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Figure 4.5. Mode shape for the first lower frequency with kz = 3/2 (marked “B” in Figure 4.3).

Figure 4.6. Mode shape for the second lower frequency with kz = 5/2 (marked “A” in Figure 4.3).
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Figure 4.7. Mode shape for first upper frequency with kz = 3/2 (marked “D” in Figure 4.3).

Figure 4.8. Nonlinear least squares fits to radial cross-sections of the normalized mode shapes for each

of the four frequencies in the cluster of fundamental radial Bernstein modes shown in Figure 4.3. As

expected, they exhibit a very small kr and linear shape characteristic of the fundamental mode. The a

referred to in the legend is the equilibrium radius of the plasma column (2 cm). Note the characteristic

kick near the edge of the plasma that occurs when using normalized mode shapes. For this reason the fit

does not extend completely out to the outer edge of the plasma.
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Figure 4.9. Shown in gray is the maximum/minimum change in radial electric field (from equilibrium)

across the wall of the trap. The green sections indicate the location of the confinement rings while the

purple section indicates the location of the diagnostic ring. The nodal structure in z is apparent and

indicates that the ideal location for the diagnostic ring is not at the ends of the plasma, but near the

middle.

our PIC code, the placement of the diagnostic ring in the experiment does not necessarily yield the

optimal signal. In fact, the nodal structure we see near the ends of the plasma suggests that the

signal on the wall may actually be the smallest in this region. To discover if this is true, we observed

the radial electric field across the entire length of the wall at every time step and subtracted off the

equilibrium field at the wall. We then looked for the place where the greatest change occurs. Figure

4.9 shows the maximum and minimum ∆Er across the wall of the trap and indicates the current

locations for the diagnostic and confinement rings. As suspected, the regions immediately adjacent

to the confinement rings experience the smallest change in field. This means that the best location

for the diagnostic ring is actually in the middle of the trap where the change in radial electric field

is greatest.
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4.3 Higher Order Modes

Unfortunately, we have tried driving the plasma at many other frequencies and have still been

unsuccessful at exciting any of the higher order radial modes with just the end potentials. This

means that the higher order modes will likely be completely hidden from the experiment. The flip

side is that having fewer modes will make it easier to detect the fundamental mode. However, this

being a simulation, it is important that we try to understand the other modes as well. Fortunately,

we are able to do things in a simulation that would physically be impossible. Knowing that the

radial Bernstein modes have equation (4.1) as their shape function allows us to radially drive the

modes directly using the radial electric field without recourse to the axial motion. This is the radial

equivalent of moving the axial potential walls in and out, but instead of just striking the ends of the

plasma column, we are driving the plasma at every point along the radius. Because the amplitude

of the drive is again somewhat arbitrary, we went through a process very similar to the one we used

above for the axial drive amplitude. This time we found a good amplitude to be about 10 V/m.

The radial drive has the benefit of allowing us the possibility to seed a single mode, but in

order for it to work we need the mode’s precise frequency and kr. Unfortunately, it appears that

finite-length effects have a much stronger influence over the higher order radial modes; although

we indeed see new frequency peaks appear on either side of the fundamental when using our radial

drive (see Figure 4.10), they do not correspond very well to results from the 1D case. Instead

these resonance peaks are shifted away from the fundamental and are very broad. To enhance the

resolution we tried quadrupling the simulation’s run time, but to very little effect. This suggests that

the broadening of the frequency peaks is due to damping rather than just closely spaced resonances.

The raw fluid velocity data for a single grid point indeed shows a rapid decay to a steady state

(see Figure 4.11) Additionally we tried to vary the kr in our drive in order to isolate individual

peaks. Figure 4.12 shows two overlaid waterfall plots for two different driving frequencies and

ten different radial wave numbers. Strangely the resonant frequencies shift back and forth as kr
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Figure 4.10. RMS radial position spectra showing two new resonance peaks that appear when using a

radial drive as opposed to the axial drive. The blue curve used a driving frequency of 0.671ωc and the

red curve used a driving frequency of 0.863ωc. In both instances we used a kr ·a of 4.933.

Figure 4.11. Raw fluid velocity data at a single grid point showing a rapid decay in signal to a steady

state confirming that presence of damping in these modes. We believe damping is the cause for the broad

frequency peaks we observe in our FFT signals for the higher order modes.
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Figure 4.12. Waterfall plots of the RMS radial position FFT spectrum driven at 0.68ωc (green) and

0.7ωc (purple) for various radial wave numbers. In both cases, the peak frequencies undulate as kr

increases.

increases making it very difficult to correlate a wave number to a particular frequency.

Despite the difficulty of distinguishing the individual peaks in the FFT spectra, we have been

able to isolate two mode shapes in the lower resonance that make sense. The data for these peaks

comes from driving the plasma at 0.6715ωc and kr · a = 4.462. Counter intuitively, the first of

these frequency peaks (0.7029ωc) lies considerably above the largest peak (0.6694ωc), but very

close to where the 1D theory reports the frequency should be located (0.7031ωc). Being such a

small peak, the shape is noisy, but resembles quite clearly the structure of the next radial mode with

kz = 1/2 (see Figure 4.13). While we were unable to locate a kz = 3/2 mode, we were successful

in finding the kz = 5/2 mode at 0.6748ωc (see Figure 4.14); both the shape and spacing between

the two peaks is comparable to what we observed in the fundamental mode. The radial structure

is clearly different from the fundamental mode however. This time the mode shape in the interior
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Figure 4.13. The first higher order radial mode

with kz = 1/2 at ω = 0.7029ωc. The surface has

been smoothed using a running average to show

the general structure of the mode.

Figure 4.14. The first higher order radial mode

with kz = 5/2 at ω = 0.6748ωc. This surface has

also been smoothed, but the shape of this mode

was much clearer than the kz = 1/2. We were

unable to locate the kz = 3/2 mode.

of the plasma has a clear curvature. When we perform least squares fits for the two modes, as we

did with the fundamental modes, we found kr · a to be 4.5913 and 4.7669 for the two modes (see

Figure 4.15). The 1D simulation gives kr · a = 4.9331; surprisingly, we still see good agreement

between the 1D and 2D simulations. Although the resulting mode shapes for these two modes

is somewhat questionable due to the amount of noise we see, the close agreement with the 1D

simulations suggests that the radial structure is more than just numerical error.

It is also interesting to note that the largest frequency peak in this lower resonance (0.6692ωc)

sits very close to where the 1D simulation says the second higher order mode should be located

(0.6718ωc). However, the mode shape from the most prominent peak (see Figure 4.16) makes it

quite clear that it is not the second higher order mode. It appears to have the radial structure of the

first higher order mode, but it contains a rather strange axial structure. This could quite possibly be

explained by a superposition of the kz = 1/2 and kz = 3/2 modes, which have similar amplitudes.
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Figure 4.15. Nonlinear least Squares fits to radial cross-sections of the normalized mode shapes for the

first higher order radial modes with kz = 1/2 and kz = 5/2. The resulting kr · a values are markedly

different than the fundamental mode and match closely to the 1D simulation. Again, the fits are not

carried out all the way into the edge of the plasma due to edge effects and problems with normalization

in this region.
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Moving further down in frequency we find mode shapes do have more radial structure and that

resemble what we would expect in the second higher order mode (see Figure 4.17), but again the

structure is more complicated than what we observed for the fundamental and first higher order

mode. We see equally confusing mode shapes in the upper resonance (see Figures 4.18 and 4.19).

It is likely that these shapes represent a mixture of many different modes due to our current inability

to seed any one particular mode. Careful experimentation of the drive parameters is needed in order

to sort out exactly where these higher order radial Bernstein modes reside.5

5Care should be taken when experimenting with the larger values of kr because the large grid spacing near the

origin can distort the shape of the radial drive. More radial grid points should be added for kr > 7.
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Figure 4.16. Mode shape for the largest fre-

quency peak (0.6692ωc) in the resonance below

the fundamental.

Figure 4.17. Mode shape for a frequency

(0.6636ωc) lower than the largest resonance that

shows more radial structure.

Figure 4.18. Mode shape for one of the two

prominent peaks that shows up in the resonance

above the fundamental at ω = 0.8612ωc.

Figure 4.19. The mode shape for the second

prominent peak that shows up in the resonance

above the fundamental at ω = 0.8662ωc.



Chapter 5

Conclusions

In this thesis, we have presented the benefits of using an r2–z grid and describe how this type

of grid can be implemented into a PIC code. We have also demonstrated effective (and non-

effective) methods for testing the PIC code. In particular, we found that bilinear weighting in

r2 works effectively provided there are enough grid points to account for the large step size near

the origin. We also found that single particle self-force calculations are very difficult to perform

in a 2D r–z geometry due to the particle’s inherent ringlike properties. Instead, we found that

multiple particle calculations were necessary to confirm the absence of unphysical self-forces. Our

PIC code showed good agreement with all of our theoretical tests and furthermore reproduces

the frequencies calculated from a 1D code for the mz = 1,2, and 3 Trivelpiece-Gould modes, the

Doppler-shifted cyclotron resonance, and the fundamental radial Bernstein mode.

The fundamental radial Bernstein mode was effectively driven by modulating the endcap po-

tentials, but we found that the finite-length of the plasma allows axial standing waves to occur

which then split the fundamental radial Bernstein mode into a tight cluster of resonant peaks. The

FFT spectrum obtained from the induced charge on the diagnostic ring provides strong evidence

that our experiment should be able to detect the fundamental mode. Furthermore, we found that

placing the diagnostic ring near the center of the plasma would yield a stronger signal because the
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nodal axial structure kills the signal near the ends of the plasma.

Finally, we found that driving the higher order radial modes with just the endcaps is ineffective

and it is more than likely that these modes will be completely invisible to the experiment. However,

we found that radially driving the plasma, although unphysical, produces new frequency peaks on

either side of the fundamental. These frequencies indeed produce more radial structure like we

would expect. Unfortunately, we were only able to successfully isolate two of the first higher order

modes in the lower resonance. Although we did observe plenty of other mode shapes, the structure

was too complicated to be attributed to any one particular mode. Most likely this is a result of

exciting multiple modes simultaneously and we simply need to be more precise in choosing our

drive parameters in order to effectively seed a single mode. We have also observed more damping

with these non-fundamental frequencies and this could also be affecting our ability to see these

other modes. At the very least, damping seems to be what is limiting our ability to resolve the

frequencies in our FFT spectra when we run for longer time periods. Further work needs to be done

to resolve the higher order radial modes. We also need to test whether reducing the confinement

region by half will significantly alter the behavior of these modes and if the experiment will still

be able to detect the fundamental mode under these new conditions.
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Appendix A

Maxwellian Velocity Distribution

The Maxwell-Boltzmann distribution law is well known in molecular dynamics. Essentially it

describes the partitioning of energy among the constituent elements of an isotropic fluid in thermal

equilibrium. It assumes that the particles are identical but distinguishable and are freely moving

except for brief elastic collisions. With these assumptions, the velocity distribution in any given

direction is then equal to

P(vi) =
1√

2πvth
e−v2

i /2v2
th, (A.1)

where vth is the thermal velocity
√

kBT/m. Computers, however, are usually only equipped with

a pseudo-random number generator only capable of producing a uniform distribution of random

numbers between 0 and 1. Therefore we need a mapping of random numbers in a uniform distribu-

tion into a Maxwellian velocity distribution. A necessary and sufficient condition is that probability

density must be conserved. This can be written in equation form as∫
∞

0
Pdvi =

∫ 1

0
dR̄ = 1 or

∫ vi

0
Pdv̄i =

∫ R

0
dR̄ = R, (A.2)

where R is a random number from the uniform distribution. Unfortunately, upon substitution

from equation (A.1), the integral on the left hand side cannot be computed in terms of elementary

functions. Even so, the integral can be done numerically (tabulated results are also commonly
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used) and is known as the error function. This then must be inverted in order to obtain the velocity

as a function of the random number. While the inverse error function can be computed, it is tedious

to work with and lengthens computation time.

If a velocity distribution in more than a single dimension is needed, the Box-Müller method

provides an economic alternative to the inverse error function. Box-Müller assumes a 2D distribu-

tion of velocities; therefore, the velocity vi in equation (A.1) must be replaced by v =
√

v2
x + v2

y .

Transforming into polar coordinates, equation (A.2) becomes∫ v

0

1
vth

e−v̄2/2v2
th v̄dv̄ = R. (A.3)

Note the change in normalization constant from before. This integral is easily done by making the

substitution u = v2/2v2
th. The result is

1− e−u = 1− e−v2/2v2
th = R, (A.4)

whereupon solving for v yields

v = vth
√
−2ln(1−R) = vth

√
−2ln(R1), (A.5)

where the final equality comes about because 1 minus a random number (between 0 and 1) is just

another random number. The individual velocities vx and vy come from the polar equations

vx = vcos(2πR2) and vy = vsin(2πR2). (A.6)

The only requirement for independent vx and vy is that R1 and R2 be uncorrelated random num-

bers. While the equations are derived assuming only two independent velocity distributions, more

dimensions can be accommodated by simply repeating the method as many times as needed pro-

vided new uncorrelated random numbers are used each time. It should also be noted that there

are alternative methods to Box-Müller that exist that are also very efficient (e.g. the ziggurat algo-

rithm), but Box-Müller is fast and easy to implement.



Appendix B

Cylindrical Green’s Functions

The derivations presented in this appendix are all known and published in the literature; how-

ever, to the author’s knowledge, they are not published collectively. Because Green’s functions

are often derived with a particular problem in mind, not all Green’s functions work equally well

in every circumstance. Therefore, these derivations are given here as a quick reference in hopes

that it will provide the reader with a diversity of functions with which to solve problems involving

cylindrical systems.

Green’s functions provide a powerful tool for solving problems such as the Helmholtz equation

∇
2
ψ(x)+ k2

ψ(x) =−4πρ(x). (B.1)

The corresponding Green’s function G(x,x′) satisfies the homogenous point source equation

∇
2G(x,x′)+ k2G(x,x′) =−4πδ (x−x′), (B.2)

while being subject to the same boundary conditions imposed on ψ(x) [14]. These formulas and

their solutions simplify considerably when considering only electrostatic phenomena (k = 0). The

equations to be solved are, thus, Poisson’s equation and the corresponding point source equation
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for the Green’s function
∇2ψ(x) =−4πρ(x)

∇2G(x,x′) =−4πδ (x−x′).
(B.3)

Because G satisfies a point source equation, physically G is proportional to the potential of a point

charge. Therefore, with reference to Coulombs law, we can write down a general form for G as

G(x,x′) =
1

|x−x′|
+F(x,x′), (B.4)

where the first term on the right hand side is the contribution of the point charge and F is some

function that arises due to having boundaries in the system. An important result of manually

factoring out the point charge contribution is that F must satisfy the Laplace equation inside the

volume:

∇
2F(x,x′) = 0. (B.5)

Physically, F is proportional to the potential produced by the induced charge residing on the

boundary surfaces, a fact that is confirmed anytime the potential is obtained using the Method

of Images [15]. We can then infer that F must also be negative since the induced image charge

always carries a charge opposite to that of the volume charge. Now G will not always separate

into two components like this; however, when it does, F can be used to calculate the image charge

force on the volume charge.

To illustrate the usefulness of this method, consider a single point charge within a closed

grounded surface. In this case, the only force acting on the charge is the image charge force. Unfor-

tunately, if the full Green’s function were used to calculate this force, G would need to be evaluated

at x′ = x — a guaranteed pole! Of course the pole comes from expanding about 1/|x−x′|, but this

is the charge’s own self-field and cannot contribute to the force anyway. Eliminating the self-field

automatically eliminates the pole and allows the force to be calculated without problem [15, 16].

One important application of this method (which is particularly apropos to this paper) may be when
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testing a three dimensional PIC code for unphysical self-forces by loading only a single particle

and comparing the simulation’s calculated force with that of the image charge force.

B.1 Expansion of Green functions

The Green’s function is often obtained by expanding portions of both G(x,x′) and δ (x,x′)

using completeness relations of orthogonal functions. Herein lies a major difference between

Green’s functions; the Green’s function inherits different properties depending on which functions

are used and which dimensions are expanded. These differences can be beneficial especially when

a particular Green’s function leads to a solution that is unstable in one of its coordinates while

another Green’s function may lead to a solution that is stable [17].

The three dimensional delta function written in terms of its components becomes

δ (x−x′) = δ (ρ−ρ
′)

δ (φ −φ ′)

ρ
δ (z− z′), (B.6)

and the individual one dimensional delta functions can be expanded as follows [18]

δ (ρ−ρ ′)

ρ
=

∞

∑
n=1

2
a2J2

m+1(xmn)
Jm

(xmn

a
ρ

)
Jm

(xmn

a
ρ
′
)

(B.7a)

δ (φ −φ
′) =

1
2π

∞

∑
m=−∞

eim(φ−φ ′) (B.7b)

δ (z− z′) =
2
L

∞

∑
k=1

sin
(

kπ

L
z
)

sin
(

kπ

L
z′
)

(B.7c)

=
1

2π

∫
∞

−∞

dk eik(z−z′) =
1
π

∫
∞

0

dk cos[k(z− z′)]. (B.7d)

Likewise we can expand the Green’s function using the same functions. However, the expansion

of the left and right hand sides are only performed in two of the three dimensions, the advantage

being that the resulting cancelation leaves us with an ordinary differential equation in the third

dimension (as opposed to the original partial differential equation) that determines the ultimate
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form of the Green’s function. Finally, the appropriate boundary conditions are applied to determine

the remaining constants.

Another popular technique for obtaining Green functions is by using an eigenfunction expan-

sion. In this case, the Green’s function is expanded in a series of normalized real orthogonal

eigenfunctions that satisfy the homogeneous Helmholtz equation [14]. Thus, if ϕn is such an

eigenfunction then it must satisfy

∇
2
ϕn(x)+ k2

nϕn(x) = 0, (B.8)

and the Green’s function can be written as

G(x,x′) =
∞

∑
n=0

an(x′)ϕn(x). (B.9)

Upon substituting this into equation (B.2) and by expanding the delta function in its own eigenfunc-

tion expansion similar to what we did above, we can exploit the orthogonality of the eigenfunctions

to solve for an:

an(x′) =
ϕn(x)

k2
n− k2 . (B.10)

Substitution of this back into equation (B.9) we obtain the Green’s function eigenfunction expan-

sion

G(x,x′) =
∞

∑
n=0

ϕn(x)ϕn(x′)
k2

n− k2 . (B.11)

Note that, just as before, if the calculation is electrostatic then k can be set to zero.

While these are not the only methods for obtaining Green’s functions, they probably have the

most consistent derivation despite being long. Hence, due to the similarity between derivations, the

details of obtaining each Green’s function have been left out and only the final results are stated. Of

course other methods of derivation exist and usually prove to be much shorter, but only by taking

advantage of obscure relations (as done by Barlow [16]) or by exploiting symmetries as with image

charge problems.



B.2 Infinite-Length Green functions 59

B.2 Infinite-Length Green functions

Using the completeness relations (B.7a) and (B.7b) to do the expansion of the left and right

hand sides of (B.3), the final form of the Green’s function becomes

G(x,x′) =
2
a

∞

∑
m=−∞

∞

∑
n=1

Jm
(xmn

a ρ
)

Jm
(xmn

a ρ ′
)

xmnJ2
m+1(xmn)

eim(φ−φ ′)e−
xmn

a |z−z′|, (B.12)

whereas using the relations (B.7b) and (B.7d) instead yield the form

G(x,x′) =
2
π

∫
∞

0

dk cos[k(z− z′)]
∞

∑
m=0

(2−δ0,m)cos[m(φ −φ
′)]

× Im(kρ<)

[
Km(kρ>)−

Km(ka)
Im(ka)

Im(kρ>)

]
. (B.13)

Notice in this second form how the Green’s function has been split into two pieces; one term is

positive (volume charge contribution) and the other negative (image charge contribution).

B.3 Finite-Length Green functions

The derivation for the finite-length cases are very similar to the infinite-length cases and, there-

fore, the final forms of the equations look very similar. The trick is now to satisfy the boundary

conditions of the end caps. Now if we use the radial and azimuthal expansions (B.7a) and (B.7b)

the final form of G becomes

G(x,x′) =
4
a

∞

∑
m=−∞

∞

∑
n=1

Jm

(xmn

a
ρ

)
Jm

(xmn

a
ρ
′
) sinh

(xmn
a z<

)
sinh

[xmn
a (L− z>)

]
xmnJ2

m+1(xmn)sinh
(xmnL

a

) eim(φ−φ ′). (B.14)

If expanding in the azimuthal and axial coordinates, we now opt in favor of using equation (B.7c)

over (B.7d) because it lends itself better to the boundary conditions. The resultant Green’s function
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is now

G(x,x′) =
4
L

∞

∑
m=−∞

∞

∑
n=1

sin
(nπ

L
z
)

sin
(nπ

L
z′
)

× Im

(nπ

L
ρ<

)[
Km

(nπ

L
ρ>

)
−

Km
(nπa

L

)
Im
(nπa

L

) Im

(nπ

L
ρ>

)]
eim(φ−φ ′). (B.15)

We can generate a third Green’s function by using an eigenfunction expansion. A suitable

combination of eigenfunctions in cylindrical coordinates would be

ϕnml(x) =
√

2
aJm+1(xmn)

Jm

(xmnρ

a

) 1
2π

eimφ

√
2
L

sin
(

lπz
L

)
. (B.16)

Plugging this into equation (B.11) with k = 0 gives the following Green’s function

G(x,x′)=
8

La2

∞

∑
m=−∞

∞

∑
n=1

∞

∑
l=1

sin
(

lπ
L

z
)

sin
(

lπ
L

z′
)

Jm
(xmn

a ρ
)

Jm
(xmn

a ρ ′
)[(xmn

a

)2
+
( lπ

L

)2
]

J2
m+1(xmn)

eim(φ−φ ′). (B.17)

An important thing to note here is that the eigenfunction expansions always carry an extra sum

compared to the previous method and, therefore, could possibly result in longer calculation times

when employing them in a problem.

B.4 Helmholtz Green functions

There may be circumstances when it is inappropriate to assume k = 0 and the full Helmholtz

equation is needed. Although there is no direct application to the subject matter in this thesis, for

completeness we simply reproduce the results of E. G. Williams [19] without motivation and refer

the interested reader to his 1997 paper.



B.4 Helmholtz Green functions 61

B.4.1 Dirichlet

G(x,x′) =
2π

L

∞

∑
m=−∞

∞

∑
n=1

sin
(nπ

L
z
)

sin
(nπ

L
z′
)

× Jm(knρ<)

[
Ym(kna)
Jm(kna)

Jm(knρ>)−Ym(knρ>)

]
eim(φ−φ ′), (B.18)

where

kn =

√
k2−

(nπ

L

)2
. (B.19)

G(x,x′) =
4
a2

∞

∑
m=−∞

∞

∑
n=1

Jm

(xmn

a
ρ

)
Jm

(xmn

a
ρ
′
) sin(kmnz<)sin[kmn(L− z>)]

kmnJ2
m+1(xmn)sin(kmnL)

eim(φ−φ ′), (B.20)

where

kmn =

√
k2−

(xmn

a

)2
. (B.21)

B.4.2 Neumann

G(x,x′) =
π

L

∞

∑
m=−∞

∞

∑
n=1

(2−δ0,n)cos
(nπ

L
z
)

cos
(nπ

L
z′
)

× Jm(knρ<)

[
Y
′
m(kna)

J′m(kna)
Jm(knρ>)−Ym(knρ>)

]
eim(φ−φ ′), (B.22)

where

kn =

√
k2−

(nπ

L

)2
. (B.23)

G(x,x′) =− 4
a2

∞

∑
m=−∞

∞

∑
n=1

xmn
2Jm
(xmn

a ρ
)

Jm
(xmn

a ρ ′
)

(xmn
2−m2)J2

m(xmn)

cos(kmnz<)cos[kmn(L− z>)]
kmn sin(kmnL)

eim(φ−φ ′), (B.24)

where

kmn =

√
k2−

(
xmn

a

)2

. (B.25)



Appendix C

Potential/Field Calculation of a Uniformly

Charged Ring

The potential for a uniformly charged ring is probably most easily obtained by direct integra-

tion,

Φ(x) =
1

4πε0

∫
dq
|x−x′|

, (C.1)

where x is the vector from the origin to the field point and x′ is the vector from the origin to the

source point. If we assume cylindrical coordinates centered somewhere along the axis of the ring,

we can arbitrarily orient our axes such that the source point lies in the x–z plane. Then we can

rewrite the denominator in the integral above using the Law of Cosines as

|x−x′|2 = (ρ2 + z2)+(R2 +Z2)−2
√

(R2 +Z2)(ρ2 + z2)cos(ξ ), (C.2)

where x = ρ cos(φ) x̂+ρ sin(φ) ŷ+ z ẑ, x′ = Rx̂+Z ẑ, and ξ is the angle between them. The last

term on the right hand side can be recognized, using the definiting of the dot product, as 2x ·x′ =

2(ρRcos(φ)+ zZ). Combining this with the fact that dq for a ring in cylindrical coordinates is
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λRdφ , equation (C.1) can be written like

Φ(ρ,z) =
λ

4πε0

∫
Rdφ√

ρ2 +R2−2ρRcos(φ)+(Z− z)2
. (C.3)

This integral cannot be carried out in terms of elementary functions, but the integral can be

written in terms of the complete elliptic integral of the first kind [14]:

K(m) =

∫
π/2

0

dθ√
1−msin(θ)

. (C.4)

This can be done using the substitution φ = π+2θ [20]. Noting that cos(π+2θ) =−1+2sin2(θ)

the factor inside the square root in equation (C.3) becomes

(R+ρ)2 +(Z− z)2−4ρRsin2(θ), (C.5)

whereupon factoring out (R+ρ)2 +(Z− z)2 from inside the square root yields the desired form

with m = 4ρR/[(R+ ρ)2 +(Z− z)2]. The final result for the potential in terms of the complete

elliptic integral of the first kind is

Φ(ρ,z) =
λR

πε0
√

(R+ρ)2 +(Z− z)2
K
[

4ρR
(R+ρ)2 +(Z− z)2

]
. (C.6)

The electric field can now be obtained by taking the negative gradient of the potential, which yields

Er(ρ,z) =
λR

2πε0ρ
√

(R+ρ)2 +(Z− z)2

{
K
[

4ρR
(R+ρ)2 +(Z− z)2

]
− R2−ρ2 +(Z− z)2

(R−ρ)2 +(Z− z)2 E
[

4ρR
(R+ρ)2 +(Z− z)2

]}
, (C.7)

and

Ez(ρ,z) =−
λR(Z− z) E

[
4ρR

(R+ρ)2+(Z−z)2

]
πε0 ((Z− z)2 +(R−ρ)2)

√
(R+ρ)2 +(Z− z)2

. (C.8)
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