
The action for a gravitating, charged scalar field is

S =
∫ √
−γ d4x

{
R

16πG
− (Dµφ)(Dµφ)∗ − V (φ, φ∗)− 1

4
FµνF

µν

}
where we have made the definitions

Dµ = ∇µ − ieAµ
Fµν = ∇µAν −∇νAµ
φ = φ1 + iφ2

with the charge e being the coupling between the scalar field and the gauge field, Aµ.
The resulting equations of motion are

Rµν = 8πG
(
Tµν −

1
2
γµνTλ

λ

)
∇µFµα = ie {φ∗∇αφ− φ∇αφ∗}+ 2e2φφ∗Aα ≡ jα

∇µ∇µφ = 2ieAµ∇µφ+ e2φAµA
µ + ieφ∇µAµ +

∂V

∂φ∗

where the stress tensor is

Tαµ =
(
Dαφ

)(
Dµφ

)∗ +
(
Dαφ

)∗(Dµφ)− γαµ (Dλφ)(Dλφ)∗ − γαµV (φ, φ∗) + FαβFµ
β − 1

4
γαµ FλσF

λσ

We choose to work in the Lorentz gauge: ∇µAµ = 0.
The Maxwell equations in curved space can be written

∇µ∇µAα = jα + 8πG
(
Tα

µ − 1
2
γα

µ Tλ
λ

)
Aµ

where, in order to write the vector Laplacian of Aα, we have commuted covariant derivatives (which is how
we picked up the Ricci tensor) and used the Lorentz gauge.

We want to perform the (2 + 1) + 1 decomposition on these equations. In our original writeup, this was
performed for the Einstein–scalar equations. Most of that can be taken over here, though the electromagnetic
field will certainly modify those equations. Although we will try to write out all the relevant equations, much
of our effort here will be focused on decomposing the electromagnetic field. We will rely heavily on our earlier
definitions and the reader is referred to that for greater detail as to our approach and formalism.

The Maxwell equations

Recall that the metric on the 4-manifold can be written in terms of the other metrics

(4)γµν = (3)gµν +
1
s2
XµXν

= (2)hµν − nµnν +
1
s2
XµXν

where nµ is the timelike unit vector normal to the spatial 2-hypersurface and Xµ is the Killing vector
associated with the axisymmetry. The scalar field s defines the norm of the Killing vector: XµXµ = s2.
Decomposing the covariant derivative of the gauge field, we get

∇µAα = ∂µAα −(4) ΓλµαAλ

= DµAα −
1
2
s2gσλ

[
YαZµσ + YµZασ − ∂σ

(
ln s2

)
YµYα

]
Aλ −

1
2
Y λAλ

[
∂µ
(
s2Yα

)
+ ∂α

(
s2Yµ

)]
where we have defined Y µ = Xµ/s2 = δµϕ/s

2 and Zµν = ∂µYν − ∂νYµ with Dµ defined to be the covariant
derivative on the 3-manifold with metric gµν . With this we can calculate the vector Laplacian. What we

1



really want, however, is the parts of the vector Laplacian projected into the 3-manifold and along the Killing
vector. After some calculation, these are

ga
α · ∇µ∇µAα = DµDµAa +

1
s
DµsDµAa −

1
s2
DµsA

µDas−DµAϕ Z
µ
a −

1
2s
Dµ

(
sZµa

)
Aϕ

Xα · ∇µ∇µAα = DµDµAϕ −
1
s
Dµ
(
AϕDµs

)
− s2DµAλ Zµλ −

1
2s
AλDµ

(
s3Zµλ

)
= DµDµAϕ −

1
s
Dµ
(
AϕDµs

)
− s2DµAλ Zµλ + 8πG

(
Tλϕ − Y λTϕϕ

)
Aλ

where, in the last line, we have used a result from our earlier writeup. At this point, we make what is
a crucial observation for the consistency of our subsequent development. In our original considerations of
axisymmetric gravitational collapse, our matter was only a scalar field (perhaps with a potential). However,
this allowed a significant simplification at the time, namely the introduction of the scalar twist, or twist
potential, w. This was defined by

∇µw = wµ = εµνλσX
ν∇λXσ

In the present case, this can be rewritten as

wµ =
1
2
s4εµνλσY

νZλσ.

Our use of the scalar twist arose through one of the Einstein equations in the 3-manifold:

Da(s3Zba) = 16πGs (Tbϕ − YbTϕϕ)

The twist, wµ, can always be defined, but the scalar twist, w, can be defined provided the right hand side of
the above Einstein equation is zero. For a nontrivial electromagnetic field, this quantity, Tbϕ − AbTϕϕ will
be zero if and only if Aϕ = 0. If we make this assumption, it might be tempting to think that we can now
use the scalar twist and all is well. However, note the above vector Laplacian projected along the Killing
vector, Xα. This is an evolution equation for Aϕ. Even when additional stress-energy terms are included,
this equation is not always satisfied with Aϕ = 0. Indeed, there is a term s2ZµλD

µAλ which will source Aϕ
unless it is identically zero as well. Because we want to allow Aλ to be nonzero, we must choose Zµλ = 0.
However, this defines our scalar twist and is nonzero if and only if there is rotation in the spacetime. Thus, to
continue to use the scalar twist in our formalism together with an electromagnetic field forces us to consider
only poloidal magnetic fields (i.e. Aϕ = 0) with no rotation: w = 0. Certainly, we could change our approach
to allow for rotating electromagnetic fields, but we would then have to use the twist, wµ, and our formalism
would be considerably modified. At this point, though it is certainly something of a sacrifice to temporarily
give up on rotating electromagnetic fields, it seems to me that we have more than enough to do to consider
just collapsing non-rotating fields.

Therefore, for consistency, we will set Aϕ = 0 and Zµν = 0 in the following. Note that we have thereby
solved the Xα · ∇µ∇µAα equation exactly.

We now do the ADM decomposition. Considering the vector Laplacian in the 3-manifold, we first project
it in the timelike direction, i.e. along na,

naga
α · ∇µ∇µAα =

(1)︷ ︸︸ ︷
DµD

µ
(
naAa

)
−2

(2)︷ ︸︸ ︷
Dµn

aDµAa−

(3)︷ ︸︸ ︷
DµD

µna ·Aa

+
1
s
Dµs

( (4)︷ ︸︸ ︷
Dµ(naAa)−

(5)︷ ︸︸ ︷
AaDµn

a
)
−

(6)︷ ︸︸ ︷
1
s2
AµDµs · naDas

where, because we are now living fully in the 3-manifold, we can switch from using Greek indices (µ, λ, · · ·)
to using Latin indices (a, b, · · ·) which range over 0, 1, and 2. Note the numbering above each term. In the
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hope of keeping things somewhat orderly, let’s consider each term in turn:

DbD
b
(
naAa

)
= hab∆a∆b(nA) +K · naDa(nA)− naDa

[
nbDb(nA)

]
+ naDan

b ·Db(nA)(1)

Dbn
aDbAa = −KabDaAb − nbDbna n

cDcA
a(2)

DbD
bna ·Aa = Ac · gab∆a∆bnc + (nA)KabKab −KacA

c · nbDbn
a +K ·AanbDbna(3)

− naDa

[
nbDb(nA)

]
+ naDa

(
nbncDcAb

)
+ naDaA

b · ncDcnb
1
s
Dbs ·Db(nA) =

1
s
hab∆as∆b(nA) + χnaDa(nA)(4)

1
s
AaD

bsDbn
a = −1

s
KabAaDbs+ χnaDanb ·Ab(5)

1
s2
AaDas n

bDbs = −χ
s
habAaDbs− χ2 · (nA)(6)

where we have used sχ = −naDas from our earlier definitions (recall that χ =(3) Kϕ
ϕ and na = (−α, 0, 0))

and the 2-extrinsic curvature, Kab = −Danb with trace K = Kabh
ab.* (Recall, as well, that with maximal

slicing, K = −χ.) The derivative operator, ∆a, is the covariant derivative on the 2 dimensional spatial
hypersurfaces built out of the corresponding metric hab. We have also defined a new scalar variable (short-
hand, really) nA = naA

a. With the exception of term #3, each of the above calculations is a relatively
straightforward projection using gab = hab − nanb.

All but two of the above terms are now expressed in terms of quantities on the 2-manifold. The
exceptions are naDanb · hbc and DaAb. Defining na = (−α, 0, 0) such that na = 1

α (1, β1, β2), these can be
shown to be

naDanb · hbc = hbc · ∂bα
α

DaAb = ∆aAb − nahbd · ncDcAd − nbDa(nA)− nbAdKad − nanbncDcnd ·Ad

Putting all of this together, changing to partial derivatives where appropriate, and grouping according
to terms involving Aµ and its derivatives, we get

naga
α · ∇µ∇µAα = −na∂a

(
nbncDcAb

)
+ hab∆a∆b(nA)

+
(
K + χ

)[
naDa

(
nA
)
−Aa · nbDbna

]
+ hab ∂a(nA)

[
∂bα

α
+
∂bs

s

]
+ (nA)

[
χ2 −KabK

ab
]

+ 2Kab∆aAb

+ hab
∂bα

α
ncDcAa

+Aa

[
−∆b∆bna +Kba

(
∂bα

α
+
∂bs

s

)
+ χhba

∂bs

s

]
Of course, this is only one side of the Maxwell equation. The full equation is

naga
α · ∇µ∇µAα = na

[
ja + 8πG

(
Ta

µ − 1
2
γa
µ Tλ

λ

)
Aµ

]
At this point, it is convenient to define some auxiliary variables. For evolution variables, we will use the

spatial components of the gauge field: habAb, (which, in our eventual cylindrical coordinate system, will be
Aρ and Az). Their “conjugate variables” will be

Πb ≡ −hbcnaDaAc

* Note that this definition for the extrinsic curvature includes a minus sign which is different from the
definition in Wald.
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Note that this is a quantity in the spatial hypersurface and will only have two components. (Indeed, we
could replace b with B where we use capital Latin letters to run over 1 and 2.) We will also take nA ≡ naAa
as another evolution variable. It turns out to be a much more natural choice than, say, At. Its conjugate
variable will be

Π(nA) ≡ nbnaDaAb = na∂a
(
nA
)
−Ad · ncDcnd

It becomes clear that the equation we have been dealing with is the evolution equation for Π(nA). Finally,
noting that the Laplacian of na in the above equation can be written

−∆a∆anb = ∆aK
a
b

= ∆bK − (3)Racn
chab

= ∆b

(
K + χ

)
+ hab χ

∂as

s
−Kb

a ∂as

s
− 8πGTac · nchab

we can combine these facts and write out the evolution equation as

na∂aΠ(nA) ≡ na∂a
(
nbncDcAb

)
= hab∆a∆b(nA)

+
(
K + χ

)
Π(nA) + habAa ∆b

(
K + χ

)
+ hab ∂a(nA)

∂b
(
αs
)

αs

+ (nA)
[
χ2 −KabK

ab
]

+ 2Kab∆aAb

− hab ∂aα
α

Πb

+Aa

[
Kba ∂bα

α
+ 2χhba

∂bs

s

]
− naja − 8πG

[
2TabnahbcAc − (nA)nanbTab −

1
2

(nA)Tλλ
]

We consider now, the same quantity: gaα · ∇µ∇µAα, but now projected into the spatial hypersurface,

hb
a · gaα · ∇µ∇µAα =

(7)︷ ︸︸ ︷
hb
aDcD

cAa +

(8)︷ ︸︸ ︷
hb
a 1
s
DcsDcAa−

(9)︷ ︸︸ ︷
hb
a 1
s2
DasDcsA

c

Again, working on the terms individually, we find

hb
aDcD

cAa = gcd∆c∆dAb −K Πb + hab · ncDcΠa(7)
+ naDan

b
(
∆bAc + hbcΠ(nA)

)
+Kb

c
[
∂c
(
nA
)

+AdKc
d
]

hb
a 1
s
DcsDcAa = hac

∂as

s
∆cAb − χΠb(8)

hb
a 1
s2
DasDcsA

c =
1
s2
hb
aDas h

cdDcsAd + χ
(
nA
) 1
s
hb
aDas(9)

So that on combining these we get

hb
a · gaα · ∇µ∇µAα = hb

a · ncDcΠa + hac∆a∆cAb −
(
K + χ

)
Πb

+ Π(nA) hb
a ∂aα

α

+ hac∆cAb
∂a
(
αs
)

αs

+Kb
c
[
∂c
(
nA
)

+Kc
dAd

]
− 1
s
hb
aDas

[
1
s
hcdAdDcs+ χ

(
nA
)]
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Equating with the appropriate right hand side,

hb
a · gaα · ∇µ∇µAα = hb

a

[
ja + 8πG

(
Ta

µ − 1
2
γa
µTλ

λ

)
Aµ

]
= hb

a ja + 8πG
[
hb
ahcdTacAd − hbancTac

(
nA
)
− 1

2
hb
aAa Tλ

λ

]
Because this is the evolution equation for Πb, we can write

hb
a ndDdΠa = −∆a∆aAb +

(
K + χ

)
Πb

−Π(nA) hb
a ∂aα

α

− hac∆cAb
∂a
(
αs
)

αs

−Kb
c
[
∂c
(
nA
)

+Kc
dAd

]
+

1
s
hb
aDas

[
1
s
hcdAdDcs+ χ

(
nA
)]

+ hb
a ja + 8πG

[
hb
ahcdTacAd − hbancTac

(
nA
)
− 1

2
hb
aAa Tλ

λ

]
With this, it might seem that we’re finished with the Maxwell equations. Actually, we still need to

consider two equations. These are the Lorentz gauge condition and the Gauss constraint, i.e. the curved
space generalization of Gauss’ Law. The first is fairly straightforward and comes right out of our decomposed
covariant derivative

0 = ∇µAµ

= ∆aA
a − na∂a

(
nA
)

+AdncDcnd + habAa
∂bs

s
+ χ

(
nA
)

= ∆aA
a −Π(nA) + habAa

∂bs

s
+ χ

(
nA
)

The Gauss constraint defines the initial value problem and must be solved on the first time slice in order
to provide good initial data. It arises because the α = t component of the original Maxwell equation is not an
evolution equation but an elliptic equation. Another way to think of it is that ∇µFµt = ∇µ∇µAt−∇µ∇tAµ
has no second time derivatives of At (or any other component of Aµ).

To deal with this, we must go back to the original Maxwell equations and decompose

ga
α
(
∇µ∇µAα −∇µ∇αAµ

)
= ga

αjα

along na. The first term we have already done. The second term takes some work, but we can show that
the entire expression becomes

na · gab
(
DcD

cAb −DcDbA
c
)

+
1
s
naga

bDcs
(
DcAb −DbAc

)
− nagabDcAϕ · Zcb = naga

bjb

where, if we assume Aϕ = 0 and Zµν = 0, the third term drops out. Note too that the middle term in
parentheses is just Fcb, the Maxwell tensor projected onto the 3–manifold. Rewriting the second derivatives
we have

naDbD
bAa − naDbDaA

b =
( (1)︷ ︸︸ ︷
DbD

b
(
naAa

)
−2

(2)︷ ︸︸ ︷
Dbn

aDbAa−

(3)︷ ︸︸ ︷
DbD

bna ·Aa
)

−
( (10)︷ ︸︸ ︷
Db

(
naDaA

b
)
−

(11)︷ ︸︸ ︷
Dbn

aDaA
b
)

5



where the first three terms were calculated earlier. The other two become

Db

(
naDaA

b
)

= −∆bΠb −Πa · nbDbn
a +K ·Π(nA) − naDaΠ(nA)(10)

Dbn
aDaA

b = −KabDbA
a − hab∂a

(
nA
)
ncDcnb −KabAa · ncDcnb(11)

Putting it all together and using our expression for −∆a∆anb again, we get the following elliptic equation
for nA:

∆a∆a
(
nA
)

= −Kab∆aAb −Ac ·∆c

(
K + χ

)
+
(
nA
)
KabKab

− hab∆aΠb

+
∆as

s

[
Ab
(
Ka

b − habχ
)
− F ab nb

]
+ naja + 8πGnahbcTabAc

Collecting all the relevant equations from this section, we have the evolution equation for Π(nA) (the
Maxwell equation projected along na)

naDaΠ(nA) = hab∆a∆b(nA) +
(
K + χ

)
Π(nA) + habAa ∆b

(
K + χ

)
+ hab ∂a(nA)

∂b
(
αs
)

αs
+ (nA)

[
χ2 −KabK

ab
]

+ 2Kab∆aAb

− hab ∂aα
α

Πb +Aa

[
Kba ∂bα

α
+ 2χhba

∂bs

s

]
− naja − 8πG

[
2TabnahbcAc − (nA)nanbTab −

1
2

(nA)Tλλ
]

the evolution equation for Πb (the Maxwell equation projected into the spatial 2–hypersurface)

hb
a ndDdΠa = −∆a∆aAb +

(
K + χ

)
Πb −Π(nA) hb

a ∂aα

α
− hac∆cAb

∂a
(
αs
)

αs

−Kb
c
[
∂c
(
nA
)

+Kc
dAd

]
+

1
s
hb
aDas

[
1
s
hcdAdDcs+ χ

(
nA
)]

+ hb
a ja + 8πG

[
hb
ahcdTacAd − hbancTac

(
nA
)
− 1

2
hb
aAa Tλ

λ

]
the Lorentz gauge (constraint) condition

0 = ∆aA
a −Π(nA) + habAa

∂bs

s
+ χ

(
nA
)

and the Gauss constraint

∆a∆a
(
nA
)

= −Kab∆aAb −Ac ·∆c

(
K + χ

)
+
(
nA
)
KabKab − hab∆aΠb

+
∆as

s

[
Ab
(
Ka

b − habχ
)
− F ab nb

]
+ naja + 8πGnahbcTabAc

The scalar field equation

The equation for the scalar field is also changed with the addition of electromagnetism. So let’s revisit
it. The general equation is

∇µ∇µφ = 2ieAµ∇µφ+ e2φAµA
µ + ieφ∇µAµ +

∂V

∂φ∗
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where we will not drop the term with ∇µAµ because we will use it in our definition of Πφ. First rewrite in
a slightly more convenient form

∇µ
(
∇µφ− ieAµφ

)
= ieAµ

(
∇µφ− ieAµφ) +

∂V

∂φ∗

Decomposing this equation, we get

ncDcΠφ = ∆a (∆aφ− ieAaφ) + ie
(
nA
)

[Πφ +Kφ]

+ hab
[
∂a(αs)
αs

− ieAa
]

(∂bφ− ieAbφ)− ∂V

∂φ∗

where we have defined
Πφ = nd

(
∂dφ− ieAdφ

)
to be the variable conjugate to φ.
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The stress tensor

Now consider the stress tensor. It is, again,

Tαµ =
(
Dαφ

)(
Dµφ

)∗ + c.c.− γαµ
(
Dλφ

)(
Dλφ

)∗ − γαµV (φ, φ∗) + FαβFµ
β − 1

4
γαµ FλσF

λσ

where c.c. denotes the complex conjugate of the preceding term. Decomposing the Maxwell tensor yields

Fµν = ∂µAν − ∂νAµ

=
(
hµ

λ − nµnλ +
1
s2
XµX

λ
)(
hν

σ − nνnσ +
1
s2
XνX

σ
)(
∂λAσ − ∂σAλ

)
= Bµν + 2n[µhν]

λ Eλ −
2
s2
X[µ∂ν]Aϕ

where we define the auxiliary quantities

Bµν = hµ
λhν

σ
(
∂λAσ − ∂σAλ

)
Eλ = Dλ

(
nA
)

+KλµA
µ + Πλ + nλ · nσDσ

(
nA
)

Note that both Bµν and Eµ live in the spatial hypersurfaces (nµEµ = nµBµν = 0). In addition, we have
Bµν = −Bνµ. Thus Bµν has only one independent component. We can now write

FαβFµ
β = hβν

[
Bαβ + nαhβ

λ̄Eλ̄ −
1
s2
Xα∂βAϕ

] [
Bµν + nµhν

λEλ −
1
s2
Xµ∂νAϕ

]
−
[
hα

λ̄Eλ̄ −
1
s2
Xαn

β∂βAϕ

] [
hµ

λEλ −
1
s2
Xµn

ν∂νAϕ

]
+

1
s2
∂αAϕ∂µAϕ

FαβF
αβ = hβνBµβBµν − 2hβνhβλ̄hνλEλ̄Eλ

+
2
s2
hβν∂βAϕ∂νAϕ −

2
s2
nβ∂βAϕ · nν∂νAϕ

Since our use of the scalar twist requires that Aϕ = 0, we’ll drop those terms in the stress tensor leaving

Tαµ =
(
Dαφ

)(
Dµφ

)∗ + c.c.− γαµ
[(
Dλφ

)(
Dλφ

)∗ + V (φ, φ∗)
]

+ hβν
(
Bαβ + nαEβ

) (
Bµν + nµEν

)
− EαEµ −

1
4
γαµ
(
BβνBβν − 2 EλEλ

)
Considering the matter terms in the previous Maxwell equations and with an eye to the source terms

in the Einstein equations, some useful quantities to have are

Tλ
λ = γαµ Tαµ

Tϕϕ = XαXµ Tαµ

ρmat = nαnµTαµ = nanbTab

−Jc = nahbc Tab

Sbd = hab h
c
d Tac

we can write

Tλ
λ = 2

[ ∣∣naDaφ ∣∣2 − habDaφ(Dbφ)∗ ]− 4V (φ, φ∗)

Tϕϕ = XαXµ Tαµ = −s2
[
hacDaφ

(
Dcφ

)∗ − ∣∣naDaφ ∣∣2 + V (φ, φ∗)
]
− s2

4
[
BacBac − 2 EaEa

]
ρmat = nanbTab =

∣∣naDaφ ∣∣2 + habDaφ
(
Dbφ

)∗ + V (φ, φ∗) +
1
4
(
BabBab + 2 EaEa

)
−Jc = nahbc Tab = hbcDbφ

(
naDaφ

)∗ + c.c.− hbcBba Ea

Sbd = hab h
c
d Tac = hab h

c
d

[
Daφ

(
Dcφ

)∗ + c.c.
]
− hbd

{
hacDaφ

(
Dcφ

)∗ − ∣∣naDaφ ∣∣2 + V (φ, φ∗)
}

+ hacBbaBdc − EbEd −
1
4
hbd
[
BacBac − 2 EaEa

]
8



At this point, we could go back to our equations, add these matter terms and write out the equations
in their scalar, to-be-differenced form. However, there are two potentially “ugly” terms. This, of course, is a
matter of preference, but if we want to keep the number of terms in our equations to a minimum (admittedly
not a particularly compelling reason if one’s primary objective is a stable code), the term

∆a∆aAb

in the evolution equation for Πa and the term

2Kab ∆aAb

in the evolution equation for Π(nA) both produce a bevy of terms when written out in our coordinate system.
If we accept this minimalist notion, the first term can be dealt with by introducing the commutator of two
2–covariant derivatives and the corresponding Ricci tensor

∆a∆aAb = ∆a
(
∆aAb −∆bAa

)
+ (2)RabAa + ∂b

(
∆aAa

)
and noticing that the first term in parentheses is nothing but the 2–covariant derivative of one of our auxiliary
variables: ∆aBab. This is progress since the 2–Ricci tensor is very simple in our chosen coordinate system.

Using this in our evolution equation for Πb together with the Lorentz condition and the definition of Ea
to eliminate the Kb

cKc
d term, we have

hb
a ndDdΠa = −∆aBab − (2)RabAa − ∂b

(
∆aAa

)
+
(
K + χ

)
Πb

−Π(nA) hb
a ∂aα

α
− hac∆cAb

∂a
(
αs
)

αs

−Kb
c
(
Ec −Πc

)
+
∂bs

s

[
Π(nA) −∆aA

a
]

+ hb
a ja + 8πG

[
hb
ahcdTacAd − hbancTac

(
nA
)
− 1

2
hb
aAa Tλ

λ

]
For the second “ugly” term, we note that a term like it is also present in the Gauss constraint. If we

thus use the Gauss constraint and the definition of Ea, we can write the evolution equation for Π(nA) as

naDaΠ(nA) = −∆a∆a(nA) +
(
K + χ

)
Π(nA) − habAa ∆b

(
K + χ

)
− 2 ∆aΠa

− hab ∂a(nA)
∂bs

s
+ (nA)

[
χ2 +KabK

ab
]
− 2 Πa ∂a

(
αs
)

αs

+ Eb naDan
b + naja + 8πG

(
nA
) [
nanbTab +

1
2
Tλ

λ

]
Making a final observation, we can express the Gauss constraint in terms of derivatives of Ea. Using the

definition
Ea = Da

(
nA
)

+KabA
b + Πa + na · nbDb

(
nA
)

taking a 2–covariant derivative and using the Gauss constraint, we can write the Gauss constraint as

1
s

∆a

(
sEa
)

= naja.

This is nice since it accords with what one might expect from the curved space Maxwell equations so it is a
nice check of our method.
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All the matter equations in 2-covariant form (general stress–energy)

Collecting all of the matter equations together again and using generic terms from the stress-energy, we
have the following evolution equations

na∂a
(
nA
)

= Aa h
ab ∂bα

α
+ Π(nA)

naDaΠ(nA) = −∆a∆a(nA) +
(
K + χ

)
Π(nA) − habAa ∆b

(
K + χ

)
− 2 ∆aΠa

− hab ∂a(nA)
∂bs

s
+ (nA)

[
χ2 +KabK

ab
]
− 2 Πa ∂a

(
αs
)

αs

+ Eb naDan
b + naja + 8πG

(
nA
) [
nanbTab +

1
2
Tλ

λ

]
hb
cnaDaAc = −Πb

hb
a ndDdΠa = −∆aBab − (2)RabAa − ∂b

(
∆aAa

)
+
(
K + χ

)
Πb

−Π(nA) hb
a ∂aα

α
− hac∆cAb

∂a
(
αs
)

αs

−Kb
c
(
Ec −Πc

)
+
∂bs

s

[
Π(nA) −∆aA

a
]

+ hb
a ja + 8πG

[
hb
ahcdTacAd − hbancTac

(
nA
)
− 1

2
hb
aAa Tλ

λ

]
na∂aφ = ie

(
nA
)
φ+ Πφ

na∂aΠφ = ∆a (∆aφ− ieAaφ) + ie
(
nA
)

[Πφ +Kφ]

+ hab
[
∂a(αs)
αs

− ieAa
]

(∂bφ− ieAbφ)− ∂V

∂φ∗

and constraint equations

0 = ∆aA
a −Π(nA) + habAa

∂bs

s
+ χ

(
nA
)

∆a∆a
(
nA
)

= −Kab∆aAb −Ac ·∆c

(
K + χ

)
+
(
nA
)
KabKab − hab∆aΠb

+
∂as

s

[
Ab
(
Ka

b − habχ
)
− F ab nb

]
+ naja + 8πGnahbcTabAc

(Note that we could use ∆a(sEa) = s naja as the Gauss constraint instead of the last equation above.)

10



All the matter equations in 2-covariant form (with charged scalar field as stress–energy)

Again, we write all of the matter equations down but this time with our particular choice for the
stress–energy tensor, namely that for a charged scalar field. The evolution equations are

na∂a
(
nA
)

= Aa h
ab ∂bα

α
+ Π(nA)

naDaΠ(nA) = −∆a∆a(nA) +
(
K + χ

)
Π(nA) − habAa ∆b

(
K + χ

)
− 2 ∆aΠa

− hab ∂a(nA)
∂bs

s
+ (nA)

[
χ2 +KabK

ab
]
− 2 Πa ∂a

(
αs
)

αs

+ Eb naDan
b + ie

[
φ∗Πφ − φΠ∗φ

]
+ 8πG

(
nA
) [

2
∣∣Πφ

∣∣2 − V +
1
4
(
BabBab + 2EaEa

)]
hb
cnaDaAc = −Πb

hb
a ndDdΠa = −∆aBab − (2)RabAa − ∂b

(
∆aAa

)
+
(
K + χ

)
Πb

−Π(nA) hb
a ∂aα

α
− hac∆cAb

∂a
(
αs
)

αs

−Kb
c
(
Ec −Πc

)
+
∂bs

s

[
Π(nA) −∆aA

a
]

+ iehb
a
[
φ∗
(
φ,a
)
− φ

(
φ∗,a
)
− 2ieAa

∣∣φ∣∣2]
+ 8πGhba

{
hcdAd

[
Daφ (Dcφ)∗ + c.c.

]
+Aa V −

(
nA
) [
Daφ ·Π∗φ + c.c.

]
+BacBdcAd − EaEcAc −

1
4
Aa
(
BcdBcd − 2EcEc

)
+
(
nA
)
BacEc

}
na∂aφ = ie

(
nA
)
φ+ Πφ

na∂aΠφ = ∆a∆aφ− ie∆a (Aaφ) + ie
(
nA
)

[Πφ +Kφ]

+ hab
[
∂a(αs)
αs

− ieAa
]

(∂bφ− ieAbφ)− ∂V

∂φ∗

and the constraint equations are

0 = ∆aA
a −Π(nA) + habAa

∂bs

s
+ χ

(
nA
)

∆a∆a
(
nA
)

= −Kab∆aAb −Ac ·∆c

(
K + χ

)
+
(
nA
)
KabKab − hab∆aΠb

+
∂as

s

[
Ab
(
Ka

b − habχ
)
− Ea

]
+ ie

[
φ∗Πφ − φΠ∗φ

]
+ 8πGhbcAc

[
Db Π∗φ + c.c.− BbaEa

]
(Where, again, we could use ∆a(sEa) = s naja as the Gauss constraint instead of the last equation above.)

To these equations we must also add the Einstein equations with a charged scalar field as the matter
source.
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All the (unregularized) equations

Writing out all the equations in our assumed coordinates with maximal slicing, (K + χ = 0), we have

(
nA
)
,t

= βρ
(
nA
)
,ρ

+ βz
(
nA
)
,z

+ αΠ(nA) +
1
a2

[
α,ρAρ + α,zAz

]
Π(nA),t = βρΠ(nA),ρ + βzΠ(nA),z −

α

a2

[(
nA
)
,ρρ

+
(
nA
)
,zz

]
+

2
sa2

[(
αsΠρ

)
,ρ

+
(
αsΠz

)
,z

]
+ 2α

(
nA
)[
Kρ

ρ2 +Kz
z2 +Kρ

z2 +Kρ
ρKz

z
]
− α

a2

[(
nA
)
,ρ

s,ρ
s

+
(
nA
)
,z

s,z
s
− Eρ

α,ρ
α
− Ez

α,z
α

]
− ieα

(
φ∗Πφ − φΠφ

∗)+ 8πGα
(
nA
) [

2
∣∣Πφ

∣∣2 − V +
1

2a2

(
Eρ2 + Ez2 +

1
a2
Bρz2

)]
Aρ,t = βρAρ,ρ + βzAρ,z −

(
nA
)
α,ρ − αΠρ +Aρ

(
−αKρ

ρ + βρ,ρ
)

+Az
1
2
(
βz,ρ − βρ,z

)
Πρ,t = βρΠρ,ρ + βzΠρ,z + Πρ

(
−αKρ

ρ + βρ,ρ
)

+ Πz
1
2
(
βz,ρ − βρ,z

)
+ α

( 1
a2
Bρz
)
,z
− α

s

[ s
a2

(
Aρ,ρ +Az,z

)]
,ρ
− 1
sa2

[(
αs
)
,ρ
Aρ,ρ +

(
αs
)
,z
Aρ,z

]
+Aρ

1
sa2

[(a,ρ
a
αs
)
,ρ

+
(a,z
a
αs
)
,z

]
−Az

1
sa3

[(
αs
)
,ρ
a,z −

(
αs
)
,z
a,ρ

]
+ αΠ(nA)

(s,ρ
s
− α,ρ

α

)
+ αKρ

ρ
(
Πρ − Eρ

)
+ αKρ

z
(
Πz − Ez

)
+ ieα

[
φ∗Dρφ− φ

(
Dρφ

)∗]
+ 8πGα

{
2Aρ
a2

∣∣Dρφ∣∣2 +
1
a2
Az
[
Dρφ

(
Dzφ

)∗ + c.c.
]

+Aρ V −
(
nA
)[
DρφΠ∗φ + c.c.

]
+
Aρ
2a2

(Bρz2

a2
− Eρ2 + Ez2

)
− Az
a2
EρEz +

(
nA
)

a2
EzBρz

}

Az,t = βρAz,ρ + βzAz,z −
(
nA
)
α,z − αΠz +Aρ

1
2
(
βρ,z − βz,ρ

)
+Az

(
−αKρ

ρ + βρ,ρ
)

Πz,t = βρΠz,ρ + βzΠz,z + Πρ
1
2
(
βρ,z − βz,ρ

)
+ Πz

(
−αKρ

ρ + βρ,ρ
)

− α
( 1
a2
Bρz
)
,ρ
− α

s

[ s
a2

(
Aρ,ρ +Az,z

)]
,z
− 1
sa2

[(
αs
)
,ρ
Az,ρ +

(
αs
)
,z
Az,z

]
+Az

1
sa2

[(a,ρ
a
αs
)
,ρ

+
(a,z
a
αs
)
,z

]
+Aρ

1
sa3

[(
αs
)
,ρ
a,z −

(
αs
)
,z
a,ρ

]
+ αΠ(nA)

(s,z
s
− α,z

α

)
+ αKz

ρ
(
Πρ − Eρ

)
+ αKz

z
(
Πz − Ez

)
+ ieα

[
φ∗Dzφ− φ

(
Dzφ

)∗]
+ 8πGα

{
2Az
a2

∣∣Dzφ∣∣2 +
1
a2
Aρ
[
Dρφ

(
Dzφ

)∗ + c.c.
]

+Az V −
(
nA
)[
DzφΠ∗φ + c.c.

]
+
Az
2a2

(Bρz2

a2
+ Eρ2 − Ez2

)
− Aρ
a2
EρEz −

(
nA
)

a2
EρBρz

}
φ,t = βρφ,ρ + βzφ,z + ieα

(
nA
)
φ+ αΠφ

Πφ,t = βρΠφ,ρ + βzΠφ,z + ieα
(
nA
) (

Πφ − φχ
)
− α ∂V

∂φ∗

+
α

a2

(
φ,ρρ + φ,zz

)
− ie α

a2

[(
φAρ

)
,ρ

+
(
φAz

)
,z

]
+
α

a2

[(
(αs),ρ
αs

− ieAρφ
)(
φ,ρ − ieAρφ

)
+
(

(αs),z
αs

− ieAzφ
)(
φ,z − ieAzφ

)]
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The constraint equations become

0 =
1
a2

(
Aρ,ρ +Az,z

)
−Π(nA) +

1
sa2

(
Aρs,ρ +Azs,z

)
+
(
nA
)
χ

In addition we have a “Gauss constraint”
0 =

(
nA
)
,ρρ

+
(
nA
)
,zz

+ Πρ,ρ + Πz,z − a2χΠ(nA)

− a2
(
nA
)[
Kρ

ρ2 +Kz
z2 + 2Kρ

z2
]

+
[
Kρ

ρAρ,ρ +Kρ
z
(
Az,ρ +Aρ,z

)
+Kz

zAz,z
]

−Aρ
[s,ρ
s

(
Kρ

ρ − χ
)

+Kρ
z
(s,z
s

+
2a,z
a

)
+
a,ρ
a

(
Kρ

ρ −Kz
z
)]

−Az
[s,z
s

(
Kz

z − χ
)

+Kρ
z
(s,ρ
s

+
2a,ρ
a

)
+
a,z
a

(
Kz

z −Kρ
ρ
)]

− iea2
(
φ∗Πφ − φΠφ

∗)
− 8πG

[
Aρ
(
Π∗φDρφ+ Πφ

(
Dρφ

)∗)+Az
(
Π∗φDzφ+ Πφ

(
Dzφ

)∗)+
1
a2
Bρz
(
EρAz − EzAρ

)]
The relevant Einstein equations are

ṡ− βρs,ρ − βzs,z = −αsχ

χ̇− βρχ,ρ − βzχ,z = − 1
sa2

[(αs,ρ),ρ + (αs,z),z]− 4πG
α

a2

[
2a2 V (φ, φ∗)− 1

a2
Bρz2 + Eρ2 + Ez2

]
(log a2),ρρ + (log a2),zz = −2

s
(s,ρρ + s,zz)−

a2

2α2

[
(βρ,ρ − βz,z)2 + (βz,ρ + βρ,z)2

]
− 3

2
a2χ2

− 16πG
[
a2|Πφ|2 +

∣∣Dρφ∣∣2 +
∣∣Dzφ∣∣2 + a2 V (φ, φ∗) +

1
2
(
Eρ2 + Ez2 +

1
a2
Bρz2

)]
βρ,ρρ + βρ,zz =

(
log

α

a2s

)
,ρ

(βρ,ρ − βz,z) +
(

log
α

a2s

)
,z

(βz,ρ + βρ,z) + αχ,ρ + 3αχ
s,ρ
s

− 16πGα
[
DρφΠφ

∗ + c.c.− 1
a2
BρzEz

]
βz,ρρ + βz,zz =

(
log

α

a2s

)
,ρ

(βz,ρ + βρ,z) +
(

log
α

a2s

)
,z

(βz,z − βρ,ρ) + αχ,z + 3αχ
s,z
s

− 16πGα
[
DzφΠφ

∗ + c.c.+
1
a2
BρzEz

]
α,ρρ + α,zz = −α

[
(log a2),ρρ + (log a2),zz

]
− 2α

s
(s,ρρ + s,zz)−

1
s

(s,ρα,ρ + s,zα,z)

− 16πGα
[∣∣Dρφ∣∣2 +

∣∣Dzφ∣∣2 +
3
2
a2 V (φ, φ∗) +

1
4
( 1
a2
Bρz2 + Eρ2 + Ez2

)]
In these, we have used the auxiliary definitions

Eρ = Πρ +
(
nA
)
,ρ

+
1
a2
Kρ

ρAρ +
1
a2
Kρ

zAz

Ez = Πz +
(
nA
)
,z

+
1
a2
Kz

ρAρ +
1
a2
Kz

zAz

Bρz = Az,ρ −Aρ,z

Kρ
ρ =

1
3α
(
−αρΩ̄ + βρ,ρ − βz,z

)
Kz

z =
1

3α
(
−αρΩ̄− 2βρ,ρ + 2βz,z

)
Kρ

z =
1

2α
(βz,ρ + βρ,z)

ρΩ̄ =
1

2α
(3αχ− βρ,ρ + βz,z)
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All the (regularized) equations

After some experience, it has become clear that we must use somewhat different variables. The following
equations use “regularized” variables. More particularly, they incorporate the substitutions a = ψ2, s =
ρψ2eρσ̄, and χ = 1

3α

(
2αρΩ̄+βρ,ρ−βz,z

)
. In addition, we use the Hamiltonian constraint in the slicing equation

which changes the latter to a nonlinear equation in α.

(
nA
)
,t

= βρ
(
nA
)
,ρ

+ βz
(
nA
)
,z

+ αΠ(nA) +
1
ψ4

[
α,ρAρ + α,zAz

]
Π(nA),t = βρΠ(nA),ρ + βzΠ(nA),z −

α

ψ4

[(
nA
)
,ρρ

+
(
nA
)
,zz

]
+

2
ρψ6eσ

[(
ραψ2eσΠρ

)
,ρ

+
(
ραψ2eσΠz

)
,z

]
+ 2α

(
nA
)[
Kρ

ρ2 +Kz
z2 +Kρ

z2 +Kρ
ρKz

z
]

− α

ψ4

[(
nA
)
,ρ

(
ρψ2eσ

)
,ρ

ρψ2eσ
+
(
nA
)
,z

(
ψ2eσ

)
,z

ψ2eσ
− Eρ

α,ρ
α
− Ez

α,z
α

]
− ieα

(
φ∗Πφ − φΠ∗φ

)
+ 8πGα

(
nA
) [

2
∣∣Πφ

∣∣2 − V +
1

2ψ4

(
Eρ2 + Ez2 +

1
ψ4
Bρz2

)]

Aρ,t = βρAρ,ρ + βzAρ,z −
(
nA
)
α,ρ − αΠρ +Aρ

(
−αKρ

ρ + βρ,ρ
)

+Az
1
2
(
βz,ρ − βρ,z

)
Πρ,t =

(
βρΠρ

)
,ρ

+ βzΠρ,z + Πzβ
z
,ρ + α

( 1
ψ4
Bρz
)
,z
− α

ρψ2eσ
[ρeσ
ψ2

(
Aρ,ρ +Az,z

)]
,ρ

− 1
ρψ6eσ

[(
ραψ2eσ

)
,ρ

(
Aρ,ρ +

(
ψ2eσ

)
,z

ψ2eσ
Az
)

+
(
ραψ2eσ

)
,z

(
Aρ,z −

(
ρψ2eσ

)
,ρ

ρψ2eσ
Az
)]

+Aρ
2

ρψ6eσ

[(
ψψ,ραρe

σ
)
,ρ

+
(
ψψ,zαρe

σ
)
,z

]
+ αΠ(nA)

((ρψ2eσ
)
,ρ

ρψ2eσ
− α,ρ

α

)
− αKρ

ρEρ − αKρ
zEz

+ ieα
[
φ∗Dρφ− φ

(
Dρφ

)∗]
+ 8πG

α

ψ4

{
2Aρ

∣∣Dρφ∣∣2 +Az
[
Dρφ

(
Dzφ

)∗ + c.c.
]

+Aρ ψ
4V − ψ4

(
nA
)[
DρφΠ∗φ + c.c.

]
+
Aρ
2
(Bρz2

ψ4
− Eρ2 + Ez2

)
−AzEρEz +

(
nA
)
EzBρz

}

Az,t = βρAz,ρ + βzAz,z −
(
nA
)
α,z − αΠz +Aρ

1
2
(
βρ,z − βz,ρ

)
+Az

(
−αKρ

ρ + βρ,ρ
)

Πz,t = βρΠz,ρ +
(
βzΠz

)
,z

+ Πρ β
ρ
,z − α

( 1
ψ4
Bρz
)
,ρ
− α

ρψ2eσ
[ρeσ
ψ2

(
Aρ,ρ +Az,z

)]
,z

− 1
ρψ6eσ

[(
ραψ2eσ

)
,ρ

(
Az,ρ −

2ψ,z
ψ

Az
)

+
(
ραψ2eσ

)
,z

(
Az,z +

2ψ,ρ
ψ

Aρ
)]

+Az
2

ρψ6eσ

[(
ψψ,ρραe

σ
)
,ρ

+
(
ψψ,zραe

σ
)
,z

]
+ αΠ(nA)

((ρψ2eσ
)
,z

ρψ2eσ
− α,z

α

)
− αKz

ρEρ − αKz
zEz

+ ieα
[
φ∗Dzφ− φ

(
Dzφ

)∗]
+ 8πG

α

ψ4

{
2Az

∣∣Dzφ∣∣2 +Az
[
Dρφ

(
Dzφ

)∗ + c.c.
]

+Az ψ
4 V −

(
nA
)
ψ4
[
DzφΠ∗φ + c.c.

]
+Az

(Bρz2

ψ4
+ Eρ2 − Ez2

)
−AρEρEz −

(
nA
)
EρBρz

}
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φ,t = βρφ,ρ + βzφ,z + ieα
(
nA
)
φ+ αΠφ

Πφ,t = βρΠφ,ρ + βzΠφ,z + ieα
(
nA
)

Πφ − ieα
(
nA
)
φ

1
3
(
2αΩ + βρ,ρ − βz,z

)
− α ∂V

∂φ∗

+
α

ψ4

(
φ,ρρ + φ,zz

)
− ie α

ψ4

[(
φAρ

)
,ρ

+
(
φAz

)
,z

]
+

α

ψ4

[(
(ραψeσ),ρ
ραψeσ

− ieAρφ
)(
φ,ρ − ieAρφ

)
+
(

(αψeσ),z
αψeσ

− ieAzφ
)(
φ,z − ieAzφ

)]
The constraint equations become

0 =
1
ψ4

(
Aρ,ρ +Az,z

)
−Π(nA) +

1
ρψ6eσ

(
Aρ
(
ρψ2eσ

)
,ρ

+Az
(
ρψ2eσ

)
,z

)
+

(
nA
)

3α
(
2αΩ + βρ,ρ − βz,z

)
0 =

(
ρψ2eσEρ

)
,ρ

+
(
ρψ2eσEρ

)
,ρ
− ie

(
ψ6ρeσ

)(
φΠ∗φ − φ∗Πφ

)
The relevant Einstein equations are

˙̄σ = 2βρ (ρσ̄),ρ2 + βzσ̄,z −

(
αΩ̄ +

[
βρ

ρ

]
,ρ

)

˙̄Ω = 2βρ
(
ρΩ̄
)
,ρ

+ βzΩ̄,z +
1

2αρ
(
βρ,z

2 − βz,ρ2
)

+
1
ψ4

(
α,ρ
ρ

)
,ρ

+
α

ψ6

(
ψ2

,ρ

ρ

)
,ρ

− α

ρψ4
· (ψ4eρσ̄),ρ

ψ4eρσ̄
·
(
log(αψ2)

)
,ρ

− α

ψ4
σ̄,z
(
log(αψ4)

)
,z
− α

ψ4

(
ρσ̄,z

2 + σ̄,zz
)

+ 64π
α

ψ4
ρ(φ,ρ2)2

−16π
(
Π2 + φ,ρ

2 + φ,z
2
)

= 8
ψ,ρρ
ψ

+ 8
ψ,zz
ψ

+
2
eρσ̄

{
1
ρ2

(
ρ2(eρσ̄),ρ

)
,ρ

+ (eρσ̄),zz

}
+

8
ψeρσ̄

[
1
ρ

(ρeρσ̄),ρψ,ρ + (eρσ̄),zψ,z

]
+

a2

2α2

[
(βρ,ρ − βz,z)2 + (βz,ρ + βρ,z)2

]
+

a2

6α2

[
2αρΩ̄ + βρ,ρ − βz,z

]2
0 =

2
3
βρ,ρρ + βρ,zz +

1
3
βz,zρ +

(
log

ψ6eρσ̄

α

)
,z

[βz,ρ + βρ,z]

− 2
3

(
log

ψ6

α

)
,ρ

[βz,z − βρ,ρ]−
2
3

αρ

ψ6e3ρσ̄

(
ψ6e3ρσ̄Ω̄

)
,ρ
− 8

3
αΩ̄ + 32π

α

ψ2
Πφ,ρ

0 = βz,ρρ +
4
3
βz,zz −

1
3
βρ,zρ +

2α
ψ6eρσ̄

(
ρ
ψ6eρσ̄

α

)
,ρ2

[βz,ρ + βρ,z]

+
4
3

(
log

ψ6e3ρσ̄/2

α

)
,z

[βz,z − βρ,ρ]−
2
3
αρ

ψ6

(
ψ6Ω̄

)
,z

+ 32π
α

ψ2
Πφ,z

0 = 2 (ρα,ρ),ρ2 + α,zz +
1

ψ2eρσ̄
(
α,ρ(ψ2eρσ̄),ρ + α,z(ψ2eρσ̄),z

)
− ψ4

2α
[
(βρ,ρ − βz,z)2 + (βz,ρ + βρ,z)2

]
− ψ4

6α
[
2αρΩ̄ + βρ,ρ − βz,z

]2 − 16παΠ2
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The gauge condition can be written as an equation for Π(nA) at the initial time

Π(nA) =
1
a2

(
Aρ,ρ +Az,z

)
+

1
sa2

(
Aρs,ρ +Azs,z

)
+
(
nA
)
χ

In these, we have the auxiliary definitions

Eρ = Πρ +
(
nA
)
,ρ

+
1
a2
Kρ

ρAρ +
1
a2
Kρ

zAz

Ez = Πz +
(
nA
)
,z

+
1
a2
Kz

ρAρ +
1
a2
Kz

zAz

Kρ
ρ =

1
3α
(
−αρΩ̄ + βρ,ρ − βz,z

)
Kz

z =
1

3α
(
−αρΩ̄− 2βρ,ρ + 2βz,z

)
Kρ

z =
1

2α
(βz,ρ + βρ,z)

ρΩ̄ =
1

2α
(3αχ− βρ,ρ + βz,z)
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