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Figure 2.1 The electric field of a single-mode coherent state, including quantum uncer-
tainty og. The dotted line depicts the expectation value of the electric field operator.

where
- . 2wk
EF)(x) = lz TR
k (2.15)

Using (2.4) and its adjoint equation, we see that
(E@) = {og}| E) [{og})
* Ak ik-x]

2k ;
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J

(2.16)

This demonstrates that coherent states of light produce an electric field that, on average, resembles
a free classical field. The {O‘%} are Fourier coefficients that determine the structure of <E (x)>

The coherent-state uncertainty of the electric field is equal to the uncertainty of the vacuum

This can be shown by using the commutator of Ei(ﬂ (x) and E](.f) (x), which is

2k
e e 2.17)
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We find the expectation value of E2(x) in a coherent state to be
<g~ §> _ <E<—> EO) L EC) EW LB O L E®) .g(+)>
= (EO).EC) 4 O EW 4 BO W) 4 E G L Y 27k
- — Y (2.18)
k
- - 2rk
(E)-(E)+L
k
where we have made use of the commutator (2.17) and generalizations of
(ala’ala) = a*a = (a]a’|a) (ot|a|ar) (2.19)
We see that the variance of E in a coherent state is
R - " 2wk
2
of = (E-E)—(E)-(E)=Y =" 2.2
E < Z % (2-20)
k
which precisely matches that of the vacuum state. The single-mode uncertainty (ie, the square root
of the summand) constitutes the “quantum flesh on the classical bones” [26]. Fig. 2.1 illustrates
this for a single mode. For large oscillation amplitudes, this quantum flesh becomes negligible, as
the correspondence principle would require.

The coherence eigenvalue oz, is physically significant in that its magnitude squared determines

the expected number of photons in its respective mode. This can be seen via
2
(np) = ({og} | alay [{og}) = o0, = | o | 2.21)

The phases of {0} determine the relative phases of modes in the Fourier expansion (2.16).
We conclude with a remark that classical charge currents generate coherent states of light. This

can be shown by solving for the time-evolution operator generated by the interaction Hamiltonian
V(1) = / Br(R1)- A% 1) (2.22)

where J is an exogenous classical current density. This proof is outlined in [26,27].
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Figure 2.2 Depiction of k-space regions for the incident pulse (V) ) and photon detector

2.2 Counting Scattered Photons

The matrix elements of the QED scattering operator describe transition probabilities. In and of
themselves, these probabilities do not predict how many photons will be detected after the interac-
tion is over. To compute that quantity, we must introduce a weighted sum of probabilities.

We begin by identifying two regions of k-space that are of interest, depicted schematically in
Fig. 2.2. We define the region V_to contain photon momentum vectors comprising the incident
light field, which propagates only along the Z-direction. We define the region V7, to contain photon
momentum vectors that may be intercepted by a detector aligned off-axis (blind to the incident
light). The latter region need not be limited to a single ray emanating from the origin, as real
photon detectors may subtend a non-vanishing solid angle. The regions Vj_ and V7, should not be
confused with the (position-space) quantization volume V.

Without loss of generality, we suppress spin and polarization indices. In calculating the amount

of detected radiation, we are interested in the object
(N, ) = (WOl L abag [y () (2.23)
Vi

This quantity represents the expected number of photons scattered into the region V;,. The use of



2.2 Counting Scattered Photons 19

QED scattering theory will require the eventual limit that  — oo.
We write (2.23) in terms of traditional scattering amplitudes. In the space of states that includes

a single electron and an arbitrary number of photons, we can resolve the identity as follows:

L=Z P T )t
p

=) |7)(7e Z <|0z~2{”kz}><0z~;{nkz}| +) z”;{nkz}> @”;{nkz}( (2.24)
p/

{n kz '

p»)

[
k// k/l/

i{’//}///;{nkz}> <7€‘//,7€‘///;{nkz}‘ +)

where {n_} represents a configuration of photons in modes k, € V;_, and it is understood that
(K K", ) ¢ Vi.. This mixture of notations for modes in and out of V;_ will prove useful in
the scattering analysis, as it explicitly distinguishes newly-scattered photons from those that were
already present in the incident pulse [28]. If we insert this identity between the creation and

annihilation operators az and ay,, we find that

k/’

s i} (R ()| (2.25)

ag, ‘ﬁ/;ozu; {nkz}> <ﬁ/;07€'//; {nkz} ‘ ajc'/ =|p
and

@l [ ) ) (B3R5 oY e = [B5RR { } ) (B5RR o )| (2.26)

for kK’ # K, and

af [PR () (PR | = V2P 2 ) (P2 () V2 @20)

for K/ =K. (The pattern for higher-order terms should be clear.) The detected photon number may
therefore be written as

() =LY X |77 i)

7V {nkz k//7é ¥

<ﬁ/;7€’,%”; {nkz}|‘/’(t)> ‘2

(2.28)

L2320 im v () +..
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Figure 2.3 Depiction of the initial condition of a unidirectional pulse and an electron
wave packet. The straight lines represent (infinite) planar wavefronts.

We see explicitly that the state |y/(z)) is projected onto a single basis vector before squaring and
summing over the states of that basis. This is in agreement with the probability interpretation of
quantum mechanics [29], where (2.28) is a weighted sum of the probabilities of scattering photons

into the k-space region V7.

2.3 Scattering of Coherent Light States

We are now prepared to compute the average number of photons scattered to a detector that is
aligned off-axis to the incident photon beam. Let the initial state of the system (before interaction)

be represented by the disentangled state

i) = <Z‘,ﬁﬁ\ﬁ>) @ [{a}) = LB;

where {0y _} are chosen to represent a unidirectional light pulse. Note that only modes k, € V_are

pi{ow}) (2.29)

initially occupied in the light field. The coefficients {5} can be chosen to construct an arbitrary
(potentially large) free electron wave packet. Fig. 2.3 depicts this initial condition.
We time-evolve this state in the interaction picture [23] using the scattering operator S. This

operator is the interaction-picture version of U (eo, —0), the time-evolution operator (1.25). The
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Dyson expansion for S is

S= i (—z')" /d4x1 o g T [ g (1) oo Hoe ()] (2.30)
n=0
where
K (x) = e P (x) Y P (x)AH (x) : (2.31)

is the normally-ordered QED interaction Hamiltonian density, 7 is the time-ordering operator, and
AH(x) and W(x) are the standard free-field operators for photons and Dirac electrons/positrons,
respectively [12]. We include expressions for these operators in Appendix B.

As shown in equation (2.28), we must compute and then square amplitudes of the form

(B K S W) (2.32)

where primed wave vectors represent photons scattered outside of Vi . We emphasize that the
parameters defining the bra vector are fixed before squaring. To properly characterize the Feynman
diagrams that contribute to these amplitudes, we must examine the general framework (not the
fine details) of the relevant Wick expansion of (2.30). Wick’s Theorem rewrites the time-ordered
operator products in (2.30) as sums of normally-ordered operator products [21]. We find (after

some algebra) that

xl...d4xn><

GRS v = Y Y By

n=2 p

Y CeSr(xg, xg,) Sk (xg,_,xg,) %
z

Z ZD(XCI’XCZ)"'D(xglfl’xgl)x
<n-2 ¢

0<l

(PR {m HP ) (xg) 1A, ) A,) 20 (g I {0 )
(2.33)

where & represents a particular set of n — 1 contractions of fermion operators, { represents a set of

contractions of an even number / of photon operators, and C¢ contains all gamma matrices and any
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constants that arise from fermion contraction &. All polarization, spin, and spinor/gamma matrix
indices have been suppressed. The functions Sg(x,x") and D(x,x’) represent fermion and photon
propagators, respectively. The photon propagators introduce radiative corrections, which, among
other terms, require renormalization for explicit calculation. This does not affect our analysis. We
note that (2.33) is valid only as an asymptotic series in n [30,31].

We will not compute any terms of (2.33) explicitly, although a few comments are in order. Since
¥ , i , etc do not belong to Vy_, there must be a creation operator A) (x;) (defined consistently with
(2.15)) for every primed photon to ‘create’ that state from the initial one (or else the amplitude
would vanish from orthogonality between the bra and the ket). A similar argument can show that
all matter operators ¥ and ¥ must be contracted except for the two that annihilate and create
the incoming and outgoing electron states; hence, there are n — 1 fermion contractions. It can be
shown kinematically that {k',k",...} ¢ Vi, implies that j’ # p in non-vanishing diagrams. These
arguments indicate that certain types of intuitively-plausible Feynman diagrams vanish trivially.
Fig. 2.4 shows a generic non-vanishing Feynman diagram. The external lines referring to primed
quantities are fixed before squaring, as demonstrated by (2.28).

For every field operator that is not contracted, there is an external particle line [23]. All AR (x)
operators appear to the right, owing to normal-ordering. Acting on the coherent state, they repeat-

edly pull out the (c-number) eigenvalue

+) (1 — 2 ik
Ay = X\ oy e (2.34)

{o
: kZE sz

without changing the state. We note that each operator A()(x;) produces a different sum A~({;2 }(x,-)
with its own summation index kgi). This feature will be important to our analysis. All A(~) opera-
tors appear on the left. Some of them produce the scattered photons K, K", etc, while the remainder

produce photons that are forward-scattered into Vy_. In the usual manner, they contribute complex
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Figure 2.4 Generic Feynman diagram showing possible external lines. Time is assumed
to run upward.

exponentials of the form

eKx gk (2.35)

for photons scattered outside of Vj_, and

Z g ({nkz}) z—e,fzeikz'x (2.36)
k:EVy, z

for photons forward-scattered into V;_. The items (2.34), (2.35), and (2.36) designate the external
photon lines of Feynman diagrams. In typical low-order calculations, the external lines are deter-
mined uniquely by the initial state (ket) and the projection (bra). That is clearly not the case when
considering coherent states, especially for high-order terms in the expansion. The electron may
in principle absorb an arbitrary number of photons from V_ (dictated by the number of A(+)(x)
operators in the product) or forward-scatter as many photons as are allowed by the final projection
onto ({n } | This feature, along with the true arbitrariness of our momentum distributions, causes
the present scenario to deviate from previous packet-packet calculations [18, 32]. Our approach

does, however, rely on similar kinematic principles.
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The integrations over d*x;...d*x, produce delta functions that enforce energy-momentum con-
servation at every vertex. These delta functions allow for the evaluation of many of the momentum-
space integrals that compose the electron and photon propagators in (2.33). When the smoke clears,
there remains (for each summed term of (2.33)) a single four-dimensional delta function that en-
forces energy-momentum conservation of the external lines. (Three of the delta functions are of
the Kronecker variety if we quantize in volume V, although this does not change the arguments
that follow.) These kinematic constraints are well known and constitute one of the Feynman rules
for evaluation of transition amplitudes [12, 18, 33]. Ignoring numerical factors, the complex expo-

nentials in the previous paragraph indicate that (2.33) must include delta functions of the form
&“(ﬂ+kw4ﬂ+”.+é”+é”+.”—é”—k?ﬁa”—p>, (2.37)

where, as in Fig. 2.4, numerical superscripts indicate forward-emitted photons and letter super-
scripts indicate photons absorbed from the incident light. It appears, at first glance, that the square
of the amplitude (2.33) might include cross terms between different electron momenta as well as
different photon momenta, as a single four-delta cannot collapse the many sums in (2.33).

A careful examination of the kinematic constraints enforced by (2.37) demonstrates that the
scattering does not depend on the relative phases of the momenta that compose the initial electron
wave packet. We remind the reader that, in the amplitude (2.33), the momenta of all primed
external lines (belonging to the bra) are fixed before the amplitude is squared. If the incident light
pulse is unidirectional, then the kinematic constraints make the scattering amplitude (2.33) zero

except when

/ / "

Ptk thiy T =P

/ 1

!/ .

Py k) Tyt =rp) .
(1), L) _ @ ) '

Ploy Tk Thly Ttk kT =k kA g
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The x and y constraints collapse two dimensions out of the sum over p. Since the incident pulse is
unidirectional, we have k, = |k.| for all k; € V)_. Then both of the bottom two constraints contain
the identical quantity k§“) + kgb) +...— kgl) — k§2) — ..., which can be substituted between them.
This results in

/

Plo ki K+ =Ey + K K+ —E5+p (2.39)

This constraint must be the same for every nonzero contribution to (2.33) (to all orders of pertur-
bation theory), as the substitution of momenta from V)_ can always be made for a unidirectional
pulse. This final constraint, along with the simpler ones in the x and y directions, entirely deter-
mines the value of j = p for which the amplitude (2.33) is nonzero. Thus, kinematic constraints

collapse the sum over p, and the amplitude-squared of (2.33) depends on f3; only via

=, - 2 2
(PR STy )| |B; (2:40)

That is, the relative phases of {8;} have no influence on the scattered radiation.
The relative phases of {f8;} play a key role in determining the spatial size of an electron wave

packet. A simple change of these phases such as
B — Bye 7T (2.41)

accounts for the natural quantum spreading that characterizes free-particle dynamics. This spread-
ing can drastically change the spatial scale of a wave packet from being almost point-like (relative
to the wavelength of the stimulating field) to spanning many wavelengths. We have shown that
such transformations have no effect on the scattered radiation; that is, size doesn’t matter.

Once the sum over p is collapsed, there remains only a single delta function. This delta function

determines the precise value that k§“> + kgb) +...— kgl) — kgz)

— ... must take for the amplitude
to be nonzero. This suggests that absorption and re-emission of multiple photons into Vj_ can

effectively be treated kinematically as the absorption/emission of an single unidirectional photon
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of momentum

Ne, = k9 410 kD D (2.42)

The final delta function does not collapse all of the remaining sums over V;_. This indicates that
the relative phases of {0y } do matter. This result is unsurprising, however. The relative phases
of {0y } can determine the incident light’s state of chirp, for example. Rearrangement of those
phases can change the temporal profile of the pulse from short to long without changing the spectral
content. This can drastically affect the instantaneous intensity observed by the electron, thereby

altering nonlinear radiative transitions.

2.4 Adapting First-Quantized Amplitudes

In Chapter 1, we showed that first-quantized quantum mechanics does not dictate the form of the
classical scattered field AY, except possibly by the gauge coupling discussed in Sec. 1.3. We
now show how to intelligently choose A} in order to match the first-order amplitude (1.13) with
the corresponding result from quantum electrodynamics. For the sake of comparison with the
semiclassical result, this section is written in Gaussian units and includes the polarization index A.

The lowest-order term of (2.28) that contributes to <sz,> is

(B {350 i) [ (2.43)

Since we are now working with a spinless (scalar) electron, the interaction Hamiltonian density
changes to accommodate scalar fields. This interaction, derived from the gauge-coupled La-
grangian density (1.22), is effectively

lec

Ao = = [gb* (9u9) — (am*) ﬂ AR ;—zAuAﬂwqb : (2.44)

where ¢ is the scalar field operator

hz
00 =LA\ 55y
7 P

(bpe -+ dfer) (2.45)

3
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and A* is the photon field operator

27he ,ll —ik-x ,U* ik-x
Z ( ap el e 1 al elve ) (2.46)

expressed in Gaussian units. As all particles here are bosons, the a, b, and d operators satisfy
usual bosonic commutation relations with their adjoints (see (B.4)). In a technical sense, (2.44)
should include several non-covariant terms, but it can be shown that those terms do not contribute
to scattering amplitudes [32]. Note the normal-ordering of (2.44).

The scattering operator becomes
s = —i/a’4x<%’{nt(x)
2
= [t { [HCTOR ((M*) 0|t - ;AMA“M} e
/a’4 {leczAu(pT (90) — h_AHA“‘P (l)}

where we’ve exploited the hermiticity of id,, and the fact that the operator d,A* effectively van-

ishes when A* is quantized in the Lorenz gauge. The matrix element

(F5FA s i Y5V i ) = ZB (B e YISO o)) (2.48)

is now straightforward to compute. We find

h? 1 - 1 ,
ipx —ip-X
(Pl:070:|p) = <—Ep/ve )( E,,ve )
(2.49)

2
(P': 9" (9u9) : 1P) = s e Iy L_irx
2 \VE,V E,V

for the electronic portions and

WA {m ) A% e ) = (e e ) (x/zﬁff e e )

KA i Y AA | {ow}) =2 {m o ) (\/%Sgll/eik,~x> .AEZZZ}(X)

(2.50)
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for the photonic portions, where Ag;]zn}(x) is the eigenvalue (2.34) of the photon annihilation op-

erator A(H)(x) corresponding to the coherent state |{a.}). Combining terms and rearranging

constants, we find that

o, _ 5O
(PN 1S i) = 52— (O} ) Zp; { /dx VW (251)

where we define
_ 2ie( [2mhc , . 2¢* (1) 27he .
Vint = _T ( Vk/ k//'L/el x) . a + C_ZA{akz}(x) . Wgﬁ’l’el * (252)

>
Wy = %e*lw (2.53)
p

and

Note that (2.51) and (2.52) have been written in suggestive notation, reminiscent of the first-
quantized expressions (1.13) and (1.11), respectively.

It is interesting to note that, in spite of their resemblance, (2.51) and (1.13) are fundamentally
different quantities. The semiclassical amplitude, when squared, represents a probability for a
single electron, whereas the square of the QED amplitude represents a combined electron-photon
probability. The remarkable feature here is that an ad hoc prescription for the classical field A}
can make these amplitudes match. In this way, the semiclassical amplitude is interpreted as a
multi-particle quantity [15].

By comparing the scalar QED amplitude with the semiclassical amplitude, it becomes clear

that we can appropriately choose the scattered field A (x) to be the negative-frequency component

2whe g« .
A (x) =/ o el e (2.54)

Likewise, it is also appropriate to choose only the positive-frequency component of the classical

of a plane wave with energy Aick’:
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incident field

Al (x) = A7) ()

2 the ' (2.55)
=Y oy | g e
y Vk, k*

As a practical matter, either of these fields may be taken to be real valued, but not both.
If both of these fields are taken to be real, then the integration of complex exponentials in (2.51)
produces four sets of delta functions, only one of which enforces energy-momentum conservation.

Two of the extraneous sets of delta functions

§*(p'+K +k,—p) and &*(p'—K —k.—p) (2.56)

vanish because their regions of support are disjoint. The last set of extraneous delta functions

switches the incident and scattered photons:
§*(p +k,—p—K) (2.57)

This term does not necessarily vanish and, hence, yields errors that cause the semiclassical ampli-
tude to deviate from the QED amplitude. If the scattered field is given precisely by (2.54), then this
non-vanishing extraneous term does not appear. The bizarre conclusion reached by this analysis is
that this first-quantized radiation theory (for a single-electron source) is manifestly incorrect if the
“scattered” field is considered to be real valued. This is merely one indication that it is conceptually
advantageous to adopt the language and perspective of quantum electrodynamics.

One small difference between (2.51) and (1.13) is that the semiclassical result treats the incident
field non-perturbatively via Volkov functions. Our QED result treats the incident field perturba-
tively and, thus, uses plane waves. This discrepancy could be remedied by quantizing in the Furry
picture of QED, which expands the field operator ¢ (x) using Volkov functions as a basis. We do
this for Dirac particles in Chapter 3.

Another difference between the semiclassical and QED amplitudes is that (2.51) is proportional

to the factor ({m.}|{ax.}). When computing probabilities in the state space {5',k'A’}, we should
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sum over the unobserved, forward-scattered photons. If this is done, the factor disappears because

{Z} [ )] =1 (2.58)

owing to completeness. Therefore, we can ignore this factor under the assumption that the sum
over forward-scattered photons has already been done.

If we take this semiclassical picture seriously, it seems that our choice for AY suggests the
repugnant notion that the scattered field is plane wave in nature. This rightly seems at odds with
the fact that the outgoing photon is undoubtedly some kind of packet. If the stimulating light has
compact temporal support, then depending on distances involved, one would expect a photodetec-
tor monitoring scattered photons to click within a certain time interval (in the event that there is a
click). On the other hand, a single-mode plane wave is unable to specify a time window.

The QED picture indicates that the outgoing photon is indeed a packet. When calculating
probabilities for observable measurements, one must project the normalized state onto the eigen-
basis of the measurement. These projection amplitudes are first squared and then summed over
a subset of the basis eigenvalues [29]. The final state of the photon-electron system (a packet) is
given by S|yi,), which we project onto a plane-wave basis before squaring. (One might project
this state onto any other observable basis, but momentum eigenvectors make the kinematics of the
interaction transparent.)

Introducing the single-mode potential (2.54) as a perturbation in a semiclassical picture is typ-
ical [12, 15], and it produces the effect of the projection described above. In the literature, it is
common to refer to (2.54) as the “emitted photon,” but this is somewhat of a misnomer. Prior to the
measurement, many momenta may be present in the scattered field. Projecting onto a plane-wave

basis, however, allows one to connect momentum measurements with calculable probabilities.



Chapter 3

Furry Picture

3.1 Quantization

The preceding analysis via QED perturbation theory is valid for a broad range of incident intensi-
ties, but it breaks down for ultra-intense beams [14]. To characterize the emission of radiation in
this regime, we must treat the incident field non-perturbatively.

We begin at the launchpad of second quantization, the Lagrangian density (1.21). We separate

the interaction Lagrangian density as follows:
Lini(x) = —e P () P (x) [A* (x) + Ay (x)] (3.1)

where AL, (x) represents the classical external potential (a c-number function) and A* (x) is the free
photon field operator [34]. In the Furry picture [35], we absorb the interaction with the external

field into the “free” electronic Lagrangian density:
DDirac = ¥ (iy-d—-m¥ — L= ¥ (iy-d—ey-Aey — m) k97 (3.2)
The quantized fields must therefore satisfy

(iy-d —eY Aoy —m) ¥ =0 (3.3)
31
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We use the subscript L to denote operators that are laser-dressed.
We return now to the assumption that the incident light field is unidirectional. If A, (x) is a
function of only N = n-x =t —7i- X, then the Volkov functions {l//;r} [14] are a solution basis for

(3.3). Explicitly, these c-number solutions are

v )= | € _v.ny.  pmipx=i [T S(n")dn’
v (%) ’/V|E,,| {1+2p.ny ny-Aex(n)| upe (3.4)

where
S(n') = ep-Aex(N’) _ Aext(') - Aexe(1') (3.5)
p-n 2p-n
and the uj, are the free-particle Dirac spinors satisfying
(v p—m)uz =0. (3.6)

The index r specifies one of the four spinor solutions of (3.6). Two of these are negative-energy
solutions, such that p® < 0. In Appendix C, we prove that (3.4) is a solution to the Dirac equa-
tion, with the further requirement that the potential satisfy the covariant analog of transversality,

n-Ae¢ = 0. It can be shown [36] that the Volkov functions are orthogonal, such that

[ v @ 3) = 85560 (3.7)

It is tempting to associate the parameter p with particle ‘momentum’, since these functions
become plane waves in the limit A,; — 0. However, this association is only weak, the reason
being that p is not a conserved quantity when A,y; is nonzero [13]. This fact becomes apparent in
scattering calculations. One may describe p as an ‘asymptotic’ momentum in the sense that the
function l//;r(x) asymptotically approaches a plane wave as t — oo if the stimulating field is a
pulse.

We expand the dressed matter field operator in the basis of Volkov functions:

YL (x) = Zbﬁ,wgr(x) (3.8)
pr
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where the {bj,} are operator-valued coefficients. The momentum field conjugate to Wy (x) is

0.% .
7 (x) = 8‘1‘2 ¥y = i) (3.9)

As is customary in canonical quantization, we second-quantize the field by imposing fermionic

anticommutation relations between the field Wy, and its conjugate momentum 7 :
{Wra(@0), mp(¥,0)} = {Wra(@n), W], (1) | = i80p8° (-

{Wra(®,1),¥g(¥,0)} = {ma(® 1), mp(x,1)} =0

where o and 3 denote spinor components in this context. We can solve for by, in (3.8) by exploit-

(3.10)

ing the orthonormality of the Volkov functions. The result is
3
ir= [ @ (9L (3.11)
For the adjoint, we find that
bl — / A ()l (¥) (3.12)
We can calculate the equal-time anticommutation relation for by, and by, from (3.10):
{bpr.bh,} { / APy (x) ¥ (), / P () (x )}
_ / Pyl (x / Y5 () { Wra(0), W5 () )
— / Py (x / PAYY ()80 8 (F—F)

= S Oy

(3.13)

where we have taken advantage of the bilinearity of the anticommutator and the orthonormality of
the Volkov functions. The operators b’ and b respectively create and annihilate particles in Volkov
states. The anticommutation relation (3.13) assures that these particles satisfy the characteristic
antisymmetry of fermions.

Lastly, we interpret the negative-energy states as antiparticles. Separating out the negative-

energy part of (3.8), we have

lPL()C) = Z prll/pr Z prwpr (3.14)
p pr
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Following the convention of [12], we redefine the r = 3,4 objects

o
dﬁl = _b_ﬁ4
di_ =b_.
2 p3
P (3.15)
Vi1 = —U_p4
V2 = U_p3

These (ad hoc) definitions are motivated by the requirement that the Hamiltonian’s eigenvalues
be bounded from below, thus preventing infinite downward transitions. They are reminiscent of
Dirac’s hole theory, in which positrons are the physical manifestations of unoccupied negative-
energy electron states [16]. From this perspective, the annihilation of a negative-energy electron
of momentum — p and spin down appears (via energy, momentum, charge, and spin conservation)
as the creation of a positive-energy positron with momentum +p and spin up. The shuffling of
minus signs is due to a symmetry of charge conjugation. We redefine the fermionic vacuum to be
the absence of b- and d-type particles. The definitions in (3.15) indicate that d and d" satisfy the
same anticommutation relations as b and b" for r = 1, 2.

Re-indexing the second sum of (3.14) via p — —p yields

i)=Y ¥ [bpvs 0+ v (o) (3.16)
pr=12
where we define
Wir(x) =y (x) for r=1,.2 (3.17)

and

V— fr m — ¢ . . N ip'x_ifﬂoosi(n,)dn,
Vs, (x) = \/ VE, {1 2p-ny ny Aexl‘(n):| Vpr€

_ ep-Aex ! eerx ! “Aex !
s ()= p';(m+ z(gp).n (')

(3.18)

We note that (3.18) differs from (3.17) only in the substitutions p* — —pH and up, — v, now

with p® > 0 for all basis functions. Eq. (3.16) is the dressed matter field operator.
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p

Figure 3.1 Basic vertex for Furry-Feynman diagrams.

Since the incident field has been ‘swallowed up’ by the Dirac Lagrangian, it does not appear
in the quantum state of the system [37,38]. Hence, this formulation of QED is approximate in the
sense that it neglects the depletion of photons from the incident field [16]. At high intensities, we
may ignore this small effect. When photon depletion cannot be ignored (ie, at lower intensities),
one may construct Volkov states that non-perturbatively account for photon depletion. The Dirac
equation then includes a quantized photon operator, and the Volkov states must include a ket for
incident-field photons. These states are described in detail in [39]. In what follows, we assume a

high-intensity incident pulse, such that photon depletion can be ignored.

3.2 Lowest-Order Scattering

Scattering calculations in the Furry picture proceed in much the same way as in regular perturbative
QED. This owes itself to the compact structure of the interaction Lagrangian density (3.1). With

the classical external field separated out, the new interaction Lagrangian density is

Lint(x) = =P (x) Y PL(x)A* (x) = — Hne (x) (3.19)
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where A (x) is the usual (free) photon field operator and %, (x) is the interaction Hamiltonian
density.

The fact that there are two matter operators and one photon operator in 7% (x) indicates that
the basic ‘Furry-Feynman’ diagram has two fermion lines and one photon line. Fig. 3.1 shows the
basic vertex, out of which can be constructed the diagrams for any transition. The distinguishing
feature of the Furry picture is that the fermion lines are calculated from dressed operators; hence,
it is customary to depict dressed fermion lines with double lines, or with a zig-zag pattern su-
perimposed. Figures 3.2(a) and 3.2(b) show Furry-Feynman diagrams of laser-dressed processes
recently studied in the literature, respectively electron-electron scattering [14] and trident pair pro-
duction [40].

We are now prepared to compute the photoemission from a laser-dressed electron wave packet.
The initial electron state is given as a superposition of Volkov states. In the context of the Furry
picture, the ket |p) denotes a single particle in the Volkov state parameterized by p, rather than a

free particle state. As in previous chapters, we will suppress spin and polarization indices. Since

(a) Laser-dressed electron-electron scattering (b) Multi-photon trident pair production

Figure 3.2 Furry-Feynman diagrams for laser-dressed processes.
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the incident light is accounted for in the dressing of the Dirac field operator, the initial quantum

state contains no photons:

|Win) = <Z,l3ﬁ|ﬁ>) ®[0g) Z 5103 07) (3.20)
p

To lowest order, we may approximate the scattering operator by the first-order term in the Dyson
expansion:
s = —je / d*x P (x) Y PrL(x)AH (x) : (3.21)
Only a single photon may be emitted at this order of perturbation theory, as there is only a single
creation operator in A (x). Hence, we project the final state S(!)|y;,) onto basis states that contain
only a single photon, as
RN (3.22)
To lowest order, the square of this object equals the probability of measuring the electron and
photon with (asymptotic) momenta p’ and K, respectively. Fig. 3.1 shows the Furry-Feynman
diagram for this transition. We note that all matrix elements of S(!) vanish in regular perturbative
QED because of kinematic constraints. The laser dressing of the Furry picture allows for non-
vanishing matrix elements of S, as the kinematics naturally include the laser photons that are
excluded from the initial and final quantum states. This will become apparent in Sec. 3.3.
We first compute the electronic portion of the inner product (3.22). Inserting the fermionic

operators of (3.21) into the matrix element, we find that

B PP 0) 1) = LY 05 0wy () (510l by |7)
P 2 (3.23)
=0y (D) myy (x)

Likewise, we find from the photon operator that

®|A" (x)]0;) Z et el ({]al0g)
(3.24)
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Inserting these results into (3.22), we find that the matrix element is

V- 27 x il x
CRANIAE zeZBp / A () v <><\/ v > (3.25)

It is interesting to note the resemblance that (3.25) bears to the lowest-order S-Matrix calculation
from a first-quantized theory. In Appendix D, we show that this same amplitude could be computed
from a semiclassical theory under the assumption that the laser-dressed Hamiltonian is perturbed
by a plane-wave vector potential, even though the radiated field must in general be a packet of

some sort. This supports the conclusions derived in Sec. 2.4.

3.3 Calculation of the Dressed Matrix Element

Most calculations assume that A%, (x) is a plane-wave field [13, 14,41,42]. In contrast, we con-
sider a (unidirectional) light pulse with arbitrary spectral content. This feature has the conceptual
advantage of limiting the interaction time so that the particle does not have an infinite time interval
during which it can spread. Hence, the spatial size of the wave packet during the interaction is
well-defined by (3.20). The consideration of arbitrary unidirectional pulses is relatively new in
the literature [43—46], and our approach is unique in that overall energy-momentum conservation
emerges (and generalizes) naturally.

Without loss of generality, we propagate this light in the +z-direction (k; > 0 for all k; € V)

and suppress the sum over polarizations:
Al (x) ZAk &, cos (k.(t —2) + ¢, (3.26)

where elg represents a transverse polarization vector, and A, > 0 (making the phases {¢y_} less
ambiguous). Defining 1 = n-x =t — z, we have the unit propagation vector n = (1,0,0,1).
We need energy-momentum delta functions to make kinematic arguments. To investigate this

structure, we must expand the Volkov functions in (3.25) as a series of complex exponentials.
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Ignoring the constant phase factor produced by the lower limit of integration in (3.4), we find that

the exponent becomes:

1 2
p_' (ep Aext 2!“3;;:(”')) =

n
< Y Awp- 8k/ cos (k;n' + ¢x.)dn'— (3.27)

1
p-n
)

n
Y ArAiE, - & / cos (k;n' 4 ¢ ) cos (k' + ¢kg)d71/>
K

2kz

The primed index k. should not be confused with the scattered photon K. Evaluating these indefi-

nite integrals yields:

2

Ag, . e’ Ak .
— e}, —Fp- &, sin(kn +¢kz)+—2— [2(k.1 + 9,) +sin2(k;n + ¢, )|
p-n A k, 8 k;

_%ZZAMMM%

[sm((k —k’>n+¢kz ) +sin<<1<z+k;>n+¢k2+¢kg>
ke K.k,

k, — K. ko + K.

)

(3.28)

Because 11 = n - x, the middle term
2

€ 2
A 2
4p_n§ e (3.29)

can be absorbed into the p - x term in the exponent of (3.4) to produce g - x, where we define the

dressed momentum 4-vector:
q"' =p¥ + o ZA2 (3.30)

It can be shown that the dressed momentum satisfies

q> = m? (3.31)
where
- 2 e? 2
m=|m +5;Akz (3.32)

is the dressed mass. This is the natural generalization of the case of a single-mode plane wave [13],

where we now sum over k.
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It can be algebraically shown that the integrand of (3.25) is proportional to

* e i(q+k'—q)-x
1 e A7 765 [14 5 pemy Ao () e 05, (M) galm)a(mhean)

(3.33)
where )
. eOCA]G .
g1(m) = exp | —1Y 5 sin(kn + 9
L ko F
[ ¢ BeAL
g2(m) =exp |~} <sin2(k;n + @)
k, z
- . (3.34)
2
. e PAL A& - €
g3(n) =exp lZ Z g 7 sin (( KON + o, — ¢k;)
| A, k) _
- 5 .
e“BALAKE &1 ,
ga(m) = exp |i T sin (ke + K0 + 0+ 0 )
() _ ;k;( 4k, + kL) C /|
and
¥ g 1 1
q=l% P g (3.35)
pn pn pn pn
The g;(n) may be written equivalently as
He_l k < sin(k;n+ ¢, )
He sm2 (ke +x,)
e ﬁAkZ k/Ekz ké , (3.36)
am T[T n (tkno-)
ke Kk,
E ﬁA A /8 /
St I (0
ki 7k
We may expand further using the generating function of Bessel functions [47]
zzsm Z ] lm@ (3_37)

m=—oo
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where the J,,(z) are standard Bessel functions. We find that

[ eoAr \ _;
i =TT | X0 (5% ) e £<km+¢kz>]
Z

ke | ¢
g(n) = Ik—[ _;Jm <e2§2é> eizm(kzn+¢kz)]

T - (3.38)
g(n) = Ik"[k]g< _Zr:], <e2/3 jfk:‘iz) 8k§> eir((kz_kg)nwkz—%)_
e [T (B0 (T )

To more easily distinguish between product expansions, we use a different summation index letter
for each product expansion g;(7n). Technically, there is a different summation index for each
(infinite-sum) factor in a given product expansion, although our notation should be clear. We
remark that Agx,(n), as defined in (3.26), is also a sum of complex exponentials. Hence the entire
integrand, as a function of x, is equivalent to products of sums of complex exponentials. We are
now prepared to compute the integral over d*x in (3.25).
The integrals over x and y are straightforward because the integrand depends on those variables
only through
elld+=a)=, (3.39)

This indicates that (3.25) is proportional to

8 (o + Ky = a)) 8 (dloy + Ky = a01) =8 (Pl Ky = P10)) 8 (plyy +Ky =) 3:40)

since the incident field only dresses the momentum in the direction of its propagation. (Technically,
these delta functions must be of the Kronecker variety, as before, but that does not affect our
conclusions.) These delta functions uniquely determine p,) and p(,) in (3.25) in terms of p’(x),
p/(y), kEx), and kzy)— quantities that are fixed before the square is performed. That is, the sums over

P(x) and p(,) collapse.
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The integrals over z and ¢ in (3.25) require more care, since g;(1n) and A.y(n) also depend
on these variables of integration. At first glance, it might appear that the sum over p,) in (3.25)
will not fully collapse (allowing the radiation to depend on the spatial size of the electron packet).
However, integrating the sums of exponentials in (3.33) and (3.38) produces pairs of delta functions
that are just right to fully collapse the sum over p(;), the reason being that g;(1) and A.x (1)
depend only on z and ¢ via exponentials of 1 =t — z. The important point is that the arguments of
individual delta-function pairs share {k,} dependence that can be substituted between them. When
this is done, one of the delta functions becomes identical for all pairs and can be factored out to
collapse the sum over p,).

To make this explicit, consider a generic exponential term of the integrand. We expand the
products for each g;(1), enumerating k, for g;(n) and g>(7n), and enumerating pairs (k,,k.) for

g3(n) and g4(n). (We enumerate pairs for g3(n)and g4(7n) because they are double products.)

Before integration, the integrand contains terms of the form

ei(q'+K —q)x g —i(likzy+lokp+..)n g —i2(miky +moka+..)n

) (3.41)
% ei(rl(kzl—k;1)+r2(kzz—k;2)+...)nei(s1(kzl+k§1)+s2(kzg+kgz)+...)n
If we define
Ak (g, mirisiy = (Liket +Loko +..) 4+ 2(mukyy +mokp +..) — ri(k;y — k) G2
—ralkp —kp) — ... —s1(ky + kL) —sa(ka+kly) — ...
we find that (3.41) may be written compactly as
i@ +K' =q)-x o —IAK (1, my s (3.43)

When integrated over z and ¢, the resulting delta functions are

o (q/(o) +k/ —4q(0) — Akz{fi,mi,ri,si}> d <ql(z) + kl(z) —4q(z) — Akz{f,‘,mi,ri,si}> (3.44)
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We see in the kinematics that, even to lowest order, this amplitude accounts for arbitrary absorp-
tions and re-emissions of incident-field photons [13]. This is particularly remarkable because the
incident field was not quantized.

As mentioned, we can solve for Ak, . ;. ;) in the argument of one of the delta functions and

substitute that into the other delta function. One of the delta functions becomes

5 (q'(o) — 4y K =k —qq0) + q@) (3.45)

The definition of dressed momentum ¢" in (3.30) indicates that (3.45) is equivalent to

§ (Ep — P+ K Ky~ Est (o)) (3.46)

which is independent of the sums over {¢;,m;,r;,s;}. Thus, P(z) 1s uniquely determined from pa-
rameters that are fixed, and the sum over p in (3.25) is collapsed before squaring. This indicates
that the relative phases of {f;} do not matter, as was found for the lower-intensity case in the
previous chapter. Notice that this delta function enforces a constraint that agrees with the general
result (2.39) obtained in the previous chapter by use of coherent states. We note that the constraint
(3.46) was also derived by alternate means in [43], where the kinematics were less transparent and
harder to generalize.

This exercise also confirms the previous result that the relative phases of momenta in the inci-
dent light, here denoted by {¢_}, do matter, as products of sums of these phases are different for
every term. We argued in Sec. 2.3 that this is expected and does not affect our conclusion that

radiation scattering is independent of the electron wave-packet size.

3.4 Higher Orders of Perturbation Theory

These conclusions generalize to higher orders of perturbation theory in the Furry picture. As

discussed in Sec. 3.2, all Furry-Feynman diagrams can be constructed from the basic vertex shown
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Figure 3.3 Furry-Feynman expansion for higher-order corrections to the photoemission
amplitude.

in Fig. 3.1. The photon field operator is unchanged by the prescriptions of the Furry picture
because only the electronic Lagrangian density was altered by (3.1) and (3.2). Hence, all external

and internal photon lines are calculated in the usual way. The full amplitude
(P'sK'|S]5;07) (3.47)

can be computed from the Furry-Feynman diagrammatic expansion shown in Fig. 3.3. We note
that the higher-order terms of (3.47) introduce only internal particle lines, as the bra and ket have
only 0 and 1 for occupation numbers. This is a beneficial consequence of treating the incident field
non-perturbatively.

The presence of dressed field operators in the interaction Hamiltonian density (3.19) changes
the explicit calculation of internal fermion lines, but not the general structure thereof [34]. The
dressed fermion propagator, a 4 x 4 matrix, is still computed as the time-ordered product of field
operators

St (x,x") = (0| T¥,L(x')¥PL(x)|0) (3.48)

where T is the time-ordering operator and Wy (x) is defined by (3.16). Inserting the expression for
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¥ (x) yields

Stap(x,x) = 0(t —1')(0[¥La (x)¥rp (x')]0) — O(t' = 1)(0[¥ 15 (') WL (x) |0)

T
0t —1) Z;Wp‘/r' ll/;,rﬁ )<O|bﬁ’r’bﬁr|0>

prpr

¥
—9 ¢ —t Zzwp/r/a Wﬁrﬁ ><0‘dﬁ/r’dﬁr’0>

prpr

o1 —1) Z Y W () = 0 1) Y ()W 5 ()
pr

(3.49)

where we have included spinor indices o and f3.

The space-time dependence of (3.49) is thus equal to a sum of products of two Volkov functions
of identical parameters p and r, but different argument x. We showed in Sec. 3.3 that products of
Volkov functions can be expanded as sums of complex exponentials. In this case, the generic

exponential term has the form

e:l:l'q~(X7x/)el'Akz1 n eiAkzzn, (350)

for some suitably-chosen Ak,; and Ak,. When these exponentials are integrated over d*x and
d*x’ in (2.33), kinematic delta functions appear. Hence, energy-momentum is still conserved at
each vertex (where the dressed momentum ¢" represents the electron), the Ak specifying a net
exchange of laser photons at each vertex. The overall energy-momentum conservation for the
entire amplitude must take account of these local net exchanges with a global net exchange of laser
photons. In the end, one may still define a global Ak, that may be substituted away as described in
Sec. 3.3.

The conclusion is that the sum over j in higher-order amplitudes will always collapse to the
same value, dictated by the delta functions (3.40) and (3.46). These same arguments also apply to
amplitudes that reflect multi-photon emission since the external lines from scattered photons enter
the kinematic constraints in the usual way, as shown in (2.38). Ref. [41] computes the amplitude

corresponding to Fig. 3.4, in which two photons are emitted by the laser-dressed electron. In
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Figure 3.4 Furry-Feynman diagram for the emission of two photons.

agreement with our discussion, they find that the kinematic constraints predictably include the
dressed momenta, emitted photons, and a global net exchange of laser photons.
We therefore conclude that, to all orders in a high-intensity picture, the detection of scattered

photons does not depend on the size of the electron wave packet.



Chapter 4

Discussion

4.1 Unidirectionality of the Incident Pulse

In demonstrating that the probability of a scattering event is independent of the phases of {85}, we
used an incident pulse (3.26) traveling strictly in one direction. Since the spatial size of the initial
electron wave packet can be made arbitrarily large by simply adjusting the phases via (2.41), one
concludes that the strength of photon scattering is independent of the electron’s wave-packet size.
If the stimulating light is multidirectional, the scattering of the radiation does depend on the
relative phases of {;}. In this case, the size and shape of the electron wave packet matter. This,
however, is expected and altogether ordinary. It does not negate the aforementioned conclusion.
Multidirectional light exhibits interference, which means that different regions of space can
host dramatically different amounts of fluence. For example, multiple-direction modes can be used
to create a focused laser beam, where a small lateral translation in position can make the difference
between being inside or outside of the beam. The phases of {5} determine not only the initial size
of an electron packet, but also its location, and in particular the amount of overlap with regions

of high fluence. As illustrated in Fig. 4.1(a), the Fourier shift theorem can move the electron

47
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entirely out of the focus via phase adjustments. Alternatively, Fig. 4.1(c) shows that excessive
(free-particle) spreading can decrease the amount of the electron wave packet that experiences the
focused pulse.

It is therefore appropriate that we have addressed the radiation question under a scenario of
unidirectional stimulation. It is the only way to guarantee that the entire electron wave packet

(large or small) experiences the same incident light pulse, as shown in Fig. 4.1(b) and Fig. 4.1(d).

4.2 First-Quantized Matter with Quantized Light

If the incident field is strong, it may seem plausible to second-quantize only the scattered light

field, keeping the electron first quantized. The electron dynamics might, in this case, satisfy the

Figure 4.1 Comparison of momentum phase transformations for a focused light pulse and
a unidirectional light pulse. Figures (a) and (b) illustrate the Fourier shift theorem, and
figures (c) and (d) depict free-particle spreading.
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Dirac equation dressed only by the incident field:

(iy-0 —ey-Aea(n) —m) y(x) =0 (4.1)

The wave function would then be represented as a superposition of Volkov states (3.4) at all times,

via
v = LBy v, () 4.2)

pr

With the electron dynamics determined by (4.2), only the photon state is changed by the interaction.
According to gauge coupling, the interaction Hamiltonian density is given by ej, A#, where j,
is the Dirac probability current. Only the photon ket evolves in this picture, as radiation reaction
has been ignored. That this produces a completely wrong result is evident from comparing its
photoemission probability with that derived in Sec. 3.2. In the present picture, the probability of

emitting a single photon K’ becomes

®@isOl0)|" = \—ie [ dtpem @ @At @) o) 2

. * _ v / 2T ik’ -x
_Z€ZZﬁig9r)/ ﬁ[g(:)/d4xll/ﬁ/r/(x>'}/”ll/ﬁr(.)(f)( We‘g ek )

=) =

propr

2 “4.3)

to lowest order. According to the Furry-picture calculation of Sec. 3.2, the emission probability is

the square of (3.25) summed over outgoing electron states:

: 0 =V v 2 v iK' x
~ieY" B} )/d“xw,;xr/(xmwﬁr(x) (\/Ws,éf et )
pr

These quantities are manifestly unequal, as (4.3) contains an extra sum ) 5,/ ﬁlg)r),* inside of the

2

)}

=

pr

4.4)

square. Thus, neglecting the electronic state as a dynamical variable leads (via standard gauge
coupling) to incorrect emission probabilities.
We now show explicitly that (4.3) incorrectly gives rise to radiative interference, even though

the light field is second-quantized. For simplicity, we consider the case in which detected photons
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are linearly polarized (such that &, = &,). Since the radiated photon is transverse, the lowest-order

scattering amplitude is proportional to
/d4xf()_c’,t) . éz/ei(k’;—fc"-x') 4.5)

where J (¥,1) is the probability current. Suppose that &, and Z are orthogonal and define a plane
wherein J| (¥,1) oscillates. (This is depicted in Fig. 1.1(b), where Z and &, respectively orient
the horizontal and vertical axes.) Suppose also that J (X1) -é;, is approximately an odd function
of z. It then follows, from parity in z, that (4.5) approximately vanishes for photons radiated in

the direction k' = &, x 2. This destructive interference along k’ is a consequence of treating the

k/
probability current as a classical charge current in the interaction Hamiltonian. As we have shown,

this contradicts the QED prediction for single-electron photoemission.

4.3 Summary

We have shown that the spatial size of a laser-driven electron wave packet has no effect on photoe-
mission if the stimulating light is unidirectional. Using coherent states of light and the scattering
theory of quantum electrodynamics, we showed that energy-momentum conservation forbids in-
terference in the scattered light at every order of perturbation theory. A crucial premise of this
analysis is the Born rule that probabilities are computed by projecting the state vector onto a basis
eigenvector, squaring the projection amplitude, and then summing over a set of basis eigenvalues.

Working in the Furry picture of QED, we considered the possibility that interference may arise
in the high-intensity limit. Quantizing the matter field with Volkov functions treats the incident
field non-perturbatively. We found that a similar kinematic structure emerges — forbidding radiative
interference at every order of perturbation theory.

We have also connected to models where the electron remains first-quantized. Importantly, we

found that it is not appropriate to generate the scattered radiation field from the probability current.
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We also showed how to match first-quantized scattering amplitudes to those predicted by lowest-
order QED. This prescription chooses the scattered radiation field to be a single mode of energy
Tick’. One must then reinterpret the transition amplitude to be multi-particle in nature.

Classical electrodynamics dictates that emissions from different regions of a charge current add
coherently. This is clearly not true for probability currents. The subtleties of quantum electrody-

namics require a new intuition.



Appendix A

Klein-Gordon Perturbation Theory

In this appendix, we derive the lowest-order scattering amplitude for a first-quantized Klein-
Gordon particle. For the sake of completeness, we include the possibility that the incident field
contains a zeroth component A?. The virtue of doing this is that it produces a manifestly Lorentz-
invariant scattering amplitude.

We begin by substituting the perturbative expansion (1.12) into the perturbed wave equation
(1.10). As the {A™} are all linearly independent, we may set the coefficient of each A equal to
zero. The coefficient of A? vanishes identically, as it is equivalent to the unperturbed problem. For

the A! term, we find that
0=y { [(l‘ha” ~lar) - mzcz} B ()W + Vi By w,;} (A1)
p
A simple calculation shows that the commutator
[ino" =AY f(0)] = ind* (9°1) (A2)

holds for any differentiable function f(¢). We will use this commutator to move ﬁlgl) (¢) leftwards
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in (A.1). Commuting once yields

0:§{("""9“‘§A5‘> 8% (°8") + B (d — 2an) |y —m2eBY v+ VinBY s

(A.3)
and commuting a second time yields
0= Z{[ in)?8%u 8 (3°9°B{) +ins", (9°By") (ino* —Saf)
+ind* (9°B5") (indu — SA,-u) + By (inot - SA;iﬂ v (A4)

2By 4 VB v}

Canceling terms from the unperturbed problem, we find that
0= Z{ [(in)? (9°0°B;") +2in (208" (ina° - SA?)} vy -+ Vi s} (A.5)

We now multiply on the left by 3" and integrate over d*x. The term with (8080ﬁl§1) ) can be
integrated by parts over dx’. We see that

/dxo (8080ﬁ1§1)> Yy = <80[3z§1)> vy ll/p /dx aoﬁ )ao (Vf ll/~>

=~ [ (o°8") [ (aowg/*) vi vy (')

where the boundary terms vanish if the incident pulse is of finite duration. We find that

. 1 Vi v v Vi 2e vk oV Vi v
0= Z{(zh)z/d4x <8Oﬁl—g )> (Wﬁ’ (901[/13 — l[/ﬁaol//[—)»/ — %A?l[/ﬁ/ Wﬁ) +/d4XWI—;/ thllfl—,‘}
P

(A7)

(A.6)

We can compute the integral over d>x on the left, as it is the orthonormality integral in (1.9). The

result is
0= /dxo <80,31§,1)> (2ihmc) —|—Z:/d4xl//,y,'7k int V5 (A.8)
P

Using the fundamental theorem of calculus and the initial condition that Big,l )( —oo) = 0, we can

solve for the transition amplitude:

i Vk A"
ﬁg})(w) = MZﬁéo)/d4XW5f Vit (A.9)
P



Appendix B

Review of Quantized Field Operators

For the reader’s convenience, we now review the free quantum field operators that arise in QED.
We follow convention by scaling units such that 7 and ¢ vanish from the expressions. Our elec-
tromagnetic units are not rationalized, such that we retain the factors of 47 common to Gaussian
units.

The Dirac field operator may be expanded in free-particle wave functions:
N _ m b —ipx dT ip-x B.1
(x) - _Z EW pritpre + ﬁrvﬁre (B.1)
pr

where uj, and vj, are Dirac spinors. The anticommutators (1.27) and (1.28) can be used to show
that

{b~ bl } - {d~ d’ } = 558,

prs p’r’ DI p’r’ pp' Yrr

{b.byy ) = {b;;r,b;.,r,} = {dg, gy} = {dl})d;} —0

We interpret the b and d operators as annihilators of electrons and positrons, respectively; likewise,

(B.2)

their adjoints create electrons and positrons.
When quantized in the Lorenz gauge, the photon field operator can be expanded in plane waves
as

AR =X gy et el etreits (B.3)



55

The creation/annihilation operators satisfy the following commutation relation:
AL
gl | = =88 B4)

This commutator is physically problematic because it allows for the existence of (unmeasurable)
scalar and longitudinal photon states. Moreover, the scalar photon states have negative norm.
From a calculational standpoint, it is customary to skirt these issues by considering only transverse
photons in the initial and final state of the system [21]. One may alternatively quantize in the
Coulomb gauge, but the expressions for the interaction Hamiltonian and photon propagator become
unwieldy and are not manifestly covariant. It can be shown that both quantization schemes yield
identical results for measurable transition probabilities. Ref. [34] provides an overview of various

treatments of the quantized light field.

T

: i
The creation operators Ay bz,

and d;r may be used to construct the number states of QED.

These operators increase the occupation number of a given mode by 1. For bosons, we have that
T _ 1/2
al |.onmg )= (g A DY +1,0) (B.5)

A photon state with arbitrary occupation numbers can be constructed from the vacuum via

2 }) = H@ 0) (B.6)

- !

kA kA
The orthonormality relation for these states is
({mia} Mg 3) = H%ﬂm (B.7)
kA

The fermion creation operators likewise generate number states, although the maximum occupation
number for a given mode is 1. This feature is contained naturally in the fact that all 5™’s and d"’s

anticommute with themselves:

b’ bl [0) = —b’ b’ [0) =0
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It may be shown similarly that general fermionic (bosonic) states are antisymmetric (symmetric)
with respect to exchange of particles.
The annihilation operators lower the occupation number of a given mode by 1, producing the

zero-vector if the mode is already unoccupied. For bosons, we have

l/2|.

az/d...,nm,..):nz)L ..,nm—l,...>

(B.9)
am|...70m...> =0

with a similar relation holding for b and d. Combining (B.5) with (B.9), we can construct the

single-mode photon number operator

T

a9 ...,nh,...>:nm‘...,nm,...> (B.10)

We make use of this operator in Sec. 2.2.



Appendix C

Volkov Functions as Solutions to the Dirac

Equation

Here we show that the Dirac Volkov functions satisfy the Dirac equation

(iy-d —ey-A—m)y; =0

These functions are given by (3.4) and (3.5):

V)= = yny —ipx=i [ S(n")dn',,
V() qub|[14-2p‘nv ny-A(n)|e Uy

_er-AMY) _ 2A(m)-A()
- pen 2p-n

where

S’

We will need to make use of the Dirac anticommutator [19], given by
Py =28
Multiplying both sides of (C.4) by ay, by yields the identity

ap+ p ag=2a-b
57

(C.1)

(C.2)

(C.3)

(C4)

(C.5)
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where we define 4 = y-a. In the event that a = b, we have g g =a-a.
We first examine the operation of the - d term of (C.1) on a Volkov function. Operating first

on the non-exponential factor of (C.2), we see that

e dA
o |l ey A | upr =1 (817)—? ny- (g o
dA
(C.6)
Ty nV ny-ny- (G i
=0
since yY-ny-n =n-n = 0. Using the chain rule, we find that
0" W, =Y (PH + (94 1)S(0)) W,
SR 7 (1)
= (o+ /AS(n)) v,
Hence, we can write (C.1) as
(p+ AS(n)—e A(M) —m) y5, =0 (C.8)
If this equality holds, we may divide out the exponential factor of (C.2) and write
e
(b4 ASn)—e A =m) |14 4 A s =0 c9)

We expand the left-hand side (noting again that /i 1=n-n=0) as

b Qe A i B AV S

(13 ) e

(C.10)
where we have used the identity (C.5) to produce the second term above. We see right away that

the e A terms cancel. Using (C.5) againonthe /i p Aand A /i A terms yields

62
{p——p Aty AA DS A A
(C.11)

2pnAAﬁ (1
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From the definition of S(1) given in (C.3) and the fact that A A = A - A, we see that the S(n) 2
terms cancel. Hence, (C.9) is equivalent to
2

e e
{(l—i—zp‘nﬂA)(,{)—m)—ﬁn-AA iy =0 (C.12)

Evidently, the Volkov functions satisfy the Dirac equation if
n-A(n)=0

(p_m)uﬁr:()

(C.13)

The first condition constrains the incident field to satisfy a covariant version of transversality. The

second condition is the defining relation for the free-particle Dirac spinor ug,..



Appendix D

Dirac Perturbation Theory

We now derive the lowest-order scattering amplitude for a first-quantized Dirac particle. We begin

with the Dirac equation
(iy-0 —eY-Aex(x) —m) Ww(x) — Aey-Ag(x)y(x) =0 (D.1)

where we have separated the external field A,y from the scattered field A;. The perturbation pa-
rameter A identifies the ‘small’ quantity eAs(x). The unperturbed problem (A = 0) is solved by a

superposition of Volkov functions (see Sec 3.1):
y(x) =) B v (x) (D.2)
pr

where Blg(r)) is independent of time. The solution to the perturbed problem may also be expanded in

the basis of Volkov functions, although the coefficients of expansion must now be time-dependent:

v) = Y (B +ABY (1) +...) v (x) (D.3)

—

We take the boundary condition that ﬁlgir)(—oo) =0 for i > 1. Only lowest-order terms will be

considered in this calculation.
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Substituting the ansatz (D.3) into (D.1) produces:

y [iy- (awg)(z) +) v (x)

—

n (ﬁgr’) +ABY (1) + . ) (iy- 0 — ey Aoy — Aey-Ag—m) w,%(x)} =0
(D.4)

Terms proportional to A° neatly vanish from the expression, as the Volkov functions satisfy the
Dirac equation dressed only by the incident field A.,;. We take advantage of the linear indepen-

dence of {4} by setting their respective coefficients equal to zero. For A!, we find that
0
) BL (0w (x) — Yy A w, ()| = 0 (D.5)
Multiplying on the right by ¥, , (x), and noting that yy° = w7, we find that

Y By vl v () = eBl iy (07 A () w ()| =0 (D.6)
pr

If we integrate both sides over volume V, we can exploit the orthonormality of the Volkov func-

tions, finding that
lezﬁ / BxY, (x)7- A (X)W (4) (D.7)

Last of all, we integrate both sides over ¢ € (—eo,0) to find the scattering amplitude
q, , = —leZBpr /d4xl//ﬁ A (%) 3, (x) (D.8)

where we’ve imposed the boundary condition that ﬁé,lr),(—oo) = 0. For intensities where pair cre-
ation can be ignored (as must be the case for an intrinsically single-particle theory), the post-
interaction state must be a single particle of positive energy (r = 1,2). At higher orders of pertur-

bation theory, one must include intermediate states of both positive and negative energies [16].



Bibliography

[1] J. D. Jackson, Classical Electrodynamics, 3rd ed. (Wiley, New York, 1998), pp. 240, 555,
599, 614.

[2] J. Peatross, C. Miiller, and C. H. Keitel, “Electron wave-packet dynamics in a relativistic

electromagnetic field: 3-D analytical approximation,” Opt. Express 15, 6053-6061 (2007).

[3] J. Peatross, C. Miiller, K. Hatsagortsyan, and C. H. Keitel, “Photoemission of a Single-

Electron Wave Packet in a Strong Laser Field,” Phys. Rev. Lett. 100, 153601 (2008).
[4] T. Cheng, C. C. Gerry, Q. Su, and R. Grobe, Euro. Phys. Lett. 88, 1-6 (2009).
[5] E. Chowdhury, I. Ghebregziabiher, and B. Walker, J. Phys. B 38, 517-524 (2005).
[6] P. Krekora, R. Wagner, Q. Su, and R. Grobe, Laser Phys. 12, 455-462 (2002).
[7] G. Mocken and C. H. Keitel, Comp. Phys. Comm 166, 171-190 (2005).
[8] E. Schrodinger, Phys. Rev. 28, 1049-1070 (1926).

[9] L. G. Johansson, Interpreting Quantum Mechanics: A Realistic View in Schrodinger’s Vein

(Ashgate, Burlington, VT, 2007), p. 59.
[10] W. Gordon, Zeit. f. Phys. 40, 117-133 (1926).

[11] O. Klein, Zeit. f. Phys. 41, 407-442 (1927).
62



BIBLIOGRAPHY 63

[12] J. J. Sakurai, Advanced Quantum Mechanics (Addison-Wesley, Reading, MA, 1967), pp.
37-39, 76, 144-150, 189, 216.

[13] L. Brown and T. Kibble, Phys. Rev. 133, A705-A719 (1964).

[14] F. Ehlotzky, Rep. Prog. Phys. 72, 046401 (2009).

[15] J. Bjorken and S. Drell, Relativistic Quantum Mechanics (McGraw-Hill, New York, 1964),

pp- 121, 189, 193-195.

[16] W. Heitler, The Quantum Theory of Radiation, 3 ed. (Oxford University Press, London,

1954), pp. 110-115, 212.

[17] E. Merzbacher, Quantum Mechanics, 3 ed. (Wiley, Hoboken, NJ, 1998), pp. 75, 203-206.

[18] M. Peskin and D. Schroeder, An Introduction to Quantum Field Theory (Addison-Wesley,

Reading, MA, 1995), pp. 52, 102-108.

[19] K. Huang, Quantum Field Theory: From Operators to Path Integrals (Wiley, New York,
1998), pp. 123-129.

[20] G. Compagno, R. Passante, and F. Perisco, Atom-Field Interactions and Dressed Atoms

(Cambridge University Press, Cambridge, UK, 1995), p. 78.

[21] P. Milonni, The Quantum Vacuum (Academic Press, Boston, MA, 1994), p. 432.

[22] H. Goldstein, Classical Mechanics (Addison-Wesley, Reading, MA, 1950), pp. 359-362.

[23] F. Mandl, Introduction to Quantum Field Theory, 3 ed. (Interscience Publishers, New York,
1959), pp. 12-13, 24-26, 94-104.

[24] R. Glauber, Phys. Rev. 131, 27662788 (1963).



BIBLIOGRAPHY 64

[25] R. Louden, The Quantum Theory of Light, 3 ed. (Oxford University Press, New York, 2000),
pp- 190-198, 234.

[26] C. Gerry and P. Knight, Introductory Quantum Optics (Cambridge University Press, Cam-
bridge, UK, 2005), pp. 43-58.

[27] M. Scully and M. S. Zubairy, Quantum Optics (Cambridge University Press, Cambridge,
1997), pp. 48-51.

[28] V. Moncrief, Ann. of Phys. 114, 201-214 (1978).

[29] J. von Neumann, Mathematical Foundations of Quantum Mechanics (Princeton University

Press, Princeton, NJ, 1955), p. 198.

[30] G. Folland, Quantum Field Theory: A Tourist Guide for Mathematicians (American Mathe-

matical Society, Providence, RI, 2008), p. 125.

[31] F. Dyson, Phys. Rev. 85, 631 (1952).

[32] C. Itzykson and J. Zuber, Quantum Field Theory (McGraw-Hill, New York, 1980), pp. 199—
201, 282-286.

[33] D. Griffiths, Introduction to Elementary Particles (Wiley-VCH, Weinheim, 1995), p. 231.

[34] J. Jauch and R. Rohrlich, The Theory of Photons and Electrons (Addison-Wesley, Cambridge,

MA, 1955), pp. 30, 97-116, 302-308.

[35] W. Furry, Phys. Rev. 81, 115-124 (1951).

[36] J. Bergou and S. Varro, J. Phys. A 13, 2823-2837 (1980).

[37] C. Harvey, T. Heinzl, and A. Ilderton, Phys. Rev. A 79, 063407 (2009).



BIBLIOGRAPHY 65

[38] L. M. Frantz, Phys. Rev. 139, B1326-B1336 (1965).

[39] J. Bergou and S. Varro, J. Phys. A 14, 2281 (1981).

[40] H. Hu, C. Miiller, and C. H. Keitel, Phys. Rev. Lett. 105, 080401 (2010).

[41] E. Lotstedt and U. Jentschura, Phys. Rev. Lett. 103, 110404 (2009).

[42] J. Bos, W. Brock, H. Mitter, and T. Schott, J. Phys. A 12, 715-731 (1978).

[43] M. Boca and V. Florescu, Phys. Rev. A 80, 053403 (2009).

[44] F. Mackenroth, A. D. Piazza, and C. H. Keitel, Phys. Rev. Lett. 105, 032106 (2010).

[45] F. Mackenroth and A. D. Piazza, Phys. Rev. A 83, 032106 (2011).

[46] D. Seipt and B. Kdmpfer, Phys. Rev. A 83, 022101 (2011).

[47] G. Arfken and H. Weber, Mathematical Methods for Physicists, 6 ed. (Elsevier, Boston, MA,

2005), p. 676.



