Lecture 34: Wed, 26 Mar 2008

Reading quizzes: no talking, no looking in your books/notes
Q1. The array theorem and the book’s treatment of diffraction
gratings both apply to the regime:
a. Fresnel-Kirkoff
b. Fresnel
@ Fraunhofer

Q2. The array theorem applies to
a. circular holes only
b. slits only
@ any 1dentical apertures

Q3 @F : The resolving power of a spectrometer depends on the
number of slits illuminated on the diffraction grating.
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Lecture 35: Fri, 28 Mar 2008
Reading quizzes: no talking, no looking in your books/notes

Q1. Bessel functions are used in diffraction cases of
symmetry
a. square
b. rectangular
(S cylindrical
d. spherical

Q2. T@T he function Jo(x) crosses zero at &, 27, 3, etc.

Q3@F : Dr. Colton’s handouts have some awesome pictures in
- them.
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Bessel Function Plots

Inj25]= Plot [BesselJ[0, x], {x, 0, 20}]
% :

0.8

0.6

0.4

0.2 /\ a\

- RV =

Out{25)= « Graphics «

inj26}= Plot [BesselJ([1l, x], {x, 0, 20})

Nona
YAV

Out26}= « Graphics =

n[27]= Plot [BesselJ[2, x], {x, 0, 20}]

0.2

ANA
SV

Oulj27)= « Graphics =

n[28]= Plot [BesselJ[3, x], {x, 0, 20}]

5
-0.1

VY

-0.3
Oul28]= = Graphics =

Inj29]= Plot [BesselJ([4, x], {x, 0, 20})

\ TN

-0.2

Ouf29)= « Graphics «

by John S. Colton

BesselJ[a,x] is built into Mathematica, just like Sin[x]

Jo(x)
crosses zero at 2.405, 5.520, 8.654, ...
« The or y on

Ji(x)

crosses zero at 3.832, 7.016, 10.173, ...

Ja(x)

crosses zero at 5.136, 8.417, 11.620, ...

J3(x)

crosses zero at 6.380, 9.761, 13.015, ...

Ja(x)

crosses zero at 7.588, 11.065, 14.373, ...

—to
U



Bessel Functions vs. Sines/Cosines

. -
6(7“\\0\\% gines/Cosines
1. Two functions: sinx and cosx
(Sometimes sinx or cosx is not used, due to
the symmetry of the problem.)

2. You determine the value of sinx or cosx for
arbitrary x by using a calculator or computer

program
( l)k 2k+1

3. sin(x)= Z Qk+D)!
( k 2k

cos(x) = g 20

Consider just sinx:

4. The zeroes of sinx are at
x=m, 2m, 37, etc.
x = “mn” is the m™ zero

5. Atx=1, sin(mnx) =0 for all m

6. The differential equation satisfied by
f= sin(mmx) is

f"+(mn)’ f=0

7. sin(nmx) is orthogonal to sin(mmx) on the
interval (0,1):
: . 0,if n#m
jsm(mzx) sin(mmx)dx =9 | .
0 7. n=m

by John S. Colton

A .
9 Bessel functions

Two functions for each a: J,(x) and N(x)
(Typically N, is not used because it’s infinite at
the origin.)

You determine the value of J,(x) for arbitrary x
by using a calculator or computer program

© 1 k 2k+a
)= Z ( ) 2k+a
=0 k'(k+a)'2

Consider just J(x) for one a, say a=0:
(similar things hold true for all &'s)

The zeroes of Jy(x) are at

x ~2.405, 5.520, 8.654, etc.

X = “Uom” is the m™ zero

Atx =1, Jo(uomx) = 0 for all m

The differential equation satisfied by
f = Jo(u()mx) is
X2 f" 4+ xf + (uy, x> —02)f =0

0? — o for other a’s

Jo(uonx) is orthogonal to Jy(uomx) on the interval
(0,1), with respect to a “weighting” of x:

0,if n#m

Jeotwon 0, gy ) = {% U G Voif mmm

J( l Icos(aé’ xsin 6)do
© 0
Boas: “In fact, if you had first learned about sin(nx) and cos(nx)as power series solutions of y”' = —nzy,

instead of in elementary trigonometry, you would not feel that Bessel functions were appreciably more
difficult or strange than trigonometric functions. Like sines and cosines, Bessel functions are solutions
of a differential equation; they are tabulated and their graphs can be drawn; they can be represented as
a series; and a large number of formulas about them are known.”



In[1}= Plot [BesselJ [0, s], {s, 0, 20}]
1.0

08

Out[1]=

T N
ARV

-04f

inf2)= £[x_] = BesselJ [0, 2.405 x]
Out[2|= BesselJ [0, 2.405 x]
in31= Plot[£[x], {x, 0, 1}]

10—

0.6
out[3}= [
04

" L " 1 L " n L

0.2 0.4

in[4}= g[x_] = BesselJ[0, 5.520 x]

Outl4]= BesselJ [0, 5.52 x]

injs}= Plot[g[x], {x, 0, 1}] *
10} ‘, ‘-;\r

08r
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02f

Out[5]=

0.2 04 0.6




2 | day 34 - bessel functions - orthogonality.nb

ing]= Plot [£[x] g[x] , {x, 0, 1}]

1.0
0.8
0.6

outlsl= 0.4

KN I/o.ls/' )/(fs/"ljo
-02+
wr= Plot G [x] glx1 , tx, 0, 1}]

: {

010 \\ /S

0.05 ‘F
0

_04055 . K/// .

in8l= h[x_] = BesselJ[0, 8.654 x]

out[7]=

Outjg}= BesselJ [0, 8.654 x]

inf9}= Plot[h[x], {x, 0, 1}]

1.0F \
0.8 - *—
—~ \\}..“1
04f )‘

Out[9}= [
02}
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in[101= Plot[xg[x] h[x], {x, 0, 1}]
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Fourier Transform of “Top Hat” Function, squared by John S. Colton

inji}= Plot3D[ (Besseld (1, (x*2+y*2)~ (172) ] 7 (x*2+742)~(1/2) ) ~2,
{x, -20, 20}, {y, -20, 20}, PlotRange + {0, .3}, PlotPoints -+ 100]

P

This is called the “Airy pattern”; the central
maximum is called the “Airy disk”.

,=,{J,(p)) P = v

zoomed in

zoomed in further

zoomed in still further

This is the far-field diffraction pattern you get from a circular opening!

(If it results from a circular blockage rather than a circular opening, the central peak would be called the “Poisson spot”.)
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