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Heat Capacity of 3D Phonons in Debye Model 
by Dr. Colton, Physics 581 (last updated: Fall 2020) 

 
Actual acoustic phonon dispersion (𝜔 vs 𝑘) typically starts off linearly and then flattens out at high 𝑘 
values. The Debye model is an approximation whereby the dispersion is assumed to be linear the whole 
way (𝜔/𝑘 ൌ 𝑣, a constant), at least for frequencies below the Debye frequency, 𝜔஽, at which point the 
states abruptly cut off instead of continuing to the zone edge. 
 
Here’s how the calculation of heat capacity proceeds for the Debye model in 3-dimensions. 
 

(a) Density of states in 3D  

𝒟ሺ𝜔ሻ ൌ
1

ቀ2𝜋
𝐿 ቁ

ଷ ⋅ 4𝜋𝑘ଶ ⋅
1
𝑣

 

ൌ
𝑉

8𝜋ଷ
⋅ 4𝜋 ቀ

𝜔
𝑣
ቁ
ଶ
⋅

1
𝑣

 

𝒟ሺ𝜔ሻ ൌ
𝑉

2𝜋ଶ𝑣ଷ
𝜔ଶ  

 
(b) Cutoff frequency calculation  
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(c) Energy calculation 
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(factor of 3 from the number of acoustic branches) 
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(d) Heat capacity calculation, low 𝑇 approximation: 𝑥஽ → ∞ 
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integral done with Mathematica, gives 𝜋ସ/15 
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(e) Heat capacity calculation, high 𝑇 approximation: 𝑥஽ ൌ 𝑠𝑚𝑎𝑙𝑙 
                  → 𝑥 ൌ 𝑠𝑚𝑎𝑙𝑙 → 𝑒௫ െ 1 ൎ ሺ1 ൅ 𝑥ሻ െ 1 ൌ 𝑥 
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integral gives 
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The contribution to the heat capacity from the acoustic 

photons at low 𝑇! (Can put in terms of 𝑁 and 𝜃஽ ൌ
ℏఠವ

௞
 if 

desired.) 

The contribution to the heat capacity from the acoustic 
phonons at high 𝑇! This matches the Dulong-Petit law 
(and the equipartition theorem, given 6 degrees of 
freedom). 


