Summer 2024
Physics 442 Exam 2
Dr. Colton, cell: 801-358-1970

L

No time limit. Student calculators are allowed. Notes not allowed. Books not allowed.

6\3‘\\‘\ o

Name

Instructions. Please label & circle/box your answers. Show your work, where appropriate.

Griffiths front and back covers

VECTOR DERIVATIVES

VECTOR IDENTITIES

Cartesian. dl=dxX+dyy+d:2 dt =dxdvd: Triple Products
ar el ar ! . 5
Gradient: V/:i)_i+) 5'+d z ! (1) ABxC)=B-(CxA)=C-(AxB)
X ay
) due dw du, 2) AxBxC)=BA-C)-CA-B)
Divergence: V .v = E = 4 =
’ “ ‘ Product Rules
. du. O\ L duy  dv. . duy v
Curl: Vxv=e|——-—]%+( —-— X _ Y}z e P 3 3
r X v (3)' 7 ) X (d " ) _V+(a‘\_ "7)') z (3) V(fg) = f(Vg) +e(Vf)
L R L 4) VA-B)=Ax(VxB)+Bx(VxA)+ @A -V)B+B -V)A
Laplacian: V- = — = -
ax= - dyr 9z .
(5) V-(fA)=f(V-A+A-(Vf)
Spherical. dl=dri-+rdff +rsindpd; dr = sinddrdddg
6) V- (AxB)=B-(VxA)—-A:-(VxB)
Gradient: Vi= ﬂ r+ lﬂ ] ! d—[ b i
ar r a0 rsinf d¢ (7) Vx(fA=Ff(VxA) -Ax(V[)
Divergence: V v = l,—)‘('2 : (slnﬁll,,) ! h 8 VxAxB) =B -VA-(A-V)B+A(V-B)-B(V-A)
ar rsing 20 rsinf d¢
1 2 v Second Derivatives
Curl: Vxv= St [ (sinf vy) — _lef
#3in ¢ 9 V-(VxA)=0
| 1 v, v, ] ~
+F[W$—T(”““}o+ [ (qu)*Bg}¢ (10) Vx(Vf)=
' ; : 2 1) Vx(VxA) =V(V- A -
Laplacian:  V?t = »l—{- (r'ﬂ) + -‘—l——_i ;i“()ﬂ) + ;LL (1 x (
ror ar risiné 96 a6 r2sin? @ dp?
Cylindrical. dl=ds&+sd¢pd+dzz  dr=sdsdpdz
d[ ot a FUNDAMENTAL THEOREMS
Gradient: Vi= LY
ds 5 ¢ Az
. 1 d l av, d 5 ;
Divergence: Vv = = —(su,) + = 2 v Gradient Theorem: ]h(Vf) ~dl= f(b) — f(a)
S s sae T a
) I T BN Di ence Theorem: [(V-A)dt = fA-da
Curl: Vx\':[li—il_@ S+ i Y 1 (st) Us | . 'vergu;l NEOEES J( ) f
s Dz dz ds sLas™ % 9 |
Curl Theorem: J(VxA)-da=fA-dl
. N 12 a 1 0% B:[
cian: Vot = —— (5§ —
Laplacian t i (rn\ ) +—= "tl’“ d:~
Special case derivatives: £ 21
o ; : V= =4né(r) Vé—=—4n6(r)
(similar things true for /2) T T
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BASIC EQUATIONS OF ELECTRODYNAMICS

Maxwell’s Equations

In general: In marter:
. 1
V.E=— V.D=yp,
£ B B
) i
VXE=—— VxE=—-—
< E 3 9t
V-B=10 V.-B=10
JF aD
V x B = o] + proey — VxH=J+—
ar at
Auxiliary Fields
Definitions: Linear media:
D=¢E+P P=¢xE, D=c¢E
1
H= —B-M M = x,H, H=1B
1o n
Potentials
dA
E—-—VL’—‘T. B=VxA
ar

Lorentz force law

F=¢gE+vxB)

| L
U= ;/(eoL"+ —R‘) dr
2 Ho

=6 f(E x B)dr

Encergy, Momentum, and Power
Energv:

Momentumn:

c 1
Poynting vector: S = —(E x B)
o
i 3
Larmor formula: P = ﬁ»q‘
6rce

FUNDAMENTAL CONSTANTS

€ =8.85 x 10 2C*/Nm*
fo =41 x 1077 N/A?

c =3.00x 108m/s

e =160x107"C

m =9.11 x 10 ' kg

(permittivity of free space)
(permeability of free space)
(speed of light)

(charge of the electron)

(mass of the electron)

SPHERICAL AND CYLINDRICAL COORDINATES

Spherical

x =rsinfcos ¢
y=rsinfising
z =rcosf

F=yat 4

0 =tan ! (\/.rl + y:/:)

¢ = tan"!(y/x)
Cylindrical

X =§cose

¥

s o= x4 y?

¢ =tan~'(y/x)

|

X = smllc.osqbr+ms0m<¢0—\mrbq&
¥ = 5m6<m¢r+cus9s|n:1;0+cus¢¢
5 = cosfF —sinf

£ =sin 0 cos@ X +sin Osing ¥+ cos 2z
6 = cosfcosg R +cosBsing §—sin 07
¢ =—singx+cosg§

% = cosrps——smq{zd&
w‘=smq‘zs+<.m¢q&

=1

§ =cospX+singy
$=—singpX+cosp§

=17

Potentially useful mathematical information

quadratic formula: x = %j—m
L/2 212
_L)2 sm(L )ZdZ py
fL/Zcos( )ZdZ—O
fL/Zsm( ) 2dz—O
2 L3(m?-8)
f i cos( ) dz =———

£ Jotom™) Jo (ugnr)rdr

folja (ua:mr) ja (uanr)rdr —

0
% (]1 (uOm))z

ifn#m
ifn=m

ifn#m

%(]a+1(uam))2 ifn=m

Some zeroes of the first few Bessel functions and the Bessel function derivatives, to five sig figs.

m Jo Ji 12 Jo' 5L’ 52

1 2.4048 3.8317 5.1357 3.8317 1.8412 3.0542
2 5.5201 7.0156 8.4172 7.0156 53314 6.7061
3 8.6537 10.173 11.620 10.173 8.5363 9.9695
4 11.792 13.324 14.796 13.324 11.706 13.170
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(14 pts) Problem 1. The Physics 441 scalar and vector potentials of an electric dipole are V =
and A =0.

4Ty T2

(a) Find a gauge transformation to a new set of potentials V' and A" such that V' = 0. What is A'?

R [ .
NIRAVALXA — fean Vom0
Y
/ \ &‘!\ V4
A’ - A+ A >
AR P G0
g Y1Tey
e
H1TT & (
_—— _
\ \_)/ s 7
,(V\fﬂ il = X 7A \7”%
/ VoA g
»Jx ¢4 —,\ l’ 6 / W\ /U/‘
- r/)\( f 38 riJ 4
AT 2l et 8 - posae g
\ B Gre -3 -

(b) Explicitly determine the electric field predicted by your new set of potentials, as a function of r and 6.

. -~
= e B A
s e S ﬂ\/ s
L’ / () ,*
. ~ 0 x i
> ) 0 L:,‘u r 4 A i
- RS 9 Y
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(20 pts) Problem 2. Suppose you drop a charged ball (charge q) off a cliff; neglecting air resistance the
ball falls at a constant acceleration g. From Physics 121 we know that the ball’s position vs. time is given

byy = — % gt? (the origin is at the top of the cliff); and the ball’s velocity vs. time is given by v = —gt.

(a) Determine 2 as a function of time for yourself as the observer (i.e. the distance between yourself and
the ball’s “shadow”). Hint: the quadratic formula is given on page 2 of the exam.

®, £t =0 N
o \L %rt { - z
\ L
p \\ e J; = - "j L‘,?\‘ ’{(
O \]\a(&/f\ O\‘é/ Sua L \\/\ \)% ‘ /L )
—
@ L.\l o T L, = (2
hell o [2
d
_IWMLJ»Q
e /
2~ = -
\ /‘\ -
o T
2 N~ n
- (\ L) 5
d | i
A s T - zﬁ/p ?2,
L~ J( <
g 2 T
a /rzL1 _,L’ZL\/){LA—(’% - O
At =\ /@
(e Foemie I Ck
/{c747/,§L ,kf:'&,,ci,/
O S
- 74

T
¢
- CI’A, ({— /L\/ /j—z 3 b

(continued on next page)
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(b) The situation of 1-dimensional particle motion with observer on the axis of motion was treated in one

of your homework problems, for which you should have found that (replacing all x’s with y’s) for field
points with smaller y than the observer:

J ot e o5 b ¢ 1cms

~

/ :_4nsoﬁc+vy

Here| v is the velocity of the sllacm and it is positive if the particle is traveling in the +¥ direction and
negative if traveling in th

e —y direction. Use that equation along with your answer from (a) to deduce
E(t) at your location.
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(16 pts) Problem 3. An oscillating electric dipole is
at the origin, with dipole moment in the z-direction. It P, =
produces radiation which is detected at points Py, P,
and Ps, whose locations are indicated in the diagram
below. The length a is just a reference distance, with

a> % » (size of dipole).

(a) Which of the three points will detect the LEAST amount of radiation?

(b) If we call the amount of radiation detected at that point, “X”, in terms of X how much radiation is
detected at the other two points?

\ ‘ ~ 24 &
\/)O‘ﬁ\\‘?/ (o d®ie (D —
. o .
D, s.nl4s \ \
‘-/\31 g = 4SS~ L 5 0O~ Y i
/?L)«/ 7 \ \ ca (T ) T (‘(0\7/
= N2 ) X
!
7 V ";r';\lf(u;’ N C 5 4
: ] ST ~ ’ 3 - I .
Tov 01 6 ZU < 5 (fﬂ'i,—a B 1o -
(= > )
2 e
2 7" cnt (2657 )
b | ”) = 20697 0 - ’
S \/7/)) S - “TenA \ ’é : \(S .
(o YE) .
( CA & v\ L )L — /Z\
AT

P, = (0,3a,0)
[ ]

34 0 = X Awen e oo
v
0.1 6 — 44
7, = 0LOX = M\\
0.1
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(20 pts) Problem 4. (a) Apply Liénard’s generalization of the Larmor formula to the situation of a particle
going in a circle, to deduce the power radiated by the particle as a function of charge q, relativistic

gamma factor y, acceleration a, and fundamental constants y, and c.
L -

r el -L [ :)’
4 /,/ \ ! e
n C Y VA N
| 00 A A SRV =8 — oz J
s o \/\/“_) \ g0 \
S A it =
({r\ \o/ T | VoA <\ ﬁ‘)
- ~ o~
/):Z,

(b) The Advanced Light Source synchrofron at LBNL sends electrons around in a circle with a relativistic
energy of 1.9 GeV (= ymc?). During one section of the synchrotron the electrons are bent around a part
of a circle with radius of 5 m. How much power does an electron radiate in that section? How much
power would the regular Larmor formula predict? Hints: 1 eV = 1.602 x 1071?]. Also, centripetal

2
acceleration is still —even for relativistic situations.

& * 246 v S e
/ 4 o = CA
o oV G e
= \ . 0 (A
- \9 Y \
?3 P il ‘ IOK . AN 0
o 5 T 6
- « ’/‘\V‘" L ¥
208 , o T e
\/’,b’\i/ (u' ~ \\ L
(2 (D V‘)
N - - 7/'“
o @ 5 <
2 /B/’} jq 4 ‘> Y e
p ¢ 0 ,(b >
— e = >
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(r.eozts 40X -
NG
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(16 pts) Problem 5. At (x, t) gnarew = (0,0) Andrew offers a prayer for his sister who is located at
Xandrew = 108 m. At (x, ¢t) gnarew = (10%,10%) m, a truck nearly misses his sister. Event A is “Andrew
offers prayer” and event B is the near miss. Meanwhile, Josh is speeding along (moving to the right
relative to Andrew) and passes Andrew just as Andrew offers the prayer. How fast does Josh need to be
moving relative to Andrew for event B to come at ct;,5p = —10° m? In other words, in Josh’s frame
event the near miss occurs before the prayer that was offered. Draw space-time diagrams from both
Andrew’s and Josh’s point of view. Include worldlines for Andrew, Josh, Andrew’s sister, and mark the

two events on each diagram. Remember to include the space contraction of the distance between Andrew
& his sister, in Josh’s frame.
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(14 pts) Problem 6. In class we discussed the twin paradox in this context: Josh and Andrew are twins.
Josh leaves the Earth on their birthday in a rocket ship traveling at 0.8¢ (which has y=5/3), going to a
planet which is 4 light years away from the Earth. Josh arrives at the planet exactly 3 years (to him) later,
having celebrated two birthdays along the way and the third right as he arrives. Then Josh immediately
turns around and returns home at that same speed, celebrating another two birthdays on the trip and the
final one (the sixth) just as he arrives back home. Therefore, to Josh himself, he has aged 6 years. / P

(a) To Andrew, how many years has Josh aged?

R ,
- \ 1 o
[ <0 e | s '\ ) ho u/\ WA DL (. F
\k “( J \) Bﬂ A / ) i\ ] P PIR. .
N om—— YT B At M -
& /v GV ‘ : @J‘“ﬂyw
b) To Andrew, how many years has Andrew aged? o AVETy \
w, how many y g
; o L A ( A 1/
\ ~N\NLC s ) \ j A AN T et
\\] O [ e

|

VAL e ) 0
(| L f g

g\_\; g 0 hecle CS"’W(Q JC E C)/v = E)
(b) On his fifth birthday away }to Josh), Josh sends a “Happy Birthday!” message to Andrew at the speed
of light. When exactly does that message reach Andrew? Hint: the coordinates of a point on a line which
is a fraction f along the way between two endpoints is (1 — f) X (coords.of starting point) +

f X (coords.of ending point).
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