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Figure 2.3 Scherk’s Singly Periodic Surface.
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Figure 2.4 Singly Periodic Scherk Tower .



Chapter 3

Minimal Linear Combinations

Given two univalent harmonic mappings f; and fs on the unit disk D, which lift to
minimal surfaces via the Weierstrass-Enneper representation theorem, we give
conditions for linear combinations of the form f3 = a;(t)f1 + as(t) f2 to lift to a
minimal surface for ¢ € [0,1]. We then take ay =t and ay = (1 —¢) in three

examples involving well-known minimal surfaces.

3.1 Harmonic Linear Combinations

The main consideration of this work is the study of harmonic mappings of the form
fs=tfi+ (1 —1t)fs, where t € [0,1] and f;, f> are both harmonic mappings. We will
provide conditions for f3 to lift to a minimal surface via (2.1), and demonstrate
several examples which further the work of [9] and relate seemingly disconnected
minimal surfaces. Let f; = h; + g1 and fy = hy + g be two univalent harmonic
mappings on D, which lift to minimal surfaces, with dilatations w? = g} /h} and

w3 = g4/ hl respectively, where ¢, ¢z are holomorphic. Construct a third harmonic

35
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mapping

fs=tfi(z) + (1 —=1)fs

=[thi(2) + (1 — )ha(2)] + [te1(2) + (1 — t)g2(2)]

=hs + g3

and define its dilatation to be w3 = g¢5/h%. We require the following for the

subsequent lemma:

Lemma 51. Let hy, hy be holomorphic mappings on D and t € [0,1] The following
are sufficient conditions for the real valued function h = |thy + (1 — t)hs| to be
positive:

i) Re{h1} > 0 and Re{hs} > 0.

it) Let z € D and consider the complex numbers wy = hq(z), we = ha(2) on complex
projective two space P(C,2). If wy # wy for all z € D, then the condition is satisfied.
iii) hi(2)/|h1(2)] — ha(2)/|h2(2)| # O for all z € D.

The proof of the lemma is straightforward. We note #i7) is also necessary, and now

investigate the univalence of the linear combination.

Lemma 52. Assuming one condition in Lemma 51 holds, if w1 = ws, then ws is a

perfect square of a holomorphic function and hence f3 is locally univalent.

Proof: Suppose that w; = ws. Then we have

th’lwl + (]_ — t)héwl
Wa =
’ thy + (1 — t)h),

= W,

which shows ws is a perfect square of a holomorphic function. Since f; is univalent
and a condition in Lemma 51 holds we find |ws| = |w#| > 0 which by Lewy’s
theorem [15] implies f3 is locally univalent.

We now seek to study conditions under which f3 is globally univalent and thus lifts

to a minimal surface. To do this, we need a few definitions and theorems.
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Definition 53. A domain D C C is said to be convex in the ¢ direction if for all

a € C the set

Dn{a+te”:t R}

is either connected or empty. Specifically, a domain is convex in the direction of the
imaginary axis if all lines parallel to the imaginary axis have a connected

intersection with the domain.

Theorem 54 ( [14], [17]). Given a harmonic function f =h+7g, let p =h—g. ¢ is

convez in the e® direction if

Re{¢'(1 + 2" @) (1 + ze~@=A)} > 0

for some a € R and for all z € D

The following theorem will allow us to prove global univalence of a class of harmonic

mappings.

Theorem 55 (Clunie and Sheil-Small, [4]). A harmonic function f = h + G locally
univalent in U is a univalent mapping of U onto a domain convez in the e
direction if and only if ¢ = h — e?Pg is a conformal univalent mapping of U onto a

domain convex in the e direction.

The following theorem allows us to determine if a function maps onto a domain

convex in the direction of the imaginary axis:

Theorem 56 (Hengartner and Schober, [13]). Suppose f is holomorphic and

non-constant in . Then

Re{(1-23f'(2)} >0,2€D
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if and only if f is univalent in' 1D, f is convex in the imaginary direction, and there

/
n’

exists points zl,, 2zl converging to z =1, z = —1, respectively, such that

Jim Re{ f(2])} = sup Re{/ (=)}

|z|<1

lim Re{f ()} = inf Re(f()}. (3.)

Note that the the normalization in (3.1) can be thought of in some sense as if f(1)
and f(—1) are the right and left extremes in the image domain in the extended

complex plane. Using the above results, we derive the following two theorems.

Theorem 57. Let fi = hy + 91, fa = ho + g2 be harmonic mappings convex in the
imaginary direction. Suppose w1 = wy and ¢; = h; — g; is univalent, convex in the
imaginary direction, and satisfies the normalization given in (3.1) for i =1,2. Then

fs =tfi 4+ (1 —1t)fy is convex in the imaginary direction (0 <t <1).

Proof: We want to show that ¢35 = t¢; + (1 — t)¢ is convex in the imaginary
direction. Then by Theorem 55, f3 is convex in the imaginary direction. By the

hypotheses, Theorem 56 applies to ¢1, ¢o. That is,
Re{(1 — 2%)¢i(2)} > 0,Vi = 1,2.
Consider

Re{(1 — 2%)¢5(2)} =Re{(1 — ) (1 (2) + (1 — 1)9(2))}
—tRe{(1 — 22)¢4(2)} + (1 — )Ref (1 — 22)h(2)} > 0.
Hence, by applying Theorem 56 again, ¢3 is convex in the imaginary direction.

We need not only restrict to surfaces convex in the imaginary direction. The

following gives a condition for a function to be convex in an arbitrary direction:
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Theorem 58. For a harmonic function f = h+79, define h —g= ¢ = ¢r +1¢;.

Then ¢ is convex in the € direction if

[cos a + cos(B + )] [¢ cos(B + ) — ¢ sin(B+7)] >0 (3.2)

for some a € R and for all z = re" € D.

Proof: This theorem follows by applying Theorem 54 to ¢ to get

Re{(¢y +id) (1 + e’ TP 0) (1 4 07t}
= ¢ + 2 cos a(@lg cos O — ¢ sin ) + 1% (¢l cos 20 — ¢ sin 20)

= 2(cos a + cos(B + 7)) (¢’ cos(B + v) — @y sin(B + 7)) > 0,

where 0 = 3 + 7.

3.2 Examples

We now proceed to give interesting examples resulting from Theorems 57 and 58.

Example 10 (Enneper’s to Scherk’s singly-periodic).

Consider the harmonic maps

1
fe=2+ 533

1 142 1 1— 2z
=|-1 -1
Is {4n(1—z>+4n(i+z)1
1 1+ 2 1 1 — Zz
4+ |=In ——1In| - .
4 1—2z 4 1+ 2z

It is straight forward to show that their dilatations are w = 22 and both harmonic

maps satisfy the hypotheses of Theorem 57. Hence

fi=1—-t)fe+tfs
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is globally univalent on z € D and for every ¢ € [0, 1]. By Corollary (2.1), f; lifts to a

family of minimal surfaces. Note that fy lifts to Enneper’s surface parametrized by:

o (refe s bhmf 1o} )

and f; lifts to Scherk’s singly-periodic surface parametrized by

(el (12 banfn (50 bonin (122)))

So for ¢t € [0, 1] we get a continuous family of minimal surfaces transforming from

Enneper’s to Scherk’s singly-periodic surface. In Figure 3.1, we have shown six

equal increments in this transformation.

Example 11 (Scherk’s doubly-periodic to catenoid).

Consider the harmonic maps fp = hp + g, where

1 142\ i, (1+iz
~-1 -4
ho(2) 411(1—z> n(1—4z)
1 1+ 2 1 1412
gD@y__Zm<1—z>_Zm(1—m)’

A~ |

1—2 1—22

() 11 142 1 =z
z)=-1In - = .
ge 1\1-2) 21-22

and define
fi=0—t)fp+tfc.

While Theorem 57 does imply f; is globally univalent on z € D and V¢ € [0, 1], we

will instead prove this by using Theorem 58.



3.2 Examples 41

Vo

pe e

Figure 3.1 Enneper’s to Scherk’s singly-periodic transformation for ¢ = i/5
fori =0,...,5.

Note that the ¢ associated with f is given by

g Lo (=22
e
Letting z — € € 9D, we compute
/ 1 2 / 1
Re{¢'} = 5(1—tcsc v), Im{¢'} = icot*y.

Then

§ = (cosa + cos(B + 7)) (¢ cos(8 +7) — ¢psin(B + 7))

(1-1)
2

csc(y) (sin(y) — cos a)
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Choosing = 7/2 and a = 7/2 gives S > 0. Thus, we conclude ¢ is convex in the
imaginary direction, and by Theorem 55 and Corollary (2.1) we conclude that f lifts
to a minimal surface for all £. Note that fj lifts to Scherk’s doubly-periodic surface
and f; lifts to a catenoid. So for ¢t € [0, 1] we get a continuous family of minimal
surfaces transforming from Scherk’s doubly-periodic surface to a catenoid. In Figure

3.2, we have shown four equal increments in this transformation.

Figure 3.2 Catenoid to Scherk’s doubly-periodic transformation for ¢ = i/3
fori=0,...,3.
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3.3 Linear combinations that are not convex in
one direction

In the previous section, we considered functions that are convex in the same
direction and proved two theorems that show necessary conditions for the linear
combinations of these functions to also be convex in that direction. Next, we
consider the case in which the functions are not necessarily convex in some direction
and look at linear combinations of such functions. While we do not prove a general
theorem in this case. Instead we present a technique that can be used to prove that
the linear combination of two specific functions is univalent and hence lifts to

non-intersecting minimal surfaces.

Example 12 (The 4-noid to 4-Enneper). The harmonic function that lifts to the

4-noid surface can be written as finy = hyn + g4, Where
1 =z 3 142 3t 1+1z
h = - —1 - —1
w(2) 41—z4+16n(1—z) 16n(1—iz>

() 1 23 +31 1+ 2 +3i1 1+1z
z)=—— —In —In
gan 41— "16 \1-2) T16 \1-4z )

and the harmonic function that lifts to the 4-Enneper’s surface can be written as

h4E(Z) = z
1
gap(2) = — ?27.

Each of these functions is univalent on the ball B(0,0.95), the disk centered at the
origin of radius 0.95, but not on the full unit disk. Neither of these surfaces is
convex in any direction, and so the theorems from the previous section do not apply.

However, we will show that the linear combination

fi= 0 —=t)fun +tfae (3.3)
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is univalent for all ¢ € [0, 1]. To do so, we first need the following theorem.

Theorem 59 (argument principle, [11]). Let f be a harmonic function in a Jordan
domain D with boundary C. Suppose f is continuous in D and f(z) # 0 on C.
Suppose [ has no singular zeros in D and let N by the sum of the orders of the
zeros of f in D. Then Acargf(z) = 2wN.

Using the argument principle and an approach presented in [8], we will prove that

the specific linear combination given in (3.3) is univalent.

Lemma 60. Let t be fized such that 0 <t < 1. Then f; is univalent in

B = B(0,0.95).

Proof: Let R = 0.95 and define a closed contour I' to be the union of

D ={r:0<r<R})Ty={re™:0<r <R} and '3 = {Re™*:0 <0 <1. Let
Q = Int(I"). We will prove this claim in three steps. First, we will show that f is
univalent in € and that 0 < Arg(f(Q)) < §. Second, we verify that f is univalent in
the sector Q U ', where €)' is the reflection of €2 across the real axis, and

=+ < Arg(f(QuUQ')) < 7. Finally, we will verify that f is univalent in B.

Step One: The argument principle for harmonic functions is valid if f is
continuous on D, f(z) # 0 on dD, and f has no singular zeros in D, where D is a
Jordan domain. Note zj is a singular point if f is neither sense-preserving nor
sense-reversing at zg. We will show that for arbitrary M > 0, we may choose 19 < R
so that each value in the region bounded by |w| < M and 0 < Arg(w) < 7 is
assumed exactly once in the sector bounded by |z| < R and 0 < Arg(z) < 7, while
no value in the region bounded by |w| < M and 7 < Arg(w) < 27 is assumed in
this sector.

Observe that f{(I'1) > 0 Thus, on I'y, fi is an increasing function of r with trivial

argument. Also, a direct calculations shows Re{f;(I'2)} = Im{ f;(I'2)}, from which
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we conclude Arg(fo(I'y)) = w/4. We also note f;(I's) differentiable curve which does
not intersect itself. This can be seen from the fact that Re{f;(I's)}, Im{ f(T's)}, and
Arg{ f;(I'3)} are monotonic for ¢t € [0,.75], t € [.8,1], and ¢ € [.75, .8] respectively. To
show the argument bound on elements of €, it suffices to bound Arg(f,(T'3)). A
straight forward computation shows Arg(f:(I's))|s=o = 0, and Arg(f:(I's))|e=1 = 7/4.
To show that are the minimum and maximum values the argument assumes, we
need only consider fy(I'3) and fi(I's) since fo(I'3) < fi(I's) < f1(I's) pointwise. For
t=1, f1(T3) = e "™/4Re?*™ — a] where a = 0.0997625. Thus we have
0 <Im{fi1(I's)} < Re{fi1(I'3)}, which implies the argument bound. The t = 0 case is
analogous but yields a slightly more complicated calculation.

Step Two: Since f; is univalent in €2, we can use reflection across the real axis to

establish that f; is univalent in the sector 2'. In particular, suppose z1, 2o € ' with

fi(21) = fi(22). Then by symmetry f(z1) = fi(21) = fi(22) = fi(%2). Hence,
fi(z1) = fi(z3), or z1 = Z3. Arguing in the same manner as in Step One, we can
show that 0 > Arg(f,(€')) > 5*. Therefore, f; is univalent in Q U €2’ and its image
is in the wedge between the angles —* and 7.

Step Three: First, it is true that ¢™™/2f,(ze="/2) = f,(2), for all z € D where
7 =20,1,...,4. To see this note that
Now, using this fact that e/ f,(ze~"™/2) = f,(z), we see that if z is any point in I,
it can be rotated so that it is in the sector €', in which f is univalent, and then
inj/2

rotated back by multiplying by the constant e and hence preserving univalency.

In Figure 3.3 we have plotted six images of this transformation.

3.3.1 Further Avenues of Research

In the previous example, we showed that the linear combination of two specific

harmonic mappings is univalent even though neither of the two harmonic mappings
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is convex in any direction. Are there some general conditions that will guarantee
univalence of the linear combination of harmonic mappings that are not convex in

any direction?
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Figure 3.3 4-noid to 4-Enneper



Chapter 4

Isometric Families of Minimal

Surfaces

We consider a surface M immersed in R? with induced conformal metric g = 1)d,
where d, is the two dimensional Euclidean metric. We then construct a system of
partial differential equations that constrain M to lift to a minimal surface via the
Weierstrauss-Enneper representation demanding the metric is of the above form. It
is concluded that the associated surfaces connecting the prescribed minimal surface
and its conjugate surface satisfy the system. Moreover, we find a non-trivial
symmetry of the PDE which generates a one parameter family of surfaces isometric
to a specified minimal surface. We demonstrate an instance of the analysis for the

half catenoid.

4.1 The Isometric Condition

Let x(u, v) be a parametrization for a surface M immersed in R3. Set z = u + v

and define ¢ = 0x/0z. Let E, F', and G be the coefficients of the metric induced in

48
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R? by x(u,v). We then have the relations

&:i@—@—mm (4.1)
?:iw—e+mm (4.2)
o = L(E+C) (13)

where ¢? is notation for ¢ - ¢. Inverting this system we find

E=3"+¢ +2¢
F=i(¢* )
G=—4 — ¢ +20~

Since the Weierstrauss-Enneper representation theorem requires that M has an

isothermal parametrization, we require £ = G and F' = 0, which implies

2

=0 ¢ =0 E = 2|¢|*.

The first two equations are identically satisfied. Expanding the constraint on £ and

using the identity

[9I° = ilpF (1+¢)A+7)+ (1 —)(1 =) +4q7) ,

we find E = |W/|> + |¢/|>. Defining Re{h} = 1h, Im{h} = 3h, Re{g} = 19, and

Im{g} = 29, we have the Cauchy Riemann and isometric conditions

1hu - th - O 1hv —+ Qhu = O (44)

19u — 2Gv = 0 190 T 29u = 0 (45)
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1hy ol 195 + 20, — 20 = 0. (4.6)
We now proceed to calculate the symmetry group of (4.4)-(4.6). For an introduction

to symmetry methods see [3], [16], and [19].

4.2 Summary of Symmetry Analysis Techniques

Preforming a symmetry analysis on a system of nonlinear equations is widely
regarded as the best way to find exact solutions of the system. We will now
summarize the Lie method in [16] to outline our methods in the subsequent section.

Consider a system of partial differential equations given by

Ay(z,u™) =0 v=1,...,1

with z = (z!,...,2P) the set of independent variables and u = (u!, ... u?) the set of

dependent variables where 1...¢g run over the set of all partial derivatives of v up to
order n. For v = f(z), with f : R? — R? with components f*, i =1...q, we define

the n-th prolongation of f to be

prWfRP — U™

given by u™ = pr(® f % = 9, f* where J is a multi-index running over the space of

all possible derivatives. For example if we consider u = f(x,y), we can compute

pr f = (2,9) = (U} Ug, Uy} Un, Uny, Uyy)-
The space R? x U™ is called the n-th order jet space of R x U. The fundamental
idea behind the method of symmetry analysis is to view A, as a map from the n-th
order jet space into R!, and assuming derivative terms occur as polynomials in the

system, we can identify A, with a subvariety in the jet space given by
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La = {(z,u")|V(z,u™) = 0}.

Now let M C R? x U be open. A symmetry group of A, is a local group of
transformations G acting on M such that when u = f(z) solves A,, then

u=g- f(x) solves A, for all ¢ € G where defined.

Let X be a vector field on M, and assume X infinitesimally generates the symmetry
ground G of A,. Then by projecting X into M via the exponential map, we may
construct a local one-parameter group exp(eX). We may then define the

prolongation of X as

d
pr X = —-pr®[eap(eX)](z, u™)

e=0

We also define the Jacobi matrix of A, to be

0A, 0A,
JAu(xvu(n)) - (%7 8u“)
J

and say A, is maximal if the rank of Jo, a = [. The following theorem constrains

the form of coefficients of the n-th prolongation of an infinitesimal generator for the

symmetry group.

Theorem 61. Let

X = fi(%U)% + ¢a%~

Then X has prolongation

(n) v — J (n)
prX = X + ¢, (z,u'") 57—
ous

where
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¢l (z,u™) = Dy (¢ — " uf) + E'0us

and subscripts on u indicate partial derivatives.
The following may be called the fundamental theorem of the Lie method:

Theorem 62. Let A, be a system of differential equations of maximal rank. If G is

a local group of transformations acting on M and

pr(”)X[Al,(x, u("))] =0

whenever A, = 0, for every infinitesimal generator X of G, then G is a symmetry

group of A,.

We use these two theorems to calculate the coefficients of the infinitesimal generator.
We then exponentiate the infinitesimal generator to obtain the symmetry group of
the system. Finally, we apply these symmetries to known and usually simple

solutions of the system to obtain new and hopefully more interesting solutions.

4.3 Symmetry Analysis

The infinitesimal generator of the above system is given by

v = "0y + "0y + "0, + "0 4 90, + 90,4 + VO,

Since the system is first order, we need only consider the first prolongation

prYv = v 4+ 1h%0,p, + 1h'On, + 2h Oy, + 2h'O,n,

+lgualgu + lgvalgv + 2gu82gu + 29U829v
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where the ¢ are functions of u, v, 9, 1h,2h, 19, and 2g. Applying the first
prolongation to the PDE system and solving the resulting equations yields the

following symmetry vectors:

Vi = 8u Vo = 8,, V3 = 81h V4 = 82h V5 = 819 Vg = 82g
vy = =00, + u0, Vg = —2h0, +1h0,, V9= —290,4+ 190,
Vig = U0y, + v0, + 1h81h + 2h82h + 1g(91g + QQan

Exponentiating these infinitesimal vector fields gives the solutions:

h—h(z—s) g—g(z—2s) (4.7)
h— h(z—1is) g— g(z—1is) (4.8)
h—h+s g—g (4.9)
h—h+is g—g (4.10)
h—h g—g+s (4.11)
h—h g—g+is (4.12)

h— h(e”z) g— g(e”z2) (4.13)
h—e*h g—g (4.14)
h—h g-—e“g (4.15)

h — e*h(e™®z) g — egle”*z) (4.16)

In [2] the minimal symmetry group for the real minimal surface equation

Uga (14 u2) 4 tyy (1 + ul) — 2y, =0



4.4 Symmetry Comments 54

was calculated. Many of the translational symmetries and an e’ f(e *x, e *y)
symmetry were found. We note that the analogue of v? in [2] is similar but
different, since is constrains a Weierstrauss-Enneper representation of a surface and

not a graph.

4.4 Symmetry Comments

Consider the transformation h — e¢®h, g — g which preserves the metric
E = |h']*+ |¢'|*>. When 6 = 0, this is simply a minimal surface specified by defining
1. When 6 = 7/2 we get the conjugate surface. Thus all intermediate surfaces,
called associated surfaces, are isometric. Since all minimal surfaces can be
constructed from parts of a helicoid and catenoid [5], the following examples are of
interest. First we draw attention to the catenoid, given by ¢ = cosh(v)2. It’s
conjugate surface is the helicoid and associated surfaces between the two are plotted
over D in Figure 4.1. Since all of the associated surfaces are isometric, geometrically
they are equivalent. However, note topologically the catenoid is S' x R where as the
helicoid is R2.

We now turn our attention to the other symmetries found in the analysis for the
half catenoid. We will see that the symmetries generate surfaces that are
topologically distinct from the catenoid, but geometrically identical as in the above

example. Let f be the harmonic mapping f = h + g where

NI VATNEE
o\ 1=z 122

1 11 1+ 2] 2z
= - —O J—
I75\ 2|12 1-=2

which lifts to the catenoid. We make the transformation in equation (4.16) by

and

letting h — e*h(e™*z) and g — e®g(e™*z). Figure 2 gives several plots of this
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Figure 4.1 Helicoid to Catenoid Transformation.

transformation for various s values. The topology of the half catenoid is R? for all s
up to some value between (0.3,0.4) where it changes to a punctured cylinder. Note
as § — oo that the minimal surfaces eventually degenerate to a line, in a manner
peculiarly similar to neckpinch singularities of the Ricci Flow. We note symmetry
(4.8) is a scaled rotation, and can not comment on (4.7) in this example. The rest of

the symmetries are translations.

When (4.16) is applied to the helicoid, we find that the number of rotations of the

helicoid about its axis are scaled. Thus we have:

Theorem 63. Let S be the helicoid over D parameterized isothermally by



Q2 cA
NNS
~ T

Figure 4.2 Symmetry (4.16) for s = {—1.2,—-0.5,0,0.3,0.4,0.5,1,1.5, 3}.

x = (sinh usinv, sinh u cosv, —v). For helicoids Sy given by u € (0,27), v € (vg, v1),

and Sy by u € (0,27), v € (ve,v3) where v; € R then Sy and Sy are locally isometric.

It would be interesting to generalize the symmetry methods of this paper to higher
dimensional Riemannian or Lorentzian manifolds. One would need a generalized
Weierstrauss-Enneper which we are not aware exists. Moreover, we believe there are
potential topological theorems coming from symmetry (4.16), which are connected
to how the symmetry scales the domain of the graph under consideration. For
instance, if one calculates the one parameter family of minimal surfaces given by
symmetry (4.16) and a simply connected minimal surface, does the topology always

change from the plane to S' x R! or some variant thereof?
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