

coefficients. Furthermore, the value of kJexact � Jfitk1 drops close to zero in this range, indicating

that CSCE has found essentially the exact answer. Using values of µ below the optimal range

results in sharp increases in both the number of nonzero coefficients and in the error kJexact �Jfitk1,

indicating overfitting.

Conversely, µ values above the optimal range result in fewer non-zero coefficients and an

incremental increase in kJexact �Jfitk1, probably indicating underfitting. As a function of increasing

µ , one first obtains a plateau where the CS reproduces the two largest expansion coefficients (10

and 4), followed by another plateau where only the largest coefficient is reproduced. This example

illustrates the important point that CS is largely insensitive to the choice of µ—the ability to recover
3In our estimation, numerical errors in the calculated DFT formation energies are only a few meV/atom for the

case of Ag-Pt compounds considered in Sec. 4.5.2.
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the correct solution does not depend on the exact value of µ , as long as it lies within an optimal,

but broad, range.

Upon increasing the noise in the fitting data at a fixed data set size [compare the curves

marked by circles and squares in Fig. 4.2(a)], the plateaus in kJfitk0 vs µ become narrower until

the highest plateau, corresponding to full recovery of the true solution, disappears completely (“x”

markers in Fig. 4.2). At the same time, the minimum in the error kJexact �Jfitk1 vs. µ is increasing

incrementally. This displays the robustness and stability of CS—even at a very high noise level we

are able to recover the majority of the signal content.

The shift towards higher values of optimal µ upon increasing noise level in Fig. 4.2 is con-

sistent with the physical interpretation of µ as the threshold for noise filtering given in Sec. 4.4.5.

We also note that an increase in the number of structures M tends to slightly lower the optimal µ ,

which can be attributed to a fuller recovery of the correct solution and an associated decrease in

the systematic noise.

Figure 4.2(c) displays kJexact �Jfitk1, averaged over approximately 100 random subsets, as

a function of M, the number of fitting structures, and the noise level. Here we see the same plateau

structure found in Fig. 4.2(a), with the lower (blue) plateau indicating essentially an exact fit.

This plot demonstrates that, for all noise levels considered (up to as high as 50% of the noiseless

energies!), there remains a training set size for which the exact solution will be recovered.

4.5.2 Actual alloy example: Ag-Pt

Having explained the basic properties of CSCE for a model system, we now test its perfor-

mance on real DFT data for binary Ag-Pt alloys on a face-centered cubic (fcc) lattice. Ag-Pt was

chosen due to a report of unusual ordering tendencies [68] which are non-trivial to reproduce with

current state-of-the-art CE methods. The energies of more than 1100 Ag-Pt fcc-based crystal struc-

tures4 were calculated from the density-functional theory (DFT) using the VASP software. [69, 70]

We used projector-augmented-wave (PAW) potentials [71] and the generalized gradient approx-

imation (GGA) to the exchange-correlation functional proposed by Perdew, Burke and Ernzer-

hof. [12] To reduce random numerical errors, equivalent k-point meshes were used for Brillioun
4Such a large number of structures was only chosen to test the performance of different CE methods and is several

times larger than typical training set sizes used in state-of-the-art CE methods.
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Figure 5.1: Histogram of geomet-
rically unique clusters on an fcc lat-
tice. The x axis is the cluster ra-
dius, which is defined to be the av-
erage distance from the cluster cen-
ter of mass to the cluster vertices.
The number of unique clusters in-
creases exponentially as the num-
ber of cluster vertices and cluster
radius increase. This illustrates the
magnitude of the challenge associ-
ated with truncating the cluster ex-
pansion.

emerged was to generate more fitting data than fitting variables (more elements in the vector E than

in the ECI’s vector J). This results in an overdetermined problem that can be solved by singular

value decomposition or related methods. Before discussing fitting approaches in more detail, we

point out that whatever the details of the fitting procedure are, any method must deal with two

difficulties: (1) The expansion given in Eq. 6.1 must be truncated to a finite (and typically small)

number of terms, and (2) a choice must be made about which structures (among a practically

infinite set) should be used as training data (to generate the vector E). The expansion must be

severely truncated so that it has fewer terms than the number of training structures (maintaining an

overdetermined problem), and the training structures should be chosen to minimize the predictive

errors. Mathematically speaking, the choice of the training structures is not independent of the

truncation.

Both of these difficulties are challenging. The first is difficult because the number of rel-

atively short-ranged clusters is enormous (see Fig. 5.1) so a robust distance- or hierarchy-based

truncation method is not apparent. It is difficult to avoid truncating relevant terms inadvertently.

There are several contemporary approaches to truncation problem [24–29, 51–54]. The second

challenge, choosing the structures to be used as training data, depends on the first. The optimal

choice of training structures depends on the truncation. Some approaches attempt to choose train-

ing structures so as to minimize the variance in predictive errors. [31, 32, 50] Others, based on the

early work of Garbulsky, [81] attempt to bias the training set to reproduce the correct ordering of

low-energy states. [26]
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This equation is referred to as the basis pursuit de-noising problem, and one efficient way to a

solution is an iterative procedure put forth by Yin et al. [58] The sparseness of the solution can

be tuned by varying the parameter µ . Smaller(Larger) values of µ mean that the `1-norm term

will be weighted less(greater) than the `2-norm term and will therefore result in less(more) sparse

solutions.

5.4 A Bayesian Implementation

A recently-developed Bayesian implementation of CS [82, 83] provides a parameterless

framework (automatic), error values on coefficients, and a considerable speed up from current CE

construction techniques. When coupled with the re-weighting scheme put forth by Candes et. al

and outlined in section 5.4.1, BCS enhances sparsity and reduces the total start-to-finish time.

A more complete description of BCS can be found in the Appendix and in reference 82.

Here we highlight some key points of the method, assuming that the reader has some prior (no pun

intended) knowledge of Bayesian statistics.

The key to merging compressive sensing and Bayesian statistics lies in the choice of prior

distribution on the coefficients, J. The Laplace distribution is well known to promote sparsity by

placing a large probability mass at the origin thus favoring zero-valued coefficients. However, the

Laplace distribution is not conjugate to the normal distribution, which is used as the likelihood. In

order to represent the prior information about the coefficients using a Laplace distribution while

also preserving conjugacy Babacan et. al. employ a hierarchical approach. In the approach, the

prior distribution on the coefficients is chosen to be N (0,g) (conjugate to the normal likelihood

employed), and the hyperprior on g is chosen to be Laplace. Due to the conjugacy of the prior with

the likelihood, the posterior distribution on the coefficients is know to be Gaussian with covariance

matrix

S =
⇥
bPT P+G

⇤�1
, (5.7)

and mean vector

µ = SbPT E, (5.8)

where

G = diag
✓

1
gi

◆
. (5.9)
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One drawback with using the `1 norm as a measure of sparsity is its dependence on the

magnitude of the coefficients. The `1 norm favors solutions with smaller-magnitude coefficients

over solutions that are equally sparse (or even slightly more sparse), but whose coefficients have

larger magnitudes. To address this imbalance, Candes et al. proposed a weighted formulation of

the `1 minimization which penalizes all non-zero coefficients equally. [84] Under this approach

the `1 constrained minimization problem is solved iteratively with the model coefficients being

weighted at each iteration according to

w(l+1)
i =

1
|Ji|(l) + e

, (5.10)

where the index i indicates the basis function being weighted and l is the iteration index. These

weights put large and small magnitude coefficients on equal footing by suppressing the contribution

of large magnitude coefficients to the `1 norm. As explained in reference [84], this weighting can

be easily enforced by multiplying the sensing matrix by the inverse of the weight matrix

P̄(W (l))�1, (5.11)

where W is a diagonal matrix with the weights of Eq. (5.10) on the diagonal. Re-weighting was

found to increase sparsity and decrease the number of required function measurements.

5.5 Application

Here we demonstrate re-weighted `1 minimization through Bayesian compressive sensing

on cluster expansion models for the binary systems: Cu-Pt, Ag-Pt, and Ag-Pd. Pt group metal

alloys have application in catalysis and jewelry, which motivated their study here. Additionally, an

alternate implementation of CS was recently used to study Ag-Pt, and a direct comparison to this

alloy was desired.

Using the UNCLE software approximately 1000 clusters were enumerated, with approx-

imately the same number from each order up to six-body clusters. For each alloy system, the

chemical energies of crystal structures were calculated from the density-functional theory (DFT)

using the VASP software. [69, 70] We used projector-augmented-wave (PAW) potentials [71] and

the generalized gradient approximation (GGA) to the exchange-correlation functional proposed by
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Figure 5.3: Comparison between re-weighted Bayesian compressive sensing and genetic algorithm
methods for constructing a cluster expansion model for the binary systems Cu-Pt, Ag-Pt, and Ag-Pd.
The solid curves indicate rmse values over a holdout set. The dashed curves represent the `1 norm of the
solution vectors. Approximately 100 BCS fits were performed at each training set size, and the results
of these fits are depicted using box-and-whiskers. Due to it’s high computational cost, only 5 GA fits
were performed, and hence GA results are not depicted using box-and-whiskers.

Perdew, Burke and Ernzerhof. [12] To reduce random numerical errors, equivalent k-point meshes

were used for Brillioun zone integration. [19] Optimal choices of the unit cells, using a Minkowski

reduction algorithm, were adopted to accelerate the convergence of the calculations. [72] The ef-

fect of spin-orbit coupling was not included in our calculations because it’s effect was shown to be

a simple tilt of the calculated energies, as explained in Ref.73.

In the absence of the re-weighting procedure, many fits, each using a different training

set, must be constructed and the results analysed statistically to identify dominant coefficients.

This is needed to increase sparsity and eliminate spurious interactions. However, the re-weighting

procedure employed here results in a significant enhancement of sparsity, eliminating the need to

average over many solutions. Hence, the results stated below are the exact solutions returned from

the re-weighted BCS framework with no post processing whatsoever.

To compare to currently used methods in the cluster expansion community we use the

UNCLE code, which uses a genetic algorithm (GA), for the cluster selection/fitting process. GA

parameters were set to values that would enable a reasonable computation time and produce typical

quality results: 3 populations, 100 generations with 30 children per generation, and a modest

mutation rate. While re-weighted BCS is able to consider very large cluster pools, the GA slows

considerably as the size of the cluster pool grows. To make a fair comparison, we have used a

pool of ⇠ 1000 clusters for both methods. BCS fits for approximately 100 different choices of the
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training set were performed. Due to the high computation cost of a GA fit, fits for only 5 different

training set choices were performed with the GA.

The CS paradigm considers all clusters in the pool equally with no explicit restriction on

which, or how many, clusters should be used. To make a fair comparison with the genetic algo-

rithm, the maximum number of model coefficients that the GA was allowed to use was set to be

500. In every fit depicted here, the number of model coefficients found was less than 500.

Figure 5.3 give comparisons between GA fits and re-weighted BCS fits for the binary sys-

tems Cu-Pt, Ag-Pt, and Ag-Pd respectively. Notice that for every system the root-mean-square

error(rmse) over the holdout set is lower for BCS fits for all sizes of the training set. While the

rmse of the GA fits is not terrible, the `1-norm of the solution vector for GA solutions is consid-

erably larger than those from BCS-fits. This is indicative of overfitting and does not foster any

confidence that the correct solution has been found. In contrast, the `1-norm for BCS fits is rel-

atively small and levels off as more training data is added. This is convincing evidence that the

solution is converging, and the physical model is being recovered.

Another key feature of BCS is the efficiency of the algorithm. For the three systems dis-

cussed here BCS fits were constructed in a fraction of the time needed for the GA. BCS required

on the order of minutes to construct 100 fits, whereas the GA needed ⇠ 24 hours for a single fit.

5.6 Conclusion

It has been shown that the CS paradigm is uniquely well-suited to building CE lattice

models. Re-weighted BCS-based provides a fast, efficient, and parameterless framework for con-

structing CE models. These models are constructed in a fraction of the time required by current

state-of-the art techniques and with minimal time and effort required by the user. BCS-constructed

CE models converge to a solution which is very inline with widely-held intuition about the na-

ture of physically relevant interactions and predict more accurately than any other modern CE

construction method.

From a broader perspective the CS paradigm is poised to have a big impact on compu-

tational physics problems of all types. The CS-paradigm is well suited to tackle any highly-

underdetermined linear problem: Ax = b where x is known to be sparse. One possible application

is the expansion of high-throughput databases to include lattice models. This approach relies
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heavily on being able to automatically perform first-principles calculations, and has hitherto not

involved using the database information to build materials models. This is mostly due to the high

human time cost required to construct such models. However, the hands-off nature of BCS-based

CE models will allow materials models to be added to the high-throughput scope of work. In addi-

tion to vast amounts of first-principles data, soon high-throughput databases will include accurate

lattice models for a diverse array of materials.
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Chapter 6

CEFlash: high-throughput CE model construction

6.1 Introduction

The discovery and synthesis of new, high-performing materials has fueled and will con-

tinue to fuel technological advances. The role of computation in this discovery process has been

significant and promises to expand even further. This is mostly due to increases in computing

power over the last half century that make materials simulations and calculations more feasible

and affordable.

One recently-emerged technique for uncovering new materials is the so-called high-throughput

approach. In this approach, the results of experimental work is combined with first-principles

methods to automatically, and intelligently scan over all candidate materials in search of new, ad-

vanced materials. In one specific implementation, all experimentally-observed crystal structures

are compiled into a database. The energies of these crystal structures are computed, using DFT,

for all possible combinations of atomic constituents. The resulting database of first-principles in-

formation can then be mined for interesting, new materials. Since hundreds of thousands of DFT

calculations are being performed, an automatic framework for performing these calculations is

vital to the success of the approach.

The success of the high-throughput approach is evident from the numerous fruitful studies

and discoveries already made. These include the discovery of materials candidates for topological

insulators [78], thermoelectrics [85], and piezoelectric material [86]. Verification of such predic-

tions by experimental research has not yet been accomplish.

Many materials problems find themselves well beyond the scope of DFT-based methods.

This could be because exploring the finite-temperature properties of a material, something beyond

the scope of time-independent DFT, is required or simply because the search space of interest

is enormous. For example, exploring all derivative superstructures of a parent lattice can eas-
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ily involve consideration of millions of crystal structures, something well beyond the scope of

computationally-costly DFT-based approaches.

One way to approach such problems is to use a handful of DFT data to build a model,

which is much simpler mathematically. The model can typically compute much faster, making it

well-suited for performing large, exhaustive searches over many crystal structures. Additionally,

thermodynamic simulations, which can require millions of energy calculations, become accessible

once an accurate, fast model is constructed. One model commonly used to explore substitutional

order in materials is the cluster expansion, which explores all crystal structures whose atoms lie

on the sites of a common, parent lattice. The cluster expansion expresses the energy of an atomic

configuration as a sum of contributions from localized clusters of atoms, and can compute the

energies of millions of atomic configurations in only minutes.

Mathematically, the cluster expansion can be expressed as:

E(s) = Â
a

Â
(s)

J(s)
a P̄(s)

a (s) (6.1)

Here s represents any atomic configuration restricted to live on the parent lattice. The P̄(s)
a are

the basis functions and the J(s)
a are the expansion coefficients. From a practical perspective, the

problem of constructing a cluster expansion is a linear algebra problem:

P̄J = E (6.2)

with the matrix P̄ containing the values of the cluster functions (columns) over a set of training

data (rows), and the vector E containing the energies of the training set structures. The vector

J contains the sought-after model coefficients and obtaining their values is the main goal when

constructing the model.

Previously, the inclusion of materials models, like the cluster expansion, in high-throughput

databases has not been possible. This is mostly because the model building process has not been

automatic, and instead required the user to spend many hours constructing a high-quality model

for a single system. This high human-time cost associated with constructing a CE model stems

from two long-standing challenges. First, the terms in the cluster expansion must be truncated to

a finite number. This is challenging because there is no way to know a priori which terms, from a
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candidate pool of thousands, will contribute significantly to the model for a given system. Second,

a set of crystal structure to be used for training data must be selected. Since the information content

for a crystal structure is dependent upon the chosen basis, choosing an optimal set of training data

is not independent of the choice of clusters used.

Various techniques exist for addressing these challenges [24–29, 51–54], but the paradigm

for all of them is essentially the same: (i) Heavily truncate the expansion using physical intuition

and/or an algorithm so that the matrix P̄ is either fully determined or over-determined. (ii) Solve

the resulting linear algebra problem by inverting the matrix P̄ or through singular value decompo-

sition or related techniques. Many methods for truncating the model have been proposed but none

provide a robust, efficient way to guarantee the inclusion of all relevant terms. Furthermore, most

modern methods are human-time intensive and/or computationally costly.

Since the number of basis functions, P̄(s)
a , that may be relevant is much larger than the

number of first-principles data points that is feasible to calculate for a single system (thousands vs.

hundreds), the natural form of equation (6.5) is the under-determined form. In this case, the number

of basis functions considered, M, is much greater than then number of training data available, N

( N ⌧ M). However, without a well-defined constraint, solving an under-determined system is

impossible since there are an infinite number of solutions consistent with the data.

A recently-emerged technique from the signal processing community, compressive sens-

ing (CS), provides a robust, efficient method for solving the heavily under-determined problem

presented by the cluster expansion. CS solves the under-determined problem by constraining the

solution search to those with the fewest number of non-zero components. A “minimal-component”

model is expected to be of high quality because long-standing physical intuition says that the phys-

ical properties of a material are governed by relatively few interaction types. Mathematically, CS

seeks to minimize the `1 norm of the solution vector, a quantity that has long been used to enforce

sparsity:

min
J

{kJk1 : P̄J = E} (6.3)

The CS paradigm solves the cluster selection problem by including essentially all possible

clusters, and guarantees the recovery of a sparse solution from a small set of training data. Further-
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more, CS provides a well-defined recipe for choosing training data by placing a requirement on the

form of the sensing matrix. The CS paradigm is backwards from all other modern CE-construction

methods. Other methods start with a small set of training data, and fitting to this data produces a

very simple, yet poorly-predicting model. The complexity of the model continually increases as

more and more data is added to the training set. In contrast, CS begins with all models consistent

with the training data, and throws out all but the simplest, most physical model.

CS provides a robust, efficient, and parameterless (automatic) framework for constructing

highly-accurate cluster expansion models. Instead of needing days or weeks to construct a model,

CS constructs them in seconds. Instead of requiring lengthly iterative processes for building up a

training set (with costly first-principles calculations required at each iteration), CS generates one

set of training structures at the outset. When combined, these two key qualities of CS enable the

inclusion of CE models in high-throughput databases.

6.2 Large-scale construction of cluster expansion models

Constructing CE models for virtually all binary alloys is a huge endeavor, requiring mil-

lions of cpu hours. Since the endeavor is so large and will require millions of DFT calculations,

it is critical to ensure that all aspects of the process are efficient, accurate, and well thought out

before embarking. Some logical questions that need answering include the following: (i) What is

the best way to choose training structures? (If we get this one wrong then we will waste millions

of cpu hours) (ii) When performing DFT calculations, what k-points scheme should be used to

minimize systematic errors and ensure a highly accurate result? (iii) Is the orthogonality of the

unit cell vectors important to the quality of the result? The following is a discussion of some of

these questions.

6.2.1 Training set selection

The theorems that form the foundation of CS guarantee the recovery of a sparse solution

from a small number of training structures. To make this possible, CS requires that the function

samples must be incoherent. This is essentially a requirement on the form of the matrix P̄, and

is key to defining a well-defined recipe for choosing the best set of training data. Whereas other

modern cluster expansion construction techniques iteratively add to the training set, each addition
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being determined by the current-iteration fit, the CS paradigm allows an optimal set of training

data to be assembled once without future modification or augmentation. Since this recipe is going

to be used to choose training structures for thousands of binary system, ensuring that it is correct

and efficient is of high importance.
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Figure 6.1: Simple one dimensional function representing a signal in time. The red dots are regular
samples according the Nyquist’s theorem. The figure on the right is a plot of the sensing matrix A from
Eq. (6.5)

To illustrate the concept of coherence, let’s first consider the simple one dimensional func-

tion given in figure 6.1. In traditional Fourier analysis, this function is expressed as a linear com-

bination of Fourier functions:

f (t) = Â
n

anexp(�i2pnt) (6.4)

and the coefficients are found by solving the linear problem:

Ax = b (6.5)

where the matrix A, sometimes called the sensing matrix, contains the chosen Fourier basis func-

tions evaluated at a set of sample points. According to Nyquist’s theorem, the function must be

sampled regularly and at a rate equal to twice the maximum frequency component present in the
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distributed with mean P̄J and variance b�1

p(E|J,b ) = N (E|P̄J,b�1). (A.9)

To ensure conjugacy in the analysis of b , the prior p(b ) was chosen to be a gamma distribution.

The prior distribution p(J) contains the a priori knowledge about the value of the model coeffi-

cients and this choice is key to implementing the CS paradigm. It is well known that the Laplace

distribution is a sparsity-promoting prior and is formally equivalent to the convex optimization

problem of equation (6.3).

p(J|l ) =
l
2

exp
✓

�l
2

kJk1

◆
(A.10)

The Laplace distribution enforces the `1 norm constraint by placing a large probability

mass at zero so that signal coefficients close to zero are preferred. Furthermore, the Laplace prior

is log-concave, which produces a unimodal posterior distribution and therefore eliminates local

minima.

However, the Laplace distribution is not conjugate to the normal likelihood employed here

and it’s use as the prior would add considerable computational complexity. To maintain conju-

gacy while still modeling the coefficients with a Laplace distribution, Babacan et. al employ a

hierarchical approach. The prior distribution is chosen to be Normal

p(J|g) =
N

’
i=1

N (Ji|0,gi), (A.11)

which is conjugate to the Normal likelihood. A prior distribution on the parameter g , or hyperprior,

is then chosen to be a Laplace distribution

p(gi|l ) =
l
2

exp
✓

�lgi

2

◆
, (A.12)
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so that when the prior and the hyperprior are multiplied together and g is integrated out the resulting

distribution is Laplace

p(J|l ) =
Z

p(J|g)p(g|l )dg = ’
i

Z
p(Ji|gi)p(gi|l )dgi (A.13)

=
l N/2

2N exp
⇣
�

p
lkuk1

⌘
. (A.14)

Eq. (A.8) has now become

p(J,g,b ,l |E) µ p(E|J,b )p(J|g)p(g|l )p(b )p(l ), (A.15)

with the Bayesian framework now providing a posteriori estimates on the parameters g and l in

addition to J and b .

By preserving conjugacy on the model coefficients J, the exact form of the conditional

posterior distribution p(J|g,b ,l ,E) is known to be Gaussian with mean vector

µ = SbPT E, (A.16)

and covariance matrix

S =
⇥
bPT P+G

⇤�1
, (A.17)

where

G = diag
✓

1
gi

◆
. (A.18)

Once accurate values for these parameters are known, the resulting distribution provides the sought-

after estimate of the model coefficients. However, notice that these parameters are dependent on the

parameters g and b . To estimate the values of g and b Babacan et al. employ a type II maximum

likelihood procedure where the conditional posterior distribution p(b ,g,l |E), is first assembled

algebraically. The maximum of the distribution is then found by taking partial derivatives of the

distribution w.r.t each parameter in turn. This process yields algebraic expressions for the values
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of the parameters which maximize the distribution. These expressions all depend on the other pa-

rameters in the model, which suggests an iterative process where the most current version of the

set of parameters is used to update the remaining, out-of-date, parameters.

One obvious problem with the iterative process described above is that at each iteration it

requires the solution of a system of N equations, where N is the number of basis functions to be

considered ( a large number for cluster expansion models). To avoid the computationally expensive

inverse found in Eq. (A.17) Babacan et al. update a single gi per iteration. This leads to a very

efficient update of the matrix S and the mean vector µ . It is insightful to note that if gi = 0 then

µi = 0 and the corresponding model coefficient is 0. Since we expect sparse solutions, many of the

gi’s are expected to be zero, and the covariance matrix and mean vector can be represented with far

fewer dimensions than N.

The algorithm proceeds by beginning with the zero model, all gi’s are set to zero (all model

coefficients are zero), and proceeds as follows.

108



Bayesian Compressive Sensing

• set all gi = 0

• While not converged do:

1. Choose a basis function to consider, gi.

2. Compute the value of gi which maximizes the posterior distribution, g(m)
i .

– If g(m)
i < 0: prune gi out of the model(set g1 = 0).

– If g(m)
i > 0 and gi = 0: Add gi to the model.

– If g(m)
i > 0 and gi > 0: Re-stimate the value of gi

3. Update all other parameters.(S, µ , l )

• end While
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