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Section 1

How to Use This Book

The intent of this text is to prepare interested undergraduate and begin-
ning graduate students for research in high energy particle physics. This
focus is somewhat different than much of the existing literature, which is
primarily focused on experienced graduate students or undergraduate sur-
veys. Rather than acting as a survey of many different particle physics
facts and concepts this text tries to build up a theoretical framework that
can connect and explain those facts and concepts. No attempt is made to
outline the history of various experiments or discoveries that led to this
framework. While such histories are interesting and often instructive [1, 2],
I do not feel that they aid the beginning student in learning the concepts
and techniques needed to understand particle physics.

The book contains a significant amount of introductory mathematical
material following the main text. The purpose for putting this last is not to
imply that it is less important. In many cases it is a necessary foundation
for the physics. However, students come with different preparation and
exposure to these topics. Therefore, I have left these introductions as a
resource. The beginning student may find it useful to work through much
of these resources, or at to least read through them so that they know
where to go when they come upon unfamiliar concepts in the main text.

These introductions are neither mathematically rigorous nor compre-
hensive. They are more of a minimal set of information that I think can
be useful to beginning students. It is very likely that others would include
more or less. Certainly most mathematicians would be unsatisfied with
the treatment, though I hope they would at least find the examples and
exercises useful.

In addition to the mathematics resources I have included overviews of
some parts of a typical undergraduate physics curriculum after the cen-
tral material concludes. As with the mathematics, these are nothing like
comprehensive. They are meant to provide some minimal introduction to
ideas that are built upon in the main text. Specifically, the focus is on those
topics and concepts that are essential to understanding the Lagrangian for-
mulation of the Standard Model of particle physics and something of the
methods that use that Lagrangian to make concrete calculations.
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How to Use This Book 2

Throughout the text I have tried to include many exercises as they
somewhat naturally apply to the course content. Serious students should
work through these exercises as they provide an essential part of the real
learning. There is a certain amount of truth in the idea that “If you can’t do
it, you don’t understand it.” By struggling through exercises students are
likely to find out what they do not yet understand and begin the process
coming to know it. They also gain essential practice in doing particle
physics calculations which may make subsequent sections of this text easier
to follow. In short, the term exercise fulfills the same purpose here as
it does in regard to physical health and skill. By exercising one builds
strength, skill, and ability to do increasingly difficult things. Learning
particle physics can be difficult, but with diligent practice (exercise) any
student can improve.

This is not a book on quantum field theory even though quantum
field theory is the typical and essential language of high energy physics.
As important as quantum field theory is, much of particle physics can be
understood before grappling with the full complexity, nuance, and precision
it provides. Indeed, my hope is that students can use this text to learn
first many concepts and ideas about the physics and mathematics that are
foundational to quantum field theory. Then, when they take their first
quantum field theory course they can focus on the field theory, learning it
deeply and thoroughly. Ideally, they will be better equipped, after working
through this material, to understand how to use what they are being taught.
In short, I hope that this text can serve as semester zero of quantum field
theory.

That being said, there are times when it makes sense (at least to me) to
point to certain quantum field theory features or consequences that relate to
the concepts being discussed. At these points I do make these connections
as best I can, but without taking the time required to justify them. Again,
I hope that students take these as invitations to further study and some
concepts to watch out for in those studies. There are few quantum field
theory texts that seem more accessible to undergraduate students [3, 4].
A beginning text that I found useful is “A First Book of Quantum Field
Theory” by Lahiri and Pal [5]. Unfortunately, it seems to be out of print. A
similar presentation of some of the material is made by one of the authors
in the particle physics text [6], which I found very useful.

As mentioned above, this text is also not a historically based or dis-
covery based treatment of high energy or particle physics. There are many
texts that follow these routes and interested students are encouraged to
read them. Among these I make special mention of Larkoski’s text [7]. As
I was searching for a text to use in teaching advanced undergraduates and
beginning graduate students particle physics, I found Larkoski’s book to
the best suited for the course I planned to teach. I used it over the next
few years, but the course drifted further and further from this text. In the
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end I begin writing these notes for that class, but I am sure that a lot of
Larkoski’s ideas can be found in what I’ve written. I still like the book,
it just ended up being the right book for a different course and I am sure
that some will prefer to what I have written.

A primary aim of mine is that this text not be a survey of quick facts
whose connections and relations are unclear. Such surveys can be useful for
orientation within the larger landscape of physics ideas. However, I have
often found them unsatisfying. Rather than a great many facts that must
all be taken to be true based on the authority of the text, I have sought to
make a smaller number of assumptions and work out their consequences.
Therefore, this text aims to be a fairly systematic construction of the Stan-
dard Model Lagrangian. Many concepts and experimental consequences
follow from this structure and I do try to emphasize them when they arise
from the concepts being discussed. However, the organization is based on
the structures, not on the phenomena that result from that structure. Of
course, that we can claim these structures have anything to do with nature
relies on the experimental determination of these resulting phenomena. So,
I hope that my focus is not seen as implying that the phenomena and meth-
ods of detection are unimportant, that is most emphatically not my intent.
I am simply separating the issues of what the structures are and why we
associate them with nature. This text focuses strongly on the former, in
part because there are many very good texts that address the latter.

The shape of this text has been influenced by the one semester course
I have taught on particle physics each year since 2022. My teaching fol-
lows the outline of the text, but also takes detours into the mathematical
resources and physics prerequisites early in the course. Those detours are
marked in the text by comments that advise the reader to review those
concepts if they are not yet familiar with them. My teaching of this detour
material has not covered all the content, for instance I do not go through
all of the detail regarding weights and roots of Lie group representations.
That material is simply there as reference for the interested student.

When I have taught I have not covered much of the material in the
Beyond the Standard Model section of the text. I usually get to gravity on
the last day of class. The remaining sections can serve interested students
or might be included in courses that have more days in their semester or
that cover less review material.

My course also included projects (not currently included in the text)
that employed a collider event generator (I used MadGraph [8] though I
am sure others would work just as well) to tie the theory to experimental
outcomes. The intent is to connect the mathematical structures built in
the text with concrete measurements in the real world. Preparation for
these projects included working through the section on statistics in the
mathematical resources.
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Section 3

An Orientation

It can be difficult to communicate exactly what elementary particle physics
is. First introductions often include a list or table of particles including var-
ious characteristics about them. Often descriptions say a lot about sym-
metry and how important it is to understanding particle physics. But the
reader is not given much guidance as to why this might be, they are forced
to take the author’s word for it. In this text we build up the component
pieces of what we need to see how symmetry is used in particle physics. This
takes a significant investment of effort before we start connecting things to
particles and it is easy to feel a little lost along the way.

In order to provide an end goal to navigate by, in this section we
provide some context. We also list particles along with characteristics so
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that students might recognize why we are learning certain concepts. Let
us begin with what is perhaps the most familiar of particles: The electron.

Mass Spin Electric Charge Size Lifetime
9.109×10−31 kg 1/2 -1.601×10−19 C < 2× 10−20 m > 2× 1036 s

Table 1. Table of some qualities of the electron. Additional information can
references regarding experimental results can be found in the Review of Particle
Physics [20].

Table 1 displays some aspects of electrons and conveys a few important
ideas. First, the units that are useful to daily life, like meters, seconds,
and kilograms are not well suited to elementary particles. Other units
are introduced in what follows that are very cumbersome for daily life, but
useful for describing very small. Second, there is often a disconnect between
our present models and our experimental probes. In the standard model
of particle physics the electron is treated as having zero size and infinite
lifetime. Of course, we cannot measure an infinite lifetime, all we can do
is place a lower bound. Similarly, we cannot claim that the electron does
not have a finite size, all we can say is that so far we have seen no hint of
nonzero size. Finally, characteristics like mass and electric charge may be
familiar, while spin may not be. Many of these less familiar characteristics
become easier to understand as the mathematical description is clarified.

As discussed in what follows, the intrinsic angular momentum of par-
ticles (what we call their spin) can be understood as a consequence of the
special theory of relativity. That is, special relativity assumes that space
and time follow a certain structure, which might also be described as a
set of symmetries. These symmetries are described by a mathematical ob-
ject called a group. This group structure, or symmetry structure, is very
general and can be represented in several distinct ways. In the case of spe-
cial relativity, particles that are associated with different representations
of these symmetries can have different values of spin. In order to give the
idea in this paragraph concrete meaning, one must take the time to learn
about groups and representations.

Representing symmetry groups may seem like esoteric mathematics,
but it pervades this course. Symmetries are deeply related to conserved
quantities from energy and momentum to particle number and electric
charge. The fundamental forces, the strong and weak nuclear forces along
with electromagnetism, are also tied to symmetry groups and each parti-
cle that experiences these forces is related to one of their representations.
So, while it takes time and effort to understand something of group and
representation the payoff is substantial and used over and over.

One issue with listing particles, like in Table 1, is that our most accurate
models of nature are not exactly models of particles, they are particles of
fields. These fields are taken to exist throughout all of space and time.
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What are often called particles are certain types of waves in these fields.
The fields that make up the standard model of particles physics could be
listed and grouped by how they represent the various symmetries.

The distinction between fields and particles might seem pedantic, but it
can be important and aid understanding. It is the fields that are in specific
representations of various groups and provide more information than the
particles themselves. For instance, the particles may or may not be simply
related to the fields. The electron can be thought of as an excitation of
an electron field ψe, but this field is actually the combination for two more
primal fields, that we might call ψeL and ψeR. These fields are in different
representations of the symmetries of the standard model but are linked
such that they produces the electron field, at least at low energies.

The intent of this text is to introduce you to the different types of
fields that models of nature (assuming the symmetries of special relativity)
can be built out of. Then, additional types of symmetries are considered
including those that govern how different fields might interact with each
other. This eventually leads to the symmetry structure of the standard
model and the various particles associated with it.

With background, we can introduce the many of the fields that make
up the Standard Model of Particle Physics. There are three fields that are
like the electron. These are the electron itself along with the muon and
tau. The muon and tau are distinguished from the electron by being about
200 and 3500 times more massive, respectively. These differences in mass
are due to their different sized interactions with the Higgs field.

One important difference between the electron-like fields and the Higgs
field is they have different intrinsic angular momentum, or spin. The
electron-like fields are spin-1/2, which means they have an intrinsic an-
gular momentum with magnitude

ℏ
√

1
2

(1
2 + 1

)
= ℏ
√

3
2 , (3.1)

where
ℏ = h

2π ≈ 1.055× 10−34 J · s , (3.2)

is sometimes called the reduced Planck constant. Note that it has dimen-
sions of angular momentum. The Higgs field is spin-0, it has no intrinsic
angular momentum.

Each of the electron-like fields has electric charge equal to that of the
electron). This means that they interact with light, or the photon field.
The photon is a massless particle particle with spin-1, so it has intrinsic
angular momentum of ℏ

√
1(1 + 1) = ℏ

√
2. Each of the electron like-fields is

also related to a spin-1/2 field without electric charge and very small mass.
These are called neutrinos. Collectively, the neutrinos and electron-like



fields are called leptons.
Protons and neutrons are the primary building blocks of atomic nuclei.

However, they are not elementary, they are bound states of other particles
that we call quarks and gluons. The quark are spin-1/2 fields and come in
six types, or flavors. Three of these, the down quark, the strange quark, and
the bottom quark all have an electric charge that is one-third that of the
electron. Of these the down quark has the smallest mass, with the strange
and bottom quarks about 20 and 870 times more massive, respectively. As
with the electrically charged leptons, the differences in the quark masses
are due to their different interactions with the Higgs field. The other three
quark flavors all have electric charge that is −2/3 times that of the electron.
They are called the up quark, the charm quark, and the top quark. The up
quark is just a little less massive than the down quark, while the charm and
top quarks are about 500 and 75000 times the up quark mass, respectively.

The gluons are eight massless spin-1 fields that interact strongly with
the quarks and with each other. It is these interactions that ultimately
give rise to the strong nuclear force. The weak nuclear force is due to two
other spin-1 fields. One of these, the W± has a mass about 80 times that of
the proton and has the same magnitude of electric charge as the electron.
The Z particle is about 90 times more massive than the proton and has no
electric charge. The masses of both the W± and Z are due to the Higgs
field.

A few other quark bound states are also discussed, but the above parti-
cles make up the primary focus of this text. It may be that the descriptions
above primarily leave you with more questions. I hope that many of these
questions are given satisfying answers throughout the remainder of this
text.

PART

IIParticles and Fields
Sec. 4. Units
Sec. 5. Relativity
Sec. 6. Collider Basics
Sec. 7. Lorentz Group
Sec. 8. Klein-Gordon Eq
Sec. 9. Dirac Equation
Sec. 10. Spin-1 Equations
Sec. 11. Massless Spin-1

Particle physics is typically thought of as the study of nature on very small
scales. Resolving the minute structure of nature as expressed through the
interactions of various particles (a term that is defined a little more carefully
below). This study of small scales is also referred to as high energy physics.

It is reasonable to ask how we can know about scales this removed
from everyday human experience. There is a sense in which we learn to
put energy into the basic structure of nature and observe how that energy
propagates. To do this most effectively, we assume that this structure man-
ifests the symmetries of special relativity, which turns out to be powerfully
constraining. First, however, we discuss a basic set of units preferred in
high energy physics.

7



Units of High Energy Physics 8

Section 4

Units of High Energy Physics

Before we begin discussing physics we introduce a convenient and ubiqui-
tous system of units. These units make the equality of high energy physics
with small distance physics. This relationship can already be motivated by
thinking about light.

When we use light to discover the characteristics of an object (like
when we use our eyes) then we can only resolve features that are larger
than the wavelength λ of the light we are using. The energy of a photon
(a particle of light) is given by

E = h c

λ
, (4.1)

where h is Planck’s constant and c is the speed of light in vacuum. The
two number in the numerator are constants whose exact value depend on
the system of units we are using to measure quantities. The significant
physics is the inverse relationship between the energy of a photon and its
wavelength. Longer wavelength photons have lower energy while shorter
wavelengths correspond to higher energies.

The human eye is sensitive to wavelengths between about 450 and 600
nanometer (nm). In the SI units of meters (m) seconds (s) and kilograms
(kg) etc, Plank’s constant and the speed of light are

h = 6.626× 10−34 m2kg
s , c = 2.99× 108 m

s . (4.2)

One sees immediately that in SI units, which are based on the scales of
human day-to-day experience, that Planck’s constant is very small and the
speed of light is very big. This is why quantum mechanical and relativis-
tic effects are not obvious in most aspects of life. Newtonian physics is
essentially the h → 0 , c → ∞ limit of physics as we currently understand
it. Using these values we find that the energy of the photons our eyes are
sensitive to vary from 4.41 × 10−19 Joules to 3.31 × 10−19 Joules. These
are quite small, which is good for our eyes, but not very helpful for our
understanding.

Other energy units are often used for small scale processes. The elec-
tron Volt (eV) is the amount of energy an electron gains under the influence
of a 1 Volt electric potential:

1 eV = 1.60218× 10−19 Joules . (4.3)

This scale is useful for atomic physics and chemical reactions. For instance,
the energy required to remove the bound electron from a Hydrogen atom is
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13.6 eV. But this binding energy does not correspond to the size of atomic
systems.

Exercise 4.1 What photon wavelength can be associated to the binding energy of the
Hydrogen atom, 13.6 eV? What physical distance scale does this corre-
spond to?

Exercise 4.2 The Bohr radius for a Hydrogen atom is

a0 = 5.29× 10−11 meters . (4.4)

If we take this to be the wavelength of a photon, what energy in eV does
it correspond to? How does this compare with the Hydrogen binding
energy. Note that thousands of eV are denoted with kilo-eV or keV.

Exercise 4.3 The characteristic size of an atomic nucleus is

1 fm = 10−15 meters . (4.5)

If we take this to be the wavelength of a photon, what energy in eV does
it correspond to? Note that millions of eV are denoted by mega-eV or
MeV.

The point of these exercises is to motivate the inverse relationship be-
tween energy and length. In high energy physics a system of units (some-
times called natural units) makes this, and other relationships, obvious. As
a first step we choose units in which c = 1. For example, if we measure time
in seconds and length in light-seconds (ls) (the distance light in vacuum
travels in one second) then

c = 2.99× 108 m
s ×

1 ls
2.99× 108 m = 1ls

s . (4.6)

In practice, the speed of light is a physical parameter that relates dis-
tance to time. We express this by

[Length] = c [Time] ⇒ [Length] = [Time] , (4.7)

where the terms in brackets indicate generic dimensional quantities. By
choosing units in which c = 1 we can treat space and time on the same
footing. From Einstein’s famous results we also have

E = mc2 ⇒ E = m , (4.8)

or
[Energy] = [Mass] . (4.9)
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That is, we see that energy and mass are deeply related. They are not
quite the same, but mass is a way of storing energy. The danger here is
that in reality space and time carry different dimensions as do energy and
mass. The factors of c are not written explicitly so we as the physicists
must keep track ourselves of what types of quantities we are considering.

So far, we have developed a connection between space and time and
a connection between energy and mass. We now connect these two. The
dimensions of Planck’s constant are those of ‘action’ or angular momentum,
which is energy times time. It is most convenient to choose units in which
ℏ = h/(2π) = 1. This means that

ℏ = 1 = [Energy]× [Time] ⇒ [Time] = [Energy]−1 . (4.10)

This allows us to describe energy, mass, space, and time by one dimension-
ful unit. The others are all determined from this scale by factors of c and
ℏ.

Example A useful energy scale is the giga-eV or GeV, which is a billion electron-
Volts. We can then find what length corresponds to 1 GeV.

[Length] = c [Time] = c
ℏ

[Energy] . (4.11)

Putting in SI numbers for, we find

1 GeV−1 = 1.97× 10−16 meters . (4.12)

Exercise 4.4 Show that in natural units

1 GeV =1.602× 10−10 Joules (4.13)
1 GeV−1 =6.58× 10−25 seconds (4.14)

In what follows we refer to all dimensions in terms of GeV or other
energy scales. We often loosely refer to this as a mass scale. Most quantities
are given as some power of GeV, with the understanding that the above
formulas can be used to convert them into SI units if needed.

Exercise 4.5 Hideki Yukawa hypothesized that a new particle, which we now called
the pion, can be used to model the strong nuclear force between nucleons,
protons and neutrons. Assuming that atomic nuclei have a characteristic
radius of about 1 fm, use dimensional analysis to estimate the pion mass.
Check the PDG (the publication from the Particle Data Group) and find
the measured mass of the pion. While there are two types of pions, the
neutral π0 and the electrically charged π±, their masses are quite similar.

These natural units can be extended by including other constants of

https://pdg.lbl.gov
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nature. For instance, Boltzmann’s constant is

kB = 1.38× 10−23 Joules
Kelvin . (4.15)

By choosing unity in which kB = 1 we can write temperatures in terms of
energy.

Exercise 4.6 Show that
1 eV = 1.61× 104 Kelvin . (4.16)

The core of the sun has a temperature of about 15 million Kelvin. Express
this in keV.

Sometimes Newton’s gravitational constant G (or sometimes 8πG) is
chosen to be one. This uniquely specifies a scale for lengths, times, masses,
and temperatures. These are typically referred to as the Planck length,
Planck time, Planck mass, and Planck temperature. However, these are
not particularly useful scales for contemporary particle physics, so we do
not use them in this text.

Now that the standard units of particle physics have been outlined, we
can start in on the physics. In doing so we assume a working knowledge
of vector spaces and linear algebra. Many of these topics are reviewed in
Sec. 34. Quite a lot of physics has linear algebra at its heart. In this text
we make use of several distinct vector spaces. In order to keep track of
these several notations are used, with abstract index notation (reviewed in
Sec. 35) perhaps the most powerful.

Section 5

Special Relativity

The stage for much of particle physics is vector space that describes special
relativity. Therefore, we include a brief introduction to special relativity
and highlight aspects that are more relevant to particle physics. Students
may find the relevant chapters of [21] and [22] to be useful complements to
and extensions of these ideas.

Einstein’s theory of special relativity highlights a deep and significant
connection between space and time. The structure of this spacetime de-
termines much of the vocabulary used to describe higher energy physics.
The essential connection has to do with describing physical systems in co-
ordinate systems that are related to each other by rotations or changes of
velocity. We already expect that rotations should have no effect on the
system being described.1

1This refers to two coordinate systems that are related by a rotation about some
point, not a coordinate system that continues to rotate with respect to another.
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Consider Newton’s 2nd Law written in two spatial dimensions as a
simple example

F⃗ = ma⃗ . (5.1)

The familiar vector notation communicates that this equation is true no
matter how a given system is oriented in space. It is a geometric statement,
no matter how the net force is oriented the acceleration is oriented in the
same direction.

Using index notation (see Sec. 35 if unfamiliar) we write this same
equation as

F i = mai , (5.2)

and consider rotating the vectors counterclockwise by an angle θ using the
matrix

Ri
j =

(
cos θ − sin θ
sin θ cos θ

)
. (5.3)

That is we can define rotated vectors

F ′i = Ri
jF

j , a′i = Ri
ja

j , (5.4)

and the correct realization of Newton’s 2nd Law is

F ′i = ma′i . (5.5)

The way these equations are written, in vector notation, can then be
understood as conveying an assumption we make about physical laws: that
they do not depend on orientation in space. Or, in other words, that the
expression of these laws takes the same form no matter what orientation is
chosen.

The vector space considered above is E2 or two dimensional Euclidean
space. The metric for this space δij can be expressed in Cartesian coordi-
nates as

δij =
(

1 0
0 1

)
. (5.6)

This defines the inner-product in this space

aiajδij = a⃗ · a⃗ = (a1)2 + (a2)2 , (5.7)

and
F iajδij = F⃗ · a⃗ = F 1a1 + F 2a2 . (5.8)

By our assumption that physics does not depend on orientation, these inner
products must be unchanged by rotations it must be that

F iajδij = F ′ia′jδij . (5.9)
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Exercise 5.1 Show that Eqs. (5.4) and (5.9) lead to the condition

δij = Rm
iR

n
jδmn . (5.10)

As explained in Sec. 37, this is the condition the defines orthogonal ma-
trices.

Exercise 5.2 Show that the matrix in Eq. (5.3) satisfies the condition in Eq. (5.10).

We have shown this condition in two dimensions, but the generaliza-
tion to three dimensions is nearly identical. The three-by-three rotation
matrices still satisfy Eq. (5.10) where the metric in Cartesian coordinates
is the three-by-three identity matrix.

The jump to four dimensional spacetime is similar, but there are a
few important distinctions. In addition to the rotation invariance we have
discussed, there is now an invariance among inertial frames. That is two
coordinate systems that differ by one moving with a velocity v relative to
the other. Consider a four-vector of Cartesian coordinates

xµ =


t
x
y
z

 . (5.11)

Here, and throughout this text, Greek indices take values from {0, 1, 2, 3}
with x0 = t and x1,2,3 give the usual spatial components of a three vector.
When we want to indicate that the index only takes spatial values (that
is, from {1, 2, 3}) we use Latin indices like j or k. The coordinates of an
equivalent frame, either by rotation or by boosting to a relative velocity v,
is

x′µ =


t′

x′

y′

z′

 . (5.12)

In special relativity it is not the length of a vector that needs to be pre-
served by all transformations. You may recall that observers from different
frames may disagree about the lengths L and times T associated with some
physical process. However, they always agree on the value of

T 2 − L2 . (5.13)

This implies that for special relativity we should require that

t′2 − x′2 − y′2 − z′2 = t2 − x2 − y2 − z2 . (5.14)
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Notice that in the special case that t = t′ this reduces to the usual re-
quirement that vector lengths are unchanged. In other words, the metric
of special relativity, often referred to as Minkowski space, is

ηµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (5.15)

The lower left three-by-three block has the same form (up to the minus sign)
as the Euclidean metric. This simply encodes the fact that space alone does
have a Euclidean character (we are not accounting for the curved spacetime
of General Relativity). The relative sign between space and time has the
new properties we are interested in exploring. This also means that there
is a sign difference between the spatial components of four-vector and its
dual:

xµ = xνηνµ = (t,−x,−y,−z) . (5.16)

Let us consider a simple case that captures these effect. Imagine a
single space direction x. Suppose we have two systems of coordinates for
describing space and time. The first is (t, x) and the second is (t′, x′). This
primed coordinates correspond to a frame that is moving in the positive
x direction with velocity v relative to the unprimed coordinates. Before
special relativity we would simply say that

t′ = t , x′ = x+ vt , (5.17)

where we have chosen t = 0 to be the time when x′ = x. This trans-
formation between two inertial frames is sometimes referred to a Galilean
relativity.

Definition An inertial frame is a system of coordinates that are not accelerating.

The reader may well ask what this statement means. How does one define
acceleration? It turns out that one can make measurements within a frame
that are sensitive to whether or not you are accelerating. Once you have
found one inertial frame every other that is not accelerating with respect
to that frame is also inertial.

Exercise 5.3 Show that the transformation law given in Eq. (5.17) does not satisfy

t2 − x2 = t′2 − x′2 . (5.18)

Galilean relativity does not satisfy the requirements of Minkowski space-
time, but it should agree when velocities are small compared to the speed
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of light. We can parameterize the possibilities by a linear transformation

t′ = c1t+ c2vx , x′ = c3x+ c4vt . (5.19)

This transformation is linear in the sense that no power of higher powers
of x or t appear in the transformation law. This is similar to the types of
transformations that describe rotations. Note that they are restricted by
the v → 0 limit. For instance c1 = c3 = 1 when v = 0 as in this case the
two frames should be identical.

Exercise 5.4 Insert the transformation law given in Eq. (5.19) into the 1+1 (one space
and one time dimension) Minkowski space requirement (5.18). Conclude
that

c1c2 = c3c4 , c2
1 − v2c2

4 = 1 , c2
3 − v2c2

2 = 1 . (5.20)

These three constraints on four parameters do not uniquely determine
them. It is useful to define

α = c4

c1
. (5.21)

Show that all the cis can be written in terms of α as

c1 = c3 = 1√
1− v2α2

, c2 = c4 = α√
1− v2α2

, (5.22)

where we have assumed that c1s do not change sign as v → 0.

Finally, our transformation should match the Galilean form for small,
but nonzero, v. Keeping on terms linear in v/c we have

ct′ = ct+ v

c
xα , x′ = x+ v

c
α ct . (5.23)

The factors of c have been made explicit in this equation to make clear
that velocity correction to the t coordinate is actually much smaller than
the correction to the x coordinate. Neglecting all v/c terms we have

t′ = t , x′ = x+ vαt , (5.24)

which agrees with the Galilean expectation in Eq. (5.17) only when α = 1.
This motivate taking all the ci = γ where

γ = 1√
1− v2

. (5.25)

The transformation law is then

t′ = γ(t+ vx) , x′ = γ(x+ vt) . (5.26)
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Exercise 5.5 Show that γ ≥ 1 and determine the situation in which γ = 1.

Returning to 3 + 1 Minkowski space the transformation matrices Λµ
ν

that preserve the metric according to

ηµν = Λα
µΛβ

νηαβ , (5.27)

are called Lorentz transformations. The simple transformation that boosts
to a frame moving with velocity v in the x-direction is

t′

x′

y′

z′

 =


γ vγ 0 0
vγ γ 0 0
0 0 1 0
0 0 0 1



t
x
y
z

 . (5.28)

Exercise 5.6 Show that the transformation in Eq. (5.28) satisfies the defining relation-
ship for Lorentz transformations, Eq. (5.27). If you plan to use matrix
multiplication, is may be useful to remember that

Λα
µ = ΛT α

µ . (5.29)

So, we can write
ηµν = ΛT α

µ ηαβΛβ
ν . (5.30)

Exercise 5.7 Write down the Lorentz transformations for boosts in each of the y and
z directions. Next, prove that the boosting along an arbitrary velocity
vector

v⃗ =

 vx

vy

vz

 , (5.31)

leads to the transformation law

t′ = γ (t+ v⃗ · x⃗) , x⃗′ = γ (x⃗+ v⃗t) , (5.32)

where
v =

√
v2

x + v2
y + v2

z . (5.33)

The full group of Lorentz transformations are composed of combina-
tions of boosts along the three spatial directions and rotations about each
spatial axis. Note that there is a qualitative difference between boosting
and rotating. Rotating about an axis by 2π radians is the same as no
rotation at all. This is related to the compact nature of the Lie group as-
sociated to rotations. In contrast, there is no finite boost that is equivalent
to no boost and there is no maximum value of γ that can be employed.
Correspondingly, the Lie group related to boosting is not compact.



Special Relativity 17

Because the boosting symmetry is not compact the operators that gen-
erate it are not Hermitian! Consider a boost along the x direction for a
very small v and expand to linear order in the velocity. From Eq. (5.28)
we find 

t′

x′

y′

z′

 =


1 v 0 0
v 1 0 0
0 0 1 0
0 0 0 1



t
x
y
z

+O(v2)

= (I− ivKx)


t
x
y
z

 , (5.34)

where

Kx =


0 −i 0 0
−i 0 0 0
0 0 0 0
0 0 0 0

 , (5.35)

is an anti-Hermitian operator, one with K†
x = −Kx . This anti-Hermian

form ends up preventing us from finding finite dimensional, unitary repre-
sentations of the full Lorentz group.

While the general possibilities for rotations and boosts looks quite com-
plicated for many of our purposes we choose coordinates that make trans-
formations simple. For instance, in particle collisions we typically take the
motion of a particle to be along the z-axis. Then going from the particle
at rest to the lab frame where it has a velocity v are accomplished by a
boost in the z direction.

Definition The rest frame of an object is the inertial frame in which it has zero
velocity.

This structure leads to some of the famously nonintuitive predictions
of special relativity. First, suppose you measure the length of an object
at rest. We choose this length to be along the z direction and denote it
∆z = z2 − z1. These positions can be measured at any time, so we say the
ends of the object are located at (t2, z2) and (t1, z1) in its rest frame.

Suppose the same object is moving past you with velocity v in the
positive z direction. If you measure its length now, it is being measured in
a frame that is moving with velocity v in the negative z direction relative
to its rest frame. (Stop and draw a picture of this in the margin to make
sure you understand the negative sign.) This implies that measurements
in the moving frame would be

z′
2 = γ(z2 − vt2) , z′

1 = γ(z1 − vt1) . (5.36)
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This means that

∆z′ =γ (z2 − vt2 − z1 + vt1) = γ (∆z − v∆t) , (5.37)
∆t′ =γ (t2 − vz2 − t1 + vz1) = γ (∆t− v∆z) . (5.38)

How do we define the length of the object in the moving frame? It is the
distance between the spatial coordinates at one fixed time. In other words,
we require ∆t′ = 0.

Exercise 5.8 Find the relationship between ∆t and ∆z when ∆t′ = 0. Use this condi-
tion to show that

∆z′ = ∆z/γ . (5.39)

Recall that γ ≥ 1, so we see that the length of the moving object (∆z′)
is less than the length of the object at rest (∆z). This is usually referred
to as Lorentz contraction.

We have shown that the structure of special relativity implies that
moving objects are contracted relative to their rest length. What about
the time of moving objects? The transformations in Eqs. (5.37) and (5.38)
still apply. But in this case we are interested in some process of fixed time
∆t in the rest frame. This process takes place at one fixed point, because
the object is at rest, so ∆z = 0.

Exercise 5.9 Use the condition ∆z = 0 to show that

∆t′ = γ∆t . (5.40)

Because γ ≥ 1 we see that the time of the moving object (∆t′) is greater
than the time of the object at rest (∆t). This is usually referred to as
time dilation.

Example The classic example of the reality of time dilation comes from the muon
lifetime. Muons are particles that are very much like electrons except
that their mass is about 200 times larger than the electron mass. Muons
also have a finite lifetime of

τµ = 2.197× 10−6 seconds . (5.41)

This is related to the half-life for their decay into an electron and two
neutrinos. Muons are often created by cosmic rays (typically protons
moving close to the speed of light) that hit the gas molecules of the upper
atmosphere. The average height of the atmosphere above the surface of
the earth is about 12 km. The muons produced in these collisions have
velocities close to the speed of light.

If we neglect time dilation then the typical distance these muons travel
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from the upper atmosphere is about

d = cτµ ≈ 600 meters. (5.42)

This implies that essentially none of them make it to the surface of the
earth. (Note that we cannot make a stronger statement because the
lifetime is really related to a half-life. The process of decay is quantum
mechanical and hence probabilistic.) However, ground based observations
do measure a flux of muons produced from these cosmic ray collisions.
This has been shown to agree with the time dilation extending the muon
lifetime in the frame of the experiment. (In the muon frame it is the
distance between the atmosphere and the experiment that has contracted,
leading to the same physical results.)

Subsection 5.1

Relativistic Kinematics

We can describe the location of the particle in space and time by a position
4-vector

xµ =


t
x
y
z

 . (5.43)

However, often we are more interested in the energy E and momentum p⃗
of an object. These also transform as a four-vector

pµ =


E
px

py

pz

 . (5.44)

If we take this object to truly be a four-vector it means that its inner-
product with itself is the same in all inertial frames

pµpνηµν = m2 . (5.45)

The value of this inner product is the squared mass of the object in question.

Exercise 5.10 Show that
pµpνηµν = E2 − p⃗ · p⃗ . (5.46)

This agrees with the standard relativistic relationship between energy
and momentum

E2 − p⃗ · p⃗ = m2 . (5.47)
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Definition 1 The proper time of a particle parameterizes its position in four dimen-
sional spacetime. That is xµ(τ) with t(τ) and xi(τ). In general, the
proper time of an individual object is different from the proper time of
another object and distinct from the coordinate t.

Figure 1. Plot of several
“mass shells.”

This seems like the right place to introduce a little particle physics
jargon. When a system or particle satisfies the above relation, that is

E =
√
m2 + p⃗ · p⃗ , (5.48)

it is said to be “on-shell.” In Fig. 1 we see that each specific mass picks out
a curve, a shell, in the energy-momentum plane. You may be wondering
why this term exists. Surely all relativistic particles are on-shell, right? As
we shall see a little further down things are not quite so simple.

Exercise 5.11 Show that in the rest frame of an object that

E = m . (5.49)

Note that this is Einstein’s famous formula with c = 1. Then boost to
a frame in which the object is moving with velocity v. Show that the
energy and momentum of the object satisfy

E = γ m , pi = mvi γ , (5.50)

where pi and vi are the components of three vectors. This motivates the
form of the four-velocity vµ as

vµ = γ


1
v1

v2

v3

 , (5.51)

where, for instance,
v1 = dx1

dt
. (5.52)

This results agrees with
d

dτ
xµ = vµ , (5.53)

where τ is the proper time of the particle. Show this means that

dt

dτ
= γ , (5.54)

and that
vµvµ = 1 . (5.55)
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The relation E = γm is what leads some people to say that the mass
of a an object with velocity is larger than the mass of an object at rest.
It is usually more useful to think of an object as having a fixed rest mass
given by Eq. (5.45). We then simply say that the energy of a an object
is larger than its energy at rest, which is no different that our Newtonian
intuition from kinetic energy.

Exercise 5.12 We can define the four acceleration as

aµ = d

dτ
vµ . (5.56)

First, show that
d

dt
γ = γ3v⃗ · a⃗ = −āνvν , (5.57)

where

āµ = γ2


0
a1

a2

a3

 . (5.58)

Use this result to demonstrate that the four acceleration is

aµ = āµ − āνvνv
µ , (5.59)

and that
aµvµ = 0 . (5.60)

Exercise 5.13 Suppose you bring a particle of mass m to an energy E. Using the
relativistic energy equation in (5.50) to determine the velocity of the
particle. Argue that this velocity cannot be equal to or larger than one.

Newton’s second law can also be generalized to a relativistic four-vector
equation. It is

dpµ

dt
= maµ = F µ , (5.61)

where F µ is the four-vector that includes the three dimensional force F i.
The time component of this equation

γ4ma⃗ · v⃗ = F 0 . (5.62)

What is the meaning of the time-component of force? Remember that the
three-vector part is given by the time derivative of the three-momentum.
The time component of the four-momentum is the energy, so the time-
component of the force is the time derivative of the energy, which is the
power associated with a process.

We are ready to synthesize a few concepts. We argued in the previous
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section that on dimensional grounds if we are interested in probing a length
scale L then we need to use energies of E ∼ 1/L. Suppose then we are
interested in probing the physics of the proton. This means we need to
resolve proton size scales.

Exercise 5.14 The proton has a characteristic size of about 1 fm = 10−15 meters. What
energy scale should we expect to need to probe its structure? Suppose
we want to use electrons, whose mass is about

me ≈ 5× 10−4 GeV , (5.63)

to probe this energy scale. What velocity must the electrons have? Com-
pare this velocity to the speed of light in vacuum.

As the previous exercise makes clear, when we seek to investigate the
small scale structure of Nature we are nearly always pushed into situations
where relativity is essential, its effects cannot be neglected. These small
scales are also dominated by quantum mechanical effects. The framework
that unifies special relativity and quantum mechanics is Quantum Field
Theory (QFT), the details of which are beyond the scope of this text.

Even without the full power of QFT we can learn a lot about the
interactions between particles from relativity. The familiar requirements
of energy and momentum conservation (in other words, of four-momentum
conservation) along with the new requirement that all inertial frames are
equivalent greatly constrain interactions and dynamics.

A

B

B

Figure 2. Decay of an
A particle into two B par-
ticles. Time proceeding
from left to right.

Example Let us explore the decay of a particle. That is, consider a process in
which we begin with one particle of type A and end with two particles
of type B, A→ B +B. At this point we assume nothing about how this
process occurs. In general, each particle has an associated momentum
four-vector of the form

pµ =


E
px

py

pz

 , (5.64)

where
E =

√
m2

A + p2
x + p2

y + p2
z . (5.65)

Because rotations between frames are equivalent, we choose a frame in
which the three-momentum of the particle A is along the positive z-axis

pµ
A =


E
0
0
p

 , (5.66)
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where here the A subscript is a label, not an index. Now we invoke
special relativity. Because two frames related by a boost are equivalent,
we choose a frame in which particle A has zero three-momentum. (You
might complain that we could have done this from the outset, but for
clarity I have taken extra steps.) This leads us to

pµ
A =


mA

0
0
0

 , (5.67)

What about the B particles? To distinguish them mathematically we
call them particle 1 and particle 2. In the frame we have chosen they
have four-momenta

pµ
1 =

(
E1
pi

1

)
, pµ

2 =
(
E2
pi

2

)
. (5.68)

While we have written these four-momenta in a general way, they are
constrained by four-momentum conservation

pµ
A = pµ

1 + pµ
2 . (5.69)

The µ = 0 component of this equation is simply conservation of energy

mA = E1 + E2 , (5.70)

while the spatial components enforce three-momentum conservation

0 = pi
1 + pi

2 . (5.71)

The three momentum conservation implies that the B particles have
momentum with equal magnitude, but opposite direction. In other words,

pi
1 ≡ pi , pi

2 = −pi . (5.72)

This, in turn, implies that their energies

E1 =
√
m2

B + p2 = E2 ≡ EB , (5.73)

are equal. (We have used the notation p2 = pipi.) We put this result into
the conservation of energy equation (5.70) to find

mA = 2
√
m2

B + p2 . (5.74)
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This can be solved for p =
√
pipi as

p = mA

2

√√√√1− 4m2
B

m2
A

. (5.75)

Let’s consider what we have achieved so far. Without specifying any-
thing about the mechanism that leads to particle A to decay into two B
particles we have determined the energy and the magnitude of the mo-
mentum of the decay products. The only thing we do not know is the
direction of the decay products, though we do know they are back-to-back
in the rest frame of particle A. Notice also that Eq. (5.75) implies that
the momentum is only real when mA ≥ 2mB. Making the (reasonable)
requirement that momenta must be real valued, we find a condition. The
decaying particle must have at least as much mass as the sum of the
particles it decays into. This makes good intuitive sense considering con-
servation of energy, but it is nice to see it enforced by the mathematics.

Exercise 5.15 Generalize the previous example by allowing the two decay products of
particle A to have different masses, say mB and mC , so A → B + C.
You may find it useful to use the relationship p2 = m2 each particle.
This relation and the conservation of four-momentum can be combined
to show that

m2
A = m2

B +m2
C + 2 (EBEC − p⃗B · p⃗C) . (5.76)

Use this result in the A rest frame to solve for the magnitude of the
B and C three-momenta. From these results show that the daughter
particle energies are

EB = mA

2

(
1 + m2

B −m2
C

m2
A

)
, EC = mA

2

(
1 + m2

C −m2
B

m2
A

)
. (5.77)

Finally, what relation amongst the three particle masses must be satisfied
for this decay to occur, that is what relation keeps the B and C three
momenta real valued?

A

A

B

B

Figure 3. Production of
B particles from A parti-
cle collision. Time pro-
ceeds from left to right.

Example The next simplest process is two particles colliding and producing two
other particles. Consider the simple case of two type A particles combin-
ing a producing two B type particles, A + A→ B + B. Conservation of
four-momentum leads to

pµ
A1 + pµ

A2 = pµ
B1 + pµ

B2 . (5.78)
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In the previous example considering the rest frame of the decaying parti-
cle simplified much of the analysis. A similarly useful choice for the 2 to
2 process is the center-of-momentum frame with the A particle traveling
along the z-axis. (Of course, choosing any particle axis is just as good,
but typically the z-axis is chosen to exploit coordinates with cylindrical
symmetry about the collision axis.)

In the center-of-momentum frame, the three momenta of the incom-
ing and outgoing particles must be equal in magnitude and opposite in
direction

pi
A1 + pi

A2 = 0 , pi
B1 + pi

B2 = 0 . (5.79)

So, we define the quantities

pi
A1 ≡ pi

A , pi
A2 = −pi

A , (5.80)

and similar definitions are made for pi
B. This makes clear, that

EB1 =
√
m2

B + p2
B = EB2 ≡ EB , (5.81)

and similarly that EA1 = EA2 ≡ EA. Therefore, the µ = 0 component of
Eq. (5.78) implies

2EA = 2EB ≡ ET . (5.82)

He we have defined ET as the total energy of the interaction. This leads
to

1
4E

2
T = m2

B + p2
B , (5.83)

which can be solved for pB:

pB = ET

2

√√√√1− 4m2
B

E2
T

. (5.84)

The B particle momentum looks similar to the momentum of particles
produced from a decay given in Eq. (5.75). We have found again that
much of the 2-to-2 scattering process is dictated by the structure of special
relativity and the conservation of four-momentum. However, there is a
significant difference in at least one aspect. Recall that the decay of an A
particle into two B particles can only occur when mA ≥ 2mB. In contrast,
if we collide two A particles, we find from Eq. (5.84) that two B particles
can be produced as long as ET ≥ 2mB, that is even if the A particles
have smaller masses than B particles we can use them to produce the Bs
if we give the As enough energy. This is an essential part of why particle
colliders are useful.
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Exercise 5.16 Generalize the previous example to A+A→ B+C, that is, two different
particles are created by the collision of two A particles. Begin in the
center of momentum frame. As before, define the total energy of the
collision is ET = 2EA. Relate the total energy to the B and C energies
and solve for the magnitude of the B and C three-momenta. Show that
the produced particles have energies

EB = ET

2

(
1 + m2

B −m2
C

E2
T

)
, EC = ET

2

(
1 + m2

C −m2
B

E2
T

)
. (5.85)

What relation must ET satisfy in order for this process to proceed, that
is what relation keeps the B and C three momenta real valued?

Section 6

Collider Basics

We have seen in the last section that simply making an assumption about
the nature of space and time (the spacetime of special relativity) leads to
precise predictions about how particles interact. One way to test these
and other predictions is to collider beams of particles and track the con-
sequences. After decades of increasingly sophisticated analyses of particle
collisions a useful language for describing the interactions has been devel-
oped.

The schematic set-up is to take two colliding particles moving on the
z axis of a cylindrical coordinate system. One particle is moving in the
positive z direction, the other is moving along negative z. The particles
collide at z = 0, which is called the interaction point (IP). The angle θ
sweeps from θ = 0 on the positive z axis to θ = π on the negative z axis.
The angle ϕ goes from ϕ = 0 all the way around the z axis to ϕ = 2π.

In a particle collision with the colliding particles along the z axis, the
products of the collision can be tracked in the cylinder of the detector
according to the z, θ, and ϕ coordinates of various detector components.
However, these are not the variables typically used.

The rapidity of a particle with energy E and momentum in the z
direction pz is defined to be

y = 1
2 ln E + pz

E − pz

. (6.1)

This dimensionless quantity is useful because of its behavior under boosts
in the z direction.
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Exercise 6.1 Boost a particle’s four-momentum

pµ =


E
px

py

pz

 , (6.2)

by some velocity v along the z direction. Recall that a boost in the x
direction was given in Eq. (5.28). Find the boosted energy and momen-
tum in terms of the original energy and momentum. Then, write the
boosted rapidity in terms of the original rapidity. Use this result to show
that the difference between two rapidities is invariant under boosts in the
z-direction.

In any real experiment there is variation in the incoming particle ener-
gies and the true location of the collision. This means that actual collisions
depart from the idealized collision by some amount, which can often be
related to the idealized center-of-momentum frame of collisions. However,
if we describe the outgoing particles by their rapidities then the difference
in rapidity of any two particles will be unchanged amongst frames related
to the ideal conditions by a boost in z.

Another quantity that, like differences in rapidity, is invariant under
boosts along the z-axis is the component of the momentum that are trans-
verse to the z-axis. This motivates defining the transverse momentum

pT =
√
p2

x + p2
y . (6.3)

This immediately allows us to use

p⃗ 2 = p2
T + p2

z = p2
T + p⃗ 2 cos2 θ , (6.4)

to find that
pT = |p⃗| sin θ . (6.5)

Exercise 6.2 Show that pT is unchanged by boosts along the z direction.

This property of invariance under boosts along the beam axis makes ra-
pidity and transverse momentum very useful. Indeed, we can map cylindri-
cal coordinates to these quantities. We can make some connection through
the relation

pz = |p⃗| cos θ , (6.6)

which is similar to the usual relationship between Cartesian and spherical
polar coordinates z = r cos θ.
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Exercise 6.3 Show that
pz

E
= tanh y , (6.7)

and

E2 = m2 + p2
T + E2 tanh2 y ⇒ E = cosh y

√
m2 + p2

T . (6.8)

Use these results to show that

pµ =


E
px

py

pz

 =


E

|p⃗| cosϕ sin θ
|p⃗| sinϕ sin θ
|p⃗| cos θ

 =



√
m2 + p2

T cosh y
pT cosϕ
pT sinϕ√

m2 + p2
T sinh y

 (6.9)

We see that we can exchange the magnitude of the particle momentum
|p⃗| and the angle θ for pT and y.

It is somewhat easier to map to a quantity called pseudorapidity

η ≡ − ln tan θ2 , (6.10)

which is directly related to the angle θ. Though not immediately obvi-
ous this is the rapidity of a massless particle. For a massless particle the
relativistic energy

E =
√
m2 + p⃗ 2 , (6.11)

simply becomes E = |p⃗| . This means we can write rapidity for a massless
particle as

y = 1
2 ln E + pz

E − pz

= 1
2 ln |p⃗| (1 + cos θ)
|p⃗| (1− cos θ) = − ln

√
1− cos θ
1 + cos θ . (6.12)

It is a standard trigonometric identity that√
1− cos θ
1 + cos θ = tan θ2 , (6.13)

for 0 ≤ θ ≤ π. This means that for a massless particle

y = − ln tan θ2 = η . (6.14)
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Exercise 6.4 Show that a massless momentum four-vector can be expressed as

pµ = pT


cosh η
cosϕ
sinϕ
sinh η

 . (6.15)

You may find it useful to show that

sin θ = 1
cosh η . (6.16)

The form of the four-vector shows that for a massless particle we can
exchange |p⃗| and θ for pT and η.

When the momentum of a particle is large compared to its mass we
can write the energy as

E = |p⃗|
√

1 + m2

p⃗ 2 = |p⃗|+ m

2
m

|p⃗|
+ . . . . (6.17)

If we only take the first term we have the relation between energy and
momentum for a massless particle. This leads to the understanding that
particles with momenta much larger than their masses can be approximated
as massless. For example, consider a massless particle with momentum of
1 GeV and a particle with 1 MeV mass with a momentum of 1 GeV. The
energy of the first particle is 1 GeV and the energy of the second is about
1.0000005 GeV. The finite mass has an effect, but it is a very small one
compared to the energy of the particle.

Exercise 6.5 This effect can also be seen using η and pT to characterize a particle.
Begin by showing

E2 = m2 + p2
T

sin2 θ
= m2 + p2

T cosh2 η . (6.18)

Use this result to show that

pµ = pT


cosh η

√
1 + m2

p2
T cosh2 η

cosϕ
sinϕ
sinh η

 . (6.19)

Note that from above we have |p⃗| = pT cosh η. Therefore, when the
momentum of a particle p⃗| is larger than its mass m we can expand the
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square root √√√√1 + m2

p2
T cosh2 η

≈ 1 + m2

2p2
T cosh2 η

+ . . . . (6.20)

This means that for a massive particle with large momentum (compared
to its mass) we have

pµ = pT


cosh η
cosϕ
sinϕ
sinh η

+ m

2pT cosh η


1
0
0
0

+ . . . . (6.21)

As expected the first term is the parameterization of a massless particle.

In general, the tracking components of a particle detector, at a collider,
is described by ϕ and η. The particles are described in terms of their pT .
These quantities are most seem most useful for massless particles, but this
same intuition can be used for particles with energy much larger than their
mass.

Given two particles in a collision event a useful measure of how close
the particles are is √

(∆y)2 + (∆ϕ)2 . (6.22)

Because ϕ and ∆y are unchanged by boosts along the z-axis, so is this
quantity. For massless particles we can replace the rapidity by the pseudo-
rapidity. We therefore define

∆R =
√

(∆η)2 + (∆ϕ)2 (6.23)

to describe the angular distance between particles. This quantity is in-
dependent of boosts along the beamline (z-axis) only when the particles
are massless. However, as we have seen, massive particles with mass much
smaller than their momentum are can be approximated well as being mass-
less.

We now discuss some basic principles of various types of particle collid-
ers. The first type of experiment we hear about is something like Ruther-
ford’s gold foil experiment where a beam of particles is directed toward
a stationary target. Let us suppose that experimentally we can create a
beam of particles with mass mB with energy EB. The four momentum of
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one beam particle can be taken to be

pµ
B =


EB

0
0
pB

 , (6.24)

where pB is the magnitude of the momentum, which is along the beam axis,
taken to be the z-axis.

The target particles are taken to be at rest and have a mass of mT .
Their four-vector is simply

pµ
T =


mT

0
0
0

 . (6.25)

Now what are possible target particles? This depends on our beam parti-
cles. If we are use a high energy electron beam then we cannot consider the
target to be bowling balls because in reality the electrons will only interact
with the constituents of a single atom within the bowling ball. Indeed, if
the electrons are at very high energy a proton is too large an object, and
the electron primarily scatters off a single quark within the proton.

Given a beam particle and target particle, what is the total energy that
is available to make new particles or otherwise probe nature’s structure?
The final energy from the two particles is simply

EF = EB +mT , (6.26)

but how much of this is available to the experiment? One way to determine
this is to find the invariant mass of the combination of the two four-vectors

m2
F = (pµ

B + pµ
T ) (pBµ + pT µ) . (6.27)

Exercise 6.6 Show that
mF =

√
m2

T +m2
B + 2EBmT . (6.28)

The invariant mass is unchanged by under transformations, including
a boost into the center of momentum frame. In that frame the final state
has no net momentum and so all the incoming particle momentum feeds
into energy available to the final state.

Example We would like to boost to a frame in which the beam and target particles
have equal momentum in opposite directions. We denote this boosted
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frame with primes and find

E ′
B =γ(EB − vpB) E ′

T =γmT (6.29)
p′

B =γ(pB − vEB) p′
T =− γvmT , (6.30)

where v is the velocity of the primed frame relative to the lab frame.
Being in the center of momentum frame means that

p′
B = −p′

T . (6.31)

This implies that
v = pB

mT + EB

. (6.32)

The total energy in this frame is simply

E ′
F = E ′

B + E ′
T . (6.33)

Exercise 6.7 Show that
E ′

B + E ′
T =

√
m2

T +m2
B + 2EBmT = mF . (6.34)

This confirms that the invariant mass of the initial state particles de-
scribes the final state energy in the center of momentum frame.

For high energy collisions, we have that EB ≫ mT , mB. This means
that

mF =
√

2EBmT

√
1 + m2

T +m2
B

2EBMT

≈
√

2EBmT + . . . . (6.35)

This is our characterization of how much energy can be extracted from
these, so-called fixed target, collisions. Notice that the total energy is
related to the geometric mean of the target mass and beam energy.

A fixed target experiment is somewhat simple. The beam is aimed
at a collection of target particles larger than the beam width, which does
not require delicate adjustments. It is much more difficult to direct two
different particle beams at each other and obtain collisions. However, there
are additional gains that can make the trouble worth it.

If we consider two beams directed along the z-axis in opposite directions
then the characteristic four-momenta for the two beams are

pµ
1 =


EB

0
0
pB

 , pµ
2 =


EB

0
0
−pB

 . (6.36)

Here, for simplicity, we have assumed the beams are of the same energy



Collider Basics 33

and particle type. As in the fixed target case, the quantity of interest is
the invariant mass obtained from the sum of two four-vectors

m2
F = (pµ

1 + pµ
2) (p1µ + p2µ)

=4E2
B . (6.37)

Therefore, the ratio of the energy available from a colliding beams experi-
ment to that of a fixed target experiment is approximately√

2EB

mT

. (6.38)

This means that for beam energies larger than the mass of a target particle
we get a significant increase in the energy that can go into making new
particles, or probing higher energies.

This, essentially, is why particle experiments often go to the trouble of
trying to collider particle beams. As one might imagine, this is a nontrivial
feat. If the collider design is simply a straight tube with a beam directed
through at either end (this is really not exactly how linear colliders are set-
up, but I think you get the idea) then the beams need to be fully accelerated
to collision energy as well as carefully shaped and aimed in the short time
it takes to get form the beam sources to the interaction point.

If instead of a straight line path toward the collision the beams travel
around a circular ring then many revolutions can be used to get the particle
up to their final energies and the beams prepared for collision. But of
course, everything comes at a price. Typically beams are accelerated and
steered using electromagnetic interactions, meaning that the beam particles
must have electric charge. But accelerating electric charges radiate energy.

Both a linear and a circular collider need to accelerate the beams up to
a given energy, but the circular collider also must accelerate the particles
to keep them on a circular path. This additional radiation from circular
colliders is called synchrotron radiation. The power radiated is given by
the relativistic version of the standard Larmor formula

Prad = 2αq2

3 γ4a2 , (6.39)

where
α = e2

4π ≈
1

137 , (6.40)

is the fine structure constant, q is the charge of accelerating particle (q = −1
for an electron), and a is the acceleration. We then use the definition of
relativistic energy to express

γ = EB

mB

. (6.41)
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The usual relationship for the acceleration required for circular motion is

a = v2

R
, (6.42)

where v is the velocity of the particle and R is the radius of the circular
path. This allows us to express the radiated power as

Prad = 2α
3

(
qE2

Bv
2

m2
BR

)2

. (6.43)

This result describes the amount of energy lost (per unit time and per
particle) due to the circular path of the particle beams. This leads to two
issues. First, the accelerator must supply this much power (per particle)
to keep the beam at a given energy. Second, all of this energy is radiated
by the particles into the structure of the collider and must be efficiently
removed from the system to prevent damage to collider components.

Notice that as the beam energy increases the radiated power goes up
by the fourth power. This means increasing the beam energy by a factor of
2 increases the radiated power by a factor of 16! This formula also shows
how the radiated power can be reduced. If the radius of the collider ring is
increased or the mass of the colliding particles are increased the radiated
power is reduced. This is why circular colliders have become increasingly
large over the years and why proton colliders have generally been higher
energy machines than electron colliders of equal radius.

Exercise 6.8 The Large Electron Positron collider (LEP) reached a maximum center of
mass energy of number GeV. If the electron beams were be replaced with
protons what energy collider would lead to the same power in synchrotron
radiation? Compare this to the center of mass energy of the Large Hadron
Collider (LHC).

Exercise 6.9 The muon is a particle with identical quantum numbers to the electron,
except that it mass mµ is about 200 times larger than the electron mass
me. If the electron beams at LEP could be replaced with muons what
energy collider would lead to the same power in synchrotron radiation?

Subsection 6.1

Detectors and Cross Section

We have now developed some ideas about the collider beams. Before going
on we should say a little about the detectors. In many collider experiments
two beams are brought together so that they collide. The point of collision
is called the Interaction Point (or sometimes the IP). From this point a
spray of particles of various type and momenta are produced. It is these
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produced particles that we are typically interested in and the collider detec-
tors are designed to provide as much information about them as possible.
We also introduce the idea of the cross section associated with particle in-
teractions. The discussion assumes some basic understanding of quantum
mechanics. Some readers may find it useful to read the first portion of
Sec. 33 (up to 33.1) to prepare.

At the Large Hadron Collider (LHC) the detectors are very large, about
the size of a four or five story building. This size is taken up with several
different detector layers, which can be roughly divided into four types.
These all surround the beam like a solid cylinder. The innermost layer is
the tracker, which is filled with layers of material that register the flight of
electrically charged particles, allowing them to be tracked. The trajectories
of these particles also provide information about them. The next layer is
the electronic calorimeter or ECAL. This is where many light electrically
charged particles (like electrons) and photons are stopped, depositing their
energy. Around this is the hadronic calorimeter (HCAL) which stops par-
ticles that carry the strong nuclear force. Finally, the muon system tracks
muons (and things that look like muons). These particles are too massive
to be stopped by the ECAL and don’t interact much with the HCAL. The
muon system does not stop them, but gives more information about their
trajectories.

All of this detection produces a huge amount of information for each
collision (about one Megabyte [23]) and the LHC generates about 1 bil-
lion collisions per second [24]. This generates much more data (about 1
Petabyte per second) than can be reasonably stored or read out by the
experimental collaborations. In addition, it is likely that many of these
collisions do not produce anything new or particularly interesting. This
is why the experiments employ triggers. Only when certain requirements
are satisfied are the collision data are recorded, that is only for events
that satisfy the triggers. At the LHC only a tiny fraction of the collision
data are currently recorded. These data are then used for various specific
experimental analyses.

In a collider experiment the output is simply the number of events of
some particular type. Once we decide what type of event we are interested
in we simply count (actually it is not simple at all to both run the machine
and design and operate the detectors that do the counting, but the big
picture idea is simple) the number of events of that type that occur while
the collider is running. But how do we connect this number of events that
we count to structure of nature?

The basic idea is that the interactions related to the particles that
compose the beams is what we are studying. To focus on these interactions
we need to characterize the number of events we measure in terms of these
interactions. To do this, let us consider two beams of particles that are
directed into a collision course. These beams are typically composed of
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discrete bunches that have a characteristic length ℓ and cross sectional
area A. Within each bunch there is some number of particles. We consider
the collision of bunch A with bunch B. Bunch A has some number NA of
particles or, more usefully, a number density

nA = NA

A · ℓ
. (6.44)

This bunch is traveling at velocity vA. Similar definitions apply to bunch
B.

What happens when these two bunches collide? First, we can deter-
mine how long it takes a particle from one bunch to pass through the other.
This simple the magnitude of their relative velocity |vA − vB| divided by
the length of the bunch ℓ

t = |vA − vB|
ℓ

. (6.45)

Next, how many interaction events occur within this time? We expect

Events
Time ∝

NANB

t
, (6.46)

because the larger the number of particles in each bunch the more likely
they are to interact. To define an equality, we multiply the right-hand side
by σ/A. We call σ the cross section and note that by definition it has
dimensions of area. In essence, it describes how likely one of the particles
in one bunch is to interact with one of the particles in the other bunch.
If these particles behaved like classical hard spheres then σ would simply
be the cross sectional area of one sphere. The ratio of that area to the
total area of the beam (assuming they are randomly distributed) provides
the probability of two particles colliding. In the quantum mechanical world
that governs these collider events the cross section is not simply geometrical,
but plays the same role.

We can then write the number of events per time as

Events
time = NANB

t

σ

A
= NANB

A · ℓ
|v⃗A − v⃗B|σ = nAnBA · ℓ|v⃗A − v⃗B|σ

≡Lσ . (6.47)

In this last line we have defined the luminosity L. This is a function
of quantities that are determined by the experimenter. Things like the
relative velocity, the number of particles in a bunch and the size of the
bunches. Only the cross section is related to the fundamental physics that
governs the particle interactions. This makes Eq. (6.47) exactly what we
want. The number of events we record over some time is related to the
set-up of the experiment and the cross section, which is set by nature.
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An individual particle physics model makes specific predictions for the
cross sections of various processes. By using colliders and other experiments
we can compare various types of cross sections, those that correspond to
various specific types of events, to actual experimental results. If these
disagree then we need to consider a new model. If they agree, then we gain
confidence that we are on the right track.

As mentioned, cross sections are measured in units of area. During the
early days of nuclear physics a standard unit of cross section was defined:
the barn

1 barn = 10−24cm2 . (6.48)

Of course, in natural units we associate lengths with inverse energy, so an
area is inverse energy squared. However, typically cross sections are still
reported in terms of barns, or more usually fractions of barns. For instance,
picobarns (pb) which are 10−12 barns or femtobarns (fb) which are 10−15

barns.

Exercise 6.10 Show that
GeV−2 = 3.894× 10−4 barns . (6.49)

The integrated luminosity is the total luminosity over a given time. Be-
cause the integrated luminosity multiplied by the cross section produces a
pure number, the number of events, the dimensions of integrated luminosity
are inverse area. For ease of use with cross sections, these are often reported
in terms of inverse barns. For instance, a certain LHC search might use 36
fb−1 of recorded luminosity, this is read as 36 inverse femtobarns.

We now consider how the cross section is calculated. Because it is
related to the probability of particles interacting to produce a specific final
state we expect

σ ∝ |⟨out|in⟩|2 , (6.50)

where |in⟩ is the state that describes the incoming particles and |out⟩ is the
state that describes the outgoing particles. Then complex number ⟨out|in⟩
is the inner product, or overlap, of these two states. The cross section
can only be proportional to this squared quantum amplitude because the
amplitude is dimensionless while the cross section goes like inverse energy
squared. If either particle is going faster, having larger energy, then it
“spends less time” near other particles and hence its cross section goes
down. This motivates

σ ∝ 1
EAEB

|⟨out|in⟩|2 . (6.51)

However, this does not quite have the properties we expect. Suppose we
take the colliding particles to travel along the z-direction. The area they
present should be invariant under boosts along the z-direction, just like a
geometrical area would be.
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Exercise 6.11 Recall that after a boost in the z-direction

E → γ (E + v pz) , pz → γ (pz + v E) , (6.52)

and the velocity (in the z direction) of the ith particle is

vi = piz

Ei

. (6.53)

With these results in mind, show that

1
EAEB

→ 1
γ2EAEB (1 + v vA) (1 + v vB) , (6.54)

and
|vA − vB| →

|vA − vB|
γ2 (1 + v vA) (1 + v vB) . (6.55)

From these results conclude that under boosts along the z-direction that

1
EAEB|vA − vB|

→ 1
EAEB|vA − vB|

. (6.56)

The above exercise shows that

σ ∝ 1
EAEB|vA − vB|

|⟨out|in⟩|2 . (6.57)

Which has the correct dimensions and transformation properties. A careful
quantum field theory calculation produces

σ = 1
2EA 2EB |vA − vB|

×
∫ [

n∏
i=1

d4pi

(2π)4 2πδ(p2
i −m2

i )
]
× |M|2 (2π)4δ(4)

(
pA + pB −

n∑
i=1

pi

)
,

(6.58)

whereM is referred to as the Lorentz invariant amplitude. The coeffi-
cient in front we understand from dimensions and behavior under boosts.
The product under the integral sign spans all n particles that are produced
by the collision of particles A and B. The first terms are integrals over
their four-momenta, subject to the constraint p2

i = m2
i . We also enforce

total momentum conservation.

Exercise 6.12 Suppose we know that some particle X of mass M sometimes decays
to two Y particles. For simplicity we assume the process is spherically
symmetric and that Y is effectively massless. The formula, in the rest
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frame of the X particle, is similar to that of the cross section

Γ = 1
2M

∫ d3p⃗1

2E1(2π)3
d3p⃗2

2E2(2π)3 (2π)4δ(M − E1 − E2)δ(3)(p⃗1 + p⃗2) |M|2 ,

(6.59)
where p⃗1 and p⃗2 are the three-momenta of the decay products and Ei =
|p⃗i| because the decay products are massless. Assuming that |M|2 is
spherically symmetric (does not depend on θ and ϕ), show that

Γ = 1
16πM |M|2

∣∣∣
|p⃗1|=|p⃗2|=M/2

. (6.60)

Within these general considerations for the cross section of a particular
process, only the value ofM depends on the particular model in question.
Thus, the main goal of quantum field theory calculations is to determine
M for a given process so that those predictions can be compared with
experiment.

While the details of any process depends on what model is being used,
we can make a few general statements. For instance, the dimensions of |M|2
changes with the number of particles in the final state. Each particle’s phase
space factor is dimension two, but the decay width is alway dimension one
and the cross section always has dimensions of minus two. This implies
that the dimension of the amplitude M changes as the number of final
state particles changes.

It is also true that the decay width or cross section decreases with the
number of final state particles. This can be understood by considering the
phase space integral over a constant argument

∫ d3p⃗

2E(2π)3 = 4π
2(2π)3

∫ dp p2
√
m2 + p2 , (6.61)

where m is the mass of the final state particle. If the total amount of
energy Ef that flows into this particle is much larger than its mass then
this integral is approximately

E2
f

8π2 , (6.62)

and if the Ef ≪ m then we find

Ef

m

E2
f

3π2 . (6.63)

Both results illustrate the dimension of the phase space integral, which must
be compensated by the amplitude. Aside from this dimensionful quantity,
both integrals are small. Because the available energy must be shared
among all the final state particles and because of these reductions that
come from additional phase space integrals, processes with more particles
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in the final state are typically less likely to occur than those with fewer
particles.

Section 7

Particles and the Lorentz Group

We have already seen how powerful the structure of special relativity is on
the simple kinematics of particle interactions. In this section we extend its
reach further. Before particle physics can have real meaning, we need to
know what is meant by a particle. In a heuristic way elementary particles
are the smallest bits of stuff. But in seeking to efficiently and effectively
model nature we want to used descriptions that are well suited to nature,
at least as we currently understand it. All the evidence we currently un-
derstand indicates that nature respects the structure of special relativity.
This is encapsulated mathematically in the Lorentz group O(1,3).

What does it mean for our model to be well suited to this symme-
try? In essence, actions of the symmetry should not change the essential
characteristics the objects we are considering. We do not want to have an
important building block of our model significantly change its character
when we rotate through an angle or boost to a new frame. So, what we call
a particle is something in that some way stays similar, or of a certain type,
under Lorentz transformations. Mathematically, this means that different
types of particles should all be described by a single irreducible representa-
tion of the Lorentz Group. Further discussions of particle representations
of the Lorentz group can be found in [11, 14, 15, 25].

Recall from Sec. 5 that much of relativity can be understood by using
four-vectors and the Minkowski metric

ηµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (7.1)

We also discussed a collection of transformations Λµ
ν (Lorentz transforma-

tions) that satisfy
ηµν = Λα

µΛβ
νηαβ . (7.2)

These matrices form a group that is denoted by O(1,3) (or sometimes O(3,1)
). If the concept of a mathematical group is unfamiliar, then you should
review Sec. 36 before continuing. We mostly focus on the subgroup of
transformations that can be continuously connected to the identity. For
instance, taking a rotation matrix to an angle of θ = 0 just gives the
identity. This subgroup, labeled SO(1,3), encodes all the information about
rotations in three dimensional space and also about boosting from one
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inertial frame to another. Both rotations and boosts can be described
by continuous parameters, indicating (correctly) that this group is a Lie
(pronounced Lee) group. A short introduction to Lie groups can be found
in Sec. 37.

Exercise 7.1 We can write a Lorentz transformation that is just a “little” change from
the identity as

Λµ
ν = δµ

ν + ωµ
ν , (7.3)

where ωµ
ν is understood to be small, that is all of its components are

much smaller than one. Use the defining characteristic of Lorentz trans-
formations given in Eq. (7.2) to first order (linear powers of) ωµν to show
that it is antisymmetric. From this conclude that Lorentz transforma-
tions are specified by six generators.

Like all Lie groups, this means that any particular group element Λ
can be written as

Λ = eiαaT a

, (7.4)

where the αas are real parameters and the T as are elements of the associated
Lie algebra so(1, 3). Lie algebras are reviewed in Sec. 38. The Lie algebra
is defined by how basis elements T a behave under the Lie bracket (which
for our purposes is the commutator of two matrices)[

T a, T b
]

= T aT b − T bT a = ifabcT c , (7.5)

where the fabc are the structure constants of the algebra. There are six gen-
erators of the Lie algebra: three Hermitian generators related to rotations
about the three spatial directions Ji and three anti-Hermitian generators
related to boosts along the three spatial dimensions Ki. The structure of
the algebra is determined by the following relations among them

[Ji, Jj] = iεijkJk , [Ji, Kj] = iεijkKk , [Ki, Kj] = −iεijkJk . (7.6)

Exercise 7.2 Using the commutators given above, show that

J±
i ≡

1
2 (Ji ± iKi) , (7.7)

are Hermitian operators and have the commutation relations[
J+

i , J
+
j

]
= iεijkJ

+
k ,

[
J−

i , J
−
j

]
= iεijkJ

−
k ,

[
J+

i , J
−
j

]
= 0 . (7.8)

This is the algebra structure (su(2)⊕su(2)) for the product group SU(2)×
SU(2).

The exercise shows that we can rewrite the Lie algebra in terms of
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two generators that behave like independent su(2) algebras. This is very
useful because we know a lot about su(2). In particular, we know all the
finite-dimensional, unitary representations of su(2). These are labeled by
a half-integer j.

Exercise 7.3 The group elements of SU(2)×SU(2) are of the form

O = e−iθiJ
+
i −iϑiJ

−
i , (7.9)

where θ and ϑ are real numbers. Show that these can be represented by
unitary operators. The element of the Lorentz group SO(3,1) have the
form

Λ = e−iθiJi−iβiKi , (7.10)

where θ and β are real numbers. Write Λ in terms of the J±
i generators

and compare it to the operators O given above.

The previous exercise shows that while SO(3,1) has mathematical con-
nection to SU(2)× SU(2) they are not quite the same. The latter is a com-
pact group with finite dimensional unitary representations. The former,
the group we are actually interested in, shares much of the local structure
but has noncompact aspects and so its unitary representations are infinite
dimensional. The groups are different, but the Lie algebras are the same

so(3, 1) ≃ su(2)⊕ su(2) (7.11)

So, we use the SU(2)× SU(2) language to develop finite dimensional rep-
resentations of the Lorentz algebra. We then connect these to infinite
dimensional unitary representations of the group.

Because we can label all the finite-dimensional representations of su(2)
by a half-integer j we can label all the finite-dimensional representations
of so(3, 1) by an ordered pair of half-integers (j1, j2). For instance, the
(0, 0), (1

2 , 0), and (0, 1
2) representations. This labeling is quite clear, but

often not how different representations are referred to. Notice that Jz =
J+

z + J−
z , this means that a state in the (j1, j2) representation has angular

momentum j1 + j2. In other words, representations with nonzero j1 or j2
carry an intrinsic angular momentum that has nothing to do with orbiting
something. It is this intrinsic angular momentum that is given the name
spin.

The spin-0 representation, (0, 0)→ 0⊗0 = 0, is often called the scalar
representation and is one dimensional. The Higgs boson is an example of a
scalar particle. There are two spin-1/2 representations: (1

2 , 0)→ 1
2 ⊗0 = 1

2
and (0, 1

2) → 0 ⊗ 1
2 = 1

2 . It is important to note that while these two
representations both have the same intrinsic angular momentum, they are
distinct, two-dimensional representations of the Lorentz group. These are
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referred to as spinor representations. Familiar objects like the electron
and the proton have spin-1/2, and so are described by spinors.

Particles like the photon have spin-1. One might consider the three
dimensional (1, 0) or (0, 1) representations to describe the photon. However,
we shall find below that we actually want the (1

2 ,
1
2) → 1

2 ⊗
1
2 = 1 ⊕ 0

representation. This is a direct sum of the three dimensional spin-1 and one
dimensional spin-0 representations. This is exactly right for a Lorentz four-
vector, which is why (1

2 ,
1
2) is often referred to as the vector representation.

In the next few chapters we examine the fields that are related to these
representations.

Section 8

The Klein-Gordon Equation

In this section we take our first steps in describing a the quantum field
that gives rise to a particle. This section assumes some familiarity with
quantum mechanics. A short introduction that covers the most relevant
topics is found in Sec. 33.

The first field equation we consider can be motivated by the Schrödinger
equation for a free particle:

i∂tψ(t, x) = i2

2m∂i∂
iψ(t, x) . (8.1)

We have written this in a way that shows the use of the momentum operator
in the position basis P̂ i = iηij∂j where the index is only over the three
spatial dimensions. Recall that using the full four-dimensional Minkowski
spacetime metric

ηµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , (8.2)

we have P̂i = ηijP̂
j = i∂i , In other words, the Schrödinger equation is

i∂tψ(t, x) = P̂iP̂
i

2m ψ(t, x) . (8.3)

The term on the right-hand side looks like the kinetic energy of a particle,
and for a free particle it would be the total energy. This suggests we might
consider an energy operator Ê = i∂t. The equation is then just a way of
saying E = p⃗ 2/(2m).

In relativity the energy of a free particle is actually given by E2− p⃗ 2 =



The Klein-Gordon Equation 44

m2. If we then write this in terms of operators we have

−∂2
t ϕ(t, x)− ∂i∂

iϕ(t, x) = m2ϕ(t, x) . (8.4)

This is the Klein-Gordon equation, simply a relativistic generalization of
the Schrödinger equation [26–28].

Exercise 8.1 Show that the Klein-Gordon equation can be written as(
∂µ∂

µ +m2
)
ϕ(t, x) = 0 . (8.5)

What are some aspects of this equation? First, we note that the equa-
tion is Lorentz invariant. This can been seen by noting that the inner
product of any two four-vectors V µ and U ν is invariant under Lorentz
transformations V µ → Λµ

αV
α and U ν → Λν

βU
β:

V µUµ =V µUνηµν → V αUβΛµ
αΛν

βηµν

=V αUβηαβ = V αUα . (8.6)

In the second line we have used the defining characteristic of the Lorentz
transformations, that they preserve the form of the Minkowski metric:
ηµν = Λµ

αΛν
βη

αβ. The field ϕ is a scalar, so it is also Lorentz invariant.
Because the equations are Lorentz in variant, so too must be the solutions.

Exercise 8.2 Show that for a normalization constant ap and parameters E and p⃗

ϕ(x) = ake
−i(ωt−k⃗·x⃗) = ake

−ixµkµ , (8.7)

is a solution of the Klein-Gordon equation if the dispersion relation

ω2 = k⃗ 2 +m2, (8.8)

is satisfied. What does this dispersion relation remind you of?

The exercise above shows that plane-waves with a specific dispersion
relation are solutions of the Klein-Gordon equation. Specifically,

ωk = ±
√
k⃗ 2 +m2 . (8.9)

This looks exactly like the equation for relativistic energy E =
√
m2 + p⃗ 2.

However, the minus sign is a signal that we cannot interpret the Klein-
Gordon equation as a single particle wavefunction. Were we to try we
would find both positive energy and negative energy states. In fact, it is
not just that the energy is negative (which we are used to when dealing
with bound states) but that it has no lower bound, making |⃗k| larger makes
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the energy lower. Instead of a single particle picture, we consider energy
and momentum flowing through a field that fills all of space. This field
is an operator ϕ̂(t, x) that can act on the states |Ψ⟩ that describe various
physical scenarios. We see below that this system can be thought of as
having only positive energy configurations. In what follows we also drop
the hat on fields and treat them as classical fields.

A general solution to the Klein-Gordon equation is a linear combina-
tion of all the solutions we have found (the so-called plane wave solutions)
where we identify k⃗ and the three-momentum p⃗. In terms of p⃗ dependent
coefficients a(p⃗ ) and b(p⃗ ) we have

ϕ =
∫
d3p (a(p⃗ ) exp [−i(ωpt− p⃗ · x⃗)] + b(p⃗ ) exp [−i(−ωpt− p⃗ · x⃗)]) ,

(8.10)
where the limits of integration go from −∞ to ∞. By changing the inte-
gration variables p⃗→ −p⃗ in the second term only we find

ϕ =
∫
d3p

(
a(p⃗ )e−ixµpµ + b(−p⃗ )eixµpµ

)
, (8.11)

where pµ = (ωp, p⃗ ). Finally, we require that ϕ be a real field. This means
that ϕ† = ϕ. This in turn implies that b(−p⃗ ) = a†(p⃗ ). In other words we
have

ϕ =
∫
d3p

(
a(p⃗ )e−ixµpµ + a†(p⃗ )eixµpµ

)
. (8.12)

In quantum field theory a†(p⃗ ) and a(p⃗ ) are operators, specifically they
are creation and annihilation operators like those of the quantum harmonic
oscillator discussed in Sec. 33.4. This illustrates again that ϕ(x) is a quan-
tum operator that acts on quantum states, not a quantum state itself.
This also indicates that the negative frequency parts of the field do not
correspond to a negative energy particle. Instead, they are essential to
describing how positive energy flows from one part of the field to another.

This can be understood, schematically, as follows. As a quantum oper-
ator the field ϕ can both create particles with momentum p⃗ through a†(p⃗ )
and destroy particles of momentum p⃗ with a(p⃗ ). Again, the field cannot be
interpreted like a wavefunction, it does not describe a quantum state. It is
an operator that can be used to map quantum states with a certain number
of particles to other quantum states with a different number of particles.

Subsection 8.1

The Klein-Gordon Lagrangian

Now that we have the Klein-Gordon the equation and its solutions we
can try to find Lagrangian density that leads to that equation. If the
term “Lagrangian” does not mean anything to you then you should review
Sec. 32 up to the beginning of Sec. 32.1 before reading on. This, however,
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only covers single particle Lagrangian dynamics. The Lagrangian densities
of field theories are reviewed Sec. 32.2. In doing so, we remind the reader
that the functional derivative

∂(∂µϕ)
∂(∂αϕ) = δα

µ . (8.13)

In short, a lower index in the denominator becomes an upper index.

Exercise 8.3 Show that the Lagrangian density

L = 1
2 (∂µϕ) (∂µϕ)− m2

2 ϕ2 , (8.14)

produces the Klein-Gordon equation from the Euler-Lagrange equation

∂µ
∂L

∂(∂µϕ) = ∂L
∂ϕ

. (8.15)

You may find it useful to first write the Lagrangian density with ∂µϕ
written in terms of ∂νϕ.

Not that we have a Lagrangian density in hand, we can determine
the Hamiltonian density. When integrated over all space this defines the
energy of the system and so allows us to check that it is bounded from
below. Following the procedure outlined in Sec. 32.2 we find

H =ϕ̇∂L
∂ϕ̇
− L

=ϕ̇2 − 1
2
[
ϕ̇2 + (∂iϕ)(∂iϕ)−m2ϕ2

]
=1

2 ϕ̇
2 − 1

2(∂iϕ)(∂iϕ) + 1
2m

2ϕ2

=1
2 ϕ̇

2 + 1
2(∇ϕ) · (∇ϕ) + 1

2m
2ϕ2 . (8.16)

The first term is sensitive to changes in the field with respect to time,
similar to a velocity. This term is always positive or zero. When the field
is static there is no contribution to this piece. The second term is nonzero
when there are spatial changes, or gradients, in the field. This too is never
negative. Then the field is uniform throughout space this term is zero. The
final term is sensitive to the actual value of ϕ(x). It is always positive (for
m2 > 0) and is only zero when ϕ = 0. In short, we see that the energy
density (the Hamiltonian density) is nonnegative, meaning that the energy
of all field configurations is bounded from below, as promised.

Before moving on, notice that the Klein-Gordon equation is easy to
generalize to include nonlinear self-interactions of the field. If we define a
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potential for ϕ

U(ϕ) = 1
2m

2ϕ2 + 1
3c3ϕ

3 + 1
4c4ϕ

4 + . . . , (8.17)

then the Lagrangian density

L = 1
2 (∂µϕ) (∂µϕ)− U(ϕ) , (8.18)

produces a similar equation.

Exercise 8.4 Find the equation of motion of the Lagrangian density

L = 1
2 (∂µϕ) (∂µϕ)− 1

2m
2ϕ2 − λ

4ϕ
4 . (8.19)

Notice that we can also generalize to several scalar fields:

L = 1
2 (∂µϕ1) (∂µϕ1) + 1

2 (∂µϕ2) (∂µϕ2)−
m2

1
2 ϕ2

1 −
m2

2
2 ϕ2

2 , (8.20)

which leads to the equations(
∂µ∂

µ +m2
1

)
ϕ1 = 0 ,

(
∂µ∂

µ +m2
2

)
ϕ2 = 0 . (8.21)

This, on its own, is not very interesting, the fields do not even interact with
each other. However, if we assume m1 = m2 ≡ m then we have

L = 1
2 (∂µϕ1) (∂µϕ1) + 1

2 (∂µϕ2) (∂µϕ2)−
m2

2
(
ϕ2

1 + ϕ2
2

)
. (8.22)

This may not look much more interesting, yet.

Exercise 8.5 Beginning with the Lagrangian density in Eq. (8.22), make the substitu-
tions

ϕ1 = ϕ′
1 cos θ − ϕ′

2 sin θ , ϕ2 = ϕ′
1 sin θ + ϕ′

2 cos θ , (8.23)

where θ is any real number. Show that in terms of these new fields the
Lagrangian takes the form

L = 1
2 (∂µϕ

′
1) (∂µϕ′

1) + 1
2 (∂µϕ

′
2) (∂µϕ′

2)−
m2

2
(
ϕ′2

1 + ϕ′2
2

)
. (8.24)

The above exercise shows that there is a family of changes of variables
that preserve the form of the Lagrangian. Any such transformation is called
a symmetry of the Lagrangian and typically leads to useful and interest-
ing physical consequences. The symmetry considered above is particularly
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interesting because it is parameterized by a continuous variable, θ. Emmy
Noether showed that any such continuous symmetry leads to a conserved
quantity, as reviewed in Sec. 32.3.

Example From Sec. 32 we have that

Jµ = ∂L
∂(∂µϕ1)

dϕ1

dθ

∣∣∣∣∣
θ=0

+ ∂L
∂(∂µϕ2)

dϕ2

dθ

∣∣∣∣∣
θ=0

= (∂µϕ1) (−ϕ2) + (∂µϕ2) (ϕ1)
=ϕ1∂

µϕ2 − ϕ2∂
µϕ1 . (8.25)

We can check that this current is conserved by evaluating

∂µJ
µ =∂µ(ϕ1)∂µϕ2 + ϕ1∂µ∂

µϕ2 − ∂µ(ϕ2)∂µϕ1 − ϕ2∂µ∂
µϕ1

=ϕ1(−m2ϕ2)− ϕ2(−m2ϕ1) = 0 , (8.26)

where we have used the equations of motion in the second line. Note that
the conservation of this current depends crucially on the masses of each
field being identical, which is also what makes the Lagrangian symmetric.

We then define the conserved quantity

Q =
∫
d3xJ0 =

∫
d3x

(
ϕ1ϕ̇2 − ϕ2ϕ̇1

)
. (8.27)

We can check that it is conserved by calculating

dQ

dt
=
∫
d3x

(
ϕ̇1ϕ̇2 + ϕ1ϕ̈2 − ϕ̇2ϕ̇1 − ϕ2ϕ̈1

)
. (8.28)

From the equations of motion we have that

ϕ̈i = ∇2ϕi −m2ϕi . (8.29)

This means that

dQ

dt
=
∫
d3x

[
ϕ1
(
∇2ϕ2 −m2ϕ2

)
− ϕ2

(
∇2ϕ1 −m2ϕ1

)]
. (8.30)

The m2 terms cancel immediately. The others also cancel when we inte-
grate both by parts, taking the fields to go to zero at spatial infinity

dQ

dt
=
∫
d3 (∇ϕ1 · ∇ϕ2 −∇ϕ1 · ∇ϕ2) = 0 . (8.31)

This confirms that Q is time independent.
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Exercise 8.6 Begin with the Lagrangian density for a complex scalar field

L = (∂µϕ)∂µϕ† −m2|ϕ|2, (8.32)

where |ϕ|2 = ϕ†ϕ. Find the equations of motion for ϕ and ϕ† (treating
them as independent fields). Show that

ϕ = e−iθϕ′ , ϕ† = eiθϕ′† , (8.33)

is a symmetry of the Lagrangian for any continuously varying θ. Use
Noether’s theorem to find the conserved current

Jµ = i
(
ϕ†∂µϕ− ϕ∂µϕ†

)
. (8.34)

Show that this current is indeed conserved for fields that satisfy the
equations of motion.

You might wonder why the above exercise treats ϕ and ϕ† is indepen-
dent fields. If we consider that ϕ is made up of two real fields

ϕ = ϕ1 + iϕ2 , (8.35)

then it is clear that we can treat both ϕ1 and ϕ2 as independent fields which
then define ϕ and ϕ†. However, we can simply write

ϕ1 = 1
2
(
ϕ+ ϕ†

)
, ϕ2 = − i2

(
ϕ− ϕ†

)
, (8.36)

to see that we can simply think of ϕ and ϕ† as a change of basis from ϕ1
and ϕ2. This way of thinking leads to the correct equations for the ϕ and ϕ†

in the simplest way and is the typical method for dealing with all complex
fields.

We can also use this to obtain the plane wave expansion of a complex
scalar field

ϕ =ϕ1 + iϕ2 =
∫
d3p

(
a1(p⃗ )e−ixµpµ + a†

1(p⃗ )eixµpµ

)
+ i

∫
d3p

(
a2(p⃗ )e−ixµpµ + a†

2(p⃗ )eixµpµ

)
=
∫
d3p

[
(a1(p⃗ ) + ia2(p⃗ )) e−ixµpµ +

(
a†

1(p⃗ ) + ia†
2(p⃗ )

)
eixµpµ

]
. (8.37)

We define the two linearly independent operators combinations of the an-
nihilation operators

a(p⃗ ) = a1(p⃗ ) + ia2(p⃗ ) , b(p⃗ ) = a1(p⃗ )− ia2(p⃗ ) . (8.38)
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This means that

ϕ =
∫
d3p

(
a(p⃗ )e−ixµpµ + b†(p⃗ )eixµpµ

)
. (8.39)

In order to understand what these operators do, we remember that in
quantum mechanics we often consider processes that start in some initial
state |initial⟩ and end in some final state |final⟩ by

⟨final|initial⟩ . (8.40)

This means that if we are interested in understanding what the ϕ operator
does to a system

ϕ|final⟩ , (8.41)

we should consider the conjugate state

⟨final|ϕ† , (8.42)

where
ϕ† =

∫
d3p

(
b(p⃗ )e−ixµpµ + a†(p⃗ )eixµpµ

)
. (8.43)

We see that ϕ† creates a particle with a† or annihilates an antiparticle with
b. Similarly, ϕ can create an antiparticle with b† or annihilate a particle
with a.

Now that we understand something of the current given in Eq. (8.34)
we might as “What is the conserved quantity associated with this current?”
We determine this by expressing the conserved charge

Q =
∫
d3x J0 = i

∫
d3x

(
ϕ†∂tϕ− ϕ∂tϕ

†
)
, (8.44)

in terms of the creation and annihilation operators that make up ϕ (8.39).
To find Q we first note that

∂tϕ = −i
∫
d3p ωp

(
a(p⃗ )e−ixµpµ − b†(p⃗ )eixµpµ

)
, (8.45)

where ωp is defined in Eq. (8.9). With this in hand we find

Q = i
∫
d3x

[∫
d3k

(
b(k⃗)e−ixµkµ + a†(k⃗)eixµkµ

)
(−i)

∫
d3p ωp

(
a(p⃗ )e−ixµpµ − b†(p⃗ )eixµpµ

)
−
∫
d3k

(
a(k⃗)e−ixµkµ + b†(k⃗)eixµkµ

)
(−i)

∫
d3p ωp

(
b(p⃗ )e−ixµpµ − a†(p⃗ )eixµpµ

)]
=
∫
d3k d3p ωp d

3x
{
e−ixµ(kµ+pµ)

[
b(k⃗)a(p⃗ )− a(k⃗)b(p⃗ )

)
]− e−ixµ(kµ−pµ)

[
b(k⃗)b†(p⃗ )− a(k⃗)a†(p⃗ )

)
]

+eixµ(kµ−pµ)
[
a†(k⃗)a(p⃗)− b†(k⃗)b(p⃗)

)
]− eixµ(kµ+pµ)

[
a†(k⃗)b†(p⃗ )− b†(k⃗)a†(p⃗ )

)
]
}

(8.46)
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We are now ready to use the delta function identity∫ ∞

−∞
da e±ia(b−b′) = 2πδ(b− b′) . (8.47)

Exercise 8.7 Use the identity in (8.47) to show that

Q = 2(2π)3
∫
d3p ωp

[
a†(p⃗ )a(p⃗ )− b†(p⃗ )b(p⃗ )

]
. (8.48)

The factors of ωp and 2π in (8.48) are not important, they can be
absorbed into the definitions of a(p⃗) and b(p⃗). Essentially, we have obtained
number operators

Nparticle = 2(2π)3
∫
d3p ωp a

†(p⃗ )a(p⃗ ) =
∫
d3p nparticle , (8.49)

Nantiparticle = 2(2π)3
∫
d3p ωp b

†(p⃗ )b(p⃗ ) =
∫
d3p nantiparticle , (8.50)

which, similar to the number operator that arises in the simple harmonic
oscillator (33.96), count up the number from particles and antiparticles,
respectively. The difference of these quantities is usually called particle
number. Essentially it counts the number of particles in a given field con-
figuration and subtracts the number of antiparticles. An example you may
have heard of is baryon number. In nuclear processes baryon number is con-
served. If the initial state has some number of baryons NB and antibaryons
NB then the baryon number

B = NB −NB , (8.51)

is conserved during the process, even if NB and NB individually change.

Example Suppose we collider a proton p and an antiproton p. The initial baryon
number is

1− 1 = 0 . (8.52)

The resulting collision may produce many types of particles. But, as long
as baryon number is a good symmetry, then we know that the number
of baryons produced must equal the number of antibaryons produced so
that

NB −NB = 0 . (8.53)

Note that each of these changes the particle number in the same way.
If we again use baryon number as an example, then ϕ† increases the baryon
number by one unit. This can occur either by creating a baryon or by
destroying an antibaryon. On the other hand, ϕ reduces baryon number
by one unit, either by destroying a baryon or by creating an antibaryon.
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We can use the stress-energy tensor, as defined in (32.107), to further
explore the meaning of these creation and annihilation operators.

Exercise 8.8 Show, using the definition in (32.107), that the stress-energy tensor for a
complex scalar field is

T µ
ν =

(
∂µϕ†

)
∂νϕ+ (∂µϕ) ∂νϕ

† − δµ
ν

[(
∂αϕ†

)
∂αϕ−m2|ϕ|2

]
. (8.54)

Using the above result and the definition of the linear momentum carried
by the field in (32.109) we find that

P i =
∫
d3 T 0i = −δij

∫
d3x

[
(∂tϕ

†)∂jϕ+ (∂tϕ)∂jϕ
†
]
. (8.55)

Exercise 8.9 Show that the linear momentum of the complex scalar field is given by

P i = 2(2π)3
∫
d3p ωp p

i
[
a†(p⃗ )a(p⃗ ) + b†(p⃗ )b(p⃗ )

]
=
∫
d3p pi (nparticle + nantiparticle) . (8.56)

How do we interpret the above result for the momentum? It is simply
that we are add up the three-momentum associated with each possible
momentum mode. This summing over all momentum is weighted by the
number operators. So, very roughly, we add up the momentum associated
with each particle and the momentum associated with each antiparticle.
The sum of all these momenta is the total momenta.

Finally, we can consider the total energy as defined in (32.108). We
find that

E =
∫
d3xT 00 =

∫
d3x

[
(∂tϕ

†)∂tϕ+ δij(∂iϕ
†)∂jϕ+m2ϕ†ϕ

]
. (8.57)

Exercise 8.10 Using the definition for the energy carried by the field in (32.108) show
that

E = 2(2π)3
∫
d3pw2

p

[
a†(p⃗ )a(p⃗ ) + b†(p⃗ )b(p⃗ )

]
=
∫
d3p ωp (nparticle + nantiparticle) . (8.58)

Similar to what we found with the linear momentum we see that the total
energy is the sum of the energies associated with each particle mode and
each antiparticle mode.

Section 9

The Dirac Equation
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We motivated the form of the Klein-Gordon equation by substituting quan-
tum operators P̂µ → i∂µ into the relativistic energy relation

pµp
µ = m2 , (9.1)

to produce

−∂µ∂
µϕ =m2ϕ

−ηµν∂µ∂νϕ =m2ϕ . (9.2)

This led to both positive and negative frequency solutions, which forces
us to give up the interpretation as a single-particle wave equation. Dirac
saw the appearance of positive and negative frequencies as a consequence
of the Klein-Gordon equation being second order in time derivatives. This
motivated him to look for a relativistic equation with only one time deriva-
tive [29].

If we hope to have only one derivative term, then we must include
some other Lorentz four-vector to contract with it so that the equation is
Lorentz-invariant. Consider

iγµ∂µψ = mψ , (9.3)

where γµ is left unspecified for the moment. Using this equation twice we
find

iγν∂νiγ
µ∂µψ = iγν∂νmψ = m2ψ . (9.4)

The right-hand side of this equation looks like part of the Klein-Gordon
equation.

Exercise 9.1 Show that the left-hand side of Eq. (9.4) can be written as

iγν∂νiγ
µ∂µψ = −1

2 (γµγν + γνγµ) ∂µ∂νψ . (9.5)

This symmetric form of the γµs is important, because the pair partial
derivatives themselves are symmetric in their indices. Conclude that
Eq. (9.4) agrees with the Klein-Gordon equation if

γµγν + γνγµ = 2ηµν . (9.6)

We know, from the association of quantum operators to the relativistic
energy relation, that all relativistic fields should satisfy the Klein-Gordon
equation. The above exercise shows that a field that satisfies the Dirac
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equation (9.3) also satisfies the Klein-Gordon equation as long as Eq. (9.6)
holds. This implies that the four objects γ0, γ1, γ2, and γ3 satisfy

γ0γ0 = I , γ1γ1 = −I , γ2γ2 = −I , γ3γ3 = −I , (9.7)

and
γµγν = −γνγµ for µ ̸= ν . (9.8)

Exercise 9.2 Show that the requirements in Eqs. (9.7) and (9.8) are satisfied by the
four-by-four matrices made of two-by-two blocks

γ0 =
(

02 I2
I2 02

)
, γi =

(
02 σi

−σi 02

)
, (9.9)

where 02 is the two-by-two matrix of zeros, I2 is the identity matrix in two
dimensions, and the σi are the Pauli spin matrices defined in Eq. (38.39).
This is not the only set of matrices which satisfy these requirements. This
particular choice is called the Weyl basis.

Though we do not prove it here, there are no matrices of lower di-
mension than four which satisfy Eqs. (9.7) and (9.8). This means that the
minimal objects ψα that appear in the Dirac equation are four-dimensional
vectors of fields

ψA(x) =


ψ1(x)
ψ2(x)
ψ3(x)
ψ4(x)

 , (9.10)

where we have used capital Latin letters to denote the four-dimensional
Dirac spinor index. It is important to recognize that this four dimensional
object is not a spacetime four-vector, which we typically index with Greek
letters. This form of the field looks like objects that might be familiar from
single particle quantum mechanics. When describing a particle that moves
through physical space and has nonzero spin the full Hilbert space has the
form

Hspace ⊗Hspin . (9.11)

The field in (9.10) looks like a quantum state that has been expressed in
position space and has a four-dimensional Hilbert space to describe the
spin of the particle. The following investigation of these objects owes much
to the discussions in [10, 14].

Let us assume that the four-dimensional space is associated with spin
degrees of freedom. But what representation(s) of spin does it describe?
We address this question below, but first write the Dirac equation carefully[

i (γµ)A
B ∂µ −mIA

B

]
ψB = 0 . (9.12)
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Here we have made explicit that spacetime index (µ) is completely distinct
from spinor indices A and B. This is important to remember, especially
considering that the spinor indices are rarely written. The γµ is a four-
vector of operators that act on a four-dimensional, quantum mechanical
Hilbert space, the space of Dirac spinors. Typically, these spinor indices
are suppressed as in the equations above.

Example We found in the previous section that the Klein-Gordon equation admits
plane-wave solutions. The Dirac equation does too. Consider the Dirac
spinor

ψA(x) = uAe−ixµpµ , (9.13)

where uA is a constant spinor, independent of xµ. In this formula we
have suggestively labeled the four-vector contracted with the position to
look like the four-momentum. However, it may be best to pretend that
this is just some as yet undetermined four vector.

Putting this into the Dirac equation (and suppressing spinor indices)
we find

(i(−i)γµpµ −mI)ue−ixµpµ = 0 , (9.14)

which leads to the constraint(
/p−mI

)
u = 0 . (9.15)

Here we have used the notation γµVµ ≡ /V . In the Weyl basis, and writing
the constant spinor as

u =
(
ξ
ζ

)
, (9.16)

where each of ξ and ζ are two dimensional column vectors, we find that
the constraint equation can be written(

−m p0I2 + piσi

p0I2 − piσi −m

)(
ξ
ζ

)
=
(

0
0

)
. (9.17)

This can also be written as(
p0I2 − piσi

)
ξ = mζ ,

(
p0I2 + piσi

)
ζ = mξ . (9.18)

This implies that(
p0I2 + pjσj

) (
p0I2 − piσi

)
ξ = m

(
p0I2 + pjσj

)
ζ = m2ξ . (9.19)

Similarly, we find that(
p0I2 − pjσj

) (
p0I2 + piσi

)
ζ = m2ζ . (9.20)
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Using the identity in Eq. (38.40) we also find that(
p0I2 + pjσj

) (
p0I2 − piσi

)
=p2

0I2 + p0p
iσi − p0p

iσi − pipj (δijI2 − iεijkσk)

=I2
(
p2

0 − p⃗ 2
)
. (9.21)

This means we can rewrite Eqs. (9.19) and (9.20) as(
p2

0 − p⃗ 2
)
ξ = m2ξ ,

(
p2

0 − p⃗ 2
)
ζ = m2ζ . (9.22)

In other words, our plane wave form is only a solution if E2 − p⃗ 2 = m2,
where p0 = E.

Exercise 9.3 Find the constraint on the parameters of the other plane wave solution
to the Dirac equation

ψ(x) = veixµpµ , (9.23)

by following the method of the above example.

Exercise 9.4 Show that the Hermitian matrices

p0I2 + pjσj , p0I2 − pjσj , (9.24)

both have eigenvalues
λ± = p0 ± |p⃗| . (9.25)

Argue that both of these eigenvalues are non-negative for all momenta
for which E2 − p⃗ 2 = m2.

Example Our analysis so far gives physical meaning to the coefficients (components
of the four-momentum) that appear in the exponential of the plane waves.
What about the two-dimensional spinors ξ and ζ? The exercise above
implies that we can define the square roots of the matrices

p0I2 + pjσj , p0I2 − pjσj . (9.26)

This is done by changing to the basis in which the matrices are diagonal,
then taking the square root of the diagonal matrices by simply taking the
square root of the diagonal elements of the matrices. We then express
these new matrices in the original basis. It is not particularly useful to
write down the explicit form of these matrices, but they are perfectly well
defined. We write them as√

p0I2 + pjσj ,
√
p0I2 − pjσj . (9.27)
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Note that √
p0I2 + pjσj

√
p0I2 − pjσj =

√
m2I = mI . (9.28)

Similarly, one finds that(
p0I2 + pjσj

)√
p0I2 − pjσj = m

√
p0I2 + pjσj , (9.29)

and (
p0I2 − pjσj

)√
p0I2 + pjσj = m

√
p0I2 − pjσj . (9.30)

Consider writing
ξ =

√
p0I2 + pjσjχ , (9.31)

and inserting this into Eq. (9.19). One quickly finds that

m
√
p0I2 − pjσjχ = mζ . (9.32)

This is also consistent with Eq. (9.20). Importantly, the two-dimensional
spinor χ is the same for both ξ and ζ. It is also dimensionless and purely
numerical. All dependence on the momentum has been separated out.
The full plane wave spinor is then

u(p⃗ ) =
√p0I2 + pjσjχ√

p0I2 − pjσjχ

 , (9.33)

where χ is a two-dimensional complex vector, which we take to be nor-
malized

χ†χ = 1 . (9.34)

This spinor is defined completely by the three-momentum p⃗ because of
the condition p0 = ωp =

√
m2 + p⃗ · p⃗.

This spinor χ can be expressed in terms of some basis. Sometimes
spin along the z-direction is chosen. The essential point is that the spinor
has two complex dimensions. We might index it as

χs , (9.35)

where s ∈ {1, 2}. This means that the plane wave in Eq. (9.33) has two
“degrees of freedom.” We can write four-dimensional spinor coefficient of
the plane wave as us(p) where the index refers to the components of χs

only. Note that the normalization condition is then

χ†
rχ

s = δs
r . (9.36)
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Exercise 9.5 Show that for the other plane wave solution to the Dirac equation

ψ(x) = vs(p⃗ )eixµpµ , (9.37)

that

vs(p⃗ ) =
 √

p0I2 + pjσjΥs

−
√
p0I2 − pjσjΥs

 , (9.38)

where Υs is a constant, two-dimensional spinor. This shows that this
plane wave accounts for another two degrees of freedom in the Dirac
field.

Exercise 9.6 Show that the magnitude of these spinors are given by

u†
r(p⃗ )us(p⃗ ) = 2ωpδ

s
r , v†

r(p⃗ )vs(p⃗ ) = 2ωpδ
s
r . (9.39)

Then, show that the spinors also satisfy

u†
r(p⃗ )vs(−p⃗ ) = 0 , v†

r(p⃗ )us(−p⃗ ) = 0 . (9.40)

These analyses of the plane wave solutions motivate writing the four-
dimensional Dirac spinor in terms of two two-dimensional Weyl [30] spinors:

ψ =
(
ψL(x)
ψR(x)

)
. (9.41)

Similar to the plane-wave example above, we find two equations(
EI2 + piσi

)
ψL = mψR ,

(
EI2 − piσi

)
ψR = mψL . (9.42)

Note that in the m = 0 limit these two equations decouple and we have two
independent, two-dimensional spinors. It turns out that ψL is in the (1

2 , 0)
representation of the Lorentz group, which is a spin-1/2 representation.
This field is said to be left-handed. The ψR field is also spin-1/2, but in the
(0, 1

2) representation of the Lorentz group. Some theories, like QED, have
equal interactions for ψL and ψR. Theories that have different couplings
for these fields are said to be chiral. We also see from this that a Dirac
spinor is in the 1

2 ⊕
1
2 representation spin.

It is useful to be able to write the left- and right-handed parts of
the spinor within the four-dimensional space. To aid in this we make the
definition

γ5 = γ5 ≡ iγ0γ1γ2γ3 . (9.43)

One sees the 5 here (which is a label, not an index value) sometimes writ-
ten as a subscript and sometimes as a superscript. The location has no
meaning. This object is used to define projectors into the left-handed and
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right-handed subspaces.

Definition The left- and right-handed projections of a Dirac spinor are defined by

PL = 1
2 (I4 − γ5) , PR = 1

2 (I4 + γ5) . (9.44)

Exercise 9.7 Show that in the Weyl basis that

γ5 =
(
−I2 02
02 I2

)
. (9.45)

Then evaluate the action of PL and PR on the Dirac spinor

ψ =
(
ψL(x)
ψR(x)

)
. (9.46)

Subsection 9.1

The Dirac Lagrangian

Now that we have an understanding of the Dirac equation we would like
to find a Lagrangian that leads to it. As we do this it is useful to remind
ourselves what we require of a Lagrangian. First, it should be either real or
Hermitian (which is the operator equivalent of real). Second, it should be
a Lorentz scalar. Third, it should lead to the correct equations of motion.

Let’s start with our third requirement. It might motivate the (incor-
rect) guess

Lincorrect(ψ, ψ†) = ψ† (iγµ∂µ −mI)ψ . (9.47)

Note that this Lagrangian is taken to be a function of independent variables
ψ and ψ† similar to how the Klein-Gordon Lagrangian of a complex scalar
was a function of ϕ and ϕ†. Then one of the Euler-Lagrange equations is

∂L
∂ψ† =∂ν

∂L
∂(∂νψ†)

(iγµ∂µ −mI)ψ =0 , (9.48)

which is the expected Dirac equation. Note if we take the Hermitian con-
jugate of this equation we get

−i(∂µψ
†) (γµ)† −mψ† = 0 . (9.49)

But, remembering that the Lagrangian is integrated over all space, S =∫
d4xL, we can integrate by parts to rewrite

Lincorrect(ψ, ψ†) = −∂µ(ψ†)iγµψ −mψ†ψ . (9.50)
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This leads to the equation of motion

−∂µ(ψ†)iγµ −mψ† = 0 , (9.51)

which is only the same as Eq. (9.49) if the γµ are Hermitian.

Exercise 9.8 Show that in the Weyl basis that

(γµ)† = γ0γµγ0 . (9.52)

Show that this implies that for µ ̸= 0 that the gamma matrices are anti-
Hermitian.

The exercise shows that Eq. (9.51) is the wrong equation. In essence,
we have found that our guessed Lagrangian is not Hermitian.

Exercise 9.9 Show that
Lincorrect(ψ, ψ†) = ψ† (iγµ∂µ −mI)ψ , (9.53)

is not Hermitian. You may need to integrate by parts to fully compare.

Not being Hermitian is a problem. Another problem is that this La-
grangian is not a Lorentz invariant. First, remember from Eq. (7.10) that
a general Lorentz transformation can be written in the form

Λ = exp
[
−(iθi + βi)J+

i − (iθi − βi)J−
i

]
, (9.54)

where the J±
i are the generators of the two su(2) Lie algebras that make

up the Lorentz algebra. For the left-handed representation (1
2 , 0) we have

J+
i = 1

2σi and J−
i = 0. Similarly, for the right-handed representation

(0, 1
2 , ) we have J−

i = 1
2σi and J+

i = 0. This means that under Lorentz
transformations

ψL → e
1
2 (iθi+βi)σiψL , ψR → e

1
2 (iθi−βi)σiψR . (9.55)

Now, let us consider the mass term of Lincorrect:

mψ†ψ = m
(
ψ†

L, ψ
†
R

)( ψL

ψR

)
= m

(
ψ†

LψL + ψ†
RψR

)
. (9.56)

Is this invariant under Lorentz transformations?
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Exercise 9.10 Show, using Eqs. (38.40) and (38.49) that

e
1
2 (−iθi±βi)σie

1
2 (iθi±βi)σi =I1 cos

(√
θ2 + β2

)
± iβiσi sin cos

(√
θ2 + β2

)
± 2iθiβjεijk

θ2 + β2σk sin2
(√

θ2 + β2

2

)
, (9.57)

where θiθi ≡ θ2 and similar for β2.

The above exercise shows that

m
(
ψ†

LψL + ψ†
RψR

)
̸→ m

(
ψ†

LψL + ψ†
RψR

)
, (9.58)

under general Lorentz transformations. In other words, this not a Lorentz
invariant quantity.

So, our guess at the correct Lagrangian fails. It only produces one of
the correct equations of motion, it is not Hermitian, and it is not Lorentz
invariant. It turns out that all of these problems can be overcome by using
the so-called Dirac conjugate field

ψ ≡ ψ†γ0 =
(
ψ†

R, ψ
†
L

)
. (9.59)

Exercise 9.11 Show that ψψ is both Lorentz invariant and Hermitian.

It looks like the mass term is now sorted out. But what about the
derivative term? We might hope it has the form

ψiγµ∂µψ . (9.60)

It is quite simple to check that this is Hermitian.

Example We are interested in checking that the term in (9.60) is Hermitian. We
proceed by first noting that

ψ
† =

(
ψ†γ0

)†
=
(
γ0
)†
ψ = γ0ψ . (9.61)

We then find (
ψiγµ∂µψ

)†
=− i∂µ

(
ψ†
)

(γµ)† γ0ψ

=− i∂µ

(
ψ†
)
γ0γµγ0γ0ψ

=− i∂µ

(
ψ
)
γµI4ψ

→ψiγµ∂µψ . (9.62)

In the last line we have integrated by parts. This shows that this term
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is Hermitian (up to vanishing boundary terms).

What about Lorentz invariance? We do not take the time to prove
this, but essentially, the γµ are a four-vector operator in the spinor space.
What this means is that if we take

O(Λ)A
B , (9.63)

to be the spinor space operator that represents the spacetime Lorentz trans-
formation Λµ

ν then the gamma matrices satisfy

O−1(Λ)A
B (γµ)B

C O(Λ)C
D = Λµ

ν (γν)A
D . (9.64)

In other words, enacting the Lorentz transformation in the spinor space is
equivalent to enacting it in four dimensional spacetime. Or, the four vector
index on the gamma matrices is not just a nice way to label four matrices,
the list of matrices really do transform like a four vector. Let us see how
these operators apply to the mass term mψψ whose Lorentz invariance we
have already established. We find

ψ†γ0ψ → ψ†O†γ0Oψ = ψ†γ0ψ , (9.65)

where in the last equality we have used the fact that this term is Lorentz
invariant. This equality indicates that

O†γ0 = γ0O−1 . (9.66)

This also makes clear that O† ̸= O−1, or in other words that this finite
dimensional representation of the Lorentz group is not unitary. As dis-
cussed in earlier sections, this follows from the boost generators not being
Hermitian operators. The power and point of the Dirac conjugate field is
that even through O(Λ) is not unitary it is true that

ψ → ψO−1 . (9.67)

Consequently, one finds that under a Lorentz transformation

ψiγµ∂µψ →ψO−1iγµΛ ν
µ ∂νOψ = ψiO−1γµOΛ ν

µ ∂νψ

= ψiΛµ
αγ

αΛ ν
µ ∂νψ = ψiγαδν

α∂νψ

= ψiγµ∂µψ . (9.68)

Exercise 9.12 Fill in all the steps of the above demonstration that ψiγµ∂µψ is Lorentz
invariant. You may find it useful to write out the spinor indices explicitly.
Note also that the spinor and spacetime indices correspond to different
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vector spaces. The operators in one space are simply extended to the
identity in the other.

The outcome of all this is that we now understand that

L = ψ (iγµ∂µ −m)ψ , (9.69)

is a Hermitian, Lorentz invariant, Lagrangian that produces the Dirac equa-
tion. Therefore, we take it to be the Dirac Lagrangian. Note that there is
an identity matrix in the spinor space associated with the mass term. This
identity matrix is usually left as implicit in textbooks and other writing.

Now that we have this Lagrangian we should see what symmetries,
if any, it has. The Dirac field ψ is typically complex so we consider a
rephasing of the fields like we did with the complex Klein-Gordon fields

ψ = e−iθψ′ , ψ = eiθψ
′
, (9.70)

for any constant real number θ. Being constant, this phase can simply be
taken through derivatives, and so we find that the Lagrangian is written as

L = ψ
′ (iγµ∂µ −m)ψ′ . (9.71)

This has the same form as the original Lagrangian and leads to the same
equations of motion, so it is a symmetry of the theory. As this family of
transformations depends on a continuous parameter we expect a conserved
quantity due to Noether’s theorem. We find the Noether current is

Jµ = ∂L
∂(∂µψ)

dψ

dθ

∣∣∣∣∣
θ=0

+ dψ

dθ

∣∣∣∣∣
θ=0

∂L
∂(∂µψ)

=iψγµ(−i)ψ + 0
=ψγµψ , (9.72)

which, like for complex Klein-Gordon fields, leads to a conserved particle
number. Notice that in this calculation one must be careful to link up the
spinor indices correctly in the first line.

Exercise 9.13 Show that the current Jµ = ψγµψ is conserved (∂µJ
µ = 0) for fields that

satisfy the Dirac equation.

Exercise 9.14 Suppose we were to suspect that the Dirac Lagrangian (9.69) is symmetric
under the rephasing

ψ = e−iθγ5ψ′ , ψ = ψ
′
e−iθγ5 . (9.73)
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First, check that the above relations are consistent, that is, given the first
derive the second. You should begin by using

γµγ5 = −γ5γ
µ (9.74)

to prove that
e−iθγ5γµ = γµeiθγ5 . (9.75)

Now, check to see if this type of rephasing given in Eq. (9.73) is a sym-
metry of the Lagrangian.

No matter what you discover, press on and calculate the current as-
sociated with transformation. Show, using the usual Noether’s theorem
methods that the current is

ψγµγ5ψ . (9.76)

Check to see if this current is conserved for fields that satisfy the Dirac
equation.

You should find that in general the current is not conserved, but that
if m = 0 then it is. This is the so-called chiral-symmetry enjoyed by
massless fermions.

The Dirac equation for massless fermions is

L = iψγµ∂µψ . (9.77)

In the Weyl basis we can write this as

L = iψ†
R (I2∂t + σi∂i)ψR + iψ†

L (I2∂t − σi∂i)ψL . (9.78)

We see that the left-handed and right-handed fields have completely de-
coupled from each other. This shows that we can have a theory of only a
massless left-handed fermion or only a massless right-handed fermion. For
instance, one could describe a massless left-handed fermion by

L = iψ†
L (I2∂t − σi∂i)ψL , (9.79)

without ever mentioning a right-handed field.
The Dirac fermion field can be expanded in plane waves, similar to

what we found for Klein-Gordon fields

ψA(x) =
∫
d3p

2∑
s=1

(
usA (p⃗ ) as (p⃗ ) e−ixµpµ + vsA (p⃗ ) b†

s (p⃗ ) eixµpµ

)
. (9.80)

Note that the coefficients of the plane waves include creation or annihi-
lation operators and a spinor—us or vs—that depends on the momentum
only. Note also that there are four total sets of creation and annihilation
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operators a1, a2, b1, and b2. These correspond to the four degrees of free-
dom that are described by a Dirac spinor. If we choose the two-dimensional
spinors χ and Υ used in Eqs. (9.33) and (9.38) to correspond to spin along
the z-direction (as is often the case) then the four degrees of freedom are as-
sociated with a spin-up electron, a spin-down electron, a spin-up positron,
and a spin-down positron.

Often, the sum over the spins is left implied and the spinor index is
not shown explicitly. This leads to

ψ(x) =
∫
d3p

(
us (p⃗ ) as (p⃗ ) e−ixµpµ + vs (p⃗ ) b†

s (p⃗ ) eixµpµ

)
, (9.81)

ψ(x) =
∫
d3p

(
vs (p⃗ ) bs (p⃗ ) e−ixµpµ + us (p⃗ ) a†

s (p⃗ ) eixµpµ

)
, (9.82)

where the spinors u and v are the Dirac conjugates of u and v. We are now
ready to calculate the conserved quantity

Q =
∫
d3x J0 =

∫
d3xψγ0ψ =

∫
d3xψ†ψ (9.83)

=
∫
d3p d3k

∫
d3x

[
v†

r(p⃗ )us(k⃗)br(p⃗ )as(k⃗ )e−ixµ(pµ+kµ) + v†
r(p⃗ )vs(k⃗)br(p⃗ )b†

s(k⃗ )e−ixµ(pµ−kµ)

+u†
r(p⃗ )us(k⃗)a†

r(p⃗ )as(k⃗ )eixµ(pµ−kµ) + u†
r(p⃗ )vs(k⃗)a†

r(p⃗ )b†
s(k⃗ )eixµ(pµ+kµ)

]
.

As in the scalar field case this can be greatly simplified by using the defi-
nition of the delta function in (8.47).

Exercise 9.15 Use the definition of the delta function as well as the spinor normalization
and orthogonality conditions in (9.39) and (9.40) to show that

Q = 2(2π)3
∫
d3pwp

[
bs(p⃗ )b†

s(p⃗ ) + a†
s(p⃗ )as(p⃗)

]
, (9.84)

where there is an implied sum over the spin states.

The result in (9.84) is quite similar to what we found for the complex
scalar field (8.48), but it also has one significant difference. This is that
there is no relative sign between the particle number operator terms and
the bs(p⃗ )b†

s(p⃗ ) terms. However, this operator composed of the antiparticle
creation and annihilation operators is not quite the number operator. In
order to write it like the number operator we must exchange the order of
b(p⃗ ) and b†(p⃗ ). In the case of the scalar field we simply assumed that
this could be done, that is, we assumed that the creation and annihilation
operators behaved like complex numbers and their order did not matter.

It turns out (though I do not prove it) that the components of the
spinor fields need to anticommute. That is, one can switch the order of
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multiplication only by also including a factor of -1. This implies that

bs(p⃗ )b†
s(p⃗ ) = −b†

s(p⃗ )bs(p⃗ ) , (9.85)

and hence that

Q = 2(2π)3
∫
d3pwp

[
a†

s(p⃗ )as(p⃗)− b†
s(p⃗ )bs(p⃗ )

]
, (9.86)

which has exactly the same form as the complex scalar field.
It may seem that we have simply changed to rules here in order to

get an answer that matches the scalar case. In reality, it is a deep re-
sult of quantum field theory that fermionic fields (fields with half-integer
spin) must anticommute with all other fermionic fields (they commute with
bosonic fields or fields with integer spin). The analysis above is not meant
to prove that the fields must anticommute, rather I hope that it shows
how the independent requirement that fermions anticommute helps us to
understand that the conserved particle number current is quite similar to
what we found for scalar fields.

We can produce some more evidence that anticommutation is needed
by considering the stress-energy tensor (32.107).

Exercise 9.16 Show that the stress-energy tensor for the Dirac field is given by

T µ
ν = iψγµ∂νψ − δµ

ν

(
iψ/∂ψ −mψψ

)
. (9.87)

From the above result we find that the linear momentum carried by the
Dirac field is

P i =
∫
d3xT 0i = i

∫
d3xψ†∂iψ , (9.88)

while the energy is given by

E =
∫
d3xT 00 =

∫
d3x

(
−iψγj∂jψ +mψψ

)
. (9.89)

This result for the energy can be simplified by remembering that the fields
that appear are assumed to satisfy the Dirac equation. This means that

iγ0∂tψ + iγj∂jψ = mψ ⇒ iγj∂jψ = mψ − iγ0∂tψ . (9.90)

Using this result we can write the energy as

E = i
∫
d3xψγ0∂tψ = i

∫
d3xψ†∂tψ . (9.91)

Exercise 9.17 Show that (remembering the conditions in (9.39) and (9.40) to simplify)
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the momentum and energy can be written

P i = 2(2π)3
∫
d3p ωp

[
a†

s(p⃗ )as(p⃗ )− bs(p⃗ )b†
s(p⃗ )

]
pi , (9.92)

and

E = 2(2π)3
∫
d3p ω2

[
a†

s(p⃗ )as(p⃗ )− bs(p⃗ )b†
s(p⃗ )

]
. (9.93)

The above exercise shows that by requiring the components of spinor
fields to anticommute we obtain an understandable interpretation of the
momentum. If we assumed the components behaved like bosonic fields
then the momentum of the antiparticles would seem to be opposite to
that of particles. That is, an antiparticle moving to the left would have
momentum pointed to the right. This is not what we observe in collisions
involving antiparticles. In the lab particles and antiparticles obey the same
kinematic relations.

Perhaps even more important is the energy result. If the spinor are
allowed to commute then there is no ground state, no state of minimum
energy. The energy could always be reduced by adding more antiparticles.
Again, we do not see this in nature. We observe that nature prefers to
minimize energy, but we do not see nature producing an infinite number of
antiparticles everywhere in space at all times. Therefore, the requirement
that spinor fields anticommute is the consistent choice to model spinor
fields that agree with observation:

P i = 2(2π)3
∫
d3p ωp

[
a†

s(p⃗ )as(p⃗ ) + b†
s(p⃗ )bs(p⃗ )

]
pi , (9.94)

E = 2(2π)3
∫
d3p ωp

[
a†

s(p⃗ )as(p⃗ ) + b†
s(p⃗ )bs(p⃗ )

]
ωp . (9.95)

In fact, the anticommutation behavior of fermions has profound phys-
ical effects. You may have heard of the Pauli exclusion principle [31]
which asserts that no two fermions can be in the same state at the same
time. This observed behavior gives rise to the population of energy shells in
atoms, for instance. This is a direct consequence of anticommuting creation
operators. Suppose that the operator a†

v “creates” a particular fermionic
state |v⟩. That is,

a†
v|vacuum⟩ = |v⟩ . (9.96)

Suppose we want to consider the state with two fermions in the state |v⟩.
This would be given by

a†
va

†
v|vacuum⟩ . (9.97)

But, because a†
v anticommutes with itself

a†
va

†
v = −a†

va
†
v , (9.98)
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which means that a†
va

†
v = 0. In other words, the vector in (9.97) is the

zero vector, which is not a physical state. Therefore, there can only be one
fermion in a given state. This is not true of bosons, which can have many
particles in the same state.

Section 10

Spin-1 Lagrangian

The dynamics of a spin-1 field may be more familiar than those of scalars
and spinors. Often the first field theory we study extensively in physics is
classical electromagnetism, which we learn contains energy and momentum
propagating through the electromagnetic fields. These propagating waves
are often described with the four-vector field

Aµ =
(
A0

Ai

)
, (10.1)

where A0 is often called the electric potential, or scalar potential, while Ai

is the vector potential. The first of these is unaffected by spatial rotations
while the second rotates in the usual way of a spatial vector. In other
words, the first part is in the 0 spin representation and the second is in the
1 representation. This is a perfect match for the (1

2 ,
1
2) representation of

the Lorentz group as this has spin 1
2 ⊗

1
2 = 1⊕ 0.

Rather than directly beginning with the Lagrangian that gives rise to
electrodynamics, in this section we begin with a more general set-up. The
Lagrangian for Aµ should be real, or Hermitian, and Lorentz invariant. We
also want to produce the correct equations of motion, but for the moment
we are supposing that these are unknown.

We expect the Lagrangian to be a function of Aµ and ∂νAµ. We
know that any Lagrangian where the four-vector indices are contracted
(like AµA

µ for instance) is Lorentz invariant. This field is also real, so any
combination of the field and its derivatives with real coefficients leads to a
real (and so Hermitian) Lagrangian. Let’s make a guess, which is incorrect,
but hopefully instructive

Lincorrect = 1
2∂µ(Aν)∂µAν − m2

2 AµA
µ . (10.2)

Superficially, this may look reasonable, but when we expand out the vector
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sums we find

Lincorrect =1
2
(
∂µA

0
)
∂µA0 − m2

2
(
A0
)2

− 1
2
(
∂µA

1
)
∂µA1 + m2

2
(
A1
)2

− 1
2
(
∂µA

2
)
∂µA2 + m2

2
(
A2
)2

− 1
2
(
∂µA

3
)
∂µA3 + m2

2
(
A3
)2

. (10.3)

This makes clear that this is simply four copies of Klein-Gordon (which
seems more like 0⊕ 0⊕ 0⊕ 0) , three of them with the wrong sign for the
kinetic energy and mass terms. So, this Lagrangian cannot be what we are
looking for.

Instead of guessing, let us try to be more systematic. There are three
possible ways to write a Lorentz invariant kinetic energy type term:

(∂µAν) ∂µAν , (∂µA
µ) ∂νA

ν , (∂µAν) ∂νAµ . (10.4)

Exercise 10.1 Show, by integrating by parts, that two of terms in Eq. (10.4) are equiv-
alent.

The above exercise shows that we only need to include two of the
possible derivative terms in (10.4). Therefore we simply parameterize the
possible Lagrangians by

L = ±1
2
[
(∂µAν) ∂µAν + c1 (∂µA

µ) ∂νA
ν −m2AµA

µ
]
, (10.5)

where we have included the one possible mass term, which we have taken
to have opposite sign to the first derivative term in analogy with the Klein-
Gordon Lagrangian. In the Lagrangian c1 is a number that allows for
various signs and relative magnitudes for the first two terms. Note that
this method relies heavily on Coleman’s analysis [15].

Exercise 10.2 Show that the equations of motion corresponding to the Lagrangian in
Eq. (10.5) are (

∂µ∂
µ +m2

)
Aν + c1∂

ν∂µA
µ = 0 . (10.6)

As we did with the Klein-Gordon and Dirac equations, we are interested
in plane-wave solutions

Aµ = ϵµe−ixµpµ , (10.7)

where ϵµ is a constant four-vector, often referred to as the polarization
vector because it determines the spatial orientation of the plane wave.
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Using this form in Eq. (10.6) we find(
−p2 +m2

)
ϵν(p)− c1p

νpµϵ
µ(p) = 0 . (10.8)

This may not look much like progress. To move forward we need to
separate the spin-0 and spin-1 parts of the four-vector. The spin-0 part
must be a Lorentz scalar. The only such scalar made from ϵµ alone is ϵµϵµ,
but this clearly involves all parts of the vector, not only the spin-0 part.
The only other four-vector at our disposal is pµ. Making the definition
p ≡ √pµpµ we can make the dimensionless, Lorentz scalar

ϵL ≡
pµ

p
ϵµ . (10.9)

Here the L subscript indicates that this is the Longitudinal part of the
polarization vector, the part that is along the momentum direction. The
other parts of the polarization vector are those that are transverse to the
momentum. We can focus on those parts of the vector by using the pro-
jector

P µ
ν = δµ

ν −
1
p2p

µpν . (10.10)

This can be used to project any vector into the three dimensional subspace
that is orthogonal to pµ.

Exercise 10.3 Show that P µ
ν satisfies

P µ
αP

α
ν = P µ

ν , P µ
µ = 3 , pµP

µ
ν = P µ

νp
ν = 0 . (10.11)

This shows that after a vector is projected into this subspace, using the
projector more than once is equivalent to using it once. The projector
also serves as the metric on this subspace, and the second result shows
that the dimension of this subspace is three. The last equalities show
that pµ is not in this subspace.

We can now define the transverse polarization vector by

ϵµ
T ≡ P µ

νϵ
ν =ϵµ − 1

p2p
µpνϵ

ν

=ϵµ − 1
p
pµϵL . (10.12)

Note that by construction pµϵ
µ
T = 0. In short, we have

ϵµ = ϵµ
T + 1

p
pµϵL . (10.13)

Note here that ϵµ is a four dimensional object and ϵL is one dimensional.
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Therefore, it must be that ϵµ
T describes three dimensional information. Even

though it has a four dimensional index, the constraint pµϵ
µ
T = 0 means that

it is orthogonal to the direction pµ, meaning that it belongs to a three
dimensional space.

Exercise 10.4 Use the decomposition of the polarization vector given in Eq. (10.13) in
constraint equation (10.8). By separating the equation into the portion
along pµ and the portion transverse to the momentum, show that

(p2 −m2)ϵµ
T = 0 ,

(
p2 − m2

1 + c1

)
ϵL = 0 . (10.14)

The results of the above exercise are quite interesting. If we choose
c1 = 0 then all the polarizations obey the usual relativistic energy relation
p2 = m2. However, this is not exactly what we want. We do not want the
spin-0 part at all, only the spin-1 part. The transverse polarization part
clearly obeys the correct energy relation no matter what c1 is. It looks like
by choosing c1 = 0 the longitudinal part would also, but we actually do
not want it around at all. How can we remove ϵL from the theory?

Though it seems strange, the correct choice is to take c1 = −1. This
is equivalent, from Eq. (10.14), to making the “mass” of the longitudinal
polarization infinitely large. You might be wondering why that is supposed
to be helpful, but consider for a moment the dynamics of a very heavy
particle. A particle with infinite mass can never be created, because it
takes an infinite energy to do so. Indeed, any effect of this particle is
suppressed by its mass. Effectively, an infinite mass particle has no effect
on any other particles, it is like it is not there at all. Thus, by giving the
longitudinal mode an infinite mass we remove it from the theory. We are
left with only the three transverse polarizations, the spin-1 part.

Exercise 10.5 Show that
1
2 [(∂µAν) ∂µAν − (∂µA

µ) ∂νA
ν ] = 1

4FµνF
µν , (10.15)

where
Fµν = ∂µAν − ∂νAµ , (10.16)

is sometimes called the field strength tensor.

We note that with c1 = −1 the equations of motion in Eq. (10.6) is(
∂µ∂

µ +m2
)
Aν − ∂ν∂µA

µ = 0 . (10.17)

If we act on this equation with ∂ν we find(
∂µ∂

µ +m2
)
∂νA

ν − ∂ν∂
ν∂µA

µ = m2∂µA
µ = 0 . (10.18)
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For nonzero mass (this caveat is important in the next section), this implies
that the constraint

∂µA
µ = 0 , (10.19)

must hold. This, in effect, reduces the number of independent fields from
four to three. This also allows us to write the original equation of motion
as (

∂µ∂
µ +m2

)
Aν = 0 . (10.20)

While this appears to be simply four copies of the Klein-Gordon equation,
remember that these four equations are connected by the constraint in
Eq. (10.19).

Exercise 10.6 Show that the equations of motion for the massive spin-1 field can also
be written as

∂µF
µν +m2Aν = 0 . (10.21)

We are now interested in determining the overall sign of the Lagrangian
by requiring the energy to be bounded from below. The Hamiltonian den-
sity (which for these theories is also the energy density) is given by

H = ∂L
∂(∂tAµ)∂tAµ − L . (10.22)

Exercise 10.7 Show that
∂L

∂(∂tA0)
= 0 . (10.23)

This shows that there is no canonical momentum field to A0! Go on to
show that

∂L
∂(∂tAi)

= ±
(
∂tAi − ∂iA0

)
= ±F 0i , (10.24)

where the index i spans the three spatial dimensions.

This result implies that the energy density is

H =± F 0i∂tAi ∓
1
2
[
(∂µAν) ∂µAν − (∂µA

µ) ∂νA
ν −m2AµA

µ
]
. (10.25)

This can be simplified using the constraint equation ∂µA
µ = 0 on the second

term in brackets. We also want to write the Hamiltonian in terms of the
field Aµ and the conjugate momenta F 0i. This entails writing

∂tAi = F0i + ∂iA0 . (10.26)

We note also that by using the equations of motion, especially the form in
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Eq. (10.21), we can use integration by parts to find∫
d3xF 0i∂iA0 = −

∫
d3xA0∂iF

0i = −
∫
d3xm2A0A

0 . (10.27)

The Hamiltonian density then takes the form

H =± F 0iF0i ± F 0i∂iA0 ∓
1
2

[1
2F

µνFµν −m2AµA
µ
]

=±
[
F 0iF0i −m2A0A

0 − 1
4F

0iF0i −
1
4F

i0Fi0 −
1
4F

ijFij + 1
2m

2A0A
0 + 1

2m
2AiA

i
]

=± 1
2

[
F 0iF0i −

1
2F

ijFij −m2A0A
0 +m2AiA

i
]
. (10.28)

Here we have used that, subject to the constraint in Eq. (10.19) that

(∂µAν)∂µAν = 1
2FµνF

µν , (10.29)

and that F0i = −Fi0. Notice that because the sum over spatial indices
comes with a negative sign (from the Minkowski metric) that each term in
square brackets of (10.28) is negative. This means the energy density is
positive if we choose the lower, negative sign.

The upshot of all this is that the Lorentz invariant, Hermitian La-
grangian that has a positive energy density for fields that satisfy the equa-
tions of motion is

L = −1
4FµνF

µν + m2

2 AµA
µ . (10.30)

This is usually called the Proca Lagrangian, after Alexandru Proca and
the resulting equations are the Proca equations. This Lagrangian describes
massive spin-1 fields. Such fields do appear in particle physics, but there
is special interest in massless vectors, like the photon. We find in the next
section that understanding the massless limit takes special care.

As with the other fields we’ve discussed the massive spin-1 field can be
expressed as a sum of plane waves

Aµ =
∫
d3p

3∑
s=1

(
ϵµ

sas(p⃗ )e−ipµxµ + ϵ∗µ
s a

†
s(p⃗ )eipµxµ

)
. (10.31)

We see that this vector field is a real field, because A†
µ = Aµ. We also see

that the sum over the three spin polarizations lead to the three degrees of
freedom in this field, or are associated with the three sets of creation and
annihilation operators a1, a2, and a3.

Section 11

Massless Spin-1
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In this section we consider massless spin-1 fields. This is more subtle than
the spin-0 and spin-1/2 cases. In the massive spin-1 case discussed above
we used a Lorentz four-vector Aµ to describe the field’s three degrees of
freedom. This was enforced by the constraint equation ∂µA

µ = 0, but this
is only constraining for m ̸= 0. Equivalently, we were able to give part of
the field an “infinite” mass to remove it from the theory. This cannot be
done (at least not in the same way) when m = 0.

We begin with the spin-1 Lagrangian we developed in the preceding
section with m = 0

L = −1
4FµνF

µν , (11.1)

where Fµν = ∂µAν − ∂νAµ is the field strength tensor. Note that this
Lagrangian is invariant under the transformation

Aµ(x)→ A′
µ(x) = Aµ(x) + ∂µα(x) , (11.2)

where α(x) is any differentiable function.

Exercise 11.1 Show that the transformation in Eq. (11.2) leads to Fµν = F ′
µν . In other

words, the field strength is invariant under such transformations.

This transformation looks like it could lead to a conserved current
through Noether’s theorem. The transformation preserves the form of the
Lagrangian and it depends on a function which can be continuously taken
to zero. However, one finds that

dAν

dα

∣∣∣∣∣
α=0

= 0 . (11.3)

Consequently, the would-be conserved current is

Jµ = ∂L
∂(∂µAν)

dAν

dα

∣∣∣∣∣
α=0

= 0 . (11.4)

In fact, this current is conserved in the sense that ∂µ0 = 0, but not in an
interesting way. In particular, there is no conserved charge as

Q =
∫
d3J0 = 0 . (11.5)

What are we to make of these results? The lesson we should take
away is that the transformation in Eq. (11.2) is not a physical symmetry
of the theory. It is actually tied to our insistence of describing a massless
spin-1 particle with a Lorentz four-vector. These symmetries are called
gauge transformations and do not correspond to a physical change to
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the system. Rather, it simply links two mathematically equivalent ways to
describe a single system. In other words, the symmetry is in the description
(sometimes called a redundancy of the description), not in the physical
system that is being described.

We can, however, use this redundancy to understand what is described
by the Lagrangian we have written down. The equations of motion that
follow from Eq. (11.1) are

∂µF
µν = ∂µ∂

µAν − ∂µ∂
νAµ = 0 . (11.6)

However, we can simplify these equations considerably.

Example Consider some massless vector field Ãµ . We then make the gauge trans-
formation

Ãµ = Âµ + ∂µα̂ , (11.7)

where
∂i∂

iα̂ = ∂iÃ
i . (11.8)

This implies that
∂iÂ

i = ∂iÃ
i − ∂i∂

iα̂ = 0 . (11.9)

Thus, we have used the gauge freedom to pick a vector field that satis-
fies a specific constraint, in this case that ∂iÂ

i = 0. Typically what is
done is that one chooses a gauge (or particular constraint) that simplifies
the problem being solved. The gauge chosen above is often called the
Coulomb gauge.

Though we have made a gauge transformation we still have more
gauge freedom to exploit. Note that in the gauge we have chosen the
equations of motion (11.6) become

∂µ∂
µAν − ∂ν∂0A

0 = 0 . (11.10)

Taking ν = 0, we find

∂µ∂
µA0 − ∂0∂0A

0 = ∂i∂
iA0 = 0 . (11.11)

We then make a final gauge transformation

Aµ = Âµ − ∂µα , (11.12)

with
∂i∂

iα = 0 . (11.13)

Note that we still have that

∂iA
i = ∂iÂ

i − ∂i∂
iα = 0− 0 = 0 , (11.14)
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so this gauge transformation is contained within the first choice that
we made. The fact that we can make another choice within the original
restriction is the evidence that we did not use up all of the gauge freedom.
This allows us to make the additional choice

∂0α = A0 , (11.15)

which implies that
A0 = Â0 − ∂0α = 0 . (11.16)

This is a second constraint, additional the first, that A0 = 0. So, we have
used the gauge freedom to put two constraints on the four fields that
make up Aµ. This means that in general this four vector can only have
two degrees of freedom.

We can see what “two degrees of freedom” means by considering a
plane wave

Aµ = ϵµe−ixµpµ . (11.17)

The A0 = 0 constraint simple becomes ϵ0 = 0. The ∂iA
i = 0 constraint

becomes piϵ
i = 0. If we define the direction of propagation to be in the z

direction then pi = δ3
i p and so ϵ3 = 0. The remaining vector is confined

to a two dimensional subspace. The basis chosen is often

ϵµ
R = 1√

2


0
1
i
0

 , ϵµ
L = 1√

2


0
1
−i
0

 . (11.18)

These may be familiar as one basis for describing the two polarizations
of light. Having two independent polarizations (left- and right-handed
polarization in this case) is what two degrees of freedom means.

Taking a step back, we see that the massless vector limit is somewhat
subtle. If we insist on using a four vector to describe the massless spin-1
degrees of freedom then we must learn to deal with gauge invariance. It is
worth noting that some researchers are developing other ways to describe
spin-1 and other fields that do not introduce gauge invariance. However,
the methods outlined above are standard, so you should be aware of them.

Subsection 11.1

Connections to E&M

As seen above, massless spin-1 fields are used to describe the massless,
photon field. In this section we clarify some connections to the electromag-
netism you may be more familiar with. We begin with Maxwell’s equations
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in Heavyside-Lorentz units with c = 1:

∇ · E⃗ = ρ , ∇ · B⃗ = 0 , (11.19)

∇× E⃗ = − ∂B⃗

∂t
, ∇× B⃗ = J⃗ + ∂E⃗

∂t
, (11.20)

where ρ is the electric charge density and J⃗ is the electric current. While
the E⃗ and B⃗ fields are what we measure, it is often convenient to use the
scalar ϕ and vector A⃗ potentials to analyze a particular system. These are
related to the physical fields by

E⃗ = −∇ϕ− ∂A⃗

∂t
, B⃗ = ∇× A⃗ . (11.21)

Exercise 11.2 Show that for any function α(t, x⃗) that the transformation

A⃗′ = A⃗+∇α , ϕ′ = ϕ− ∂α

∂t
, (11.22)

leads to the same physical fields. This is referred to as a gauge transfor-
mation of the potentials.

The point of this exercise is that specifying the physical fields does not
uniquely determine the potentials. By making a judicious choice of the
function α one can often greatly simplify the calculations required to find
what the fields are. However, within the realm of classical physics there is
no need to consider these potentials as anything more than a mathematical
convenience.

However, in single particle, nonrelativistic quantum mechanics it is not
the electromagnetic fields that are directly used, but the potentials. The
Schrödinger equation becomes

i
∂ψ

∂t
= 1

2m
(
i∇+ qA⃗

)
·
(
i∇+ qA⃗

)
ψ + qϕψ + V ψ , (11.23)

where q is the electric charge of the particle represented by ψ and V is
whatever potential ψ experiences beyond the electric one.

Exercise 11.3 Show that making a gauge transformation of the electromagnetic poten-
tials in Eq. (11.23) leads to an identical Schrödinger equation, but for
the field

ψ′ = e−iqαψ . (11.24)

Remember that α is a function of space and time.

The above exercise shows that the unphysical ambiguity of the elec-
tromagnetic potentials matches directly onto the unphysical ambiguity of
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quantum states. That is, that changing them by an overall phase has no
physical effect. So, while the Schrödinger equation depends directly on the
potentials rather than the fields, it does so in a gauge invariant way. Even
quantum mechanical effects like the Aharonov-Bohm phases that seem to
imply a certain reality to the potentials only do so in a gauge invariant way.
In a similar way, the quantum field theory of electromagnetism, quantum
electrodynamics (QED), is described in terms of the potentials, but leads
to gauge invariant experimental predictions.

Before we can write down this quantum theory we need to rewrite
Maxwell’s equations. The vector notation of Eqs. (11.19) and (11.20) are
used to indicate that E&M is covariant under rotations. That is, when a
system is rotated in space all the electromagnetic fields associated with it
rotate along with it and work in the same way. But, we know that we
should expect more. We should be able to write down these equations in a
way that is Lorentz covariant, including the effects of changing frames.

Both the electric E⃗ and magnetic B⃗ fields are three vectors, so you
might expect each of them to be part of some four-vector generalization.
In fact, things are a bit more complicated. Remember that under a boost
that the components of a four vector V µ transform as

V ′0 = γ
(
V 0 + viV i

)
, V ′i = γ

(
V i + V 0vi

)
, (11.25)

where vi is the relative velocity vector between the two frames. But in
Maxwell’s theory of electromagnetism, the effects of boosting along vi

changes the electric and magnetic fields according to

E ′i =γ
(
Ei + ϵijkvjBk

)
− (γ − 1) v

i

v2Ejv
j , (11.26)

B′i =γ
(
Bi − ϵijkvjEk

)
− (γ − 1) v

i

v2Bjv
j . (11.27)

The important thing to notice is that components of the electric and mag-
netic fields are mixed with each other by a boost. This shows that neither
are four vectors. Rather, we need an object that contains both fields. It
turns out that an antisymmetric tensor in four dimensions has six indepen-
dent terms, which is just what we need.

The, antisymmetric, field strength tensor is given by

Fµν =


0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx

−Ez −By Bx 0

 , (11.28)

which we see contains all of both fields. We also note that the dual of this
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tensor is defined to be

∗Fµν = 1
2εµναβF

αβ =


0 Bx By Bz

−Bx 0 Ez −Ey

−By −Ez 0 Ex

−Bz Ey −Ex 0

 . (11.29)

Note that this tensor is not the Hermitian conjugate of Fµν . The use of dual
here actually relates to the Hodge dual of differential forms, but you do not
need to worry about that means to understand what follows. Maxwell’s
eight equations can now be written in a manifestly Lorentz covariant no-
tation:

∂µF
µν = Jν , ∂µ

∗F µν = 0 . (11.30)

Here the four-vector current is given by

Jµ =
(
ρ

J⃗

)
, (11.31)

or in other words the charge density is the time-component of the four-
vector current density. These two quantities can be combined into a Lorentz
covariant four-vector because boosting a static field configuration does in-
deed produce the correct current.

Exercise 11.4 Show that the equations in (11.30) lead to the usual three-vector form of
Maxwell’s equations.

The current density is a conserved current, meaning that ∂µJ
µ = 0.

When this is expanded out we find

0 =∂µJ
µ = ∂tρ+ ∂iJ

i ⇒ ∂tρ = −∇ · J⃗ . (11.32)

This is the usual continuity equation for electric currents.
The electric and magnetic fields have a more complicated behavior un-

der Lorentz transformations than simple four-vectors. However, the scalar
and vector potentials have a quite simple four-vector form

Aµ =
(
ϕ

A⃗

)
. (11.33)

In terms of this four-vector potential the field strength has the simple form
used above: Fµν = ∂µAν − ∂νAµ. Gauge transformations are simply given
by

A′
µ = Aµ + ∂µα , (11.34)

which was also the transformation considered in the general discussion of
massless spin-1 fields.



Exercise 11.5 Show that for a field strength of the form

Fµν = ∂µAν − ∂νAµ , (11.35)

that
∂µ

∗F µν = 0 . (11.36)

This is similar to taking B⃗ = ∇× A⃗ and finding that ∇ · B⃗ = 0.

With the field strength defined in terms of the potential in this way,
the Lagrangian for electromagnetism is

L = −1
4FµνF

µν − AµJ
µ . (11.37)

By simply applying the Euler-Lagrange equations we find ∂µF
µν = Jν while

the above exercise shows that our definition of the field strength in terms
of the vector potential ensures that ∂µ

∗F µν = 0. Therefore, the rather
simple expression in Eq. (11.37) encapsulates all of the richness of classical
electrodynamics. Of course, being able to write down the Lagrangian is
no guarantee that we can find simple equations for the fields in various
concepts, but it does highlight some universal aspects of the theory as a
whole.

This Lagrangian should have the same gauge invariance discussed above.
However, the Jµ term is not obviously gauge invariant. Applying a gauge
transformation we find

−
∫
d4xAµJ

µ =−
∫
d4x

[
A′

µ + (∂µα)
]
Jµ

=
∫
d4x

(
−A′

µJ
µ + α∂µJ

µ
)

=−
∫
d4xA′

µJ
µ , (11.38)

where in the second line we have integrated the second term by parts and in
the third line we use the fact that the current is conserved. This last point
is crucial. The Lagrangian is only gauge invariant for conserved currents.

PART

IIIQuantum Electrodynamics
Sec. 12. Local Symmetry
Sec. 13. Perturbations
Sec. 14. Running Cou-
pling
Sec. 15. Discrete Symme-
tries

In this section we consider a quantum electrodynamics (QED). This is our
first example of a gauge theory and exhibits many of the characteristics of
more complicated theories. We also introduce a schematic overview of how
such theories are used to make calculations.

80
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Section 12

Lagrangian from Local Symmetry

Quantum electrodynamics is the quantum field theory of electrically charged
particles, like electrons. As you likely know, electrons are spin-1/2 parti-
cles, so we need the Dirac equation to describe the electron field ψ . The
Lagrangian is

L = ψ (iγµ∂µ −m)ψ . (12.1)

We saw in Sec. 9 that this Lagrangian is invariant under the field redefintion

ψ
′ = eiθψ , ψ′ = e−iθψ , (12.2)

where θ is any constant real number. The corresponding conserved current
associated with this symmetry was also shown to be

Jµ = ψγµψ . (12.3)

This rephasing everywhere by the same constant θ is called a global
symmetry. This is in contrast to a local symmetry, where the rephasing
can change in space or time θ(x). This much more general transformation
is

ψ = ψ
′
eiθ(x) , ψ = e−iθ(x)ψ′ . (12.4)

Is the Dirac Lagrangian invariant under such a transformation?

Example Consider the effect of making the transformation of Eq. (12.4) to the
Dirac Lagrangian. We find

L =ψ′
eiθ(x) (iγµ∂µ −m) e−iθ(x)ψ′

=ψ′
eiθ(x)

(
iγµe−iθ(x)∂µψ

′ + iγµψ′e−iθ(x)(−i∂µθ(x))−me−iθ(x)ψ′
)

=ψ′ (iγµ∂µ −m)ψ′ + ψ
′
γµψ′∂µθ(x) . (12.5)

Making this local rephasing is not a symmetry of the Dirac Lagrangian.
It produces an extra term associated with the conserved current of a
global rephasing.

The extra term produced by the local rephasing in Eq (12.5) looks sim-
ilar in form to the effect of the gauge transformations discussed in Sec 11.
Remember that for a massless spin-1 particle described by Aµ we have the
Lagrangian

L = −1
4FµνF

µν − JµAµ , (12.6)

with Fµν = ∂µAν − ∂νAµ and Jµ a conserved current . If we make a gauge
transformation Aµ = A′

µ + ∂µα(x) then we generate the term −Jµ∂µα(x),
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which looks a lot like the form obtained by the local rephasing.

Exercise 12.1 Show that the QED Lagrangian

LQED = ψ
(
i/∂ − e /A−m

)
ψ − 1

4FµνF
µν , (12.7)

is invariant under the transformations

ψ = e−iθ(x)ψ′ , ψ = eiθ(x)ψ
′
, Aµ = A′

µ + 1
e
∂µθ(x) . (12.8)

The exercise above shows that by including a massless spin-1 field with
gauge invariance, the Dirac fields can be locally rephased while keeping the
full Lagrangian invariant. It is in this sense that requiring invariance under
a local symmetry transformation leads to the inclusion of a gauge field,
or a field that admits gauge transformations. These massless gauge fields
lead to long range forces. We saw in Sec. 11.1 that electrodynamics is the
classical theory of a massless spin-1 field. So, we have made a connection
between the forces of E&M and the local symmetry of a Lagrangian.

This theory also gives us a specific current Jµ = eψγµψ for the photon
field Aµ to couple to. Remember that in the Weyl basis the gamma matrices
can be expressed in blocks of two-by-two matrices as

γµ =
(

02 σ
µ

σµ 02

)
, with σµ =

(
I2
σi

)
, σµ =

(
I2
−σi

)
. (12.9)

Note that the latter vectors are four vectors in spacetime, each compo-
nent of which is a two-dimensional matrix that contributes to the four-
dimensional spinor space the gamma matrices act on. We can also write
the four dimensional Dirac spinors in terms of the two-dimensional chiral
projections

ψ =
(
ψL

ψR

)
, ψ = ψ†γ0 =

(
ψ†

R, ψ
†
L

)
. (12.10)

This implies that the conserved current is

Jµ = eψγµψ = eψ†
Lσ

µψL + eψ†
Rσ

µψR . (12.11)

Let us consider a few characteristics of this particle current that couples
to the photon. First, the left-handed and right-handed fields are not cou-
pled to each other by this interaction. This means that the photon couples
fields of like chirality. Second, the coefficient of the coupling to either field
is the same. This means the strength of the interaction between the photon
to left-handed fields is the same as the coupling strength to right-handed
fields. We refer to this as a vector coupling because left- and right-handed
fields are treated in the same way.



Lagrangian from Local Symmetry 83

The QED Lagrangian is often written as

LQED = ψ
(
i /D −m

)
ψ − 1

4FµνF
µν , (12.12)

where /D = γµDµ and
Dµ = ∂µ + ieAµ , (12.13)

is called the gauge covariant derivative. The reason for this name is
that for

ψ = e−iθ(x)ψ′ , ψ = eiθ(x)ψ
′
, Aµ = A′

µ + 1
e
∂µθ(x) , (12.14)

we find that

Dµψ = e−iθ(x)D′
µψ

′ , for D′
µ = ∂µ + i eA′

µ . (12.15)

In short, the covariant derivative acting on the field transforms in the same
way as the field itself under a local rephasing.

Exercise 12.2 Show that the Lagrangian for scalar QED

L = (Dµϕ)† Dµϕ− m2

2 |ϕ|
2 − 1

4FµνF
µν , (12.16)

is invariant under

ϕ = e−iθ(x)ϕ′ ϕ† = eiθ(x)ϕ†′ Aµ = A′
µ + 1

e
∂µθ(x) (12.17)

This is most easily done by first showing that

Dµϕ = e−iθ(x)D′
µϕ

′ . (12.18)

Exercise 12.3 Show that
[Dµ, Dν ]ψ = ieFµνψ . (12.19)

Remember to use the derivative product rule. For those familiar with
General Relativity this may remind you of how the Reimann tensor,
which encodes the strength of the gravitational field, is related to the
covariant derivative. For gauge covariant derivatives we see a similar
relationship to the strength of the force related to the gauge field.

So far, we have considered only one type of particle that couples to
the photon. However, in the standard model there are many particles that
interact with the photons, many with different strength or sign to their
interactions. Suppose we have two spin-1/2 particles ψ1 and ψ2. The
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Lagrangian that is invariant under local rephasing of both fields

ψ1 = e−iq1θ(x)ψ′
1 , ψ2 = e−iq2θ(x)ψ′

2 , Aµ = A′
µ + 1

e
∂µθ(x) , (12.20)

is

L = ψ1

(
i /D

(1) −m1
)
ψ1 + ψ2

(
i /D

(2) −m2
)
ψ2 −

1
4FµνF

µν , (12.21)

where the two covariant derivatives are given by

D(i)
µ = ∂µ + i e qi Aµ . (12.22)

In this Lagrangian the photon couples with the same coupling e to both
fields, but each has its own charge qi. Note that this implies that

ψ1γ
µψ2 = eiθ(x)(q1−q2)ψ

′
1γ

µψ′
2 , (12.23)

under the local rephasing. We see that this term does not come back to
itself, or that it does not conserve electric charge.

Exercise 12.4 In this problem you will explore a system of two fields ψ1 and ψ2 that
carry electric charges q1 and q2, respectively. The Lagrangian is given in
Eq. (12.21), but how do we determine what the coupling e is, and what
are the charges?
Suppose, an experimentalist measures the coupling strength of the photon
Aµ to ψ1, and defines its charge to be 1. That is suppose we define

ê ≡ e q1 . (12.24)

Making use of the relation

ê q̂i = e qi , (12.25)

find q̂1 and q̂2. Suppose a different experimentalist measures coupling of
the photon to ψ2 and defines its charge to be 1. That is, suppose we
define

ẽ ≡ e q2 . (12.26)

Find q̃1 and q̃2.
In the Standard Model, with electric coupling e, the electron has electric
charge qe = −1, the up quark has charge qu = 2/3, and the down quark
has charge qd = −1/3. Suppose we redefine the coupling to e′ such that
q′

d = 1. Find q′
e and q′

u.

The exercise above shows that what we call the coupling or charge is,
to some degree, only convention. However, once we define one of the fields
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to have a particular charge all the others are determined in terms of that
choice. The ratios of charges are physical quantities.

Note also that all the local rephasings we have done are simply the
multiplication of the fields in question by an element of the Lie group
U(1). (This group is composed of all the numbers of the form eiθ.) For this
reason one sometimes sees QED referred to as a U(1) gauge theory. In later
sections we discuss gauge theories that are related to other Lie groups.

Section 13

Perturbation Theory & Feynman Diagrams

Now that we have an interacting theory that might be related to nature we
are interested in making calculations that can be checked against experi-
ment. In Sec. 6.1 it was argued that particular models are tested by com-
paring their predictions for cross sections with actual experimental data.
In principle, all we need to do calculate the cross section for a particular
process. However, for nearly every interesting model there is no known way
to calculate the cross section exactly. Instead we must calculate perturba-
tively.

The philosophy of perturbation theory is to write the theory you care
about, with Lagrangian LTotal, in terms of several pieces

LTotal = L0 +
∑

i

giLi , (13.1)

where L0 describes a theory that you can solve exactly and the gi are
dimensionless numbers with gi ≪ 1. Every quantity within the theory, like
the states that describe a physical particle, are expressed as a series in the
gi. For instance

|initial⟩ = |initial⟩0 + gi|initial⟩1 + g2
i |initial⟩2 + . . . . (13.2)

There are, in fact, certain quantum field theories that we can solve
exactly. This means that can be part of what we call L0. They include the
ones we met in the previous part of these notes. A spin-0 particle whose only
potential is a mass term, a spin-1/2 particle with no interactions to other
particles, and a spin-1 particle with no interactions with other particles. All
of these are called free particles, because they do not interact with anything,
so nothing can contain them. While we can completely determine these
systems, they are not very interesting, because the particles never interact
with anything. Most significantly, such a framework does not resemble our
Universe, where different particles interact all the time. It does, however,
give us a useful starting point to perturb away from.
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The general idea is to consider two (or more) free particles approaching
each other from far enough away that they would not interact much even in
the full theory. We might label this initial state as |in⟩0 where the subscript
implies the state is in the free theory. These particles interact in some way,
producing two (or more) particle that fly way from the interaction point.
After long enough time they are sufficiently far from each other that the
free particle theory provides a good description. This final state might be
labeled as |out⟩0.

Recall that the cross section for a specific process is given by (see
Sec. 6.1 for velocity and energy dependence)

σ = 1
2EA 2EB |vA − vB|

|⟨out|in⟩|2 , (13.3)

where A and B refer to the two particles in the initial state. By expanding
the states as in (13.2) we find

σ = 1
2EA 2EB |vA − vB|

|0⟨out|in⟩0 + gi (1⟨out|in⟩0 + 0⟨out|in⟩1) + . . .|2 .

(13.4)
Note that the free particle states are an orthonormal basis for the very big
Hilbert space that we are using to describe nature. This means that

0⟨out|in⟩0 = 0 for |in⟩0 ̸= |out⟩0 . (13.5)

That is, this leading part of the cross section is only nonzero when the
final state is identical to the initial state. This is typically not what we are
interested in. We want to know the cross section for particles to interact,
or in other words, to scatter off each other.

In practice, rather than considering the perturbations of the states
themselves, we define the scattering matrix S by

σ = 1
2EA 2EB |vA − vB|

|0⟨out|S|in⟩0|2 . (13.6)

This matrix is constructed from the operators (composed of the free-particle
fields) that mediate interactions between free-particle states. In this defini-
tion we have implicitly removed the identity matrix part that corresponds
to no scattering, the particle just flying past each other. In other words, in
the perturbation series

S = giS1 + g2
i S2 + . . . , (13.7)

the first nonzero term includes a factor of the perturbative couplings.
Some parts of 0⟨out|S|in⟩0 only proved kinematical information, which

is the same for all models. In order to focus on what distinguishes one
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model from another we strip this out. We are left with

σ = 1
2EA 2EB |vA − vB|

× (13.8)
∫ [

n∏
i=1

d4pi

(2π)4 2πδ(p2
i −m2

i )
]
× |M|2 (2π)4δ(4)

(
pA + pB −

n∑
i=1

pi

)
,

where the product index runs over all final state particles (if there are only
two we only have p1 and p2, for instance). The only remnant of the inner
product of the quantum states is M, which is called the Lorentz invariant
amplitude. This amplitude must be calculated order by order as a power
series

M = giM1 + . . . , (13.9)

and, following from the form of the S matrix, is only nonzero when there
are nonzero interactions gi between the particles.

Perhaps the simplest example is the theory of a real scalar field ϕ
defined by the Lagrangian

L = 1
2∂µϕ∂

µϕ− m2

2 ϕ2 − λ

4!ϕ
4 . (13.10)

In this case the free particle Lagrangian is

L0 = 1
2∂µϕ∂

µϕ− m2

2 ϕ2 , (13.11)

and the interactions are contained in

Lint = − λ4!ϕ
4 . (13.12)

Without this interaction this scalar field does not interact with itself. The
theory is solvable, but not very interesting. Two ϕ particles would not
interact with each other, they cannot scatter off each other. When λ is
nonzero then the particles do scatter, but we cannot solve for their dynamics
exactly, at least with known techniques. If, however, λ is not too large, then
we can treat it as a perturbation of the free particle theory. Each nontrivial
amplitude must include at least one factor of λ and so cross sections must
have λ2 dependence.

Another example is QED. The only interaction is between the photon
Aµ and fermions f with electric charges qf , like the electron q = −1. The
interaction term of the Lagrangian is

Lint = −eqffγ
µfAµ , (13.13)
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and each cross section in QED end up as power series in

α = e2

4π , (13.14)

which is sometimes called the fine structure constant. Low energy mea-
surements of this quantity show that α ≈ 1/137. Because this number is
small, the perturbation series is reliable.

Scalar

Fermion

Antifermion

Photon
Gluon

Figure 4. Common
choices for free particle
lines. The direction of
momentum is left to right.

Feynman diagrams are a way to organize the calculation of M order
by order in the perturbation couplings. This is often done in momentum
space rather than position space because experimentally we typically deal
with states of definite momentum, not definite position. The diagrams have
two parts: lines and vertices. The lines correspond to a free particle with
a specific momentum. Different types of particles are typically denoted by
different types of lines. Some typical choices are shown in Fig. 4, but there
are others. The arrows for the fermion lines show the direction of particle
number flow. Similar arrows are often used for complex scalars (or vectors),
which also have conserved particle number. For an anti-particle the flow of
momentum is opposite the flow of particle number.

It probably cannot be overemphasized that neither the parts nor the
whole of Feynman diagrams should be interpreted as a physical picture of
particle interactions and dynamics. They are not indicating trajectories
through spacetime, they are standing in for specific mathematics. For
instance, the scalar line in Fig. 4 denotes the propagation of energy and
momentum through the scalar field from one spacetime point to another.
This can be written as a quantum mechanical amplitude as

⟨vacuum|ϕ(x)ϕ(y)|vacuum⟩ , (13.15)

where a free-particle state is created a point yµ and is then annihilated at
point xµ. This amplitude can be expressed in terms of the Green function
for the Klein-Gordon equation.

Remember (see Sec. 41 for a review) that the Green function related
to a differential operator is something like the inverse of the operator. The
inverse of the Klein-Gordon equation(

∂µ∂
µ +m2

)
ϕ(x) , (13.16)

is easy to see after Fourier transforming the field

ϕ(x) =
∫ d4p

(2π)4 e
−ipµxµ

ϕ̃(p) . (13.17)

We find the Klein-Gordon equation becomes(
p2 −m2

)
ϕ̃(p) . (13.18)
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The propagator, which corresponds to the lines in Feynman diagrams, is
then

⟨vacuum|ϕ(x)ϕ(y)|vacuum⟩ =
∫ d4p

(2π)4 i
e−ipµ(xµ−yµ)

p2 −m2 + iε
, (13.19)

where 0 < ε≪ 1 ensures that this Green function produces the appropriate
boundary conditions. In what follows, we typically do not write the +iε
explicitly to make the equations a bit simpler.

The left-hand side of the propagator definition is useful for making a
connection to the classical idea of a force. In single-particle quantum me-
chanics one can calculate the scattering cross section for a particle inter-
acting with some potential V (x⃗). This result depends on the inner product
of the potential between the incoming and outgoing scattering states.

Our form of the propagator above allows us to turn that idea around. It
gives us the inner product between all possible states of definite momentum
created by the field operators. We can use the form of the propagator infer
what potential is created by the exchange of a particle of that type. In
short, the propagator above describes the effect of the ϕ field transmitting
energy and momentum from one place to another and this can be described
by a potential between two objects.

Supposed one object (such as a light electron) has initial four momen-
tum p(i)

µ . It interacts with another object (such as a heavy proton) and
leaves with momentum p(f)

µ . The momentum exchanged through the ϕ
field is then

qµ = p(f)
µ − p(i)

µ . (13.20)

The simplest case is to consider elastic scattering, where internal energy
of all the particles remains unchanged. We might also assume that the
heavy object is so heavy that it is not moved. You can think of this as
the infinite mass limit. Then the light object can change its direction by
interacting with the heavy object, but not its energy, because the energy
of the heavy object (which never moves) does not change. This means that
the momentum transfer has the form

qµ = (0, q⃗ ) . (13.21)

These are the only types momenta allowed in the propagator for this sce-
nario. This means we are left with the integral

−
∫ d3q

(2π)3
eiq⃗·r⃗

q⃗ · q⃗ +m2 = − 1
4πre

−rm . (13.22)

which is evaluated according to the methods discussed above Eq. (41.82).
This is called the Yukawa potential. Notice that it is has very small

values for rm ≫ 1. This means that at distances greater than 1/m the
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potential is essentially zero, meaning the force is zero also.

Exercise 13.1 Find the Yukawa force by using

F (r) = −dV
dr

. (13.23)

is this an attractive force or a repulsive one? What is the force in the
m→ 0 limit?

The point is that what we call forces are understood to be the quantum
exchange of particles as described by the propagator. The exchange of
massive particles gives rise to forces that have finite range. Infinite range
forces, like electromagnetism and gravity, result from exchanging massless
particles.

While the position-space propagator in (13.19) looks quite complicated,
the momentum space propagator is proportional to

1
p2 −m2 . (13.24)

This much simpler object still encodes useful and physical information. For
instance, if the four-momentum flowing through the scalar field is much
larger than the field’s mass then we can write the propagator as

1
p2 −m2 = 1

p2
(
1− m2

p2

) = 1
p2

(
1 + m2

p2 + . . .

)
. (13.25)

At these energies the leading term dominates, which is the propagator of
the massless particle. Similarly, at energies much lower than the scalar field
mass

1
p2 −m2 = −1

m2
(
1− p2

m2

) = −1
m2

(
1 + p2

m2 + . . .

)
. (13.26)

At these low energies the dominant form is not of a propagator at all, but
of a −1/m2 interaction.

This basic form of the propagator holds for all types of fields, but
those with nonzero spin are modified somewhat. The Dirac equation, which
describes spin-1/2 fields, leads to the equation(

/p−mI
)
u(p) = 0 , (13.27)

for plane wave free particles (as opposed to anti-particles). The propagator
is essentially the Green function of this operator, which is to say its inverse.
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Antiparticles plane waves satisfy(
/p+mI

)
v(p) = 0 . (13.28)

Exercise 13.2 Show that the inverse of
/p∓mI , (13.29)

is
/p±mI
p2 −m2 . (13.30)

You may find it useful to use (9.6) to first show that

/p/p = p2 . (13.31)

The above exercise shows that the propagators for fermions and anti-
fermions are slightly different. Both, however, include the 1/(p2 −m2) of
the scalar propagator, so the spin-1/2 particles propagate in a very similar
way. Spin-1 particle plane waves lead to

(
p2 −m2

)(
δµ

ν −
1
p2p

µpν

)
ϵν(p) = 0 . (13.32)

This also indicates that the inverse of this operator includes a 1/(p2−m2)
factor. Unfortunately, the spacetime matrix

P µ
ν = δµ

ν −
1
p2p

µpν , (13.33)

has no inverse. This is because it is a projector, with P µ
νp

ν = 0, or in other
words pµ is an eigenvector with eigenvalue zero. Overcoming this issue is a
little subtle. Essentially the theory is modified in a way that produces an
invertible matrix, but does not change the physical predictions.

Subsection 13.1

Interaction Vertices

In Feynman diagrams the free particle propagators of various types of par-
ticles are represented by lines. These may be draw as straight or curved,
but this does not matter, it is up to the whim of the drawer. What does
matter is how these lines are connected. Connecting the free particle lines
in different ways leads to different types of scattering, different physical
predictions. Therefore, it is the interaction terms in the Lagrangian, which
lead to specific vertex types in the diagrams, that produce specific physical
effects.

ϕ

ϕ

ϕ

ϕ

λ

Figure 5. Vertex of self-
interacting scalar theory.

Consider the simple scalar theory described by the Lagrangian in (13.10).
The free particle (L0) part of the Lagrangian produces the scalar propaga-
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tor. The interaction term LI produces the vertex shown in Fig. 5. In the
figure four scalar lines come together at one vertex. This is because inter-
action term in the Lagrangian has four powers of the the scalar field, ϕ4.
This vertex can mediate the nontrivial scattering of two ϕ particles. If we
take time to flow from the left of the figure to the right, this is interpreted
as two particles coming together, interacting with strength λ, and flying
apart. This leading interaction can be used to calculateM at order λ and
hence the cross section σ for ϕϕ→ ϕϕ scattering at order λ2. If λ is small,
then this result is a good approximation of the true cross section. f

f

γ
eqf

Figure 6. QED vertex
with time going from left
to right.

Quantum electrodynamics provides another illustration of these ideas.
In QED the coupling is e, and is multiplied by whatever charge the fermion
has. The form of the QED interaction (13.13) couples an antifermion to a
fermion and a photon. We can represent this interaction by the diagram
in Fig. 6. But, it is important to recognize that the three legs of this
vertex can be oriented in any way. For instance, the use of this vertex in
Fig. 7 is also a correct manifestation of the interaction. As long as one of
the fermion arrows points into the vertex and the other points out of the
vertex the lines can take any orientation.

f f

γ

eqf

Figure 7. QED vertex
with time going from left
to right.

The many possibilities for orienting the vertex relates to the truth that
it is easy to take Feynman diagrams too seriously. They are a method for
organizing a perturbation series, but they are not meant to describe actual
particle trajectories through spacetime. Consequently, the orientation of
particular lines and vertices does not communicate “what the particle is
doing.” So, while Feynman diagrams are tremendously useful for making
calculations, we must not confuse them with a picture of reality. Indeed,
they are not even pictures of what quantum field theory as a framework is
describing. Feynman diagrams are simply a useful calculational tool.

e−

e+

µ+

µ−

-e -e

Figure 8. Leading order
(e2) diagram for e+e− →
µ+µ−.

As an example, we can consider the process e+e− → µ+µ−, that is to
say, suppose we are interested when an electron and a positron annihilate
and produce a muon-antimuon pair. (The muon is a particle with the same
electric charge as the electron, but whose mass is mµ = 105 MeV, about 200
times the mass of the electron.) The leading order diagram for this process
is given in Fig. 8. What this means is that there is no way to start a diagram
with an electron and a positron and end it with a muon and anitmuon that
uses fewer QED vertices. In other words, this leading diagram is order e2

and there is no way to construct a QED diagram at order e. This diagram
also allows us to see that there is a qualitative difference between external
lines (those that begin and end the diagram) and internal lines, which do
not correspond to either an initial state or final state particle.

Initial and final state particles are taken to be plane wave solutions of
the free particle part of the Lagrangian. This means that, in momentum
space, they have a definite momentum. Each external momentum satisfies
p2 = m2 for the specific mass of the particle in question. At each vertex
of the diagram momentum is conserved. Note that this ensures to conser-
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vation of four-momentum. In fact, other quantities like electric charge and
angular momentum are also conserved at every vertex. However, it also
has other implications. For instance, what is the value of the momentum
carried by the photon line in Fig. 8? We find that

pµ
(γ) = pµ

(+) + pµ
(−) , (13.34)

where the pµ
(±) are the four momenta of the electron and positron. This

implies that
p2

(γ) = 2m2
e + 2E(+)E(−) − 2p⃗(+) · p⃗(−) . (13.35)

Note that p2
(γ) is a Lorentz invariant so we can determine its value in any

convenient frame. Let us choose the center of momentum frame, in which
−p⃗(−) = p⃗(+) ≡ p⃗ and hence that E(+) = E(−) ≡ E. We then find that

p2
(γ) = 2m2

e + 2E2 + 2p⃗ 2 = 4E2 , (13.36)

recall that E2 = m2
e + p⃗ 2. The most important point of this is that p2

(γ) > 0,
but a physical external photon always has p2 = 0, because it is massless!

When a particle does not satisfy p2 = m2, we say that it is off-shell
(otherwise we say it is on-shell). The shell in question is simply the surface
in four-dimensional space specified by p2 = m2. So, while the diagram
in question seems to communicate that a photon is created which then
produces muons, we see that this is an unfamiliar type of photon, one that
is never seen as an external particle. It may be more useful to consider
that energy and momentum is communicated from the electron field to the
muon field through the photon field.

We can better understand the meaning of off-shell particles, sometimes
called virtual particles, by considering the propagator given in Eq. (13.19).
This function describes the amplitude (related to the probability) for energy
and momentum to be transmitted from point yµ to point xµ. The amplitude
gets large for p2 = m2, because of the singularity there. The meaning of
this is that on-shell propagation has the largest amplitude.

But how much smaller is off-shell propagation, or is there any circum-
stance when it cannot be neglected? This is determined, in part, by the
complex exponential

e−ipµLµ/ℏ = cos pµL
µ

ℏ
+ i sin pµL

µ

ℏ
, (13.37)

where Lµ = yµ − xµ and we have written the factors of ℏ explicitly for the
moment.

Exercise 13.3 Consider the integral of an exponentially growing function over a finite
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domain ∫ 1

0
dx ex . (13.38)

What is the numerical values of this integral? Next, modify the integral
to ∫ 1

0
dx ex sin(ax) , (13.39)

and evaluate it. About what value of a > 0 makes this integral an
order of magnitude less than the first integral, what about two orders of
magnitude?

The above exercise illustrates a general result. When some function
F is multiplied by a sinusoidal function that is oscillating “quickly” then
the integral of the function times the sinusoid is reduced. The larger the
frequency of oscillation the smaller the integral gets. Here the notion of
quickly is important. It must be oscillating on a much shorter length scale
that the characteristic length scale of F .

The propagator (13.19) has exactly this form. If we take the momentum
to have dimensions of energy E, then for some length L if

EL

ℏc
, (13.40)

is large then the integral is damped. Only when the momentum is right
on the pole p2 = m2 is there any appreciable amplitude. For measurable
lengths and energies EL ≫ ℏc so only on-shell particle propagation is ob-
served. However, when we give up the measurement aspect of this analysis
other possibilities arise. When two particles interact energy and momen-
tum can be transmitted on very small scales, such that EL ∼ ℏc. In this
case there can be sizable probabilities for off-shell momenta to be transmit-
ted through a field. So, the essential point is that only on-shell propagation
is allowed over arbitrarily long spacetime distances. Off-shell propagation
is perfectly physical, but can only occur over short distances or times. e−

e+

µ+

µ−

-e -e
-e -e

Figure 9. A higher order
(e4) diagram for e+e− →
µ+µ−.

As we consider higher order corrections to processes we should again
keep in mind that these diagrams are an organizational tool, not a picture
of reality. For instance, in Fig. 8 we have the leading order diagram for
the e+e− → µ+µ− process, but this is only the first nontrivial term in an
infinite series. One of the next terms is shown in Fig. 9. This diagram
is order e4. As long as the coupling e is smaller than one, this term is
suppressed relative to the leading diagram. But, if one wants to calculate
with higher precision then this diagram is essential to finding the correct
result.

Note that if one tries to take the diagram in Fig. 9 as a description
of what is “really going on” then one must construct a quite confusing
picture of reality. However, quantum field theory does not require, or even
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suggest, that this must be done. A physical measurement of this process
can be made and to match theory with experiment one must include as
many diagrams as one needs to match the desired precision. But the terms
in a perturbation series do not convey all the information about the total
process. In fact, while we do not say much more about them in this text,
there can be contributions to physical processes that are not captured at
all by the perturbation series. It can be that these nonperturbative effects
are small and can be safely ignored. There are some situations, however, in
which the perturbative contribution vanishes and so the nonperturturbative
result gives the entire result.

Section 14

Running Couplings

In the preceding sections we have shown a connection between a Lagrangian
and physical cross sections. In this section we reexamine the meaning of
the terms in the Lagrangians of interacting theories. That is, what is the
connection between the parameter m in a Lagrangian and the physically
measured mass of a particle? While the idea that these might not be the
same quantity may at first seem strange, it is essential to understanding
such theories.

Consider the free Dirac Lagrangian

L = ψ
(
i/∂ −m

)
ψ . (14.1)

When describing this theory we claimed that m was the mass of the particle
in question and this was justified by the plane wave solutions which satisfied
the relativistic energy relation, E2 = m2 + p⃗ 2. However, in an interacting
theory, such as QED

L = ψ
(
i/∂ − e /A−m

)
ψ − 1

4FµνF
µν , (14.2)

it turns out that the physical mass mphys and physical coupling ephys have
a more complicated relationship to the parameters of the Lagrangian.

Figure 10. Leading or-
der diagram for fermion
propagation.

Consider the fermion mass. Notice that in the absence of interactions
we understand this parameter in terms of the fermion propagator

∆F (p) = /p±m
p2 −m2 . (14.3)

This is clearly a function of the momentum of the particle and the La-
grangian mass parameter. In the free theory the meaning of m is directly
connected to a propagating plane wave. The simple diagram for the free
particle propagation is given in Fig. 10.

Figure 11. Higher or-
der diagram contribution
to fermion propagation.
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But in QED this is merely the first term in an infinite series of diagrams.
For instance, the next correction is related to the diagram in Fig. 11. We
see that this is an e2 correction to the first term. Because the process
of physical propagation is corrected at this order, it turns out that the
physical mass of the particle (as defined by on-shell propagation) is also
corrected at e2

mphys = m+ e2

16π2m1 + . . . , (14.4)

where m1 is some quantity with dimensions of mass that can be evaluated
from the diagram. The QFT origin of the factor of 16π2 is not important
to this discussion, but it indicates a good heuristic, that QED calculations
are power series in α/(4π), where α = e2/(4π).

We emphasize that the physical mass of the particle is a fixed quantity.
Equation (14.4) is meant to illustrate that the parameter in the Lagrangian
is not quite what we mean by the physical mass of a particle. In QED,
where α/(4π) ∼ 0.0006 at low energies, these corrections are small and so
the Lagrangian and physical masses are pretty close in value. However,
they are distinct objects.

Figure 12. Leading or-
der QED vertex.

A similar story plays out with the gauge coupling e. Of course, in
the non-interacting theory e = 0, but we can also find that vertex given
in Fig. 12 is only the leading term in a series. The next term is given
in Fig. 13. This, as with the mass, makes the association between the
Lagrangian parameter and the physical coupling of charged particles to the
photon somewhat complicated.

Figure 13. Higher or-
der correction to the QED
vertex.

One of the most interesting complications is that the physical coupling
ends up being a function of the energy scale e(Q). The way this energy
dependence is typically discussed is in terms of off-shell fluctuations of the
electron field. The leading diagram for such a fluctuation is given in Fig. 14.
Notice that there are no external particles, so this is called a vacuum-to-
vacuum process. It is a prediction of quantum field theory that these types
of fluctuations are a continual background to the dynamics we observe. e+

e−

Figure 14. Leading or-
der vacuum fluctuation of
the electron field.

Consider this background of particle-antiparticle pair fluctuations near
an external charged particle, like an electron. We expect the positron part
of each fluctuation to be attracted to the external electron while the elec-
tron part of the fluctuation should be repelled. In short, seeing as these
fluctuations are happening everywhere all the time, the entire volume of
space around the electron should be polarized. This is a striking prediction,
that what we think of as empty space is a polarizable medium. What is
more striking is that it is borne out experimentally. These polarized fluc-
tuations act as a shield of the electron’s true interactions with the photon.
At higher and higher energies, we can probe closer and closer distances to
the electron and hence measure a different, less shielded, value.

The way this is described in quantum field theory is through the equa-
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tion
Q
dα

dQ
= β(α) , (14.5)

where Q is the energy scale. The right-hand side of the equation is called
the beta function and can be calculated order by order in perturbation
theory. For instance, in QED at leading order one finds

β(α) = 2α2

3π . (14.6)

Exercise 14.1 Suppose that the value of α is measured at some scale Q0. Use Eqs. (14.5)
and (14.6) to determine that the value of α at some other scale Q is given
by

α(Q) = α(Q0)
1− 2

3π
α(Q0) ln Q

Q0

. (14.7)

If Q > Q0 how does α(Q) compare to α(Q0)?

This is the correct, leading order, result for a single charge particle,
but we know that there are many: the electron, muon, tau, and six kinds
of quarks. The correct generalization to many fields with charges qi is

α(Q) = α(Q0)
1− 2q2(Q)

3π
α(Q0) ln Q

Q0

, (14.8)

where

q2(Q) =
∑

i

q2
i sum over all particles with mi < Q . (14.9)

You may wonder why only particles with m < Q are included in the sum.
When considering the vacuum fluctuations of a particular field in real phys-
ical space one finds they have a characteristic size, even for noninteracting
field. There is only one characteristic of such a particle that can determine
this size: the mass of the field. Therefore, the higher the mass of the par-
ticle, the smaller the physical size of the vacuum fluctuations. Probing at
energies below the mass of a particular particle means using wavelengths
that are long enough to always interact with both the particle and an-
tiparticle. These particles do not contribute to charge screening at that
energy.

In either case we see that for larger and larger Q the measured coupling
becomes larger and larger as well. There is even, in principle, a finite energy
scale at which the coupling becomes infinite. Lev Landau, a famous Russian
physicist, saw this as evidence that quantum field theory must be corrected
by some deeper theory.
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Exercise 14.2 Begin with the one-loop equation for the running of α with energy scale
Q in Eq. (14.7) and find the scale at which the coupling becomes infinite.
At the mass of the electron 0.0005 GeV the value of α is about 1/137. If
α =∞ then 1/α = 0. Set 1/α(Q) = 0, and solve for the energy scale Q
in GeV at which such a singular coupling is reached, this is often called
the Landau pole. How does this compare with the Planck scale, which is
about 1019 GeV?

Subsection 14.1

Renormalization

The notion that masses and couplings are corrected from the Lagrangian
values by quantum corrections is closely related to the concept of renor-
malization. When loop corrections are included some quantum field the-
ories only produce corrections to the quantities that appear in the original
Lagrangian, whereas other theories produce new types of interactions. The
former theories are said to be renormalizable. The connection between
the Lagrangian parameters and the physical quantities may be determined
by a series of quantum corrections, but the same number of independent
quantities (mass, coupling, etc) describe the original Lagrangian and the
quantum corrected interactions. Quantum electrodynamics in one such
renormalizable theory.

Theories of this type can have validity up to high energy scales because
they keep the same form. Such theories have the possibility of being fun-
damental, that is, of being the ultimate theory of the Nature’s structure,
because their form persists up to arbitrarily high scales. Nonrenormalize-
able theories may be very useful up to some energy scale, but above that
scale they must be corrected or completed into a different (presumably
renormalizable) theory.

How then can we know that a theory is renormalizable? Specifically,
is there any way to know without calculating all quantum corrections? It
has been shown that there is, in fact, a fairly simple way of determining
whether or not a theory is renormalizeable without calculating even a single
quantum effect. However, in order to determine this we need to know the
dimension of a given field.

In the “natural” units we are using there is only one dimension: Energy.
The dimensions of a Lagrangian or Hamiltonian are exactly energy. The
dimensions of a Lagrangian or Hamiltonian density is then energy divided
by volume or in other words energy to the fourth power. We might denote
this as

[L] = 4 . (14.10)

The dimension of a given field is then determined by the derivative
terms in the Lagrangian. For instance, the Lagrangian for a spin-0 field
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contains the term
L ⊃ 1

2∂µϕ∂
µϕ . (14.11)

Each derivative has dimensions of inverse length, which is equivalent to
energy. This leads to

4 = [L] = 2 [∂µ] + 2 [ϕ] = 2 + 2 [ϕ] . (14.12)

In other words the field ϕ has dimensions of energy, or [ϕ] = 1.

Exercise 14.3 Using methods similar to those above show that the dimension of a spin-
1/2 field is

[ψ] = 3
2 , (14.13)

and the dimension of a spin-1 field is

[Aµ] = 1 . (14.14)

Seeing that we now know the dimension of each type of field we can
determine the dimension of the coefficients of different combinations of
fields. As a simple example consider the term

L ⊃ cϕ2 . (14.15)

The field ϕ has dimension 1 so ϕ2 has dimension 2. Because the Lagrangian
density must have dimension 4, we see that c must have dimension 2. This
is why this term is written

L ⊃ m2

2 ϕ2 . (14.16)

Exercise 14.4 Find the dimension of the coefficient c in the term

L ⊃ cψψ , (14.17)

where ψ is a spin-1/2 field. What about the term

L ⊃ cϕψψ , (14.18)

where ϕ is a spin-0 field?

We now state, without proof, the defining characteristic of renormal-
izable theories. Theories in which the coefficient of every term in the La-
grangian has non-negative dimension are renormalizeable. For instance, in
QED the interaction term is

eqAµψγ
µψ . (14.19)
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The fields have a combined dimension of 4, so the coefficient is dimen-
sionless. Because this is non-negative it is a renormalizeable interaction.
Enrico Fermi’s first theory of beta decay involved four fermion fields

GFψnψpψνψe . (14.20)

The fields have a combined dimension of 6, so the dimension of GF is −2.
This interaction is non-renormalizeable. Consequently, we expect that it
is an approximation of a more fundamental, renormalizable theory. In this
case we know what the deeper theory is (though we have not reached it in
this text yet). The true interaction between the four fermions is mediated
by a massive spin-1 particle, the W boson.

Section 15

Discrete Symmetries

We have made considerable effort to understand the consequences of sym-
metries. From Noether’s theorem we learned that there is a connection be-
tween symmetries of the Lagrangian and conserved quantities. This holds
for all such symmetries that are parameterized by a continuous parameter.
However, there are also symmetries that are not of this form. In particular,
there can be discrete symmetries, those whose set of symmetry operations
is finite.

Perhaps the simplest example is a Z2 symmetry. Recall the Klein-
Gordon Lagrangian

L = 1
2∂µ(ϕ)∂µϕ− m2

2 ϕ2 . (15.1)

This Lagrangian is invariant under ϕ → −ϕ. Because this is a free theory
there is no interesting consequence, so consider the interacting theory

L = 1
2∂µ(ϕ)∂µϕ− m2

2 ϕ2 − λ

4!ϕ
4 , (15.2)

where the factor of 4! is conventional. This interacting theory is also
invariant under ϕ→ −ϕ.

One consequence of this symmetry is that any physical process can only
change the number of ϕ particles by two units. Note that this is something
like a weaker version of conserved particle number. We can understand
this as follows. Any initial state has some fixed number of ϕ particles and
under ϕ → −ϕ this state either changes sign or does not. The final state
process should have the same sign because all of the interactions involve
even numbers of ϕs and so do not change the sign. So, one might consider
ϕϕ→ ϕϕ scattering or the ϕϕ→ ϕϕϕϕ production of additional particles.
But, the process ϕϕ→ ϕϕϕ must vanish.
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Note that this would not be the case if the theory included a ϕ3 term in
the Lagrangian. In this case there would be no such symmetry and one can
find nonzero cross sections for process that change the number of particles
by one unit. So, if one was experimentally probing a scalar field theory
and found a nonzero cross section for ϕϕ→ ϕϕϕ then you would know that
theory could not be modeled by a Lagrangian with ϕ→ −ϕ.

Recall that symmetries in quantum mechanics are represented by uni-
tary operators

|Ψ⟩ → |Ψ′⟩ = U |Ψ⟩ , (15.3)

so that inner products are preserved

⟨Φ|Ψ⟩ → ⟨Φ′|Ψ′⟩ = ⟨Φ|U †U |Ψ⟩ = ⟨Φ|Ψ⟩ . (15.4)

We then find that for an operator O

O|Ψ⟩ → O′|Ψ′⟩ =UO|Ψ⟩ (15.5)
=O′U |Ψ⟩ . (15.6)

The top equality holds because O|Ψ⟩ is itself a vector and the second equal-
ity uses the transformation law of |Ψ⟩ alone. These two results imply that

O′ = UOU † , (15.7)

which is the transformation law for operators.
Remember that the field ϕ is an operator in our quantum model. For

the Z2 symmetry above we have

U(z2)ϕU(z2)† = −ϕ . (15.8)

The above symmetry is an internal one, having to do with the parti-
cles and not with spacetime. However, there are also discrete symmetries
(parity and time-reversal) that have to do with the structure of spacetime.
Charge conjugation is a related idea that has to do with the relationships
between particles and antiparticles. We discuss these different discrete
symmetries in the following subsections.

Subsection 15.1

Parity

We first consider parity, which takes three-vectors to their negative

v⃗ → −v⃗ . (15.9)
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Note that Newton’s 2nd law is invariant under parity transformations

F⃗ = ma⃗ → −F⃗ = m(−a⃗) . (15.10)

This shows that parity is a symmetry of at least some familiar physical
theories. Note also that acting with parity twice simply brings a vector
back to itself. That is, twice parity is the identity operation.

Within the quantum Hilbert space we define the parity operator as P.
It seems reasonable that the action of parity on a scalar field ϕ might at
most change it by only a multiplicative factor

ϕ
P−→ PϕP † = ηPϕ . (15.11)

Acting with parity twice should be equivalent to do doing nothing, so we
have that

ϕ
P−→ PPϕP †P † = PηPϕP

† = η2
Pϕ , (15.12)

must be equal to ϕ itself. This shows that only ηP = ±1 are allowed. These
two possibilities are used to categorize two different types of spin-0 fields.
As spin-0 field with ηP = 1 is called a scalar, which is also sometimes used
for a generic spin-0 field. In contrast, a spin-0 field with ηP = −1 is called
a pseudoscalar. Note that the Klein-Gordon Lagrangian applies to both
scalar and pseudoscalar fields.

Next, we consider spin-1 fields Aµ. Each of the four components of
this field is multiplied by an ηP -like factor under parity. Because acting
with parity twice should be equivalent to doing nothing we find that each
of these is ±1. But how can related the factors of different components?
Let us consider how the Lagrangian is affected by parity transformations.
In doing so, we note that spatial derivatives change sign under parity but
time derivatives do not

∂t
P−→ ∂t , ∂i

P−→ −∂i . (15.13)

Exercise 15.1 Show that the kinetic part of the spin-1 Lagrangian

− 1
4FµνF

µν = −1
2∂

µAν (∂µAν − ∂νAµ) (15.14)

= −1
2
[
∂0Ai (∂0Ai − ∂iA0) + ∂iA0 (∂iA0 − ∂0Ai) + ∂iAj (∂iAj − ∂jAi)

]
,

is preserved if under parity

A0 P−→ ηPA
0 , Ai P−→ −ηPA

i , (15.15)

with η2
P = 1.

The above exercise shows that the time and spatial components of



Discrete Symmetries Parity 103

the four-vector must transform oppositely under parity in order for the
Lagrangian to be invariant. Spin-1 fields with ηP = 1 are called vectors,
while those with ηP = −1 are called axial-vectors. The spatial components
of axial-vectors do not change under parity. This is similar to quantities
like the angular momentum

L⃗ = r⃗ × p⃗ , (15.16)

which do not change sign under parity.
Finally, we turn to the spin-1/2 field ψ. Just like with the spin-1

field we find that not every component of the field transforms in the same
way, because the Lagrangian would not be invariant. If we suppose that
ψ

P−→ ηPψ then the Lagrangian transforms like

L =ψ
(
i/∂ −m

)
ψ

=ψ
(
iγ0∂0 + iγi∂i −m

)
ψ

P−→ψη†
P

(
iγ0∂0 − iγi∂i −m

)
ηPψ . (15.17)

If ηP is just a number then there is no choice that corresponds to an invari-
ant Lagrangian. So, instead of a simple number we take ηP to be a matrix
in the spinor space.

For a matrix ηP we have that ψ† P−→ ψ†η†
P . This means, using γ0γ0 = I4,

that
ψ = ψ†γ0 P−→ ψ†η†

Pγ
0 = ψ†γ0γ0η†

Pγ
0 = ψγ0η†

Pγ
0 . (15.18)

We are now ready to consider how the Dirac Lagrangian transforms. We
find

L =ψ
(
iγ0∂0 + iγi∂i −m

)
ψ

P−→ψγ0η†
Pγ

0
(
iγ0∂0 − iγi∂i −m

)
ηPψ . (15.19)

We find three conditions for this last result to be equal to the original
Lagrangian:

γ0η†
Pγ

0γ0ηP = γ0 , γ0η†
Pγ

0ηP = I4 , γ0η†
Pγ

0γiηP = −γi . (15.20)

Exercise 15.2 Show that each of the relations in Eq. (15.20) is satisfied for ηP = ±γ0,
at least in the Weyl basis of the gamma matrices.

From the above exercise we find that under parity a Dirac spinor trans-
forms like ψ P−→ ±γ0ψ and so ψ

P−→ ±ψγ0. In this case the differences in
sign are not given different names. This is because we never see a field by
itself in a Lagrangian, it is alway part of a fermion bilinear. Something
that is bilinear is linear in two things. For instance, the mass term involves
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ψψ which is linear in ψ and ψ. Under parity this goes to

ψψ
P−→ PψψP † = PψP †PψP † = (±)2ψγ0γ0ψ = ψψ . (15.21)

Here in the second equality we have used the fact that for unitary operators
P †P = I. Because this bilinear does not change sign under parity is called
a scalar bilinear. Contrast that with

ψγ5ψ
P−→Pψγ5ψP

† = PψP †γ5PψP
†

=(±)2ψγ0γ5γ
0ψ = −ψγ5γ

0γ0ψ = −ψγ5ψ . (15.22)

Note that here the operator P passes through γ5 because it is a constant
matrix. It is only after the P operator acts on the field ψ that a spinor
matrix ηP is produced. Because ψγ5ψ does change sign under parity it is
called a pseudoscalar bilinear. Similarly, one can show that

ψγ0ψ
P−→ ψγ0ψ , ψγiψ

P−→ −ψγiψ . (15.23)

This implies that ψγµψ transforms like vector, with the time component
not changing and the spatial components changing sign. Consequently,
ψγµψ is called a vector bilinear.

Exercise 15.3 Show that ψγµγ5ψ transforms like an axial-vector under parity.

In the Weyl basis we can also determine the effect of a parity transfor-
mation on the chiral fermions. The parity transformation is then

ψ =
(
ψL

ψR

)
P−→ ±γ0ψ = ±

(
ψR

ψL

)
. (15.24)

This shows that under parity left-handed fields get taken to right-handed
fields and vice versa. Note that this implies that the Lagrangian for a single
chirality

L = iψ†
L (I2∂t − σi∂i)ψL , (15.25)

is not invariant under parity. In other words, parity is not a symmetry of
the theory of a single massless fermion.

Subsection 15.2

Charge Conjugation

The classical electrostatic force between two objects with electric charges
q1 and q2 is (in Heavyside-Lorentz units)

F⃗ = e2q1q2

4πr3 r⃗ . (15.26)
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Note that this force remains the same if q1 → −q1 and q2 → −q2. That
is, it looks like at least some theories are symmetric under all charges are
changed to their opposite. This is the essence of charge conjugation.

But what does it mean to change the charge of a field, or what is the
field configuration with opposite charge? Recall from Eq. (8.34) that the
conserved particle number for a complex scalar field is

Q = i
∫
d3x

(
ϕ†∂tϕ− ϕ∂tϕ

†
)
. (15.27)

From this formula it is simple to see that if we take ϕ → ϕ† and ϕ† → ϕ
that Q→ −Q. Therefore, we can change the charge of a field configuration
by switching to the Hermitian conjugate of the field.

More generally, we expect the action of the charge conjugation operator
C to be proportional to the Hermitian conjugate field

CϕC† = ηCϕ
† . (15.28)

By taking the Hermitian conjugate of this equation we find(
CϕC†

)†
=
(
C†
)†
ϕ†C† = Cϕ†C† = η∗

Cϕ . (15.29)

Like parity, the action of charge conjugation twice should be equivalent to
doing nothing. This leads us to evaluate

CCϕC†C† = CηCϕ
†C† = ηCCϕ

†C† = ηCη
∗
Cϕ = |ηC |2ϕ . (15.30)

In order to have this equal to ϕ we see that ηC = eiθC for some real number
θC .

For a real scalar field ϕ = ϕ† so ηC = ±1. In fact, there is nothing that
changes in this analysis for a real or complex spin-1 field. For instance, a
real vector field Aµ must satisfy

CAµC
† = ±Aµ . (15.31)

It is straightforward to see that the Klein-Gordon Lagrangian and spin-1
Lagrangians are preserved by these transformations.

As usual, things are a little more complicated for spin-1/2 fields. In
fact, we need to include something that was mentioned when we discussed
the Dirac Lagrangian in Sec. 9.1. Unlike scalar fields and the components
of vector fields, the components of spinor fields anticommute. That is

ψA
1 ψ

B
2 = −ψB

2 ψ
A
1 . (15.32)

The ultimate justification for why this is springs from quantum field theory,
and beyond the scope of this text. However, we did find in Sec. 9.1 that
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anticommuting spinor fields ensured that the energy was bounded from
below and that the momentum of antiparticles matched experiment.

A second complication is that unlike spin-0 and spin-1 fields taking
the Hermitian conjugate of a spinor changes what type of object is being
considered. That is, a spinor field ψ is typically written with index up ψA.
But this means that ψ† has its index down ψ∗

A. This means that

CψAC† ̸= ηCψ
∗
B . (15.33)

We must be a little more careful to ensure that C, which operates in the
infinite dimensional Hilbert space of quantum states, preserves the spinor
index structure of the spin-1/2 field.

Our starting point is that under charge conjugation ψ → ηCψ
∗ where

ηC is a matrix in spinor space, similar to what we considered for parity. In
other words,

CψAC† = (ηC)A
B ψ

∗B . (15.34)

Because it is tedious to keep track of all the spinor indices we typically
suppress them as

CψC† = ηCψ
∗ . (15.35)

Taking the Hermitian conjugate of this equation we find

Cψ†C† = ψTη†
C . (15.36)

This, in turn, leads to
ψ

C−→ ψTη†
Cγ

0 . (15.37)

We are now ready to consider the transformation of the Dirac La-
grangian. We begin with the mass term mψψ. Here the mass, as a real
constant, has no effect. We find that the bilinear of fermions transforms as

ψψ
C−→ ψTη†

Cγ
0ηCψ

∗ . (15.38)

This does not look particularly helpful. We improve things by recognizing
that these objects are both numbers in spinor space, and that the transpose
of a number is equal to itself. This means by taking the transpose of these
products of spinors and matrices we may be able to write this mess in
something more like what we started with. However, in doing so we end
up moving fermion fields past one another and because the components of
spinors anticommute this produces a minus sign difference.

Therefore we have

ψψ
C−→ ψTη†

Cγ
0ηCψ

∗ =
(
ψTη†

Cγ
0ηCψ

∗
)T

= (−1)ψ†ηT
C(γ0)Tη∗

Cψ . (15.39)

Here the minus sign comes from anticommuting the spinor fields. In the
Weyl basis we have that γ0 is symmetric, so (γ0)T = γ0. Putting this all
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together we find
ψψ

C−→ (−1)ψγ0ηT
Cγ

0η∗
Cψ . (15.40)

For this term in the Lagrangian to come back to itself we require

γ0ηT
Cγ

0η∗
C = −I4 (15.41)

which is (by multiplying by γ0 on the left of both sides of the equation and
taking the transpose) equivalent to

γ0 = −η†
Cγ

0ηC . (15.42)

Exercise 15.4 Show that Eq. (15.42) is satisfied for

ηC = −iγ2 , (15.43)

for γ2 in the Weyl basis. Conclude that in this basis, under charge con-
jugation we have

ψ
C−→ −iγ2ψ∗ , ψ

C−→ iψTγ0γ2 . (15.44)

Example By construction we have ensured that ψψ → ψψ under charge conjuga-
tion. However, it is useful to see how to calculate the transformation of
other fermion bilinears. For instance, we find

ψγ5ψ
C−→(−i)iψTγ0γ2γ5γ

2ψ∗ = (−1)ψTγ0γ5γ
2γ2ψ∗ = (−1)ψTγ0γ5(−I4)ψ∗

=
(
ψTγ0γ5ψ

∗
)T

= −ψ†(γ5)T (γ0)Tψ = ψ†γ0γ5ψ

=ψγ5ψ . (15.45)

Here we have used the fact that γ5 is symmetric in the Weyl basis and
that it anticommutes with all other gamma matrices. We have also used
that the components of the spinor field anticommute. All in all we have
found that this bilinear is also invariant under charge conjugation.

Exercise 15.5 Show that under charge conjugation

ψγµψ
C−→ −ψγµψ , ψγµγ5ψ

C−→ ψγµγ5ψ . (15.46)

The results of the above exercise imply that under charge conjugation

ψiγµ∂µψ
C−→ −∂µ(ψ)iγµψ . (15.47)

In the Dirac Lagrangian we can then integrate by parts to show that the
derivative term is invariant under charge conjugation. This finishes our
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demonstration that the Dirac equation is invariant under charge conjuga-
tion. We can also use these results to learn something about QED. In order
for QED to be invariant under charge conjugation we need

ψγµψAµ
C−→ ψγµψAµ . (15.48)

Because ψγµψ
C−→ −ψγµψ the only way to ensure that QED is invariant

under charge conjugation is for the photon field to satisfy Aµ
C−→ −Aµ.

The photon field being odd under charge conjugation has physical con-
sequences. Any QED process that only involves external photons is zero
if the number of photons is odd. Such a process would changes sign un-
der charge conjugation, but QED as a theory is invariant under charge
conjugation. This result is typically known as Furry’s theorem.

Under charge conjugation the left- and right-handed chiral projections
transform as

ψ =
(
ψL

ψR

)
C−→ −iγ2ψ∗ =

(
−iσ2ψ

∗
R

iσ2ψ
∗
L

)
. (15.49)

As we saw with parity, this shows that the Lagrangian for a single chirality,
such as

L = iψ†
L (I2 − σi∂i)ψL , (15.50)

is not invariant under charge conjugation. However, if we act with both
parity and charge conjugation then

ψ =
(
ψL

ψR

)
CP−−→ ∓γ0iγ2ψ∗ = ∓

(
iσ2ψ

∗
L

−iσ2ψ
∗
R

)
. (15.51)

Exercise 15.6 Show that the Lagrangian for a left-handed Weyl spinor, Eq. (15.50), is
invariant under the CP transformation given above

ψL
CP−−→ ∓iσ2ψ

∗
L . (15.52)

You may need to integrate by parts to show this invariance.

The above exercise shows that massless fermion Lagrangians may not
be invariant under C and P separately, but are invariant under the com-
bined CP transformation. It is in this sense that CP is a more fundamental
symmetry operation.

We have seen that QED is CP invariant, but not every model is. Con-
sider the Lagrangian interactions between two fermions f1, f2 and a real
scalar ϕ

λϕf 1f2 + λ∗ϕf 2f1 . (15.53)

Note that we must include both terms to ensure that the Lagrangian is
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Hermitian. Under CP the scalar transforms as

ϕ
CP−−→ ±ϕ . (15.54)

The fermions transform as

fi
CP−−→ ∓iγ0γ2f ∗

i , f i
CP−−→ ±ifTγ0γ2γ0 . (15.55)

This leads to
λϕf 1f2

CP−−→ ±λϕf 2f1 . (15.56)

This leads to

λϕf 1f2 + λ∗ϕf 2f1
CP−−→ ±λ∗ϕf 1f2 ± λϕf 2f1 . (15.57)

Which shows that this interaction term is only CP invariant if ϕ is a scalar
(rather than a pseudoscalar) and λ is a real coupling.

Subsection 15.3

Time Reversal

Much of the time-reversal analysis is similar to the previous sections, but
there is one big difference. While parity and charge conjugation are repre-
sented by unitary operators, time reversal cannot be.

Consider two quantum states |initial⟩ and |final⟩ that correspond to
some initial configuration in time and some final configuration in time. We
are typically interested in the overlap of these two states

⟨final|initial⟩. (15.58)

Time reversal T should take these to U |final⟩ and U |initial⟩ such that

⟨final|initial⟩ T−→ ⟨initial|final⟩ = ⟨final|initial⟩∗ , (15.59)

or
⟨final|initial⟩ T−→ ⟨final|U †U |initial⟩ = ⟨final|initial⟩∗ . (15.60)

This last equality is what defines an antiunitary operator.
Eugene Wigner proved that quantum mechanical symmetries can either

be represented by an operator that is unitary and linear, or antiunitary and
antilinear. An antilinear operator is one for which

U (α|ψ1⟩+ β|ψ2⟩) = α∗U |ψ1⟩+ β∗U |ψ2⟩ . (15.61)

In other words, when a constant is “pulled through” an antilinear operator
it must be complex conjugated.
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Antilinearity produces an important difference in the analysis of how
field fields transform, including scalar fields. If we begin with

TϕT−1 = ηTϕ , (15.62)

for some constant ηT then acting with time reversal twice leads to

TTϕT−1T−1 = TηTϕT
−1 = η∗

TTϕT
−1 = |ηT |2ϕ . (15.63)

Since we expect reversing time twice is equivalent to doing nothing at all
our constraint is that ηT is a phase

ηT = e−iθT . (15.64)

Recall that for parity a similar analysis led to ηP = ±1. In the case of time
reversal we find that ηT = ±1 only for real scalars.

The analysis of spin-1 fields is quite similar to parity. Under time
reversal derivatives transform as

∂t
T−→ −∂t , ∂i

T−→ ∂i . (15.65)

This is opposite to parity, but leads to very similar results.

Exercise 15.7 Show that the kinetic part of the spin-1 Lagrangian

− 1
4FµνF

µν = −1
2∂

µAν (∂µAν − ∂νAµ) (15.66)

= −1
2
[
∂0Ai (∂0Ai − ∂iA0) + ∂iA0 (∂iA0 − ∂0Ai) + ∂iAj (∂iAj − ∂jAi)

]
,

is preserved if under time reversal

A0 T−→ −ηTA
0 , Ai T−→ ηTA

i , (15.67)

with η2
T = 1.

As with other discrete symmetries, the more tedious case is for spin-1/2
fields. We begin with

ψ
T−→ ηTψ , ψ

T−→ ψγ0η†
Tγ

0 , (15.68)

where ηT is take to be a matrix in the four-dimensional spinor space. In
the second relation we have used the fact that γ0γ0 = I4. We can then
consider the action of time reversal on the Dirac Lagrangian. In doing
so we must be careful to take the complex conjugate of all constants, like



gamma matrices

L =ψ
(
iγ0∂t + iγi∂i −m

)
ψ

T−→ψγ0η†
Tγ

0
[
−i(γ0)∗∂−t − i(γi)∗∂i −m

]
ηTψ

=ψγ0η†
Tγ

0
[
iγ0∂t − i(γi)∗∂i −m

]
ηTψ . (15.69)

In the last line we have used the fact that γ0 is a real matrix in the Weyl
basis.

Exercise 15.8 Show that in the Weyl basis of gamma matrices that

ηT = γ1γ3 , (15.70)

ensures that the Dirac Lagrangian is invariant under time reversal.

Exercise 15.9 Determine the behavior of the fermion bilinears under time reversal

ψψ
T−→ψψ , ψγ5ψ

T−→ψγ5ψ , (15.71)

ψγ0ψ
T−→ψγ0ψ , ψγiψ

T−→− ψγiψ , (15.72)

ψγ0γ5ψ
T−→ψγ0γ5ψ , ψγiγ5ψ

T−→− ψγiγ5ψ . (15.73)

The combination of parity, charge conjugation, and time reversal or
CPT (the order does not matter) is a symmetry of all known models of
physical systems. It has been proven that Lorentz invariant Lagrangians
that produce Hermitian Hamiltonians are CPT symmetric. Looking back
at these last few sections it is clear that the fermion bilinears have the most
complicated transformation laws of the fields we have considered. Yet, it
is not hard to check that each bilinear is invariant under CPT.

Exercise 15.10 Show that each of the fermion bilinears considered in this section is in-
variant under the combined CPT transformation.

PART

IVQuantum Chromodynamics

Sec. 16. Nonabelian
Sec. 17. SU(2)
Sec. 18. QCD

Quantum electrodynamics is a remarkable theory. It has amazing agree-
ment with experimental predictions and although it is in many respects
quite simple, yet it is quite deep. Quantum chromodynamics (QCD) builds
upon that foundation and predicts new phenomena regarding the strong
nuclear force. There is much that we are not able to cover about this theory
in the short introduction below, but hopefully it gives you a strong starting
point for further study and understanding.

111
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Section 16

Nonabelian Local Symmetry

Quantum electrodynamics is known as a U(1) gauge theory or sometimes
as an abelian gauge theory. The structure of the Lagrangian

LQED = ψ
(
i /D −m

)
ψ − 1

4FµνF
µν (16.1)

with Dµ = ∂µ + ieqAµ is invariant under a local U(1) symmetry. The
transformations are given by

ψ → e−iqθ(x)ψ Aµ → Aµ −
1
e
∂µθ(x) , (16.2)

where in general θ(x) depends on the three dimensions of space and on
time. The is dependence on spacetime is why this is referred to as a local
symmetry. It is referred to as a U(1) symmetry because every e−iθ is an
element of the group U(1). In other words, the action of the local symmetry
is an element of the group U(1).

The Lie group U(1) is abelian, it does not matter what order group
elements are multiplied in e−iθ1e−iθ2 = e−iθ2e−iθ1 . However, most Lie groups
G are nonabelian, changing the order of multiplication changes the result
U1U2 ̸= U2U1. The group elements can also be made local, functions of
space and time U(x). This leads to the question, can a QED-like theory
be generalized to a local, nonabelian symmetry group.

We begin by considering a field ψ (we continue to consider a spin-
1/2 field though this is not essential) that transforms by the action of the
elements U of some group G

ψ → Uψ . (16.3)

In effect, this means that ψ is the element of a vector space and U is given
by a unitary representation of the group element in the vector space. In
this section we use lower case Latin indices to denote the components of
ψi in this vector space. For instance, quantum chromodynamics is tied to
an SU(3) symmetry group. Fields in the fundamental representation have
the form

ψ(x) =

ψ
1(x)

ψ2(x)
ψ3(x)

 . (16.4)

Note that for a spin-1/2 field, like a quark, each of these three components
is a four-dimensional Dirac spinor. For these types of fields the group
elements U are three-by-three unitary matrices with determinant equal to
one.
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In general we express the symmetry transformation with index notation

ψi → U i
j(x)ψj . (16.5)

What about ψ? The Hermitian conjugation process means that if ψi has
its index up (like a column vector) then (ψ†)i has index down, like a row
vector. It transforms in the representation conjugate to the representation
of ψi. This leads to

ψi → ψjU
†j

i(x) . (16.6)

Note here that the γ0 related to ψ has no effect upon this transformation
because the four-dimensional spinor space is completely distinct from the
symmetry space. In what follows we do not write the explicit dependence
of U on the coordinates but these should be taken to be local symmetry
transformations.

Example We can now evaluate how ψψ transforms under local symmetry transfor-
mations of the type outlined above. We find

ψiψ
i → ψjU

†j
iU

i
kψ

k . (16.7)

Because U is a unitary operator it is true that

U †j
iU

i
k = δj

k . (16.8)

This implies that
ψiψ

i → ψjδ
j
kψ

k = ψiψ
i . (16.9)

Therefore, this inner product in the symmetry space is invariant under
symmetry transformations.

The above example shows that the mass term mψiψ
i in the Dirac

Lagrangian is invariant under global or local symmetry transformations of
general Lie groups. As with QED the derivative term is more subtle. The
derivative of the field transforms like

∂µψ
i → ∂µ

(
U i

jψ
j
)

= U i
j∂µψ

j + ∂µ

(
U i

j

)
ψj . (16.10)

We need to construct a gauge covariant derivative (Dµ)i
j ψ

j such that
when ψi → U i

jψ
j that

(Dµψ)i → U i
j (Dµψ)j . (16.11)

As with the covariant derivative in QED we need the covariant derivative
of the field to transform like the field itself. Taking motivation from QED
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we consider operators of the form

(Dµ)i
j = Ii

j∂µ + ig (Aµ)i
j . (16.12)

Here we have introduced a matrix of photon-like fields (Aµ)i
j. In QED

these fields were real. In a more general gauge theory this matrix of fields
must be Hermitian.

With this starting point we determine how this covariant derivative
transforms. We find

(Dµψ)i =
[
Ii

j∂µ + ig(Aµ)i
j

]
ψj

→
[
Ii

j∂µ + ig(Aµ)i
j

]
U j

kψ
k

=
[
U i

k∂µ + ∂µ(U i
k) + ig(Aµ)i

jU
j
k

]
ψk

= U i
ℓ

[
Iℓ

k∂µ + U−1ℓ
j∂µ(U j

k) + igU−1ℓ
m(Aµ)m

jU
j
k

]
ψk . (16.13)

Or, suppressing all the symmetry space indices

Dµψ → U
[
∂µ + U−1∂µ(U) + igU−1AµU

]
ψ . (16.14)

If we want this to equal
(
∂µ + igA′

µ

)
ψ′ then the gauge fields must transform

like
Aµ = U−1A′

µU −
i

g
U−1∂µU . (16.15)

Exercise 16.1 From Eq. (16.15) show that

A′
µ = UAµU

−1 + i

g
∂µ(U)U−1 . (16.16)

We would like to see Eq. (16.16) as a generalization of the gauge trans-
formations of the QED photon. This can be done most easily if we use
the fact that our symmetry group element U(x) is a representation of an
element of a Lie group. This means we can write

U(x) = e−iθa(x)T a

, (16.17)

where the T a are basis elements of of the associated Lie algebra. Note that
we take the standard practice of repeated indices implying sums. In this
case they are sums over the algebra indices. The metric (or inner product)
on this space is real and diagonal (at least for the groups we focus on),
so we keep all the indices up for simplicity. The basis elements satisfy the
commutation relations [

T a, T b
]

= ifabcT c , (16.18)

for structure constants fabc. These can always be chosen to be completely
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antisymmetric. For unitary U the T a are Hermitian. If the U have deter-
minant equal to one (as is the case for the SU(3) symmetry of QCD) then
the T a are traceless. This follows from the identity

Det
(
eM
)

= eTr(M) . (16.19)

Exercise 16.2 Using the connection between Lie group and Lie algebra given by
Eq. (16.17) show that for θa ≪ 1 that Eq. (16.15) becomes

A′
µ = Aµ − iθa [T a, Aµ] + 1

g
T a∂µθ

a +O(θ2) . (16.20)

The above exercise shows that for small θa the Aµ transformation law
given in Eq. (16.15) can be written as

Aµ →Aµ − iθa [T a, Aµ] + 1
g
T a∂µθ

a +O(θ2) . (16.21)

Remember that we have suppressed the symmetry space indices, but Aµ is
a matrix in that space. In the abelian case (QED) the gauge field is not
a matrix and so the commutator term is zero. Therefore, we can see that
(16.21) as a generalization of the photon transformation from QED

Aµ → Aµ + 1
e
∂µθ(x) . (16.22)

The implication of this nonabelian gauge field transformation law is
that for a global symmetry transformation (the thetas all constant) we
have

Aµ → e−iθaT a

Aµe
iθaT a

. (16.23)

This is the transformation law for an object in the adjoint representation
of the Lie group, as defined in Eq. (39.22). The adjoint representation of a
group is always defined because it is the representation on the vector space
in which the Lie algebra itself is defined. This means that we can express
the matrix (Aµ)i

j in terms of the basis matrices (T a)i
j of the Lie algebra,

because these are a basis for the vector space Lie algebra is defined in.
More concisely, we have

(Aµ)i
j = Aa

µ (T a)i
j , (16.24)

where the Aa
µ are not matrices in the symmetry space. This is useful be-

cause it allows us to separate the Lorentz spacetime index Aa
µ from the

symmetry space indices (T a)i
j. Typically these symmetry space indices are

suppressed: Aµ = Aa
µT

a.
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Exercise 16.3 Using the fact that UU−1 = I show that

∂µU
−1 = −U−1∂µ(U)U−1 . (16.25)

Then, use this result to show that the transformation law for A†
µ is

A†
µ → UA†

µU
−1 + i

g
∂µ(U)U−1 . (16.26)

This is the same transformation law as Aµ. Therefore, if we begin with
a Hermitian Aµ then gauge transformations are to another Hermitian
matrix.

Figure 15. Vertex
for QCD interaction be-
tween a gauge field and a
fermion.

Thus far, we have determined how to make the

ψ
(
i /D −m

)
ψ , (16.27)

part of the Lagrangian invariant under local symmetry transformations.
This includes the term

gψT aγµψAa
µ . (16.28)

The precise form of T a depends on what representation of the symmetry
group the field ψ transforms under. It is this terms that gives rise to the
interaction shown in Fig. 15, similar to the QED vertex between photons
and charged fermions. Note that a different fermion field ψ̂ might couple by
way of a different representation which changes how it couples to the gauge
field, but every coupling includes the same coupling g. This illustrates that
different representations are analogous to different charges q in the QED
case.

While we now understand the interactions between the gauge fields Aµ

and the fermion ψ we have not yet determined the rest of the Lagrangian,
the part that determines how the gauge fields propagate through spacetime.
In QED this was given by

−1
4FµνF

µν , (16.29)

where Fµν = ∂µAν − ∂νAµ. But what would the field strength be for more
general symmetry transformations. Taking inspiration from Eq. (12.19), we
define the field strength tensor in terms of the commutator of the covariant
derivatives

[Dµ, Dν ]ψ = igFµν . (16.30)

In the present case this field strength is a matrix in the symmetry space.

Exercise 16.4 Using Eq. (16.30) show that

Fµν = ∂µAν − ∂νAµ + ig[Aµ, Aν ] . (16.31)
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Then, using the transformation law for Aµ given in Eq. (16.16) show that
under local symmetry transformations that

Fµν → UFµνU
−1 . (16.32)

The result of the above exercise shows that under local symmetry trans-
formations that

FµνF
µν → UFµνU

−1UF µνU−1 = UFµνF
µνU−1 . (16.33)

This is Lorentz invariant, because all the spacetime indices come in con-
tracted pairs, but not invariant under the local symmetry. What is taken
to appear in the Lagrangian is

Tr [FµνF
µν ] . (16.34)

Due to the cyclicity of the trace, under local symmetry transformations

Tr [FµνF
µν ]→ Tr

[
UFµνF

µνU−1
]

= Tr
[
U−1UFµνF

µν
]

= Tr [FµνF
µν ] . (16.35)

This is both Lorentz invariant and invariant under symmetry transforma-
tions.

Using Aµ = Aa
µT

a we can separate the spacetime and symmetry indices
of the fields strength. We find that

Fµν =T a
(
∂µA

a
ν − ∂νA

a
µ

)
+ igAb

µA
c
ν [T b, T c]

=T a
(
∂µA

a
ν − ∂νA

a
µ − gf bcaAb

µA
c
ν

)
. (16.36)

Because the structure constants are completely antisymmetric we have
f bca = −f bac = fabc. So, we see that the field strength is in the adjoint
representation Fµν = F a

µνT
a with

F a
µν = ∂µA

a
ν − ∂νA

a
µ − gfabcAb

µA
c
ν . (16.37)

The typical choice for the Lie algebra basis elements in the fundamental
representations is to rescale them such that

Tr
[
T a T b

]
= 1

2δ
ab . (16.38)

This leads to the Lagrangian term

−1
2Tr [FµνF

µν ] = −1
2F

a
µνF

bµνTr
[
T a T b

]
= −1

4F
a
µνF

aµν . (16.39)
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This is the correct generalization of the QED result. The careful reader
may note that this has only been shown for the fundamental representation.
It can be shown [32] that this is, in fact, the correct for any representation.
The final result may be understood as applying to any representation be-
cause it is only defined in terms of the structure constants, which apply to
all representations.

Figure 16. Vertex for
three gauge field interac-
tions.

Unlike the QED version of the field strength term in the Lagrangian,
when there are nonabelian symmetries there are also interactions among
the gauge fields. When we expand this Lagrangian term we find

1
4F

a
µνF

aµν =− 1
4
(
∂µA

a
ν − ∂νA

a
µ

)
(∂µAaν − ∂νAaµ)

+ gfabcAb
µA

c
ν∂

µAaν − g2

4 f
abcfadeAb

µA
c
νA

dµAeν (16.40)

The terms on the top line look exactly like those of QED and describe
the propagation of the gauge fields through spacetime. The terms on the
second line, however, are interaction terms between three (see Fig. 16) or
four (see Fig. 17) gauge fields. One difference to note is that the term

gfabcAb
µA

c
ν∂

µAaν , (16.41)

is only invariant under parity if the gauge fields are vectors, rather than
axial vectors.

Figure 17. Vertex for
four gauge field interac-
tions.

These interactions between gauge fields are the most significant differ-
ence between abelian gauge theories like QED and nonabelian gauge theo-
ries like QCD. Essentially, these show that while the photon interacts with
charged particles it is electrically neutral itself. In contrast, the gluons of
QCD are themselves charged under the force that they communicate. This
plays a role some of the ways nonabelian gauge theories can be qualitatively
different than abelian ones.

Section 17

A Simple SU(2) Example

The previous section covered a lot of ground and was somewhat abstract.
In this section we look at the simplest nonabelian gauge theory, one with
SU(2) symmetry. As outlined in Sec. 38, the usual basis elements for the
Lie algebra su(2) are the Pauli matrices divided by two

T 1 = 1
2

(
0 1
1 0

)
, T 2 = 1

2

(
0 −i
i 0

)
, T 3 = 1

2

(
1 0
0 −1

)
. (17.1)

The structure constants for the algebra are simply given by the Levi-Civita
symbol εabc.
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Exercise 17.1 Show that
Tr
[
T a T b

]
= 1

2δ
ab , (17.2)

and [
T a, T b

]
= iεabcT c . (17.3)

Suppose that a fermionic field is in the fundamental representation of
SU(2)

ψ =
(
ψ1

ψ2

)
. (17.4)

Then the interaction of the fermion with the gauge fields is

−gψT aγµψAa
µ . (17.5)

Because there are three basis elements of the algebra there are also three
real gauge fields A1

µ, A2
µ, and A3

µ. The matrix valued gauge field is then

T aAa
µ = 1

2

(
A3

µ A1
µ − iA2

µ

A1
µ + iA2

µ −A3
µ

)
. (17.6)

It is easy to see that this matrix is Hermitian and traceless, as expected.
The commutator appearing in the field strength is found, in the fun-

damental representation, to be

[Aµ, Aν ] = (17.7)
i

2

(
A1

µA
2
ν − A1

νA
2
µ A2

µA
3
ν − A2

νA
3
µ − i(A3

µA
1
ν − A3

νA
1
µ)

A2
µA

3
ν − A2

νA
3
µ + i(A3

µA
1
ν − A3

νA
1
µ) −A1

µA
2
ν + A1

νA
2
µ

)
= iT 1

(
A2

µA
3
ν − A2

νA
3
µ

)
+ iT 2

(
A3

µA
1
ν − A3

νA
1
µ

)
+ iT 3

(
A1

µA
2
ν − A1

νA
2
µ

)
.

The three components of the field strength matrix, in any representation,
are

F 1
µν =∂µA

1
ν − ∂νA

1
µ − g

(
A2

µA
3
ν − A2

νA
3
µ

)
,

F 2
µν =∂µA

2
ν − ∂νA

2
µ − g

(
A3

µA
1
ν − A3

νA
1
µ

)
, (17.8)

F 3
µν =∂µA

3
ν − ∂νA

3
µ − g

(
A1

µA
2
ν − A1

νA
2
µ

)
.

Suppose some field ϕ transforms in the triplet representation

ϕ =

ϕ
1

ϕ2

ϕ3

 (17.9)

The three-dimensional representation of SU(2), which is also the adjoint
representation, is given in Eq. (39.100). When interacting with a field in
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the triplet representation the gauge fields are written as

Aa
µT

a =


A3

µ
1√
2(A1

µ − iA2
µ) 0

1√
2(A1

µ + iA2
µ) 0 1√

2(A1
µ − iA2

µ)
0 1√

2(A1
µ + iA2

µ) −A3
µ

 . (17.10)

Fields in larger dimensional representations of the symmetry group couple
to the three gauge fields through the larger dimensional matrices appropri-
ate to that representation.

Exercise 17.2 Find the form of [Aµ, Aν ] in the triplet representation defined above.
Show that the components are of the field strength are still given by
Eq. (17.8) in this representation.

The relatively simple structure constants εabc of SU(2) also offer an
opportunity to understand the gauge boson self-interactions in the La-
grangian, see Eq. (16.40). The three gauge-boson interaction has the form

gεabcAb
µA

c
ν∂

µAaν . (17.11)

The complete antisymmetry of the structure constants ensures that only
one of each type of boson can appear. For example we could have

gε123A2
µA

3
ν∂

µA1ν . (17.12)

The four gauge-boson interaction is given by

−g
2

4 ε
abcεadeAb

µA
c
νA

dµAeν =− g2

4
(
δbdδce − δbeδcd

)
Ab

µA
c
νA

dµAeν . (17.13)

Section 18

QCD from SU(3)

Quantum chromodynamics is a gauge theory based on a local SU(3) sym-
metry. Some details of this symmetry group are given in Sec. 39.1. The
gauge fields are called gluons. As there are eight generators of Lie algebra,
or eight basis elements for the vector space the Lie algebra is defined on,
there are eight gluon fields. The Lagrangian can be written as

LQCD = −1
4G

a
µνG

aµν +
∑

q

ψq

(
i /D −m

)
ψq , (18.1)

where Ga
µν is the field strength tensor composed of the gluon fields and Dµ

is the covariant derivative appropriate to whatever representation of SU(3)
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the fermion ψq transforms under. The index a on Ga
µν runs from one to

eight, corresponding to the eight gluon fields.
In addition to the gluons are the quarks fields ψq. These come in six

“flavors” that have have somewhat whimsical names: up, down, strange,
charm, bottom, and top. They are spin-1/2 particles in the fundamental,
or 3 representation of SU(3), see Sec. 39.1 for more information of the
representations of SU(3). They are sometimes expressed schematically (also
somewhat whimsically) as

ψ =

 rg
b

 , (18.2)

with r referring to red, g referring to green, and b referring to blue. How-
ever, we never speak about the red up quarks, for example, because the
symmetry of theory implies that we cannot tell red from blue. The con-
jugate fields, sometimes loosely called the antiquark fields, ψ transform in
the 3 or conjugate representation, see Eq. (39.3) for further discussion, of
the fundamental representation of SU(3). In general, ψ and ψ are in related
but distinct representations.

The combination of a quark and antiquark belong to the 3⊗3 = 1⊕8
representation. We showed in Eq. (16.9) that the inner product ψiψ

i is
unchanged by symmetry transformations. This is the singlet 1 part of the
product of the two fields.

The other representation 8 is the adjoint representation of SU(3). We
can express it as

ψiψj −
1
3δ

i
jψ

kψk , (18.3)

This is not a form that we typically find in a Lagrangian, but this object
has the transformation law

ψiψj −
1
3δ

i
jψ

kψk →U i
mψ

mψnU
†n

j −
1
3δ

i
jU

k
mψ

mψnU
†n

k

=U i
mψ

mψnU
†n

j −
1
3U

i
kU

†k
jψ

mψnU
†n

kU
k
m

=U i
mψ

mψnU
†n

j −
1
3U

i
kU

†ℓ
jδ

k
ℓψ

mψnδ
n
m

=U i
m

(
ψmψn −

1
3δ

m
n ψ

kψk

)
U †n

j , (18.4)

of the adjoint representation, just like the gauge fields. This allows us to
learn something about the gluons from this combination of fields. It has
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the matrix form rg
b

(r, g, b)− 1
3
(
rr + gg + bb

) 1 0 0
0 1 0
0 0 1

 =

 rr rg rbgr gg gb
br br bb

− 1
3
(
rr + gg + bb

) 1 0 0
0 1 0
0 0 1

 . (18.5)

The significant feature of this matrix is that each term has the form of
color times anticolor. So, inasmuch as we think of the quarks as having
three different colors the eight gluons are made of color-anticolor combi-
nations. This agrees with our earlier understanding that the gluons carry
color charge, but also somewhat extends it.

Subsection 18.1

Confinement

The fact that the gluons are themselves charged under the force they convey
is quite significant. One illustration of this significance is how it affects the
running of the QCD coupling. Similar to QED, we define

αs ≡
g2

s

4π , (18.6)

where gs is the QCD coupling, or strong coupling. The label strong comes
from the connection to the strong nuclear force.

This coupling is a function of energy scale. At leading order in pertur-
bation theory the equation that determines this energy dependence is

αs(Q) = αs(Q0)
1 + αs(Q0)

2π

(
11− 2

3nf

)
ln Q

Q0

, (18.7)

where nf is the number of fermion fields in the fundamental representa-
tion of SU(3) with mass below Q. This equation is quite similar to the
Eq. (14.8), which governs the running of the electric coupling of QED. A
particularly salient difference is the factor of 11 that enters with a different
sign than the fermion contributions. This factor of 11 comes from the gluon
self-interactions, for which there is no QED analogue.

Exercise 18.1 Find the number of fermions fields required for the effect of the fermions
in Eq. (18.7) to overwhelm the gluon term. If the gluon term dominates
does the coupling get larger or smaller when the energy scale Q increases?
What about if the fermion term is larger than the gluon term?
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The six known quark fields are not enough to overcome the effects of
the gluon contribution to the running of the QCD coupling. Unlike QED,
this means that at as energies get larger αs gets smaller. This is referred to
as asymptotic freedom. At large enough energies the strong force coupling
is small, so the quarks are effectively free from QCD interactions.

The other side of this behavior is that as energies get lower the QCD
coupling becomes larger and larger. At some point it becomes so large that
the perturbation theory used to calculate the running breaks down. In
such a situation we must turn to some other way of analyzing the theory.
One nonperturbative way of understanding gauge theories like QCD is to
consider a discrete spacetime lattice of points, instead of a continuum, and
describe the theory numerically on the lattice, this is known as Lattice
Gauge Theory.

Using lattice gauge theory it has been shown that at low energies,
where perturbative QCD points to a diverging coupling between quarks and
gluons, there is an effective potential between a quark and an antiquark [33]

VQCD(r) ≈ σr . (18.8)

These works further show that we can think of quark-antiquark pair as
connected by a tube or string of color flux [34, 35]. We can use the potential
to find the force between the quarks in the usual way

F = − d

dr
VQCD(r) = −σ . (18.9)

This is a constant attractive force that acts on the quarks no matter how
far away they are from each other. This is why σ in Eq. (18.8) is called
the string tension. Note that as the quarks are pulled further and further
apart the potential energy increases, which we think of as being stored in
the string. If the quarks are separated by a distance L then the potential
energy from QCD is

VQCD = σL . (18.10)

The total energy of this configuration is the potential energy plus the
mass energy of the antiquark q1 and the quark q2

E1 = σL+m1 +m2 , (18.11)

where we are allowing the two fields to have different masses. Let’s compare
this configuration to one in which a section from the middle of flux tube
has been removed. To do this we must produce a particle-antiparticle pair
of quarks q and q so that our two strings go from q1 to q and q to q2.
These two sections of string are separated by a distance ∆L ∼ 1/mq. The
distance of separation is inexact, but as discussed when describing the QED
vacuum polarization the characteristic size of vacuum fluctuations is given
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by the inverse of the particle mass. The energy of this configuration is

E2 =σ (L−∆L) +m1 +m2 + 2mq

≈σ
(
L− 1

mq

)
+m1 +m2 + 2mq . (18.12)

We expect whichever of E1 and E2 is lower to be the configuration preferred
by nature, the one with lowest energy. Note that

E1 − E2 = σ∆L− 2mq , (18.13)

is positive if
σ∆L > 2mq , (18.14)

which is approximately equal to

σ > 2m2
q . (18.15)

From lattice calculations [36] in SU(3) gauge theory it has been deter-
mined that

√
σ = 485 ± 6 MeV, and this is taken to be about the energy

scale when QCD changes phase. It is similar to the value one finds for the
scale, sometimes called ΛQCD, when the perturbative running of αs becomes
infinite. The result in (18.15) implies that if there are quarks with masses
below about 350 MeV then E1 > E2, which means it is energetically favor-
able for these light quarks to be pair produced when the flux tube between
then is longer than about 1/

√
σ ∼ 4 × 10−16 meters. In other words, in

such a scenario quarks would be confined to bound states of a few 10−16

meter size. Lattice calculations confirm of this preference for quark pair
creation [37].

Experimentally, we know of three quarks( up, down, and strange) with
masses below

√
σ which is why we cannot find isolated quarks. If two

quarks are in a bound state and we try to pull them apart to examine just
one of the quarks then we are adding energy into the system. In order to see
an isolated quark we add enough energy to pair create new quarks which
bind to the original pair, making two bound states. These quark bound
states are generically called Hadrons and are found to have a size on the
order of a few 10−16 meters, in agreement with the lattice QCD calculation
of the string tension. For instance, the proton is typically taken to have a
size of 8.4× 10−16 meters.

What kind of bound states can occur? The most significant quality of
a QCD bound state is that all of the color interactions are bound within the
state. So, from the outside QCD is hidden. In other words, the full bound
state must be in the singlet, or trivial, or 1 representation of SU(3). A more
involved discussion of the representations of SU(3) is given in Sec. 39.1 but
here we simply claim results. The interested reader can look to that section
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for more detail.
When constructing the SU(3) invariant Lagrangian, see Eq. (16.9), we

found that ψiψ
i is in the trivial representation of SU(3). We can see this

from representation theory by noting that the tensor product of something
in the fundamental representation 3 (like ψi) and something in the conju-
gate representation of the fundamental 3 (like ψi) obeys

3⊗ 3 = 8⊕ 1 . (18.16)

When we sum over the group indices ψiψ
i we select only the 1 part. Thus,

we expect there to be bound states of quarks and antiquarks. Many such
bound states have been discovered and studied, and in general they are
called Mesons. The pions, π± and π0, are the lightest known mesons.

What about the combination of two quarks? This corresponds to 3⊗
3 = 6 ⊕ 3, which has no singlet 1 part. Consequently, we do not expect
to find QCD bound states of two quarks. Similarly, two antiquarks leads
to 3 ⊗ 3 = 6 ⊕ 3 which, as might be expected, does not allow for bound
states of this type.

We might next consider three particles. Two quarks and an antiquark
is characterized by 3 ⊗ 3 ⊗ 3 = 15 ⊕ 6 ⊕ 3 ⊕ 3. This does not include a
1 so there is no possible bound state of this type. Three quarks, however,
leads to

3⊗ 3⊗ 3 = 10⊕ 8⊕ 8⊕ 1 . (18.17)

The singlet part can be obtained by using the definition of the determinant
discussed around Eq. (35.73). Using this relation we note that

εijkU
i
ℓU

j
mU

k
n = Det(U)εℓmn , (18.18)

where all these indices correspond to the SU(3) symmetry space. Note that
a matrix in the fundamental representation of SU(3) has determinant equal
to one, this is what “special”—the S of SU(3)—means for matrices. This
means that under a symmetry transformation three quark fields transform
as

εijkψ
iψjψk → εijkU

i
ℓψ

ℓU j
mψ

mUk
nψ

n

= εℓmnψ
ℓψmψn . (18.19)

The bound states of composed of three quarks are called Baryons and the
proton and neutron are two examples.

Exercise 18.2 Argue, from representation theory, that the combination of three anti-
quarks should also allow a bound state. You may use the fact that both
the 8 and 1 representations are real, meaning that their conjugate rep-
resentations equivalent to the original representation. That is 8 = 8, for
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example. Show the explicit transformation law of three antiquark bound
states to confirm this.

There is another QCD bound state that does not involve any quarks.
The combination of two gluons transform in the representation

8⊗ 8 = 27⊕ 10⊕ 10⊕ 8⊕ 8⊕ 1 . (18.20)

Importantly, there is a singlet contribution to this. This implies that there
is a combination of two gluons that is a color singlet. These gluon bound
states are called glueballs. Adding a third gluon produces two 8⊗8 factors
in the direct sum, each of which contain a singlet part. Consequently, there
are glueballs that are combinations of more than two gluons. In general
glueballs are simply bound states that are not composed of quarks.

The force due to the SU(3) gauge bosons is the true strong nuclear
force. The gluons are massless, just like the photon. But, while the photon’s
influence is formally infinite, the reach of the gluons is confined to length
scales set by 1/

√
σ ∼ 4 × 10−16 meters. However, one often hears of the

strong nuclear force keeping the nucleus together, rather than keeping the
protons and neutrons together.

It turns out that both of these ideas are correct. There is a vestige of
the strong nuclear force that attracts nucleons, meaning both protons and
neutrons, to each other. This can be effectively modeled as the exchange of
pions. The pions are the lightest QCD mesons, and are pseudoscalars. Like
the proton and neutron the up and down quarks dominate their internal
structure. Unlike gluons, the pions have masses of about 140 MeV. Pion
exchange leads to Yukawa potential

V (r) = − g
2
π

4π
e−rmπ

r
, (18.21)

between the nucleons, where gπ is the coupling between each pion and the
neucleons. For distances r > 1/mπ ∼ 1.4× 10−15 we see that this potential
is exponentially suppressed, making it only effective over short distances.
However, these distances are a little larger than 1/

√
σ.

Of course, there are more bound states of the up and down quarks
than just the pions. The next lightest states are the three rho particles,
ρ0 and ρ±, which are vectors with masses of about 775 MeV. Also, the
omega ω is vector bound state with mass of about 783 MeV. Quantum
field theory calculations show that the exchange of a vector between two
particles (rather than a particle and an antiparticle) produces the Yukawa-
like potential

V (r) = g2
V

4π
e−rmV

r
, (18.22)

where gV and mV are the coupling and mass of the vector particle to the
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nucleons. While the form of this potential is the same, the sign is crucially
different.

Exercise 18.3 Assuming that gπ and the gV ’s are all the same size calculate the force
between nucleons using

F = −dV
dr

. (18.23)

Where is the force attractive and where is it repulsive. Where is the force
zero?

Subsection 18.2

Partons, Fragmentation, and Showers

When the idea that objects like protons and pions were built from more
elementary constituents was first being explored the generic name given
to the constituents was “partons.” For instance, it is sometimes said that
the proton is composed of a two up quarks and one down quark. The
labels up and down refer to two Flavors of quark. This rather silly label
has nothing to do with culinary flavors, but simply means that there are
several types of quarks that we would like to distinguish. They have the
whimsical names up, down, strange, charm, bottom, and top. We discuss
them in more detail below.

The up quark has electric charge of 2/3 and the down quark has electric
charge -1/3, meaning that two ups and a down has total charge of 1, just
like a proton. But the simple model of a proton made up of three quarks
is not quite correct. These days the proton is characterized by parton
distribution functions or PDFs. These functions fh

q (x) describe, for a
hadron h with some momentum, what fraction x of the total momentum
is carried by particles q of some specific type. The proton is characterized,
at least in part, by two relations∫ 1

0
dx [f p

u(x)− f p
u(x)] = 2 ,

∫ 1

0
dx
[
fp

d (x)− f p

d
(x)
]

= 1 . (18.24)

This indicates that the total momentum carried by up quarks minus the
momentum carried by antiup quarks is two, and a similar relation for the
down- and antidown quarks.

Note that these relations allow for anti-quarks to make up some aspects
of the proton. The fact is that the inside of a hadron is a huge nonpertuba-
tive mess of strongly interacting quarks and gluons. Indeed, quite a lot of
the proton momentum fraction is carried by the gluons. For the proton we
say that the two up quarks and the down quark are the valence quarks.
These carry a lot of the momentum. The other quark fields are called sea
quarks. They play a nonzero role in the proton, but are subdominant
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to the valence quarks. They make up part of the sea of nonperturbative
strong interactions.

The PDFs are very important to making predictions at hadron collid-
ers and other experiments. Using the tools of perturbative quantum field
theory we can often calculate the leading order cross section for two quarks
colliding to produce some final state, qq → X. But the quantity we need
is the collision of two hadrons (typically protons or antiprotons) into that
final state, pp → X. The proton PDFs allow us to use the partonic cross
section to find the hadronic cross section

σ(pp→ X) ∼
∑

q

∑
q

∫ dx

x
fp

q (x)fp
q (x)σ̂(qq → X) . (18.25)

The details of the exact relation do not concern us in this work.
On the other side of things, suppose we produce a Z boson (we learn

more about this object below) in some experiment. Much of the time this
Z decays into quarks, but of course we do not detect the individual quarks
produced. What is actually detected is a number of different types of
hadrons. Going from initial quarks to numbers of hadrons is characterized
by a quark fragmentation function.

The actual process of going from initial quark to final hadrons includes
a lot of nonperturbative effects. But there are also significant portions of
the process for which perturbative calculations are helpful. If we imagine
the quarks are produced at an energy scale well above

√
σ then αs is small

enough for perturbation theory to be a good guide. But by the time we get
to the final state, on-shell, bound states we have passed through the QCD
phase transition.

Figure 18. Initial, off-
shell, quark state in par-
ton shower.

Getting from the initial perturbative process with two, for example,
quarks to the final state of many hadrons is accomplished, in part, by what
is called a parton shower. We begin, as characterized in Fig. 18 by a
quark field. However, because it is not a final state particle it is allowed to
be very off-shell. This means that if the quark field has mass mq and the
momentum flowing through the line is pµ, then p2 > mq. The quark field
can move toward being on-shell by reducing its energy through radiating a
gluon, as shown in Fig. 19, which may also be off-shell.

Figure 19. Off-shell
quark radiating a gluon.

Now there are two off-shell partons (the quark and gluon) that can
move toward begin on-shell by shedding energy. These include the quark
radiating off another gluon, or the gluon radiating a gluon, see Fig. 20, or
the gluon becoming a quark-antiquark pair as in Fig. 21. Then each of the
produced partons can continue the splitting process, all of them getting
closer and closer to on-shell and lower energy.

Figure 20. Off-shell
gluon radiating a gluon.

Figure 21. Off-shell
gluon transforming into a
quark-antiquark pair.

In total all these effects produce a shower of partons, as shown in
Fig. 22. Of course, when the energy becomes low enough, close to

√
σ

perturbation theory becomes a poor approximation of the dynamics. At
this point a hadronization model is used to group the endpoints of the



shower into hadrons.

Figure 22. Schematic parton shower.

While this has all been somewhat schematic, these processes have been
quite successful in simulating experimental events. One more piece of in-
formation can aid our understanding. The process of gluon and quark
splitting have collinear singularities. That is, the amplitudes become very
large when the two final state particles have momenta in the same direc-
tion. This implies that it is most likely for these radiated particles to have
momenta close to the original off-shell quarks. Experimentally, we do find
that the hadrons that result from quark production are organized into jets
of particles, grouped around some direction.

PART

VElectroweak
Symmetry Breaking

Sec. 19. SU(2)L

Sec. 20. Higgs
Sec. 21. SU(2)L×U(1)Y

Sec. 22. Beta Decay

In this part of the text we introduce the dynamics responsible for the weak
nuclear force. We also outline the origin of QED, not as a fundamental
symmetry but the remnant of a larger symmetry SU(2)L×U(1)Y that is
spontaneously broken. This process involves what has come to be called
the Higgs mechanism.

Section 19

Nonabelian SU(2)L
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Some of the basics of a nonablelian SU(2) of symmetry were introduced
in Sec. 17. In this section we focus on understanding what is different
about SU(2)L. The subscript L in this case is a reminder that this local
symmetry only involves left-handed fermions (at least within the Standard
Model). The notion of left- and right-handed spin-1/2 fields was introduced
in Sec. 9. Using the Weyl basis for the γµ we saw that a four-dimensional
Dirac spinor field can be written as

ψ =
(
ψL

ψR

)
, (19.1)

where ψL and ψR are two-dimensional Weyl spinors. Of course, these two-
dimensional fields can be described in the four-dimensional space by simply
filling in the remaining components with zeros. Therefore, the same nota-
tion, for instance

ψL ≡ PLψ , (19.2)

is often used to describe four-dimensional fields that only contain the left-
handed part of a field. Here we have used the chirality projector defined in
Eq. (9.44).

Unlike the couplings we found in QED

qeψγµψAµ , (19.3)

and QCD
gsψT

aγµψAa
µ , (19.4)

the gauge bosons of SU(2)L only couple to left-handed fermions

gψLt
aγµψLA

a
µ , (19.5)

where the ta are the generators of the SU(2)L gauge group. We see that the
structure is much like that of the SU(3) of QCD, except for the chirality
specific coupling.

In Sec. 15.1 we found that under parity transformations the Weyl
fermions transform as

ψL
P−→ ±ψR , ψR

P−→ ±ψL . (19.6)

Therefore, under a parity transformation

gψLt
aγµψLA

a
µ

P−→ ηPgψRt
aγµψRA

a
µ , (19.7)

where ηP = ±1 corresponds to the Aa
µ being either vectors or axial vectors.

We saw above that the structure of the nonabelian field strength requires
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that the gauge fields to be vectors (ηP = 1), but we keep track of this
formal possibility for the moment. Importantly, there are no couplings of
the SU(2)L gauge bosons to right-handed fields. This shows that parity
is not a symmetry of this theory. In fact, this theory is often said to be
maximally parity violating [7, 14, 15].

This terminology can be understood in the following way. Suppose a
theory has couplings

gcLψLt
aγµψLA

a
µ + gcRψRt

aγµψRA
a
µ , (19.8)

in terms of its chiral projections. Before it was known that the spin-1
fields of the related to the weak force were not axial vectors there were two
possible ways for the interactions to be parity invariant. This is perhaps
most obvious by rewriting the interaction in terms of

cL = c+ + c− , cR = c+ − c− , (19.9)

to find

gc+
(
ψLt

aγµψL + ψRt
aγµψR

)
Aa

µ + gc−
(
ψLt

aγµψL − ψRt
aγµψR

)
Aa

µ .

(19.10)
Under parity this becomes

gc+ηP

(
ψLt

aγµψL + ψRt
aγµψR

)
Aa

µ − ηPgc−
(
ψLt

aγµψL − ψRt
aγµψR

)
Aa

µ .

(19.11)
This shows that the c+ terms is parity invariant when ηP = 1 (vector Aa

µ)
and the c− part is invariant under parity only for ηP = −1 (axial-vector
Aa

µ).
By expressing these couplings as

c+ = cL + cR

2 , c− = cL − cR

2 , (19.12)

we see that the two parity preserving options are when cL = ±cR. We
might then define the deviation from the parity preserving case by

V1(cL, cR) =

∣∣∣|cL| − |cR|
∣∣∣

|cL|+ |cR|
. (19.13)

One can show that the structure of the weak interactions, cR = 0, does
maximize this measure of deviation.

Once we know that the gauge fields are vector (rather than axial-
vectors) then the complete c− interaction term is parity violating. In this
case we might simply define the deviation from a parity preserving theory



The Higgs Mechanism 132

by

V2(cL, cR) =
∣∣∣∣∣c−

c+

∣∣∣∣∣ . (19.14)

This measure is not maximized by the cR = 0 form of the weak force.

Exercise 19.1 Find the values of |cL| and |cR| that minimize and maximize V1 and
the values of cL and cR that maximize and minimize V2. How do these
extreme values compare to the cR = 0 form of the SU(2)L gauge theory of
the Standard Model? What about the cR = cL form of QED and QCD?

Exercise 19.2 Show that even though the SU(2)L interactions are maximally parity
violating, they preserve the discrete CP symmetry as long as

Aa
µ

C−→ −Aa
µ , (19.15)

similar to the photon field.

Aside from this parity violating characteristic the SU(2) theory has
many similarities to the SU(3). It has a running coupling that is asymp-
totically free and confining at low energies. However, we do not see any
SU(2)L bound states experimentally. It turns out that this is because this
symmetry is spontaneously broken at the scale of about 100 GeV, well
above its confining scale. This process occurs through what has come to
be called the Higgs mechanism.

Section 20

The Higgs Mechanism

The Higgs mechanism [38–41] is a property of scalar field theories charged
under a gauge field. To understand how it works we need to introduce
several concepts and ideas. These are built up in the following subsections.

Subsection 20.1

Spontaneous Symmetry Breaking

The first crucial ingredient is spontaneous symmetry breaking in scalar
field theories.

Definition 2 A system exhibits spontaneous symmetry breaking when the sym-
metry of the lowest energy state (ground state or vacuum) is less than
the full symmetry of the theory.
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To understand this definition we consider the lowest energy state, or
ground state, of a scalar field theory. This is often referred to as the vacuum
state of the theory. Consider the Lagrangian for a real scalar field

L = 1
2∂µϕ∂

µϕ− U(ϕ) , (20.1)

where U(ϕ) is called the potential for ϕ. The Euler-Lagrange equations
lead to

∂µ∂
µϕ = −dU

dϕ
, (20.2)

which looks something like Newton’s second law. The energy contained in
the field is given by

E =
∫
d3x

[
|ϕ̇|2 + |∇ϕ|2 + U(ϕ)

]
. (20.3)

How can the energy be minimized? First, we assume that U(ϕ) has a
finite minimum. If this were not the case then the field ϕ could continue
to go to lower and lower values, which would mean ϕ̇ could grow without
bound. We do not see any evidence of such strange behavior in nature.
This motivates assuming that U(ϕ) has a minimum, which we may as well
define to be zero.

Having made this assumption we see that each term in the energy (20.3)
is positive. Therefore, the only way to minimize the energy is to minimize
each term. First, if the field is static (not changing in time) then ϕ̇ = 0.
Second, if the field is constant in space the ∇ϕ = 0. The potential term is
minimized when the value of ϕ minimizes U(ϕ). In short, the vacuum of
the theory is for the field to come to rest and the same value everywhere
in space at the minimum of U(ϕ).

Example As an example, we consider the potential

U(ϕ) = m2

2 ϕ2 + λ

4ϕ
4 , (20.4)

for a real scalar field ϕ. Note that as ϕ→∞ that U(ϕ)→ ±∞ depending
on whether λ is positive or negative. Because we want U(ϕ) to have a
finite minimum we take λ > 0. Notice that this potential is invariant
under the discrete symmetry ϕ→ −ϕ.

To find the extrema of the potential we determine where the derivative
vanishes

dU

dϕ
= 0 = m2ϕ+ λϕ3 = ϕ

(
m2 + λϕ2

)
. (20.5)

Clearly, one solution is ϕ = 0. With m real and λ > 0 there are no
other real solutions. To determine if ϕ = 0 is a maximum or minimum



The Higgs Mechanism Spontaneous Symmetry Breaking 134

we consider the second derivative

d2U

dϕ2 = m2 + 3λϕ2 . (20.6)

At ϕ = 0 this is simply m2 > 0, which implies that ϕ = 0 is a minimum.
In summary, ϕ = 0 is the vacuum configuration of the scalar field. This
vacuum field configuration preserves the discrete symmetry of the poten-
tial because −0 = 0. Because the symmetry of the vacuum matches the
full symmetry of the theory there is no spontaneous symmetry breaking.

The example above is a completely classical analysis. For such a sce-
nario the quantum field theory would be of small, quantum, fluctuations
φ around this classical background state. This classical vacuum is also
the average value of the quantum field, or the Vacuum Expectation
Value (VEV) denoted by ⟨ϕ⟩. In other words, the quantum theory takes
ϕ = ⟨ϕ⟩ + φ and considers the dynamics of φ. In the previous example
⟨ϕ⟩ = 0 so the potential for φ is identical to the potential for ϕ.

Exercise 20.1 For the scalar potential

U(ϕ) = m2

2 ϕ2 + λ

4ϕ
4 , (20.7)

set ϕ = ⟨ϕ⟩ + φ and find the coefficients of each power of φ. Then set
⟨ϕ⟩ = 0 and compare these coefficients to the ϕ coefficients in U(ϕ).

The preceding exercise shows that for the potential in question the
mass of the field describing the quantum fluctuations around the vacuum
has the same mass as the classical scalar field in question. However, this is
not always the case, which is crucial to the Higgs mechanism.

Example Consider the potential

U(ϕ) = −µ
2

2 ϕ
2 + λ

4ϕ
4 , (20.8)

for a real scalar field ϕ. As with the previous example we require λ > 0
to ensure the potential has a finite minimum. Note also that what we
usually think of the mass term is negative. As in the former example this
potential is also symmetric under ϕ→ −ϕ.

The extrema of the potential are determined by

dU

dϕ
= 0 = ϕ

(
−µ2 + λϕ2

)
. (20.9)
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This has three solutions, ϕ = 0 and ϕ = ±µ/
√
λ. We determine whether

these are maxima or minima by considering the second derivative

d2U

dϕ2 = −µ2 + 3λϕ2 . (20.10)

If ϕ = 0 this is negative, showing that there is a local maximum at ϕ = 0.
This point cannot be taken as a vacuum for the theory. For ϕ = ±µ/

√
λ

the second derivative is

d2U

dϕ2

∣∣∣∣∣
±µ/

√
λ

= −µ2 + 3λµ
2

λ
= 2µ2 . (20.11)

This is a positive quantity so both of these field values correspond to a
local minimum, and as it happens they are both the global minimum as
well. It is important to notice that each of these vacuum states are related
to the other by ϕ → −ϕ, but also that neither, on its own, preserves
the discrete symmetry of the potential. In seeking the minimum energy
configuration, the vacuum, the scalar field must “choose” one of the two
minimum. This is an example of spontaneous symmetry breaking.

Exercise 20.2 For the potential
U(ϕ) = −µ

2

2 ϕ
2 + λ

4ϕ
4 , (20.12)

set ϕ = ⟨ϕ⟩ + φ and find the coefficients of each power of φ. Then set
⟨ϕ⟩ = ±µ/

√
λ and compare these coefficients to the ϕ coefficients in U(ϕ).

In the above exercise one finds that the mass of the quantum fluctuation
field φ is

√
2µ. This agrees exactly with Eq. (20.11), the value of the second

derivative of the potential evaluated at the vacuum gives the squared mass
of fluctuations around that vacuum. This explains why we can have scalar
particles with positive mass even when the classical potential has a term
that looks like a negative mass.

It is important to understand that only scalar fields can have a nonzero
VEV in a Lorentz invariant theory. If a spin-1/2 or spin-1 field have a
nonzero VEV then there would be a special direction in space associated
with the angular momentum (spin) of the VEV. This would change when
using a Lorentz transformation to compare one frame with another. There-
fore, only spin-0 fields can get a VEV.

Subsection 20.2

Breaking Continuous Symmetries

Up to this point we have only considered explored the spontaneous break-
ing of a discrete symmetry. However, the Higgs mechanism pertains to
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continuous symmetries. Perhaps the simples continuous symmetry is the
rephasing symmetry of a scalar field theory

L = ∂µϕ
†∂µϕ− U(ϕ†ϕ) . (20.13)

Note that we have specified that the potential is a function of ϕ†ϕ ≡ |ϕ|2
to ensure that

ϕ→ ϕ′ = e−iθϕ , ϕ† → ϕ′† = ϕ†eiθ , (20.14)

is a symmetry of the Lagrangian.

Exercise 20.3 Show that the Lagrangian in (20.13) leads to the same conserved charge
Q we found for complex Klein-Gordon fields.

Example Suppose that

U(ϕ†ϕ) = m2ϕ†ϕ+ λ
(
ϕ†ϕ

)2
≡ m2|ϕ|2 + λ|ϕ|4 . (20.15)

In order to have a finite minimum for the potential we require λ > 0.
This is now a potential in two real fields. One way to express them is in
terms of a linear combination

ϕ(x) = 1√
2

(X(x) + iY (x)) . (20.16)

The potential then takes the form

U(X,Y ) = m2

2
(
X2 + Y 2

)
+ λ

4
(
X2 + Y 2

)2
(20.17)

To find the critical points we evaluate

∂U

∂X
=0 = m2X + λX

(
X2 + Y 2

)
, (20.18)

∂U

∂Y
=0 = m2Y + λY

(
X2 + Y 2

)
. (20.19)

The only solution to these equations with m2 > 0 and λ > 0 is X = Y =
0.

Is this point a maximum, a minimum, or a saddle point? For this we
must construct the Hessian matrix, constructed from the second deriva-
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tives of U

M =


∂2U

∂X2
∂2U

∂X∂Y
∂2U

∂X∂Y

∂2U

∂Y

 =
(
m2 + λ(3X2 + Y 2) 2λXY

2λXY m2 + λ(X2 + 3Y 2)

)
.

(20.20)
The determinant of this matrix is

Det(M) =m4 + 4m2λ
(
X2 + Y 2

)
+ 3λ2

(
X2 + Y 2

)2

=
[
m2 + λ

(
X2 + Y 2

)] [
m2 + 3λ

(
X2 + Y 2

)]
. (20.21)

Which at X = Y = 0 is simply m4 > 0. At this same point the top left
component of M is m2 > 0 which implies the matrix is positive definite
and hence that this point is a minimum. This minimum trivially preserves
the rephasing symmetry because 0e−iθ = 0. Therefore this symmetry is
not spontaneously broken.

We point out that there is another, and somewhat simpler, way to
find these same results. We can write ϕ in terms of two real fields in such
a way as to resemble the symmetry group in question. Specifically, we
write

ϕ(x) = 1√
2
r(x)e−iθ(x)/f , (20.22)

where f is a constant with dimensions of mass. In this case ϕ†ϕ = r2/2
so the potential is simply

U(r) = m2

2 r2 + λ

4 r
4 . (20.23)

This is exactly the one dimensional potential (20.4) analyzed in the pre-
vious section.

Exercise 20.4 Work through the process shown in the above example for the potential

U(ϕ†ϕ) = −µ2|ϕ|2 + λ|ϕ|4 . (20.24)

Is the point ϕ = ϕ† = 0 a maximum or a minimum? You should now find
a continuous family of extrema determined by

µ2

λ
= X2 + Y 2 . (20.25)

What is the value of the determinant of the Hessian matrix? What does
this imply about this family of extrema?
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We do find spontaneous symmetry breaking for the potential

U(ϕ†ϕ) = −µ2|ϕ|2 + λ|ϕ|4 . (20.26)

This is most easily see by using the parameterization

ϕ(x) = 1√
2
r(x)e−iθ(x)/f , (20.27)

of the scalar field. Then the potential becomes

U(r) = −µ
2

2 r
2 + λ

4 r
4 , (20.28)

which is exactly the same form as was discussed above (20.8). This im-
plies that r(x) has vacua at ±µ/

√
λ and undergoes spontaneous symmetry

breaking.
However, θ(x) does not appear in the potential and consequently has a

VEV of zero. To determine the dynamics about the vacua we assume the
form

ϕ = v + h√
2
e−iθ/f , (20.29)

where
v =
√

2⟨ϕ⟩ = µ√
λ
. (20.30)

The potential can be written as

U(h) = −v
2µ2

4 + 2µ2

2 h2 + λvh3 + λ

4h
4 . (20.31)

This shows that the mass of the h field is mh =
√

2µ. We can drop
the constant term because it does not affect the dynamics of the theory
(neglecting gravity) and express the potential as

U(h) = m2
h

2 h2 +
√
λ

2mhh
3 + λ4

4 h
4 . (20.32)

Notice that a signal of the spontaneous symmetry breaking is that the
coefficient of the cubic term is completely determined by the mass and
quartic coupling.

So far, we have not written out the derivative term. It is straightfor-
ward to show that

∂µ
v + h√

2
e−iθ/f = e−iθ/f 1√

2

(
∂µh− i

v + h

f
∂µθ

)
. (20.33)
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This leads to

∂µϕ∂
µϕ = 1

2∂µh∂
µh+ v2 + 2vh+ h2

2f 2 ∂µθ∂
µθ . (20.34)

The derivative for h is exactly as it should be for a real scalar field. To
ensure that θ has the correct derivative term we must take f = v. Then
we have

∂µϕ∂
µϕ = 1

2∂µh∂
µh+ 1

2∂µθ∂
µθ + h

v
∂µθ∂

µθ + h2

2v2∂µθ∂
µθ . (20.35)

So, while θ does not appear in the potential it does couple to the h field.
These couplings are different than others we have discussed in that they
depend not on θ but its derivatives. In particular, if we shifted θ by
θ → θ′ = θ + c for some constant c then this only changes ϕ by a phase,
which does not affect the system. The derivative couplings of θ are the
manifestation of this shift symmetry.

Let us pause for a moment to understand this system. The potential,
and the theory, have a global U(1) symmetry associated with rephasing the
scalar field. However, the vacuum state is one point of a ring of equal energy
states. Therefore, while all the vacua are in some sense equivalent any
particular vacuum does not have the U(1) symmetry, it is spontaneously
broken. In this less symmetric ground state we find two real scalar particles.
One corresponds to the radial direction in field space. This radial mode is
massive. The other scalar has not potential and no mass.

The massless spin-0 partial is called a Nambu-Goldstone boson [42, 43].
In this section we have seen that the spontaneous breaking a single contin-
uous symmetry leads to the existence of one massless Nambu-Goldstone.
This a particular example of a more general result. If some continuous
global symmetry G whose Lie algebra has M basis elements is sponta-
neously broken to a smaller symmetry group H which has a Lie algebra
with N basis elements then M−N massless Nambu-Goldstone bosons exist
in the theory.

This analysis also applies to symmetries that are not exact. If there is
an approximate symmetry that is spontaneously broken then light bosons
are produced, rather than massless ones. These are sometimes called
pseudo-Nambu-Goldstone bosons, or pNGBS. The masses of these scalars
are controlled by the degree explicit symmetry breaking. That is, a symme-
try that is more nearly exact produces lighter bosons when spontaneously
broken than a symmetry that exhibits larger explicit violations. A symme-
try that is barely there at all produces nearly no reduction in the mass of
the spin-0 field.

Subsection 20.3

Breaking Gauged Symmetries
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The previous subsection outlines how spontaneously breaking continuous
global symmetries leads to massless scalar bosons. Experimentally, we have
seen no evidence of such massless particles. Why then are spending such
effort to understand this effect? The answer is that we are not so interesting
in the spontaneous breaking of global symmetries, but of local symmetries.

Consider the theory of a single complex scalar field charged under a
local U(1) symmetry. The full Lagrangian is

L = −1
4FµνF

µν + (Dµϕ)†Dµϕ− U(ϕ, ϕ†) , (20.36)

where Dµ = ∂µ + iqeAµ and the potential is

U(ϕ, ϕ†) = −µ2|ϕ|2 + λ|ϕ|4 . (20.37)

We found in the previous subsections that this potential leads to a sponta-
neous breaking of the U(1) symmetry. As in those sections we take express
the scalar field as

ϕ(x) = v + h(x)√
2

e−iθ(x)/v . (20.38)

Nothing changes about how the potential appears in this parameterization.
In particular, we note that θ does not appear in the potential.

The derivative terms are somewhat different. We find

Dµϕ = e−iθ/v

√
2

(
∂µh− i

v + h

v
∂µθ + iqe(v + h)Aµ

)
. (20.39)

This form is quite significant, because we can make the gauge transforma-
tion

Aµ → A′
µ = Aµ −

1
eqv

∂µθ , (20.40)

to find

Dµϕ = e−iθ/v

√
2
(
∂µh+ iqe(v + h)A′

µ

)
. (20.41)

The full derivative term is

(Dµϕ)†Dµϕ =e
iθ/v

√
2

(∂µh− iqe(v + h)Aµ) e
−iθ/v

√
2

(∂µh+ iqe(v + h)Aµ)

=1
2∂µh∂

µh+ qe

2 (v + h)2 AµA
µ . (20.42)

This shows that we can always make a gauge transformation to elim-
inate θ from the derivative terms. Once this is done we have completely
removed θ from the Lagrangian. But this is a bit unsettling. The scalar
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field had two real degrees of freedom, along with the two degrees of freedom
of the massless vector field. Now we seem to have only one spin-0 degree
of freedom. At the same time a mass have been given to the gauge field:

q2e2v2

2 AµA
µ = m2

A

2 AµA
µ . (20.43)

A massive spin-1 field has three degrees of freedom, so this is where the
missing scalar degree of freedom has gone. The colorful language used
is that the gauge field “ate” the field that would have been a Nambu-
Goldstone boson. The point is that the Higgs mechanism moves a degree
of freedom from the scalar field to the gauge field. A process like this is
what gives mass to the some of the gauge fields associated with SU(2)L.

One example of spontaneous breaking of a gauge symmetry is super-
conductivity. Within a superconductor the free electrons pair up into spin-0
states. This collection of paired electrons can be modeled with a complex
scalar field whose quanta have charge −2 and of course couple to the elec-
tron. In some situations this scalar field develops a VEV, spontaneously
breaking the symmetry within the superconductor and giving a mass to
the photon. This photon mass is the origin of many superconductor char-
acteristics.

For instance, the London penetration depth λL describes the at-
tenuation of magnetic fields within a superconductor

B⃗(z) = B0e
−z/λL , (20.44)

taking the z direction to be perpendicular to the surface of the conductor.
In terms of the mass mγ that the photon has within the superconductor
one finds that [44]

λL = 1
mγ

. (20.45)

Section 21

Electroweak Symmetry Breaking

In this section we show how the Higgs mechanism occurs within the Stan-
dard Model of particle physics. The gauge symmetry that is broken is
SU(2)L×U(1)Y . The scalar field, the Higgs field, that gets a vacuum ex-
pectation value is

H =
(
ϕ+

ϕ0

)
, (21.1)

which is in the fundamental representation of SU(2)L. For now, we leave its
U(1)Y charge unspecified, and denote it yH . Note that each component of
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this symmetry space two-vector is a complex scalar field. The superscripts
we use are explained below.

The potential for this field is

V (H†, H) = −µ2|H|2 + λ|H|4 , (21.2)

where |H|2 = H†H.

Exercise 21.1 Write the components of the Higgs field in terms of real and imaginary
parts ϕ+ = 1√

2 (X+ + iY +) and ϕ0 = 1√
2 (X0 + iY 0). Write the Higgs

potential (21.2) in terms of these fields. Find the extrema and determine
if they are minima, maxima, or saddle points. You should find a collection
of degenerate vacua that satisfy

|H|2 = µ2

2λ ≡
v2

2 . (21.3)

The above exercise shows that there is a family of vacua, all with the
same energy, that satisfy Eq. (21.3). Because the theory has an SU(2)L

symmetry we can always choose to describe the vacuum state with the
field configuration

⟨H⟩ = 1√
2

(
0
v

)
. (21.4)

Similar to the complex scalar parameterization (20.38) used in previous
sections, we would like to write the Higgs field in a way that includes the
form of the symmetry group elements. In the U(1) case a field r(x)/

√
2

that gets the VEV v/
√

2 was multiplied by a field in the form of a U(1)
element e−iθ(x)/v. We need to show the SU(2)L equivalent

H = U(x) 1√
2

(
0

r(x)

)
, (21.5)

accounts for all possible Higgs field configurations.

Exercise 21.2 Any element of the fundamental representation of SU(2) can be expressed
as

U(x) = e−i σa
2

πa(x)
v , (21.6)

where the σa are the Pauli matrices matrices are a basis and the πa(x)
are real functions.

First, show that

πaσa =
(

π3 π1 − iπ2
π1 + iπ2 −π3

)
≡M . (21.7)
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The exponential of this matrix is defined in terms of a power series in M .
Of course, M0 = I and M1 = M . Show that M2 ∝ I and determine the
proportionality constant. You may find it convenient to use the notation

π⃗ 2 = π2
1 + π2

2 + π2
3 . (21.8)

Argue from this result that

Mn =
{

π⃗ nI2 n even
π⃗ n−1M n odd . (21.9)

Use the fact that

U(x) =
∞∑

n=0

1
n!

(−i
2v

)n

Mn , (21.10)

to show that

U(x) = I2 cos
(
|π⃗|
2v

)
− iσaπa

|π⃗|
sin

(
|π⃗|
2v

)
. (21.11)

From the above exercise we see that any element of the fundamental
representation of SU(2)L can be written as

U(x) =
(

cosα− iπ̂3 sinα −(π̂2 + iπ̂1) sinα
(π̂2 − iπ̂1) sinα cosα + iπ̂3 sinα

)
(21.12)

where
α = |π⃗|2v , π̂a = πa

|π⃗|
. (21.13)

This leads to(
cosα− iπ̂3 sinα −(π̂2 + iπ̂1) sinα
(π̂2 − iπ̂1) sinα cosα + iπ̂3 sinα

)
1√
2

(
0

r(x)

)
= r(x)√

2

(
−(π̂2 + iπ̂1) sinα
cosα+ iπ̂3 sinα

)
,

(21.14)
which can be compared to the definition of H in Eq. (21.1). By making
the associations

ϕ+ = −r(x)sinα√
2

(π̂2 + iπ̂1) , ϕ0 = r(x)√
2

(cosα+ iπ̂3 sinα) , (21.15)

we see that we can always write

H = U(x) 1√
2

(
0

r(x)

)
. (21.16)
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This parameterization is very useful. For instance, we see that

H†H = 1
2 (0 , r)U †U

(
0
r

)
= r2

2 , (21.17)

which implies the potential (21.2) has the form

V (r) = −µ
2

2 r
2 + λ

4 r
4 . (21.18)

This leads to the usual vacuum expectation value v and our expansion
r = v + h.

Next, we consider the SU(2)L×U(1)Y covariant derivative Dµ acting
on H. This is

DµH = (∂µ + igAµ + ig′yHBµ)U 1√
2

(
0
r

)
, (21.19)

where the Aµ = σa

2 A
a
µ are the SU(2)L gauge fields and Bµ is the U(1)Y gauge

field. Note that each Lie group is associated with a distinct coupling, g for
SU(2)L and g′ for U(1)Y . It is also important to understand that Bµ acts
proportional to the identity in the SU(2)L symmetry space. This allows us
to rewrite the covariant derivative as

DµH = U
(
∂µ + igU−1AµU + U−1∂µU + ig′yHBµ

) 1√
2

(
0
r

)
. (21.20)

But, according to form of nonabelian gauge transformations (16.15) this is
simply

DµH = U
(
∂µ + igA′

µ + ig′yHBµ

) 1√
2

(
0
r

)
. (21.21)

This means that in (DµH)† DµH all of U(x) disappears from the La-
grangian, that is the three would-be Nambu-Goldstone bosons have been
eaten.

In fact, the preceding analysis is not quite what we want. We could
have used gauge transformations of Bµ to remove a degree of freedom. In
general, a linear combination of Bµ and A3

µ can remove a degree of freedom.
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The simplest way to see this is to write the covariant derivative as

1√
2
Dµ

(
0
r

)
= 1√

2

(
∂µ + i

g

2σ
aAa

µ + ig′yHBµ

)( 0
r

)

= 1√
2

 ∂µ + i
(
g′yHBµ + g

2A
3
µ

)
ig
2

(
A1

µ − iA2
µ

)
ig
2

(
A1

µ + iA2
µ

)
∂µ + i

(
g′yHBµ − g

2A
3
µ

)( 0
r

)

= 1√
2

 ig
2

(
A1

µ − iA2
µ

)
r

∂µr + i
(
g′yHBµ − g

2A
3
µ

)
r

 . (21.22)

While this may not look like an improvement, it leads to

(DµH)† DµH =
[

1√
2
Dµ

(
0
r

)]† 1√
2
Dµ

(
0
r

)
= (21.23)

1
2∂µr∂

µr + r2

2
g2

4
(
A1

µ + iA2
µ

) (
A1µ − iA2µ

)
+ r2

2

(
g′yHBµ −

g

2A
3
µ

)(
g′yHB

µ − g

2A
3µ
)
.

This form suggests that certain combinations of the gauge fields can be
usefully grouped together. We define

W±
µ = 1√

2
(
A1

µ ∓ iA2
µ

)
, Zµ = 1√

g2 + 4y2
Hg

′2

(
gA3

µ − 2g′yHBµ

)
,

(21.24)
and find

(DµH)† DµH = 1
2∂µr∂

µr + r2 g
2

4 W
+
µ W

−µ + r2

2
g2 + 4y2

Hg
′2

4 ZµZ
µ . (21.25)

We show below that yH = 1/2. In order to provide more useful reference
formulae we use this value going forward. Therefore, when we expand r(x)
around its vacuum expectation value, r = v + h, we find the mass terms

+m2
WW

+
µ W

−µ + m2
Z

2 ZµZ
µ , (21.26)

where
mW = gv

2 , mZ = v
√
g2 + g′2

2 . (21.27)

Thus, we see that these massive vectors ate the Nambu-Goldstone bosons.
The complex spin-1 field W±

µ eats two and the real spin-1 field Zµ eats one.
Remember that we started with four massless gauge fields and have

only found three that are massive. One massless combination of the gauge
bosons should remain. Notice that we can write

Zµ = cos θW A3
µ − sin θW Bµ , (21.28)
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where we have used the definitions

sin θW = g′
√
g2 + g′2 , cos θW = g√

g2 + g′2 . (21.29)

Exercise 21.3 Show that sin θW and cos θW has the expected behavior of trigonometric
functions. That is, show

| sin θW | ≤ 1 , | cos θW | ≤ 1 , sin2 θW + cos2 θW = 1 . (21.30)

The orthogonal combination of Bµ and A3
µ is

Aµ = sin θW A3
µ + cos θW Bµ . (21.31)

This combination is orthogonal in the sense that

(sin θW , cos θW )
(

cos θW

− sin θW

)
= 0 . (21.32)

The Aµ field remains massless and is understood to be the gauge field of
U(1)E&M . A useful way to understand how these fields are related is(

Zµ

Aµ

)
=
(

cos θW − sin θW

sin θW cos θW

)(
A3

µ

Bµ

)
. (21.33)

Observe that the matrix that relates the two sets of vectors is orthogonal.
We see that these are just two bases for describing these degrees of freedom.
We might call the A3

µ, Bµ basis the gauge basis because in that basis the
underlying gauge symmetry is clear. And we call the Zµ, Aµ basis the mass
basis because the basis elements correspond to the mass eigenstates. This
shows that what we call the photon is a nontrivial mixture of a part of the
SU(2)L force and the U(1)Y force.

Exercise 21.4 From the definitions made above, show that

A1
µ = 1√

2
(
W+

µ +W−
µ

)
, A2

µ = i√
2
(
W+

µ −W−
µ

)
, (21.34)

and

A3 = cos θWZµ + sin θWAµ , Bµ = cos θWAµ − sin θWZµ . (21.35)

Exercise 21.5 Using the results of the previous exercise show that the covariant deriva-
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tive acting on an arbitrary field X can be written

DµX =
(
∂µ + igT aAa

µ + ig′yXBµ

)
X

=
[
∂µ + i

g√
2

(T 1 + iT 2)W+
µ + i

g√
2

(T 1 − iT 2)W−
µ

+ i
(
g cos θWT

3 − g′ sin θWyX

)
Zµ

+i gg′
√
g2 + g′2

(
T 3 + yX

)
Aµ

]
X , (21.36)

where the T a are the generators of SU(2)L appropriate to the represen-
tation of X and yX is the U(1)Y charge of X.

Subsection 21.1

Charges and Couplings

We can compare the form of the covariant derivative given in the above
exercise with what we found in QED

Dµ = ∂µ + ieqAµ . (21.37)

This allows us to identify the electric coupling as

e = gg′
√
g2 + g′2 = g sin θW . (21.38)

This result underscores again that electricity and magnetism arises from a
combination of SU(2)L, which has the g gauge coupling, and U(1)Y , which
has the g′ gauge coupling. The electric charge is

q = T 3 + y . (21.39)

That is, what we measure as electric charge is a combination of a field’s
hyper charge yX and what representation of SU(2)L it transforms under.
For example, a field in the trivial representation of SU(2)L has T 3 = 0. For
such fields their electric charge is equal to their hypercharge, q = y.

Example Let us consider the Higgs field

H =
(
ϕ+

ϕ0

)
. (21.40)

This field has a hypercharge of yH = 1/2 and is in the fundamental
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representation of SU(2)L. This implies that

T 3 = 1
2σ3 = 1

2

(
1 0
0 −1

)
. (21.41)

For the field ϕ+ which is in the upper slot of the doublet we have

1
2σ

3
(

1
0

)
= 1

2

(
1
0

)
, (21.42)

so we say that ϕ+ has a T 3 value of 1/2. On the other hand, ϕ0 is the
lower slot of the doublet so

1
2σ

3
(

0
1

)
= −1

2

(
0
1

)
. (21.43)

This shows that ϕ0 has a T 3 value of −1/2.
Putting this together we find that the electric charge q of ϕ+ is

T 3 + yH = 1
2 + 1

2 = 1 , (21.44)

while the electric charge of ϕ0 is

T 3 + yH = −1
2 + 1

2 = 0 . (21.45)

This shows that superscript labels of these fields are simply their electric
charges.

Having understood the Aµ coupling in the covariant derivative (21.36),
we now turn to the Zµ couplings

∂µ + i
(
g cos θWT

3 − g′ sin θWyX

)
Zµ . (21.46)

We identified the electric charge q = T 3 + y, which is typically a more
familiar quantity. This identification allows us to rewrite the Z coupling as

g cos θWT
3 − g′ sin θWyX =g cos θWT

3 − g′ sin θW

(
q − T 3

)
=T 3 (g cos θW + g′ sin θW )− qg′ sin θW

=T 3 g2 + g′2
√
g2 + g′2 − qg

′ sin θW

=
√
g2 + g′2

(
T 3 − q sin2 θW

)
. (21.47)
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In summary, we find the Zµ couples to fermions through

∂µ + i
g

cos θW

(
T 3 − q sin2 θW

)
Zµ , (21.48)

which depends on only the SU(2)L gauge coupling g, the electric charge
q, the SU(2)L representation T 3, and sin θW . We see that the Zµ couples
to left-handed fermions through T 3 and q. However, it also couples to
right-handed fermions if they have an electric charge, even through all the
known right-handed particles have T 3 = 0. In other words, because the Zµ

is a mixture of A3
µ and Bµ it couples to both left-handed particles (with

nonzero T 3) and right-handed particles (with T 3 = 0).
Finally, we consider the couplings of the W±

µ field. This coupling, from
Eq. (21.36), is

∂µ + i
g√
2
(
T 1 + iT 2

)
W+

µ + i
g√
2
(
T 1 − iT 2

)
W−

µ . (21.49)

Unlike the Z, the W± is only known to couple to left-handed fermions
because all known right-handed fermions have T 1 = T 2 = 0. Recalling the
form of the raising and lowering operators (39.51) of the su(2) Lie algebra
we see that the W±

µ interactions take the form

∂µ + i
g√
2
T+W+

µ + i
g√
2
T−W−

µ . (21.50)

Remember that these T± operators take states with T 3 of j to states with
T 3 of j ± 1. This also means that a state with electric charge q = T 3 + y
is taken to q ± 1. In other words, the W±

µ field has electric charge ±1.

Example Consider the action of the W±
µ part of the gauge covariant derivative on

the Higgs field

H =
(
ϕ+

ϕ0

)
, (21.51)

which is in the fundamental representation of SU(2)L. In this case

T+ = 1
2 (σ1 + iσ2) =

(
0 1
0 0

)
, T− = 1

2 (σ1 − iσ2) =
(

0 0
1 0

)
. (21.52)

This means that

g√
2
(
T+W+

µ + T−W−
µ

)
H = g√

2

(
0 W+

µ

W−
µ 0

)(
ϕ+

ϕ0

)

= g√
2

(
W+

µ ϕ
0

W−
µ ϕ

+

)
. (21.53)
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To match electric charges of the derivative term in the full covariant
derivative the upper term should have electric charge of one and the
lower term and electric charge of zero. This only follows if the electric
charge of W±

µ is ±1.

Section 22

Beta Decay

Now that we have determined the couplings of the electroweak gauge bosons
we are ready to understand the process of radioactive beta decay

n→ p+ e− + νe . (22.1)

Historically it was determined that this process always produces left-handed
electrons and left-handed neutrinos. One might suppose that the leading
order process is described by a Feynman diagram like Fig. 23. This, in
turn, would seem to arise from a Lagrangian interaction like

4GF√
2
ψnγ

µPLψp ψνe
γµPLψe (22.2)

This normalization of the coupling is related to the factor of 1/2 included
in each PL projector. Note also that the factors of γµ ensure that only
left-handed fields are involved. That is, recall that

ψPLψ = ψRψL , ψγµPLψ = ψLγ
µψL . (22.3)

In Sec. 14.1 it was pointed out that the interaction in (22.2) is nonrenor-
malizeable. Because each fermion field has dimension 3/2, the dimension of
GF must be -2. This nonrenormalizable theory can be used to make predic-
tions, but it can only do so at energies well below the scale associated with
GF . Based on the γµs that appear in the interaction, we might suspect
that a spin-1 field is involved. Because beta decay was also observed to be
governed by a short-range force, it was correctly understood to result from
the exchange of a massive gauge boson.

n

νe

e−

p
GF

Figure 23. Schematic di-
agram of β-decay.

We now understand this process to be mediated by the W−
µ boson.

The valence quarks of the neutron are two down quarks and one up quark.
The valence quarks of the proton are two up quarks and one down quark.
If we gather the left-handed up- and down quarks into an SU(2)L doublet

Q =
(
uL

dL

)
, (22.4)
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then the interaction
QiγµDµQ , (22.5)

includes the W±
µ terms

− g√
2
(
uL, dL

)
γµ

(
0 W+

µ

W−
µ 0

)(
uL

dL

)
= − g√

2
(
uLW

+
µ γ

µdL + dLW
−
µ γ

µuL

)
.

(22.6)
This allows one of the neutron down quarks to become a W−

µ and an up
quark. Note that electric charge is conserved, −1/3 = −1 + 2/3.

W−

d

d

u

νe

e−

u

d

u

g/
√

2

g/
√

2

Figure 24. Schematic diagram of β-decay in terms of W boson and quarks.
The neutron (udd) is shaded grey while the proton (uud) is shaded red.

However, the W−
µ is a very heavy particle (about 80 GeV) and so

is produced very off-shell. Consequently it must convey its energy and
momentum into lighter, on-shell fields. The lightest fields composed of
quarks are the pions, with masses near 140 MeV. But, the difference in the
neutron and proton masses is just over 1 MeV, so an on-shell pion cannot
be produced. The only particles light enough are the left-handed leptons.

These leptons have nonzero electric charge—the electron, the muon,
and the tau—are each the lower component of an SU(2)L doublet. The
upper component in each doublet is a neutrino. So far, no right-handed
companions to these neutrinos has been discovered. Of these three charged
leptons only the electron is light enough to be produced in neutron decay.

Exercise 22.1 Using the methods employed above, show that the W±
µ couples to an

SU(2)L doublet of leptons

Le =
(
νe

eL

)
, (22.7)
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as
− g√

2
(
νeW

+
µ γ

µeL + eLW
−
µ γ

µνe

)
. (22.8)

The interactions found in the above exercise allow the excess energy of
changing a neutron into a proton to become an electron and an antineu-
trino, each with considerable kinetic energy. It is significant that among
all the force carriers we have encountered the W boson is the first that
connects particles of different type. That is, a photon couples to a particle
and its antiparticle, as does the Z boson. The W couples an up quark to
an antidown quark and the electron to an antineutrino.

Exercise 22.2 Using the fact that the electric charge of the electron is −1 and that
q = T 3 + y determine the hypercharge y of the left-handed lepton field
Le defined in (22.7). Then, determine the electric charge of νe.

The interactions of the W are also new in that they carry electric
charge. This is what allows a neutron to become a proton, negative charge
is carried out of the strong force bound state, leaving the positively charged
proton behind. This is why the effects of the W are the ones that are
associated with the “weak nuclear force” in popular science. You could
also clam the Z contributes to this force, but its effects are somewhat
similar to the photon, both are electrically neutral. The Z does contribute
to many important phenomena, especially at high energy colliders where
the Z can be close to on-shell while the photon is very off-shell.

The fact that the W fields are so off-shell during beta decay also allows
us to understand the four-Fermi interaction in (22.2). Our high energy
understanding of the interactions leads us to express the amplitude for
leading order process as

M∝ g√
2
ψνeLγ

µψe
ηµν

p2 −m2
W

g√
2
ψdLγ

νψuL . (22.9)

Here the two leptons are connected to the two quarks by the exchanged
(the propagator of) the W boson. Because p2 ≪ m2

W we can expand the
denominator of the propagator and find the approximate amplitude

M≈ g2

2m2
W

ψνeLγ
µψeψdLγµψuL . (22.10)

This has the form of the four-Fermi interaction and makes the connection

GF = g2√2
8m2

W

. (22.11)

This also illustrates an important general point. A nonrenormalizable the-
ory can be used to describe nature, but not to arbitrarily high energies. At



higher energies a new particle appears (in this case the W ) with a mass
related to the scale of the nonrenormalizable coupling GF .
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Section 23

Fermion Masses

In the preceding sections we described the SU(3)c×SU(2)L×U(1)Y gauge
structure of the Standard Model (SM) of particle physics. In doing so,
however, we have actually created a problem. When we discussed QED we
considered the electron field

ψe =
(
eL

eR

)
, (23.1)

and mentioned that the mass term had the form

meψeψe = me (eLeR + eReL) . (23.2)

But, when discussing beta decay we claimed that the W±
µ couples to

only the left-handed electron. But it must couple to a field in a nontrivial
representation of SU(2)L, which turns out to be

Le =
(
νe

eL

)
. (23.3)

The problem is that there seems to be no way write down a gauge invariant
mass term for the electron, and the electron mass has been measured.

The way through this puzzle is to use the Higgs boson. Note that the
operators

λℓLe jH
jeR + λ∗

ℓeRH
†
jL

j
e , (23.4)

are completely gauge invariant. The Higgs and Le are in the 2 of SU(2)L,
the two dimensions of which we have indexed like Hj. Under a gauge
transformation these transform as

Le jH
jeR + eRH

†
jL

j
e →Le kU

† k
jU

j
mH

meR + eRH
†
kU

† k
jU

j
mL

m
e

=Le jH
jeR + eRH

†
jL

j
e . (23.5)

Under a U(1)Y transformation each field X goes to e−iyXθ. The Higgs has
a hypercharge of yH = 1/2. The right-handed electron has a hypercharge
of yeR = −1. The left-handed lepton field has a hypercharge of yLe = −1/2

153
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so that the electric charge of the left-handed electron is −1/2− 1/2 = −1
and the electric charge of the neutrino is 1/2 − 1/2 = 0. This means that
under a U(1)Y transformation we have

Le jH
jeR + eRH

†
jL

j
e →Le jH

jeRe
−i(yeR+yH−yLe) + eRH

†
jL

j
ee

i(yeR+yH−yLe)

=Le jH
jeR + eRH

†
jL

j
e . (23.6)

So far, we have only shown that these operators in (23.4) are gauge
invariant. Note that we must include both of them for the Lagrangian to
be Hermitian. We have allowed λℓ to be a complex number, which we can
express as rℓe

iθℓ . It is the case that

eRi/∂eR + Le ji/∂L
j
e , (23.7)

is invariant under the global rephasing

eR → e−iθeReR , Le → e−iθLeLe . (23.8)

But under this same rephasing choice

rℓe
iθℓLe jH

jeR → rℓe
i(θℓ+θLe−θeR)Le jH

jeR . (23.9)

So, no matter the value of θℓ we can choose to rephase eR and Le such that

θeR − θeL = θℓ . (23.10)

For this choice the coefficient of Le jH
jeR is just the real number rℓ. We

can always make this choice without affecting any other part of the theory,
so we simply assume λℓ is real.

Why are we spending all this time discussing these three field inter-
action terms when we claimed that we are interested in masses? When
electroweak symmetry breaks then the Higgs field gets a vacuum expecta-
tion value

⟨H⟩ = v√
2

(
0
1

)
. (23.11)

Neglecting (for now) the fluctuations around the VEV, this leads to

λℓv√
2

[
(νe, eL)

(
0
1

)
eR + eR (0, 1)

(
νe

eL

)]
= λℓv√

2
(eLeR + eReL) . (23.12)

This is exactly the form of a fermion mass term. We see that the Higgs,
whose VEV already is tied to the mass of the W and Z bosons, can also
be responsible for the lepton masses.
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Exercise 23.1 For the left-handed quark field

Qud =
(
uL

dL

)
, (23.13)

determine the hypercharge of Qud such that the electric charges of uL

and dL match those of their corresponding right-handed field, which are
2/3 and −1/3, respectively. Then show that

λdQud jH
jdR + λ∗

ddRH
†
jQ

j
ud , (23.14)

is gauge invariant and Hermitian. Argue that one can always choose λd

to be real and find the mass term for down quarks when H is set to its
VEV.

The Higgs can be used to provide masses, after electroweak symmetry
breaking, to the leptons and down quarks. What about the up quark? We
cannot write down

Qud jH
juR , (23.15)

because this is not invariant under U(1)Y transformations. The left-handed
quarks have hypercharge yQ = 1/6 and the right-handed up quark has
hypercharge yuR = 2/3 so yuR−yQ = 1/2. This means we need a field with
hypercharge of −1/2 to make a U(1)Y invariant combination. The field H†

has this hypercharge, but under SU(2)L transformations

Qud jH
†
j → Qud kU

† k
jH

†
mU

† m
j , (23.16)

which is not U(2)L invariant. There is, however, one other option. Recall
that for any two-by-two matrix U that

εijU
i
mU

j
n = Det(U)εmn . (23.17)

The fundamental representation Us have a determinant of one. This means
that

εijH
iQj

ud → εijU
i
mH

mU j
nQ

n
ud = εmnH

mQn
ud , (23.18)

is a gauge invariant combination. This means that

εijQud iH
†
juR + εijuRH

iQj
ud , (23.19)

is completely gauge invariant. Often, the notation

H̃ i = εijH†
j =

(
ϕ0∗

−ϕ+∗

)
, (23.20)

is used and all the SU(2)L indices are suppressed. The full fermion-Higgs
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couplings are then

−λℓLeHeR − λdQudHdR − λuQudH̃uR + H.c , (23.21)

where H.c denotes the Hermitian conjugate.

Exercise 23.2 Show that by making global rephasings of the quark fields one can ensure
that both λd and λu are real numbers.

When the Higgs is set to its VEV this leads to the mass terms

−λℓv√
2

(eLeR + eReL)− λdv√
2
(
dLdR + dRdL

)
− λuv√

2
(uLuR + uRuL) . (23.22)

In this way the dynamics of the Higgs field leads to masses for both the W
and Z bosons as well as the fermions of the Standard Model.

Section 24

Flavor and the CKM Matrix

Up to this point we have outlined the full gauge symmetry structure of the
Standard Model, including how the spontaneous breaking of that symmetry
produces masses for the W , Z, electron, up quark, and down quark. It
can be sometimes useful to describe the fermion fields in terms of their
representations under the gauge symmetry. For example, we might write

eR ∼ (1, 1, −1) , (24.1)

to convey that the right-handed electron field is in the singlet representation
of SU(3)c, the singlet representation of SU(2)L, and has a hypercharge of
−1. The other fermion fields are described by

Le ∼
(

1, 2, −1
2

)
, Qud ∼

(
3, 2,

1
6

)
, uR ∼

(
3, 1,

2
3

)
, dR ∼

(
3, 1, −1

3

)
.

(24.2)
This gauge structure among these fields actually exists in three copies.

The muon and the tau along with their associated neutrinos have the same
gauge structure as the electron

µR ∼ (1, 1, −1) , Lµ ∼
(

1, 2, −1
2

)
, (24.3)

τR ∼ (1, 1, −1) , Lτ ∼
(

1, 2, −1
2

)
. (24.4)

There are also two more copies of the up and down quark structure. The
charm and top quarks are like the up quarks, while the strange and bottom
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quarks are like the down quark:

Qcs ∼
(

3, 2,
1
6

)
, cR ∼

(
3, 1,

2
3

)
, sR ∼

(
3, 1, −1

3

)
, (24.5)

Qtb ∼
(

3, 2,
1
6

)
, tR ∼

(
3, 1,

2
3

)
, bR ∼

(
3, 1, −1

3

)
. (24.6)

There is some whimsical vocabulary associated with these copies of the
same structure. The electron, muon, tau, and the three neutrinos are all
called Leptons. The three types are called Flavors, as in electron flavored
or tau flavored. Similarly, the quarks come in six flavors, up, charm, top,
down, strange, and bottom. While there is a lot that is the same about
these particles, they do have different masses.

1st Generation 2nd Generation 3rd Generation
Name electron muon tau
Mass 0.511 106 1777
Name up quark charm quark top quark
Mass 2.16 1270 172000
Name down quark strange quark bottom quark
Mass 4.67 93.4 4180

Table 2. Table of fermion masses in MeV. For more precise values and uncer-
tainties see [20].

As shown in Table 2, a set of particles (one lepton, one quark with
electric charge of 2/3, on quark with electric charge of −1/3) grouped by
mass is called a generation. There are three generations of particles in the
Standard Model and the origin of their very different masses is not known.

Particles of similar type can be grouped together. The right-handed
particles of the three generation are organized into flavor triplets

U =

uR

cR

tR

 , D =

 dR

sR

bR

 , E =

 eR

µR

τR

 , (24.7)

and the left-handed fields as

L =

 Le

Lµ

Lτ

 , Q =

Qud

Qcs

Qtb

 . (24.8)

With these definitions we can write down the full Standard Model La-
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grangian

L =− 1
4G

a
µνG

aµν − 1
4W

a
µνW

aµν − 1
4BµνB

µν

+ iQ /DQ+ iL /DL+ iD /DD + iU /DU + iE /DE

+ (DµH)† DµH + µ2|H|2 − λ|H|4

+ (λℓ)i
j LiHE

j + (λd)i
j QiHD

j + (λu)i
j QiH̃U

j + H.c. . (24.9)

The top line describes the gauge fields for each of the gauge symmetries.
The second line is the kinetic energy terms for each of the fermions. Note
that these are in terms of the flavor triplets. The third line describes the
Higgs field’s interactions with the gauge fields and itself. The last line gives
the interactions of the Higgs field and the fermion fields.

This final line is also responsible for all producing all elementary fermion
masses. We also emphasize that the Yukawa couplings, λℓ etc, are matri-
ces in the flavor spaces of the different fields. The different entries in these
matrices, multiplied by the Higgs vacuum expectation value, give rise to
the variety of different fermion masses.

What kind of matrices are (λℓ)i
j, (λd)i

j, and (λu)i
j? In general, they

are arbitrary complex matrices. However, we can choose bases in which
they are diagonal.

Example Let us consider the leptons. When the Higgs has a nonzero VEV the
leptons have the mass terms

(
L1 , L2 , L3

)
Mℓ

E
1

E2

E3

+
(
E1 , E2 , E3

)
M †

ℓ

L
1

L2

L3

 , (24.10)

where the mass matrix is related to the lepton Yukawa matrix by
v√
2

(λℓ)i
j ≡ (Mℓ)i

j . (24.11)

Note that we have labeled the fields by numbers deliberately.
The only other parts of the Lagrangian that depend on the lepton

fields are the kinetic terms

Li /DL+ Ei /DE . (24.12)

It is simple to see that this part of the Lagrangian has a U(3)E×U(3)L

global symmetry. That is, if we consider the transformations

E → UE , L→ V L , (24.13)
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where U and V are unitary matrices then

Li /DL+ Ei /DE →LV †i /DV L+ EU †i /DUE

=Li /DL+ Ei /DE . (24.14)

The last equality follows as the covariant derivatives are simply identity
operators in the flavor spaces of these fields. Under this same transfor-
mation the lepton mass terms become

LMℓE + EM †
ℓL→ LV †MℓUE + EU †M †

ℓ V L . (24.15)

As we shortly show, any complex matrix can be diagonalized by using
two unitary matrices

D = U †MV . (24.16)

So, no matter what the lepton Yukawa matrix is we can make a trans-
formation in the flavor space of the leptons such that the mass matrix is
diagonal. It is this diagonal basis that we associate with the measured
lepton masses.

The above process of diagonalization is sometimes called biunitary di-
agonalization. We sketch the process in what follows.

Exercise 24.1 Suppose that M is an arbitrary complex matrix. Show that both MM †

and M †M are Hermitian matrices.

Given some arbitrary complex matrix M we note that MM † is Hermi-
tian. However, all Hermitian matrices can be diagonalized by some unitary
matrix, which we denote U . That is

U †MM †U = D , (24.17)

where D is a diagonal matrix with real, non-negative entries. Because each
entry is a non-negative real number we can take their square-root to make
the diagonal matrix d where

dd = D . (24.18)

Now, it could be that one of the diagonal entires is a zero, in which case
d does not have an inverse. But, we could separate out the part of the
space with the zero eigenvalue (or eigenvalues if there are more than one).
On the remaining space d does have an inverse. For simplicity, we simply
assume that none of the eigenvalues are zero. Under this assumption d−1

is the diagonal matrix whose entries are the inverse of the corresponding
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entries of d. We can then define the matrix V by

V = M †Ud−1 . (24.19)

Exercise 24.2 Using the above definition of V find V † and show that V †V = I. That
is, show that V is a unitary matrix. Then, show that

d = U †MV . (24.20)

This shows that an arbitrary complex matrix M can be diagonalized by
unitary matrices U and V .

It is worth emphasizing that particles propagate though spacetime in
the mass basis, or the basis in which their mass matrix is diagonal. How-
ever, they might have diagonal interactions with other fields in a different
basis. The misalignment between mass and interaction basis can lead to
interesting experimental signals. For instance, in the Standard Model we
have shown that we can diagonalize the lepton mass matrix without break-
ing the flavor symmetry of the lepton kinetic terms, such as Ei /DE. This
means that the interactions the arise from the kinetic terms, like all the in-
teractions with gauge bosons, preserve the mass basis eigenstates. In other
words, gauge interactions take electrons to electrons, muons to muons, and
taus to taus.

This result may seem uninteresting, but we should contrast it with the
quark case. The quark Yukawa matrices

(λd)i
j QiHD

j + (λu)i
j QiH̃U

j + H.c. . (24.21)

Using the notation

Q =
(
UL

DL

)
, (24.22)

where UL is three dimensional vector of the left-handed up-type quark
fields and DL is three dimensional vector of the left-handed down-type
quark fields. When the Higgs is expanded about it VEV we find the mass
matrices

DLMdD + ULMuU + H.c. . (24.23)

There is also a U(3)Q×U(3)U×U(3)D flavor symmetry of the quark kinetic
terms.

Exercise 24.3 Show that the quark kinetic terms

Qi /DQ+ Ui /DU +Di /DD , (24.24)
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are invariant under

Q→ UQQ , U → UUU , D → UDD , (24.25)

where UQ, UU , and UD are unitary matrices acting on the flavor space of
the quark fields.

The question is, can we diagonalize both of the quark mass terms with
these transformations? We find

DLMdD + ULMuU → DLU
†
QMdUDD + ULU

†
QMuUUU , (24.26)

where both DL and UL are rotated by the same matrix because they are
both part of the left-handed quark field Q. We see immediately that there
is a problem. We could choose UQ and UD to diagonalize Md, but then
we only have the freedom of UU to try and diagonalize Mu. In general,
this is not enough freedom to diagonalize both matrices. In order to be
guaranteed to diagonalize both we must take

Q =
(
UL

DL

)
→
(
UuUL

UdDL

)
̸= UQ

(
UL

DL

)
. (24.27)

In other words, to diagonalize both quark matrices we must break the flavor
symmetry of the kinetic terms.

What consequence does this have? It can only affect the left-handed
quark fields as this is the flavor symmetry we are breaking. This kinetic
terms has the schematic form

Qi /DQ = (24.28)(
UL , DL

)( i/∂ − gs /G− equ /A− gzzu /Z −gW /W
+

−gW /W
−

i/∂ − gs /G− eqd /A− gzzd /Z

)(
UL

DL

)
,

where gzzu,d stands in for the specific coupling of the Z boson to the dif-
ferent fields. Under the unitary transformations

UL → UuUL , DL → UdDL , (24.29)

we find

Qi /DQ = (24.30)(
UL , DL

)( i/∂ − gs /G− equ /A− gzzu /Z −gW /W
+
U †

uUd

−gW /W
−
U †

dUu i/∂ − gs /G− eqd /A− gzzd /Z

)(
UL

DL

)
.

This shows that that only effect of this flavor violation appears in the
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Wµ interactions. This occurs through the matrix

VCKM = U †
uUd , (24.31)

where CKM stands for Cabibbo, Kobayashi, and Maskawa. Nicola Cabibbo
developed a similar matrix for two quark generations [45], which was gen-
eralized to three by Makoto Kobayashi and Toshihide Maskawa [46]. Note
that

V †
CKM = U †

dUu , (24.32)

so

V †
CKMVCKM = U †

dUuU
†
uUd = I = U †

uUdU
†
dUu = VCKMV

†
CKM , (24.33)

so the CKM matrix is predicted to be unitary.
The CKM matrix allows the W interactions to mix the quark genera-

tions. Remember that these generations are defined in terms of the quark
masses, so the notion of generation is a mass basis concept. But in this
basis the W interactions are not diagonal, so they mix the generations. We
see this through

g√
2
UL /W

+
VCKMDL

= g√
2

(uL , cL , tL) /W+

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


 dL

sL

bL

 . (24.34)

The off diagonal terms of the matrix allow for generation mixing. The
magnitudes of all the CKM matrix components have been obtained exper-
imentally [20]

|V |CKM =

 0.97373± 0.00031 0.2243± 0.0008 0.00382± 0.0002
0.221± 0.004 0.975± 0.006 0.0408± 0.0014

0.0086± 0.0002 0.0415± 0.0009 1.014± 0.029

 .

(24.35)
Note that the diagonal terms are close to one, the off-diagonal terms con-
necting the 1st and 2nd generations have values closer to 1/10 while the
mixing of the 2nd and 3rd generations is nearer 1/100. The mixing of the
1st and 3rd generations mixing is even smaller, a bit more than 1/1000.
This seems to indicate some kind of structure in the quark flavors. As
of yet, we have no confirmed explanation of the origin of these measured
values.

Subsection 24.1

Weak CP-Violation



Flavor and the CKM Matrix Weak CP-Violation 163

The fact that there are three generations leads to a very interesting conse-
quence. Specifically, it allows for CP violation in the W interactions with
quarks. To see why this happens for three generations let us first suppose
there was only one generation. In this case we would have

g√
2
UL /W

+
VCKMDL , (24.36)

where VCKM is simply a unitary matrix of dimension one, or in other words
a complex phase e−iθCKM . Then, by making the transformation

UL → UL , DL → eiθCKMDL , (24.37)

the interaction becomes e0 = 1. This simple interaction is real and conse-
quently does not lead to CP violation. (See Sec. 15.2 for a review of real
couplings and CP violation.)

Next, let us consider the case of two generations. Historically, this case
was thought to be the correct model of nature, by some at least, until the
particles of the third generation were discovered. In this case the interaction
looks like

g√
2
UL /W

+
V DL = g√

2
(uL , cL) /W+

(
Vud Vus

Vcd Vcs

)(
dL

sL

)
. (24.38)

If VCKM were an arbitrary matrix then it would be described by eight real
parameters

Vud = rude
−iθud , Vus = ruse

−iθus , Vcd = rcde
−iθcd , Vcs = rcse

−iθcs .
(24.39)

The unitarity of VCKM, however, implies that

V V † = V †V = I2 . (24.40)

Exercise 24.4 Show that Eq. (24.40) implies

r2
ud + r2

us =1 , r2
cd + r2

cs =1 , rudrcde
i(θcd−θud) =− rusrcse

i(θcs−θus) ,
(24.41)

r2
ud + r2

cd =1 , r2
us + r2

cs =1 , rudruse
i(θus−θud) =− rcdrcse

i(θcs−θcd) .
(24.42)

How many independent constraints does this put on the phases of the
matrix components?

We see from the exercise that the magnitudes matrix components can
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be specified by one angle

rud = rcs = cosψ , rus = −rcd = ± sinψ , (24.43)

while the four phases must satisfy

θcd + θus = θud + θcs . (24.44)

Note that even though there were two off-diagonal components this only
leads to one phase constraint. This one constraint on four phases seems
to imply that there are complex couplings and hence CP violation in this
two generation model. However, we can make phase rotations of the quark
fields

uL → e−iθuuL , dL → e−iθddL , cL → e−iθccL , sL → e−iθssL . (24.45)

Exercise 24.5 Show that the quark rephasing in Eq. (24.45) is equivalent to

θud →θud + θd − θu , θus →θus + θs − θu ,

θcd →θcd + θd − θc , θcs →θcs + θs − θc . (24.46)

Show that Eq (24.44) is preserved, or in other words VCKM remains uni-
tary.

Notice that the phases of the matrix are modified by differences of the
quark rephasing angles. This can be understood in following way. If all
the quark fields were rephased by the same angle then the interaction is
completely unaffected as there are as many quark and anti-quark fields.
This means that we can only remove three phases from the matrix, but the
constraint in Eq. (24.44) shows that there are only three phases to remove.
The end result is that by rephasing the quark fields one can make the two
generation VCKM completely real. Consequently, there is not CP violation
in this case.

What about the three-generation case? For two generations there were
four phases in the matrix and one constraint (from one off-diagonal uni-
tarity relationship) leaving three independent phases. By rephasing four
quark fields we can remove three phases and hence have no physical phase
and no CP violation. In the case of three generations we have a three-by-
three matrix which would in general have nine phases. However, unitarity
produces three constraints on these phases (from three off-diagonal rela-
tionships) leaving six phases in the matrix. We have six quark fields that
we can rephase, but this only allows us to remove five of the phases. There-
fore, there is one physical phase in the three-generation CKM matrix. This
phase does produce CP violation in the interactions of the W boson.
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Exercise 24.6 Show that the unitarity requirement leads to three independent con-
straints on the phases of the entries of the complex three-by-three matrix
in Eq. (24.34). Next, show that by rephasing the quark fields that at
most five of these phases can be removed.

The value of this CP violating phase has been measured in experiment.
This value corresponds to the specific parameterization of the CKM matrix
in terms of three mixing angles θ12, θ23, and θ13 and the CP violating phase
δ:

VCKM =

 1 0 0
0 c23 s23
0 −s23 c23


 c13 0 s13e

−iδ

0 1 0
−s13e

iδ 0 c13


 c12 s12 0
−s12 c12 0

0 0 1

 , (24.47)

where cij = cos θij and sij = sin θij. The measured values [20] of these
parameters confirm the hierarchy of generation mixing:

sin θ12 =0.22500± 0.00067
sin θ23 =0.04182+0.00085

−0.00074

sin θ13 =0.00369± 0.00011 . (24.48)

The mixing between the first and second generations is largest, then the
second and third. The mixing between the first and third is the smallest.
The CP violating phase, in radians, is

δ = 1.144± 0.027 , (24.49)

which is inconsistent with δ = 0. This confirms the presence of CP violation
from the interactions of quarks with the W .

Historically, CP violation was first observed in bound states. The
Kaons (spin-0 mesons that include one strange quark and either an up
or down quark) were observed to violate CP long before the origin of this
violation was understood. In addition to being an aspect of the Standard
Model to be understood, the nature of the Universe provides a reason to
care about CP violation, specifically the fact that we observe much more
matter (baryons) than antimatter (antibaryons).

The origin of this matter-antimatter asymmetry is unknown and is
typically referred to as baryogenesis. Not long after CP violation was first
observed in Kaons, Andrei Sakharov [47] showed that in order to produce
baryogenesis from an initial state that has equal amount of matter and
antimatter three conditions must be satisfied:

1. Baryon number B violation. Baryon number is defined carefully in
Sec. 26. Essentially, it is like the conserved particle number of a
complex scalar field or a Dirac fermion, but applied to the entire col-
lection of baryons, not just a single particle type (like a proton). In
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order to proceed from a state with equal numbers of baryons nB and
antibaryons nB, that is at state with B = nB−nB = 0, to the nonzero
baryon number we observe today there must be baryon number vio-
lation.

2. Violation of C and CP. Suppose there is a process that takes some
initial state X with no baryon number to a state with nB ̸= 0. If
C is s symmetry then the initial state X has exactly the same cross
section to produce nB = nB. So, even if baryon number is violated in
each process the symmetric initial state produces a B = 0 final state
unless C is violated. That CP violation is also necessary can be seen
in a few ways. First, if the initial state has equal numbers of particles
and antiparticles then it is CP symmetric. A final state with nonzero
baryon number is not CP symmetric, so the process of going from
initial to final states must violate CP. One can also note that, be-
cause CPT is always a symmetry, that violation of CP is equivalent
to violation of T. If time reversal were a symmetry then processes
that produce a net baryon number would be off set by equally effi-
cient processes that eliminate a net baryon number.

3. Out of Equilibrium Conditions. This condition relies on statistical
mechanics, which is beyond the scope of this text. In short, however,
if the initial state is in thermal equilibrium then there is no chemical
potential for the baryons. This ensures that even if conditions 1 and
2 are satisfied that no net baryon number is produced.

This may lead one to wonder if the Standard Model includes all the
necessary ingredients for baryogenesis. The answer is somewhat interesting.
Each type of the above conditions are met. As discussed Sec. 26 baryon
number is a symmetry of the Standard Model Lagrangian, but is violated
by quantum effects. The structure of the SU(2)L part of the Standard
Model violates both C and CP. Finally, if what we describe as the Universe
initially had a temperature above the Higgs VEV, then as it cools the
Universe would go through a phase transition, which can provide out of
equilibrium conditions.

For better or worse, even though all the ingredients seem to be there,
the Standard Model does not produce enough of them. The measured CP
violation in the Standard Model is not enough to produce the observed
matter/antimatter asymmetry [48] and the electroweak phase transition is
not strongly first order [49], meaning that any produced baryon number
could be “washed out.” Therefore, whatever describes the physics beyond
the Standard Model may very well include additional sources of CP viola-
tion and the thermal history of the early Universe may well include strong
phase transitions.
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Section 25

Bound States & Flavor

The fact that there are several quark flavors was first inferred from the na-
ture of the many quark bound states produced at particle colliders. While
this was a fascinating and confusing time in particle physics we do not
follow the historical process. Instead, we proceed along a nearly opposite
logical direction. We use the established nature of the quarks to under-
stand the nature of the bound states. The powerful tool for organizing and
understanding these bound states is an approximate quark flavor symme-
try.

Isospin is the name given to one of these symmetries. The idea is that
up quark and the down quark look pretty much the same to the strong
force. To begin with, they are in the same representation of the Lorentz
group and the same representation of SU(3)c. Despite these similarities,
the assertion that they are the same might bother you seeing as the two
quarks have different masses and different electric charges. However, the
difference in their masses is small compared to the characteristic mass scale
of the strong scale

√
σ ≈ 485 MeV. This means that to the strong force,

their masses may as well be the same. While their two electric charges are
different (they even have different signs) the electric force is much, much
weaker than the strong force within bound states. Therefore, the fact their
charges differ is a small correction to the strong force seeing them as the
same.

In short, the isospin symmetry is that we can imagine that the up and
down quarks belong to a vector is isospin space

N i =
(
u
d

)
. (25.1)

These are complex spinor fields, so each is governed by the Dirac La-
grangian. These can be combined into

N i

(
i/∂ −mN

)
N i , (25.2)

where mN is some approximate mass for the doublet of fields. This La-
grangian is invariant under transformations

N i → U i
jN

j , (25.3)

where U i
j is a unitary matrix with unit determinant. In other words, the

symmetry is described by the Lie group SU(2). This is the same structure
as spin, which is why this symmetry is called isospin.

Let us start with mesons, two of these quarks bound together. One
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is in the fundamental representation 2 and the other is in the conjugate
representation 2. We showed (39.95) that these two representations are
equivalent, so we can consider a meson as belonging to the

2⊗ 2 = 3⊕ 1 , (25.4)

representation. However, in this combination the conjugate state is given
by

N
i = εijNj =

(
d
−u

)
. (25.5)

There are standard rules for writing the tensor product states in terms of
the original basis states. You can look them up in Clebsch-Gordan tables.
In the case at hand we are combining the states(

d
−u

)
and

(
u
d

)
. (25.6)

The states of the 3 are

du ,
1√
2
(
dd− uu

)
, ud , (25.7)

while the the 1 state is
1√
2
(
dd+ uu

)
. (25.8)

A similar story plays out with the SU(2) representations of spin for the
quarks. We denote the combination of two spin-1/2 particles as(

↑
↓

)
⊗
(
↑
↓

)
(25.9)

where ↑ denotes positive spin angular momentum along the z-axis (spin-
up) and ↓ denotes spin-down. The result is three states that make up a
spin-1 representation

↑↑ , 1√
2

(↑↓ + ↓↑) , ↓↓ , (25.10)

and one state in the spin-0 representation

1√
2

(↑↓ − ↓↑) . (25.11)

Putting everything together, isospin symmetry predicts that mesons
composed of up and down quarks should come in groups of three, where
the particles have the same mass and spin, or a single particle. Because
isospin is only an approximate symmetry we expect that the masses are
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not exactly the same, but should be close. Part of the symmetry breaking
is that the quarks have different electric charges, the u has charge 2/3 and
the d has charge -1/3. The antiquarks have opposite charge. This allows
us to make predictions of the electric charges of isospin states. The three
triplet states have electric charges 1, 0, and -1, while the isospin singlet has
charge 0.

Particle Mass Electric Charge Spin Isospin
π+ 139.57 1 0 (1, 1)
π0 134.98 0 0 (1, 0)
π− 139.57 -1 0 (1, -1)
ω 782.65 0 1 (0, 0)
ρ+ 775.11 1 1 (1, 1)
ρ0 775.26 0 1 (1, 0)
ρ− 775.11 -1 1 (1, -1)

Table 3. Table of mesons composed of up and down quarks. Masses given in
MeV. Isospin values give the representation and the value within the represen-
tation. More precise values (with uncertainties) and additional properties are
found in [20].

The mesons made of up quark and down quarks are listed in Table 3.
We see that there are two collections of isospin triplets, the pions (which
are spin-0) and the rhos (which are spin-1). These mesons in each triplet
all have similar masses and differ in electric charge by one unit steps. The
omega meson is not part of a triplet, and it has zero electric charge, as
predicted.

We now turn to the baryons composed of up and down quarks. In this
case we are considering the combination of three quarks

2⊗ 2⊗ 2 = 2⊗ (3⊕ 1) = 4⊕ 2⊕ 2 . (25.12)

This shows that we expect baryons to come in groups of four or groups of
two. In each group the bound states should have equal spins and nearly
equal masses. Because each quark has spin-1/2, the total allowed spins are
either spin-1/2 (the 2) or spin-3/2 (the 4).

In order to determine the electric charges of these bound states we must
consider what combinations of quarks arise in the different representations
of isospin. In doing so we neglect the normalization factors (like

√
2) that

showed up in the meson analysis. We simply attempt to keep track of the
number of up and down quarks. In the case of spin, the four states have
the schematic form

↑↑↑, ↑↑↓ , ↑↓↓ , ↓↓↓ . (25.13)



Bound States & Flavor SU(3) Flavor 170

Similarly, the 4 of isospin has the schematic form of

uuu , uud , udd , ddd . (25.14)

This shows that the four baryons in this multiplet have electric charges
of 2, 1, 0, and -1. The two isospin 2 representations distinct, leading to
different configurations of the up and down quarks and hence to different
magnetic dipole moments and other quantities. However, for our purposes
it is sufficient to understand that the two states have the schematic form

uud , udd . (25.15)

Consequently, baryons in the 2 of isospin have electric charges 1 and 0.

Particle Mass Electric Charge Spin Isospin
p 0.9383 1 1/2 (1/2, 1/2)
n 0.9396 0 1/2 (1/2, -1/2)

∆++ 1.232 2 3/2 (3/2, 3/2)
∆+ 1.232 1 3/2 (3/2, 1/2)
∆0 1.232 0 3/2 (3/2, -1/2)
∆− 1.232 -1 3/2 (3/2, -3/2)

Table 4. Table of baryons composed of up and down quarks. Masses given in
GeV. Isospin values give the representation and the value within the represen-
tation. More precise values (with uncertainties) and additional properties are
found in [20].

Table 4 lists the baryons made of up and down quarks. We see that
the proton p and neutron n comprise an isospin doublet and have masses
that are nearly identical. There are also four ∆ baryon states. It is diffi-
cult to measure the masses of these extremely short-lived particles, so to
the precision they are known these spin-3/2 states all have equal mass, in
complete agreement with the predictions of isospin symmetry.

Subsection 25.1

SU(3) Flavor

Isospin is not a perfect symmetry because the up and down quarks have
different charges and different masses. The mass difference is a smaller
effect in part because both quark masses are small compared to

√
σ ≈ 485

MeV. The strange quark s has a mass of about 93 MeV. This may seem
significantly larger than the up and down quarks, but the mass difference
still somewhat smaller than

√
σ. In addition, the strange quark has the

same electric charge as the down quark. Therefore, we might hope to
extend the SU(2) isospin symmetry to an SU(3) flavor symmetry in which
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the fundamental objects are quark triplets

N i =

ud
s

 . (25.16)

We then expect the mesons and baryons to be in at least approximate
representations of SU(3).

It is worth emphasizing that this SU(3) symmetry is completely distinct
from the color gauge symmetry, which is sometimes denoted SU(3)c. The
gauge symmetry is understood to be the related to the number of gluons
and the reason why three quarks make up a baryon. The flavor symmetry
arises because three of the quarks happen to have masses that are within√
σ of each other. This flavor symmetry has no effect on the structure of

the QCD Lagrangian, but it does provide a useful way to organize the large
number of quark bound states.

We begin with mesons, combinations of a quark in the 3 of flavor and
an antiquark in the 3. Because

3⊗ 3 = 8⊕ 1 (25.17)

we expect an octet of 8 mesons with similar mass or a singlet state. The
singlet should have the form

N iN
i → uu+ dd+ ss , (25.18)

which implies that it has zero electric charge.
The elements of the octet have the form

N iN j −
1
3δ

i
jN iN

i . (25.19)

We can write the first term as a three-by-three matrix

N iN j →

uu ud usdu dd ds
su sd ss

 . (25.20)

This includes two states with electric charge of 1, two with electric charge
-1, and four with zero charge.

While it seems that states with a down quark replaced by a strange
quark are the same, this is only true in regard to electric charge. Remember
that the strange quark has a much larger mass than the down quark. His-
torically, physicists striving to understand the experimental data regarding
mesons and baryons noticed a new property (which was called strangeness
after these strange new particles) that was conserved in all process. Now we
understand strangeness to simply count the number of strange antiquarks.
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So, one s has strangeness -1 and one s has strangeness 1.

Particle Mass Electric Charge Isospin Strange
η′ 957.78 0 (0, 0) 0
η 547.86 0 (0, 0) 0
K+ 493.68 1 (1/2, 1/2) 1
K− 493.68 -1 (1/2, -1/2) -1
K0 497.61 0 (1/2, -1/2) 1
K

0 497.61 0 (1/2, 1/2) -1

Table 5. Table of spin-0 mesons that include strange quarks. Masses given in
MeV. Isospin values give the representation and the value within the represen-
tation. More precise values (with uncertainties) and additional properties are
found in [20].

In Table 5 we list the spin-0 mesons that include strange quark con-
tributions. Of these the η′ mass is the largest by a considerable margin.
Consequently, we associate this state with the 1 of SU(3) flavor. The other
five states have similar masses. These are then combined with the three
pion states to fill out the complete octect.

One might point out that the pions are considerable lighter than the
other spin-0 mesons. There is a separate symmetry origin of this. Within
the three flavor symmetry, one can imagine treating the left-handed and
right-handed quarks separately. That is, there is an approximate SU(3)L×SU(3)R

symmetry, where left-handed fields transform by way of matrices UL and
right-handed fields transform with UR. It is believed that during the phase
transition from free quarks and gluons to bound states that the combi-
nation of quark fields qq develops a vacuum expectation value, denoted
⟨qq⟩.

Exercise 25.1 Argue that a nonzero quark condensate ⟨qq⟩ ̸= 0 is not in general in-
variant under separate transformations of the left-handed quarks by UL

and the right-handed quark by UR. However, show that the subgroup of
transformations UL = UR does not change the quark condensate. These
transformations are referred to as the vector subgroup SU(3)V because
they treat the two chiralities in the same way. In essence, you are to show
that quark condensation implements the spontaneous symmetry breaking
SU(3)L×SU(3)R →SU(3)V . How many pseudo-Nambu-Goldstone bosons
would be produced by this symmetry breaking pattern?

As the above exercise illustrates, these spin-0 states can be under-
stood as pseudo-Nambu-Goldstone bosons of the spontaneously broken
SU(3)L×SU(3)R symmetry. This explains why they are all somewhat lighter
than the other meson states. The pions are even lighter. We can under-
stand this as a consequence of SU(2)L×SU(2)R being a closer to exact
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symmetry than SU(3)L×SU(3)R. Because the symmetry has less explicit
breaking (from the unequal quark masses) the pseudo-Nambu-Goldstone
masses are closer to zero. Q=1

Q=0Q=-1

π+
π0π-

η

K
0

K+

K-

K0

-1 1
Iso

-1

1

S

Figure 25. Plot of spin-
0 meson octet. Note that
two states overlap at the
origin.

A popular way of exhibiting these states is shown in Fig. 25. Here the
horizontal axis is isospin and vertical axis is strangeness. Lines of constant
electric charge are also shown. This illustration is very suggestive of the
root system of the adjoint representation (the 8) shown in Fig. 35. This way
of grouping the meson states makes the similarities among these particles
more apparent.

Particle Mass Electric Charge Isospin Strange
ϕ 1019.46 0 (0, 0) 0

K∗+ 891.66 1 (1/2, 1/2) 1
K∗− 891.66 -1 (1/2, -1/2) -1
K∗0 895.81 0 (1/2, -1/2) 1
K

∗0 895.81 0 (1/2, 1/2) -1

Table 6. Table of spin-1 mesons that include strange quarks. Masses given in
MeV. Isospin values give the representation and the value within the represen-
tation. More precise values (with uncertainties) and additional properties are
found in [20].
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Figure 26. Plot of spin-
1 meson nonet. Note that
three states overlap at the
origin.

A similar structure governs the spin-1 mesons, shown in Table 6. In
this case the ϕ particle and the ω from Table 3 seem to be combinations
of the 1 and the the center point of the octet. For this reason, both are
sometimes included in the spin-1 diagram (Fig. 26) and it is referred to as
a nonet, even though this is not a representation of SU(3) flavor. Though
the ϕ does not seem to be a true singlet of the flavor symmetry, it does have
the most different mass of the collection, so removing this particle might
be the most motivated octet choice.

Q=1

Q=0Q=-1
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Figure 27. Plot of spin-
1/2 baryon octet. Note
that two states overlap at
point with isospin=0 and
strangeness=-1.

Particle Mass Electric Charge Isospin Strange
Λ0 1.115 0 (0, 0) -1
Σ+ 1.189 1 (1, 1) -1
Σ0 1.192 0 (1, 0) -1
Σ− 1.197 -1 (1, -1) -1
Ξ0 1.314 0 (1/2, 1/2) -2
Ξ− 1.321 -1 (1/2, -1/2) -2

Table 7. Table of spin-1/2 baryons that include strange quarks. Masses given
in GeV. Isospin values give the representation and the value within the repre-
sentation. More precise values (with uncertainties) and additional properties are
found in [20].

Finally, we consider the baryons. These are combinations of three
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quarks so we consider the tensor product

3⊗ 3⊗ 3 = 10⊕ 8⊕ 8⊕ 1 . (25.21)

This implies that we expect baryons that are grouped into eights or tens or
by themselves. In Table 7 we list the properties of the spin-1/2 baryons that
include strange quarks. These states (along with the proton and neutron)
can also be organized in an octet, as shown in Fig. 27.

At this point the novelty of these groupings might begin to fade. How-
ever, there is one more collection of baryons to consider, and some interest-
ing history is associated with it. The spin-3/2 baryons that include strange
quarks are listed in Table 8. These particles, along with the ∆ bound states
in Table 4 fill out all ten states of the so-called baryon decuplet.

Particle Mass Electric Charge Isospin Strange
Σ∗+ 1.383 1 (1, 1) -1
Σ∗0 1.384 0 (1, 0) -1
Σ∗− 1.387 -1 (1, -1) -1
Ξ∗0 1.532 0 (1/2, 1/2) -2
Ξ∗− 1.535 -1 (1/2, -1/2) -2
Ω− 1.672 -1 (0, 0) -3

Table 8. Table of spin-3/2 baryons that include strange quarks. Masses given
in GeV. Isospin values give the representation and the value within the repre-
sentation. More precise values (with uncertainties) and additional properties are
found in [20].
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Figure 28. Plot of spin-
3/2 baryon decuplet.

Back in 1961 the existence of quarks had not been established, but
a great many mesons and baryons had been discovered at colliders. In
particular, all the spin-3/2 baryons listed above had been discovered, except
the Ω−. In that year Susumu Okubo and Murray Gell-Mann independently
predicted the existence of another spin-3/2 baryon with electric charge -
1 and strangeness -3 with a mass near 1.6 GeV. Their motivation was the
observation that all the particles fit in the decuplet shown in Fig. 28, except
for one missing piece. When the Ω− was discovered in 1964 this was seen
as a great triumph of the quark hypothesis and led to further experimental
testing and eventual confirmation.

Section 26

Symmetries of the Standard Model
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We have now constructed the full Lagrangian of the Standard Model, which
is worth recording again

L =− 1
4G

a
µνG

aµν − 1
4W

a
µνW

aµν − 1
4BµνB

µν

+ iQ /DQ+ iL /DL+ iD /DD + iU /DU + iE /DE

+ (DµH)† DµH + µ2|H|2 − λ|H|4

+ (λℓ)i
j LiHE

j + (λd)i
j QiHD

j + (λu)i
j QiH̃U

j + H.c. . (26.1)

Symmetries of various kinds have enabled us to determine this structure.
First and foremost is the structure of spacetime encoded by the Lorentz
group. These symmetries led us to use representations of the Lorentz group
to describe the flow of momentum and energy. Each representation gives
rise to different type of field—spin-0, spin-1/2, and spin-1—and these are
the basic ingredients of the Standard Model.

Gauge symmetries also provide great insight into the structure of the
Standard Model. The product group SU(3)c×SU(2)L×U(1)Y governs how
all of the elementary spin-1 fields interact with each other and other par-
ticles. These symmetries also provide a significant constraint on the types
of interactions that can occur amongst the fermions and the Higgs.

In the rest of this section we discuss other symmetries and approximate
symmetries that can be used to understand the dynamics of the Standard
Model and can also be useful in guiding our understanding of what may
lie beyond the Standard Model. It may seem surprising that approximate
symmetries have a place in this discussion. But if even a part of a model
exhibits a symmetry then the interactions that have to do with that part of
the model can be best understood by considering that symmetry. We have
already seen some examples of this. Isospin and the SU(3) flavor symmetry
are not exact, but they still provide a useful framework for organizing the
quark bound states.

Another example is CP. Most of the Standard Model is invariant under
the discrete CP symmetry. As shown in section 24.1, however, the interac-
tions of the W boson can violate CP when all three quark generations are
involved in a process. Therefore, any Standard Model process that violates
CP must involve not only the W but all three quark generations, which is
a quite restrictive requirement.

Another approximate symmetry of the Standard Model is the flavor
symmetry described in the previous sections. Each type of fermionic field
in a given generation is extended to a U(3) multiplet. This leads to an
approximate U(3)E×U(3)L×U(3)U×U(3)D×U(3)Q flavor symmetry. This
symmetry is broken only by the Yukawa interactions of the fermions with
the Higgs.



Symmetries of the Standard Model 176

One might ask if any subgroup of this large flavor symmetry is pre-
served by the Yukawa terms. The answer is, “Yes.” Remember that when
we determined how many phases could be removed from the CKM matrix
that a global rephasing of all the quark fields had no effect on the matrix.
This means that such a rephasing is a continuous global symmetry. The
conserved charge is called Baryon Number because its effects were first
observed in baryon interactions. We can describe the symmetry breaking
as U(3)U×U(3)D×U(3)Q →U(1)B.

We assign each quark field a baryon number charge of 1/3 and all other
fields have a charge of 0. This also implies that all anti-quark fields have
baryon number of −1/3. Therefore, mesons (which are composed of one
valence quark field and one valence anti-quark field) have a baryon number
of 0. In contrast, baryons (which have three valence quark fields) have a
baryon number of 1. Anti-baryons have a baryon number of −1. A simple
and familiar example of baryon number conservation is neutron decay

n→ p+ e− + νe . (26.2)

The initial state (the neutron) has baryon number 1. The final state has
one proton (with baryon number 1) and two leptons, each with baryon
number 0.

Within the Standard Model there is a larger residual lepton flavor
symmetry. After the flavor symmetry is used to diagonalize the lepton
masses

(eL , µL , τL)

me 0 0
0 mµ 0
0 0 mτ


 eR

µR

τR

 , (26.3)

we can individually rephase any single one of the mass eigenstate lepton
flavors. This leads to a conserved electron number, muon number, and tau
number. We might describe this as U(3)E×U(3)L →U(1)e×U(1)µ×U(1)τ .
Under these flavor symmetries both a lepton and its associated neutrino
have charge 1, while all others have charge 0. The antiparticle and an-
tineutrino have charge −1. This is why in neutron decay (26.2), which has
zero electron number in the initial state, we find an electron (with electron
number 1) and an electron flavored antineutrino (with electron number
−1). We see that neutron decay is largely determined by Lorentz invari-
ance (which ensures a particle can only decay into a collection of particles
with total mass less than the decaying particle mass), conservation of elec-
tric charge, conservation of baryon number, and conservation of electron
number. Another example is muon decay

µ− → e− + νµ + νe . (26.4)

The initial state is muon number of 1. The final state has one muon
neutrino (with muon number of 1) one electron (with electron number of
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1) and an electron antineutrino (with electron number of −1). Note that
conservation of electric charge, muon number, and electron number are also
on display.

As useful as baryon number and the lepton numbers are, it turns out
they are actually not quite conserved. The only flaw in the arguments we
have made up to this point is that we have not taken into account quantum
effects. While the classical field theory is often a good guide to the leading
order quantum theory there are cases where the current associated with a
continuous symmetry Jµ of the Lagrangian is not conserved

∂µJ
µ ̸= 0 , (26.5)

when quantum effects are included.
These types of symmetries are called Anomalous Symmetries and

baryon number along with each lepton flavor number are examples. Taking
into account quantum corrections one finds

∂µJ
µ
B = 3g2

32π2 ε
µναβW a

µνW
a
αβ (26.6)

∂µJ
µ
Li

= g2

32π2 ε
µναβW a

µνW
a
αβ , (26.7)

where theW a
µν are the nonabelian field-strength tensors of the SU(2)L gauge

group. The right-hand side is only effectively nonzero at energies high
enough to produce the heavy gauge bosons, this is why these symmetries
are useful for low energy processes like neutron decay and muon decay. It
is also interesting that the right-hand sides of both of these equations have
the same form, differing only by the number in front. This means that if
we consider the baryon number current minus the sum of all the lepton
number currents we find

∂µJ
µ
B−L =∂µ

(
Jµ

B − J
µ
Le
− Jµ

Lµ
− Jµ

Lτ

)
=(3− 1− 1− 1)g2

32π2 εµναβW a
µνW

a
αβ = 0 . (26.8)

That is, the B −L symmetry has a conserved current even when quantum
effects are included.

This analysis matters because (as mentioned during our discussion of
CP violation) the Universe seems to have more baryons than antibaryons.
This asymmetry is good because it allows things like stars and planets to
form. But we do not know the origin of this baryogenesis. Our analysis
of the B −L symmetry allows for processes at high energy can change the
total baryon number (say from zero to something nonzero) by changing the
total lepton number by the same amount. Not all models of baryogenesis
make use of this process, but many do.
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Let us turn from the fermion flavor symmetries to the Higgs field.
We spent a lot of time discussing the spontaneous breaking of the gauge
symmetries of the Standard Model SU(2)L×U(1)Y . However, there is a
different pattern of global symmetry breaking in the Higgs potential itself.
Writing the Higgs field in terms of four real fields

H =
(
ϕ+

ϕ0

)
=
(
ϕ3 + iϕ4
ϕ1 + iϕ2

)
. (26.9)

The Higgs potential can then be written as

V =− µ2
(
ϕ2

1 + ϕ2
2 + ϕ2

3 + ϕ2
4

)
+ λ

(
ϕ2

1 + ϕ2
2 + ϕ2

3 + ϕ2
4

)2

=− µ2Φ · Φ + λ (Φ · Φ)2 , (26.10)

where

Φ =


ϕ1
ϕ2
ϕ3
ϕ4

 . (26.11)

This shows that the potential is completely equivalent to that of a real
scalar field in the fundamental representation of a global SO(4)≃SU(2)×SU(2)
symmetry getting a VEV, ⟨ϕ1⟩ ̸= 0, in only the first component. The
remaining global symmetry is then SO(3)≃SU(2). This symmetry break-
ing pattern SO(4)→SO(3) would produce three Nambu-Goldstone bosons.
These would-be Nambu-Goldstone bosons are those degrees of freedom that
end up as the longitudinal modes of the massive W and Z bosons. The
interactions of these vector modes are governed by the residual, or Custo-
dial, SU(2) symmetry. This leads to specific predictions about W and Z
interactions at low energy, which have been verified to great accuracy.

The final approximate symmetry we consider is scale symmetry of the
action

S =
∫
d4xL . (26.12)

This symmetry considers a rescaling of each coordinate xµ → ξxµ by a
positive quantity ξ. This means that

d4x→ ξ4d4x . (26.13)

This also means that

∂µ = ∂

∂xµ
→ ∂

ξ∂xµ
= ξ−1∂µ . (26.14)

The particle fields themselves also change under rescaling. Recall from
Sec. 14.1 that each field has dimensions of some power of energy. Spin-0
and spin-1 fields have dimension 1 while spin-1/2 fields have dimension



3/2. The energy (or mass) dimension of the fields is equivalent in natural
units to inverse length. Therefore, we expect that under a rescaling of the
coordinates that the fields should be rescaled by the inverse of their energy
dimension. That is, for spin-0 ϕ, spin-1/2 ψ, and spin-1 Aµ that

ϕ→ ξ−1ϕ , ψ → ξ−3/2ψ , Aµ → ξ−1Aµ . (26.15)

How then do various terms in the Standard Model Lagrangian transform?

Exercise 26.1 Show that the massless free field (no interactions) Lagrangians for spin-0,
spin-1/2, and spin-1 fields all transform as

Lfree → ξ−4Lfree , (26.16)

under scale transformations. This implies, using Eq. (26.13), that the
action for free field theories is invariant under scale transformations.

Moving beyond the massless free particle parts of the Lagrangian, we
can consider how the interaction terms transform. Most of these terms
include two fermion fields and one boson, either spin-1 or spin-0. Each of
these terms transform as (for instance)

BµLγ
µL→ ξ−1Bµξ

−3/2Lγµξ−3/2L = ξ−4BµLγ
µL . (26.17)

Because the measure of the action integral transforms with ξ4 (26.13), we
see that all these action terms are invariant under scale transformations.
The only other terms to consider is the Higgs potential. These terms trans-
form as

−µ2|H|2 + λ|H|4 → −µ
2

ξ2 |H|
2 + λ

ξ4 |H|
4 . (26.18)

The λ term leads to a scale invariant interaction, but (including the trans-
formation of the action measure) the µ2 term does transform under rescal-
ing.

What we have found is that there is exactly one term in the Standard
Model that transforms under scale transformations. It is the Higgs mass
parameter and under scaling µ→ ξµ. Another way of interpreting this is to
say that there is only one explicit energy scale in the Standard Model, and it
is µ. (There are some implicit scales from the quantum mechanical running
of the couplings, but µ is the only classical scale.) From measurements of
the electroweak and Higgs bosons we know that µ ∼ 90 GeV. However, we
do not know why this specific scale appears. In fact, there is one other
physical scale from gravity, which we take as beyond the Standard Model,
see Sec. 27. This is the Planck scale, MPl ∼ 1019 GeV. We do not really
know where this scale comes from either. The huge hierarchy between the
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two scales is also, so far, an unsolved mystery.

PART

VIIBeyond The Standard Model
Sec. 27. Gravity
Sec. 28. Neutrino Masses
Sec. 29. Strong CP
Sec. 30. Unification
Sec. 31. EW Hierarchy

There are, of course, an unending number of ways that the Standard Model
could be extended, even within the confines of needing to agree with exist-
ing experimental data. This section makes no claim of even coming close to
being comprehensive in this regard. Rather, we mention a few extensions
of the Standard Model that students often first ask about.

There are a few things that are conspicuously absent from this section.
These include the nature of the cosmological dark matter and baryogengesis
as well as possible models of early universe inflation or dark energy. These
are all very interesting, but generally require a more detailed discussion of
cosmology than is within the scope of this text.

Section 27

Gravity

We have, so far, described the dynamics responsible for the electromagnetic
as well as the weak and strong nuclear forces. Of course, in day-to-day ex-
perience living near a planet the gravitational force is the most important.
This is largely because the gravitational interactions are long range and al-
ways attractive. At large scales the nuclear forces are unimportant, though
electrodynamics does play a role. However, most matter is electrically neu-
tral and so gravity is the force that remains.

Like the other forces we have encountered gravity can be described
by the classical field. The quantum field theory considers the quantum
fluctuations about a classical vacuum. This can be done in a relatively
straightforward way for gravity, similar to what we have seen for other
fields. The fluctuations lead to particles, gravitons, that communicate the
force of gravity. However, there are also reasons to believe that this process
does not describe the ultimate theory of gravity, which would be needed
to describe quantum mechanical gravitational effects when gravity is very
strong. Still, for the effects of gravity on earth, where the effects are quite
weak compared to other forces, this effective theory of gravity is sufficient.

The classical field theory that describes gravity is called General Rela-
tivity which is introduced in many texts [50, 51]. In this theory the primary
object is the metric gµν . This is a symmetric rank-2 tensor that describes
the geometrical properties of spacetime. One specific example is the flat
space metric (in Cartesian coordinates) that we have used throughout this
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text

ηµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (27.1)

This is the classical background (or vacuum expectation value) for the
graviton field. We can then describe fluctuations about this background by

gµν = ηµν + hµν , (27.2)

where hµν is the dynamical graviton field. Notice that ηµν is dimensionless
and so gµν and hµν are dimensionless. Similarly, because gµν and ηµν are
symmetric it follows that hµν is also.

One might be tempted to write the inverse metric as

gµν ?= ηµν + hµν , (27.3)

but this cannot be correct. Suppose we schematically write the inverse
metric in powers of h

gµν = ηµν + c1h
µν + c2h

µ
αh

να + c3h
α

αh
µν +O(h3) . (27.4)

This is the most general possibility that is symmetric in µ and ν. Note
that in this expansion we have raised and lowered the indices of hµν using
the Minkowski metric ηµν . We can then use the fact that

gµαgαν = δµ
ν , (27.5)

to determine the values of the unknown coefficients order by order in h.

Exercise 27.1 Use the method described above to show that

gµν = ηµν − hµν + hµ
αh

να +O(h3) . (27.6)

Is this results symmetric in µ and ν?

What equations of motion do gµν and hµν satisfy, or equivalently what
is the Lagrangian of general relativity? This is quite easy to write down

SGR = 1
2M

2
Pl

∫
d4x
√
−gR , (27.7)

but it takes a bit of work to define all the quantities. The Planck mass
is a huge energy compared to all known particle masses and interaction
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energies. It is related to Newton’s gravitational constant GN by

MPl = 1√
8πGN

≈ 2.435× 1018 GeV . (27.8)

The quantity g is the determinant of the metric, which for the choice of
metric signature we use is always negative. For instance, the determinant
of ηµν is −1. As above, we can make a schematic expansion with unknown
coefficients

g = −1 + c1h
α

α + c2h
α

αh
α

α + c3h
αβhαβ +O(h3) . (27.9)

Then, by using the identity

∂µg = ggαβ∂µgαβ , (27.10)

we can determine the ci coefficients.

Exercise 27.2 Use the above identity to show that

g = −1− hα
α −

1
2h

α
αh

β
β + 1

2h
αβhαβ +O(h3) . (27.11)

The meaning of R takes more work and a lot more formalism. We
do not take the space to describe all that could be covered in defining
curvature. However, as we go through the process of defining R we point
to several ways in which general relativity is similar to a nonabelian gauge
theory.

In gauge theories we found it useful to define a gauge covariant deriva-
tive Dµ = ∂µ+igT aAa

µ. In differential geometry (which is the mathematical
framework used to describe calculus in curved spaces) we also define a co-
variant derivative ∇µ. For gauge theories the covariant derivative changes
depending on what representation T a of the Lie algebra corresponds to the
field it is acting on. In general relativity the covariant derivative changes
according to what representation of the Lorentz group a particular field is.
This is because the tangent space at any point (which plays a similar role
to the Lie algebra) is given by flat space, even if the spacetime is curved.
For example, for a spin-0 field the covariant derivative is just the usual
derivative ∇µϕ = ∂µϕ.

For a spin-1 field V α

∇βV
α = ∂βV

α + Γα
βγV

γ , (27.12)

where
Γα

βγ = 1
2g

αδ (∂βgγδ + ∂γgβδ − ∂δgβγ) , (27.13)

is the Christoffel symbol of the second kind, or the metric connection.
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Note that for fluctuations about flat space that

Γα
βγ = 1

2
(
ηαδ − hαδ

)
(∂βhγδ + ∂γhβδ − ∂δhβγ) +O(h3) . (27.14)

In gauge theories a commutator of covariant derivatives is related to
the field-strength tensor, [Dµ, Dν ]ϕ = igFµνϕ. In general relativity there
is a similar relation

[∇µ, ∇ν ]V α = Rα
βµνV

β , (27.15)

where
Rα

βµν = ∂µΓα
νβ − ∂νΓα

µβ + Γα
µδΓδ

νβ − Γα
νδΓδ

µβ , (27.16)

is the Riemann tensor. This object is related to the curvature of the space-
time. A different object, the Ricci tensor, is given by

Rαβ = Rγ
αγβ = ∂γΓγ

αβ − ∂βΓγ
γα + Γγ

γδΓδ
αβ − Γγ

βδΓδ
αγ . (27.17)

The Ricci scalar, which appears in the action, is defined to be

R = gαβRαβ , (27.18)

which is the quantity that appears in the action (27.7).
One essential feature of the nonabelian gauge theories we have consid-

ered is that their Lagrangians are invariant under gauge transformations.
One might naturally ask, considering all the connections we have drawn
with gravity, if hµν manifests something like gauge transformations and if
R is invariant under them? In general relativity one consider the manifold
(the spacetime) to be the physical object. However, to make calculations
we must typically use some coordinate system, which we might denote xµ,
to label points in spacetime. Or course, the physics had better not depend
on what coordinates we choose. Therefore, any coordinate transformation

xµ → x′µ = xµ + ξµ(x) , (27.19)

should leave all physical quantities unchanged. This leads to

hµν → h′
µν = hµν + ∂µξν + ∂νξµ , (27.20)

which has some similarity to the transformations Aµ → A′
µ = Aµ + ∂µα(x)

of gauge fields. After some algebra, one can show that √−gR is invariant
under these transformations.

Exercise 27.3 Show that the trace hα
α transforms as

hα
α → h′α

α = hα
α + 2∂αξ

α . (27.21)

For massless gauge fields, as discussed in Sec. 11, the gauge transfor-



Gravity 184

mations of the potential were used to eliminate two degrees of freedom
from the four vector Aµ. One finds that the massless vector field has two
degrees of freedom which are transverse (or orthogonal) to the momen-
tum flowing through the field. In Sec. 10 we also discuss this field as in
the (1/2, 1/2) representation of the Lorentz group, which implies that it
describes particles with spin representation

1
2
⊗

1
2

= 1⊕ 0 . (27.22)

Here the three degrees of freedom in 1 and the single degree in 0 match the
four components of a four-vector field. After applying the gauge transfor-
mation analysis only the transverse part of the spin-1 degrees of freedom
remain.

Exercise 27.4 Argue that hµν has 10 independent degrees of freedom. How many de-
grees of freedom does

hµν −
1
4ηµνh

α
α , (27.23)

have?

The massless field described by hµν can be analyzed in a similar way,
though with more involved algebra. As a symmetric tensor, hµν is described
by 10 independent components. By using the gauge freedom eight of these
can be removed. Here the number eight is twice the number of components
of ξµ, similar to how the two components removed from Aµ is twice the
degrees of freedom in the scalar field α(x). Therefore, hµν only describes
two physical degrees of freedom, or in other words it has two polarizations.
These turn out to be transverse to the three-momentum of the field.

What is the spin of this field? It has two spacetime indices, no spinor
indices, so the (1, 1/2) and (1/2, 1) representations are not the right fit.
What about (1, 1)? The spin described by such a field is

1⊗ 1 = 2⊕ 1⊕ 0 . (27.24)

In this case the spin-2 representation describes five degrees of freedom.
When added to the four of 1 ⊕ 0 we only have nine, one short of the
10 components in hµν . It turns out that the (1, 1) representation of the
Lorentz group describes symmetric, traceless tensors, like the one shown
in (27.23). However, the trace of the tensor is clearly a scalar field, so it is
in the 0 representation. Therefore, the total spins of hµν are

1⊗ 1⊕ 0 = 2⊕ 1⊕ 0⊕ 0 . (27.25)

By using the gauge freedom of this field all of the degrees of freedom are
eliminated except for two of 2, which are the transverse, traceless part.
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Therefore, the graviton is a spin-2 particle.
The fact that we have arrived at a spin-2 particle is highly significant.

Weinberg showed [52] that a massless spin-2 particle couples with the same
strength to every other field. Viewing this from the perspective of gravity,
this shows that a graviton must interact with everything in the same way,
or that all matter and energy interact with gravity universally, which is
what we observe. This same analysis can be extended to higher spin fields.
The result is that no massless bosonic particle with spin higher than two
can consistently couple to other fields.

Now that we are thinking of hµν as describing the graviton field, we
would like to understand it better. It’s interactions are obtained from
the action defined Eq. (27.7). To properly determine all the gravitational
dynamics we should expand both R and √−g around flat space. This is
algebraically tedious and not so very illuminating, so we proceed somewhat
schematically. For instance, we find that three types of terms arise in

R ∼ ∂h∂h+ h∂h∂h+ h2∂h∂h , (27.26)

which are seen to be two derivative terms that lead to particle propagation
through spacetime along with self-interaction terms involving three or four
gravitons. This is similar to the gauge theories outlined above, we find a
kinetic term composed of several couplings involving two derivatives and
also self-interaction terms. Therefore, the Lagrangian includes terms like

L ⊃M2
Pl

1
2∂h∂h . (27.27)

This is similar to the kinetic terms (two derivative terms) that we found
for scalar, spinor, and vector fields. But, in all of those cases there was no
dimensionful coefficient. To produce a theory with the usual coefficient of
one-half, we must absorb a factor of MPl into the definition of hµν . That
is, we consider fluctuations around flat space of the form

gµν = ηµν + 1
MPl

hµν , (27.28)

where hµν is a field with mass dimension one, similar to other bosonic fields.
While this choice has removed the factor of MPl from the two derivative
terms, it has also ensured that graviton self interactions have the schematic
form

1
MPl

h∂h∂h+ 1
M2

Pl
h2∂h∂h . (27.29)

In other words, the self-interactions are suppressed by factors of the Planck
scale. For a process of energy E the derivatives (in momentum space)
provide a factor of E meaning the Lagrangian terms go like E/MPl and
E2/M2

Pl. The current highest energy colliders run at about 104 GeV so the
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leading order graviton interactions at this energy are suppressed by about
10−15.

This is the sense in which quantum effects due to gravity can be sys-
tematically included in any theory. However, the effects are very small
making such predictions difficult to test. This is also part of what makes
a fully quantum mechanical theory of gravity elusive. While several (quite
distinct) directions for such a theory have been put forward, we have not
yet been able to use experimental results to determine how well any of
them models nature.

Throughout this section we have not seen any issue or conflict with
combining general relativity and quantum field theory. We can, however,
see something suspicious in this quantum mechanical description of gravity.
The couplings of the graviton to itself in (27.29) are all nonrenormalizeable,
as discussed in Sec. 14.1. In fact, this is true of the graviton’s interactions
with other particles as well. The coupling to a fermionic field ψ would arise
from √

−g ψ (iγµ∂µ −m)ψ . (27.30)

The leading interaction is then

1
MPl

hα
αψ (iγµ∂µ −m)ψ , (27.31)

which is also nonrenormalizable.
As we saw with the four-Fermi description of beta decay in Sec. 22,

nonrenormalizable theories can be used to specific, testable predictions at
energies well below the scale associated with the couplings with negative
mass dimension. At high energies we expect new particles to arise whose
mass is related to the same mass scale. If this thinking is applied to grav-
ity, we might then expect that general relativity is a very good theory at
energies well below the Planck mass, but needs to be corrected at higher
energies. We might also expect that at energies near the Planck mass that
new, very heavy, particles appear. Of course, we are nowhere near having
controlled experimental access to these energies in order to probe what the
high energy version of gravity might be. Several possibilities have been put
forward, but as yet there is no experimental data that prefers one above
the rest.

Section 28

Neutrino Masses

Experimentally, we have strong evidence that neutrinos have mass. How-
ever, there are several different ways that their mass might be included in a
model of particle interactions and as yet there is no experimental evidence
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that distinguishes one model from another. Until we know more, the typ-
ical choice is to leave the neutrino masses out of the official description of
the Standard Model. Within the Standard Model neutrinos only appear as
a component of left-handed lepton doublets, such as

L =
(
νe

eL

)
. (28.1)

Unlike every other known fermion, no right-handed partner to the neutrinos
have been detected. Without such a particle we cannot write down the
types of masses the other fields develop.

Despite all this we have very convincing evidence that neutrinos do have
mass! This evidence comes from what are called Neutrino Oscillations.
These oscillations have to do with a misalignment between different bases
for the neutrinos. This is similar to the appearance of the CKM matrix
when the quark interactions with the W boson are expressed in the basis
with diagonal masses.

Example We can understand the principles that lead to neutrino oscillations with
only two neutrino flavors. Considering that two-by-two matrices are much
easier to manipulate we consider this case in some detail. We begin by
defining the two neutrino flavors in the “interaction basis.” This is the
basis in which interactions with the W boson are diagonal

νf =
(
νe

νµ

)
. (28.2)

We also suppose that there is some basis in which the neutrinos have a
diagonal mass matrix with masses m1 and m2. We label this basis

νm =
(
ν1
ν2

)
. (28.3)

These two basis are related by some linear transformation νf = Oνm,
where O is a two-by-two matrix. All the linear transformations that
preserve the normalization of the kinetic terms, that is

νf i /Dνf → νmO
†i /DOνm = νmi /Dνm , (28.4)

are unitary O† = O−1. However, as we saw in our discussion of a two-
by-two CKM matrix in Sec. 24.1 by changing our basis by global phases
O can be made into a real, orthogonal matrix. These have the form

O =
(

cos θ sin θ
− sin θ cos θ

)
. (28.5)
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Or that the lepton flavors of neutrinos can be expressed as a linear com-
bination of the two mass eigenstates and vice versa

νe = cos θν1 + sin θν2 , νµ =− sin θν1 + cos θν2 , (28.6)
ν1 = cos θνe − sin θνµ , ν2 = sin θνe + cos θνµ . (28.7)

Why does this matter? When we measure something about a neutrino
we are effectively using the interaction basis νf . But when neutrinos
travel from one point in spacetime to another they propagate in the mass
basis. Let us consider a simple experiment. An electron flavored neutrino
is produced at the point x = (0, 0, 0) at time t = 0. An apparatus which
can detect electron flavored neutrinos is separated from the production
point by a length L. We also denote the time of detection as t = T . If
the neutrinos were massless then they would move at the speed of light
(c = 1) and so L/T = 1. For a particle whose mass is much smaller than
the energy of the decay process that produces it

L

T
= v = p

E
=
√
E2 −m2

E
=
√

1− m2

E2 ≈ 1− m2

2E2 . (28.8)

Given a quantum state at x = 0 and t = 0 |ν1(0, 0)⟩, with no potential,
we can translate it in space using Eq. (33.64) and in time by Eq. (33.67).
Or in short, we can translate in spacetime by

|ν1(T, L)⟩ = e−ip1µxµ|ν1(0, 0)⟩ , (28.9)

where (choosing the distance to be in the z-direction) xµ = (T, 0, 0, L).
Here p1µ is a four-momentum of the neutrino state, and in particular
p2

1 = m2
1. This can be seen as consistent with the claim made earlier that

propagation through spacetime is specific to the mass basis. It is only
in this basis that one can connect the four-momentum of a state to a
specific mass.

We are ready to consider our simple experiment. At the initial time
and location we have

|νe(0, 0)⟩ = cos θ|ν1(0, 0)⟩+ sin θ|ν2(0, 0)⟩ . (28.10)

At the detector and at time T we have

|νe(T, L)⟩ =e−ip1µxµ cos θ|ν1(0, 0)⟩+ e−ip2µxµ sin θ|ν2(0, 0)⟩ (28.11)
=e−ip1µxµ

[
cos θ|ν1(0, 0)⟩+ ei(p1µ−p2µ)xµ sin θ|ν2(0, 0)⟩

]
,

where in the second line we have written the state in a way that empha-
sizes that there is a relative phase between the two.
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Let us focus on this phase to leading order in m/E. That is, let us
suppose that both neutrino masses are much smaller than the energy E
of the process. It is important to recognize that this energy does not
correspond to either of E1 or E2 which are the energies of a particle in
a mass eigenstate. Remember that the neutrino was not produced in a
mass eigenstate. However, if the neutrino were massless then all of these
energies would be equal. The differences between these energies go like
m2

i /E
2
i . This means that

E − E1 ∼
m2

E
, E − E2 ∼

m2

E
, (28.12)

where m is the general scale of the neutrino masses. This implies that to
leading order in m/E

m2
1

E1
= m2

1
E

,
m2

2
E2

= m2
2
E

, (28.13)

and
E1 − E2 ∼

m2

E
. (28.14)

Similarly, T/L − 1 ∼ m2/E2. With these results in mind we find the
phase is

φ =(p1µ − p2µ)xµ = T (E1 − E2)− L(
√
E2

1 −m2
1 −

√
E2

2 −m2
2)

=L
[
T

L
(E1 − E2)− E1 + m2

1
2E1

+ E2 −
m2

2
2E2

+ . . .

]

=L
[(
T

L
− 1

)
(E1 − E2) + m2

1
2E1
− m2

2
2E2

+ . . .

]

=Lm
2
1 −m2

2
2E +O

(
m3

E3

)
. (28.15)

The process of measuring the neutrino to be electron flavored is cap-
tured by

|⟨νe|νe(T, L)⟩|2 . (28.16)

We begin by writing (dropping the unimportant global phase)

|νe(T, L)⟩ = cos θ|ν1⟩+ eiφ sin θ|ν2⟩
= cos θ (cos θ|νe⟩ − sin θ|νµ⟩) + eiφ sin θ (sin θ|νe⟩+ cos θ|νµ⟩)
=
(
cos2 θ + eiφ sin2 θ

)
|νe⟩+ sin θ cos θ

(
eiφ − 1

)
|νµ⟩ . (28.17)
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This leads to

|⟨νe|νe(T, L)⟩|2 =
(
cos2 θ + eiφ sin2 θ

) (
cos2 θ + e−iφ sin2 θ

)
= cos4 θ + cos2 θ sin2 θ

(
eiφ + e−iφ

)
+ sin4 θ

=1− 2 cos2 θ sin2 θ + 2 cos2 θ sin2 θ cosφ

=1− 1
2 sin2(2θ) (1− cosφ)

=1− sin2 φ

2 sin2(2θ) . (28.18)

This shows that the probability of finding the neutrino to be electron
flavored depends on φ, which depends on L, E, and |m2

1 −m2
2|.

Exercise 28.1 Show by direct calculation that the probability of measuring the neutrino
to be muon flavored is

sin2 φ

2 sin2(2θ) . (28.19)

A similar result holds in the three flavor case with different oscillation
phases between the electron and muon flavors compared to the oscillation
phase for electron and tau neutrinos. The different phases depend on the
difference of squared masses, similar to the two-flavor case. The experimen-
tal measurements of these oscillations confirm not just that at least two of
the neutrino masses are nonzero, but also the difference of the masses. The
largest of these splittings is about 2.5 × 10−3 eV2, which implies that at
least one of the neutrino masses must be at least 0.05 eV. The current di-
rect experimental upper bound on the mass of the electron neutrino [53]
is about 0.45 eV. One can also put cosmological bounds on the sum of the
neutrino masses under the assumption of the standard cosmological model
(ΛCDM) and that there is not a cosmological relic of other light particles.
This bound [54] is about 0.13 eV. Both of these results indicate that the
expansion in m/E made above is a good one.

Of course, the fact of nonzero neutrino masses implies that the kinetic
term of the left-handed lepton fields must include a flavor mixing matrix.
This parallels exactly the CKM matrix that appears in the left-handed
quark kinetic term (24.30). For the lepton the matrix is called the PMNS
matrix after Bruno Pontecorvo [55], Ziro Maki, Masami Nakagawa, and
Soichi Sakata [56]. As with the CKM matrix (24.35), the magnitudes of the
components of the PMNS matrix have been determined experimentally [57]

|V |PMNS =

 0.8215± 0.0205 0.5495± 0.0305 0.1485± 0.0065
0.3765± 0.1245 0.588± 0.092 0.704± 0.052
0.397± 0.121 0.579± 0.094 0.690± 0.053

 ,

(28.20)
where the 3σ uncertainties are shown along with the central value.
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While the CKM matrix is close to diagonal with some mixing between
generations, we see that the PMNS matrix generally has significant mixing
among the generations. We do not currently understand the origin of either
matrix’s structure. However, the fact that these two matrix seem quite
different in character is somewhat suggestive that each matrix might be
explained in different ways.

Now that we understand that some of the neutrinos must have a mass
we consider how this might occur. The simplest and most straightforward
idea is to give masses to the neutrinos in the same way that we give mass to
the other fermions of the Standard Model. This requires that in addition
to the Higgs-fermion interactions listed in Eq. (24.9) we include

iN /DN +
[
(λN)i

j LiH̃N
j + H.c.

]
, (28.21)

where the N j are a multiplet of right-handed neutrino fields. Taking this
multiplet to be a triplet matches with the three-generation structure of
the rest of the Standard Model. The bound mentioned above indicate
that the neutrino masses are smaller than one eV. This indicates that if
this Higgs interaction is the sole origin of neutrino mass then the Yukawa
couplings must be very small, no larger than about 10−12. One might
wonder where such a small, nonzero, number comes from. In addition,
such a small coupling makes detecting this right-handed neutrino in any
way very difficult.

Exercise 28.2 Show that we must use the H̃ version of the Higgs field to ensure that
a neutrino mass term is produced. Using the quantum numbers of the
Higgs and left-handed lepton fields, show that the gauge structure of the
right-handed neutrino field is

N ∼ (1, 1, 0) . (28.22)

As shown in the exercise above, the structure of this interaction implies
that the right-handed neutrinos have no interactions with any of the Stan-
dard Model gauge fields. This means that we cannot use any of the gauge
interactions to directly produce such a field. The only way this field inter-
acts with the particles of the Standard Model is through the tiny coupling
to the Higgs, making it very difficult to test this possibility.

However, this special property of being neutral under all gauge inter-
actions allows for another very interesting possibility. This neutral nature
actually allows the right-handed neutrino to have a different kind of mass
term. We explain this in the following subsection.

Subsection 28.1

Majorana Fermions
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The first field we discussed in this text was the real scalar. This simple field
satisfies ϕ† = ϕ, which means that it cannot be rephased. A consequence
of this is that it has no conserved particle number. In essence, the field ϕ
is its own antiparticle. While a complex scalar field has a mass term

m2ϕ†ϕ , (28.23)

which involves both the particle and antiparticle fields, a real scalar mass
term only involves one field

m2

2 ϕ2 . (28.24)

It turns out that there is a type of spin-1/2 field that has similar
properties. This is called a Majorana fermion after Ettore Majorana who
discovered the equation that describes them [58]. What kind of Lagrangian
term might this look like? We could try a spinor that is real

ψ∗ = ψ , (28.25)

but this is too restrictive. In essence, because the (1
2 , 0) and (0, 1

2) rep-
resentations of the Lorentz group are not real representations, we cannot
make this requirement. Instead, we require that the charge conjugation of
our field is equal to the original field

ψ
C−→ −iγ2ψ∗ = ψ . (28.26)

Exercise 28.3 Show that the requirement in Eq. (28.26) leads to

ψR = iσ2ψ
∗
L . (28.27)

In order to be more efficient in writing, we introduce the notation

ψc ≡ −iγ2ψ∗ . (28.28)

Then the Majorana condition is simply

ψc = ψ . (28.29)

Exercise 28.4 Show that for any fermion fields ψi and ψj

ψc
iψ

c
j = ψjψi . (28.30)

Suppose we have a Dirac field ψD. We define the combination

ψM+ = 1√
2
(
ψD − iγ2ψ∗

D

)
. (28.31)
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It is straightforward to check that by acting with charge conjugation we
find

ψM+
C−→ 1√

2
[
−iγ2ψ∗

D − iγ2
(
−iγ2ψ∗

D

)∗]
= 1√

2
[
−iγ2ψ∗

D + i(−i)γ2(−γ2)ψD

]
= 1√

2
[
−iγ2ψ∗

D + ψD

]
= ψM+ . (28.32)

In other words, ψM+ is a Majorana field.

Exercise 28.5 Show that for a Dirac fermion ψD that

ψM− = −i√
2
(
ψD + iγ2ψ∗

D

)
, (28.33)

is also a Majorana field.

This means that we can write any Dirac field as

ψD = 1√
2
(
ψM+ + iψM−

)
, (28.34)

in terms of two Majorana fields. A Dirac mass term can then be written as

mψDψD =m2
(
ψM+ − iψM−

) (
ψM+ + iψM−

)
=m2

(
ψM+ψM+ + iψM+ψM− − iψM−ψM+ + ψM−ψM−

)
=m2

(
ψM+ψM+ + ψM−ψM−

)
, (28.35)

where we have used Eq. (28.30) to obtain the last line. This shows that
a Dirac fermion can be thought of as two Majorana fermions with equal
mass, similar to a complex scalar being expressed as two real fields with
equal mass. We also find the a factor of one-half in front of the mass terms,
just as we would for a real scalar mass.

We know that the Dirac mass( as discussed in Sec. 9.1) is Hermitian and
Lorentz invariant. It turns out that for Majorana fields there is another type
of mass that can appear in the Lagrangian. In general, we have something
like

ψAM
A

Bψ
B = ψTMψ , (28.36)

where M is a constant matrix in the spinor space.
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Exercise 28.6 Show that for each the Pauli matrices σi

σ2σ
T
i σ2 = −σi . (28.37)

Then, using Eq. (38.7) show that

eaiσ
T
i σ2 = σ2e

−aiσi . (28.38)

This mass term must be Lorentz invariant. From Eq. (9.55) we find
that

ψT
Lσ2ψL →ψLe

1
2 (iθi+βi)σT

i σ2e
1
2 (iθi+βi)σiψL

=ψLσ2e
− 1

2 (iθi+βi)σie
1
2 (iθi+βi)σiψL

=ψT
Lσ2ψL . (28.39)

Exercise 28.7 Show that for each the Pauli matrices σi

ψT
Rσ2ψR → ψT

Rσ2ψR . (28.40)

These results indicates that the Majorana mass can be proportional to

γ0γ2 , (28.41)

because we have just shown that

ψTγ0γ2ψ = −ψT
Lσ2ψL + ψT

Rσ2ψR , (28.42)

is Lorentz invariant.

Exercise 28.8 Show that for a Majorana fermion the operator

iψTγ0γ2ψ , (28.43)

is invariant under charge conjugation and is Hermitian.

Now, clearly a mass term of the type

iMψTγ0γ2ψ , (28.44)

cannot apply to a field that carries a U(1) gauge charge. This means that
no fermion of the Standard Model has a Majorana mass. However, if we in-
clude a right-handed neutrino field, which is neutral under all the Standard
Model gauge groups, then such a mass would be allowed. Including a factor
of one-half so that we obtain the correct normalization, the Majorana mass
is then

1
2Mψcψ . (28.45)
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Subsection 28.2

Seesaw Mechanism

It is shown above that one possible model of neutrino masses is simply
include right-handed neutrino fields Ni and use the Higgs VEV to produce
a mass for the neutrinos. This required, however, very small Yukawa cou-
plings. Suppose we allow for this type of coupling and a Majorana mass
for the right handed neutrino fields

mDνLνR + 1
2Mνc

RνR + H.c. , (28.46)

where the Dirac mass originates from the Higgs VEV like the SM fermions

mD = λνv√
2
. (28.47)

From Eq. (28.30) we know that

νLνR = νc
Rν

c
L , (28.48)

so we can write

mDνLνR = 1
2mD (νLνR + νLνR) = 1

2mD (νLνR + νc
Rν

c
L) . (28.49)

Why have we written a perfectly simple mass term in such a compli-
cated way? This way of writing things allows us to write the combined
mass (28.46) terms as

1
2 (νL, νc

R)Mν

(
νc

L

νR

)
= 1

2 (νL, νc
R)
(

0 mD

mD M

)(
νc

L

νR

)
. (28.50)

Exercise 28.9 What are the eigenvalues of Mν? Expand the results in mD/M ≪ 1.
Does anything about the result surprise you?

Exercise 28.10 Consider the matrix that defines the squared masses of the fermions

M†
νMν . (28.51)

What are the eigenvalues of this matrix and how do they compare with
the results of the previous exercise.

The above excises show that the combination of Dirac and Majorana
masses, with M ≫ mD lead to two mass eigenstates. One has a mass of
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about M . The other has a mass of about

mD
mD

M
= λ2

νv
2

2M . (28.52)

If this lighter state is associated with the nonzero neutrino masses then
having M ≫ v implies that λν need not be so small. This is the essence of
the seesaw mechanism [59–62]. A large Majorana mass for the right-handed
neutrino can explain why the neutrino states we have measured have such
a small mass.

Exercise 28.11 Taking v =246 GeV, and assuming the above seesaw mechanism produces
a state with about eV scale mass, what value of the Majorana mass M
produces a neutrino Yukawa λν of similar size to the electron Yukawa
λe ∼ 10−5? What value of M produces a Yukawa about the size of the
tau Yukawa λτ ∼ 10−2?

Section 29

Strong CP Problem

In the last section we considered a physical measurement, nonzero neutrino
mass, and some of the ways the standard model might be extended in order
to account for it. This section focuses on something of an opposite issue.
There is a term that we expect to be part of the standard model which
does not seem to be there. This section is only a short introduction to this
puzzle and one possible solution. More information can be found in [19, 63]

In Sec. 18 we wrote down a Lagrangian for QCD. In doing so, we
neglected to write a term that is allowed by many symmetries. This term
is

Lθ = θ
αs

32πε
αβγδGa

αβG
a
γδ , (29.1)

where αs = g2
s/(4π) and the gluon field strength is Ga

αβ. This term is often
written in terms of the dual-field strength

G̃a
µν = 1

2εµναβG
aαβ . (29.2)

This Lagrangian term is Lorentz invariant and gauge invariant, so why did
we not include it before?

Remember that the usual gluon kinetic term

−1
4G

a
µνG

aµν , (29.3)

is invariant under each of C, P, and T. It is invariant under C because the
gluons are in the adjoint representation of SU(3)c, which is a real represen-
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tation. This means that C acts trivially. This term is also invariant under
P and T. Recall that

Ga
µν = ∂µA

a
ν − ∂νA

a
µ − gsf

abcAb
µA

c
ν , (29.4)

and that the gluon fields Aa
µ transform like a derivative under both P and T,

see Sec. 15. This means that each term in (29.3) includes an even number
(at least two) instances of fields and derivatives that all transform in the
same say. This means that no matter the transformation type, either one
or minus one we have

12 = (−1)2 = 1 , (29.5)

so the total term is invariant.
This is not the case, however, for the θ term in (29.1). The Levi-Civita

connects different types of indices together leading to terms that are odd
under P and T. For example, consider a term like

g2
sf

abcfadeεαβγδAb
αA

c
βA

d
γA

e
δ . (29.6)

The epsilon tensor ensures that only one instance of time and each spatial
dimension appear in each term of this sum (remember that all repeated
indices are summed over). For instance, one term is

g2
sf

abcfadeε0123Ab
0A

c
1A

d
2A

e
3 . (29.7)

Under parity A0 → A0 while A1,2,3 → −A1,2,3 so in total this term changes
sign. Time reversal produces A0 → −A0 and A1,2,3 → A1,2,3 which also
leads to a sign change. Similar analyses apply to each term in (29.1),
showing that it is odd (changes sign) under both P and T. Usually, we
simply say that this term in the Lagrangian is odd under CP.

This means that if we have a CP invariant theory then we should not
include this term in the Lagrangian. Or equivalently, if we take θ = 0 then
no other effects generate a nonzero θ. However, we already saw in Sec. 24
that the CKM matrix allows for CP violation, which has been measured to
be nonzero. So, considering that the SM as a whole does not preserve CP
it seems we should include a nonzero θ term.

In fact, we can take a step back to our Abelian hypercharge vector field
Bµ with field strength Bµν = ∂µBν − ∂νBµ. Should we consider the term

θY B̃
µνBµν , (29.8)

also? The usual response is “No,” because even if we include this term with
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nonzero θY , it is a total derivative

B̃µνBµν =1
2ε

αβγδBαβBγδ = 1
2ε

αβγδ (∂αBβ − ∂βBα) (∂γBδ − ∂δBγ)

=2εαβγδ (∂αBβ) (∂γBδ) = 2εαβγδ [∂α (Bβ∂δBγ)−Bβ∂α∂γBδ]
=∂α

(
2εαβγδBβ∂δBγ

)
. (29.9)

Within the action, a total derivative produces a boundary term, an integral
over the field at infinite distance. We usually assume that the fields all go
to zero at infinity, so we can safely drop boundary terms. It turns out
there is an important exception. In the case of nontrivial topology this
specific boundary term can be nontrivial. For abelian gauge theories this
can only occur when there are particles with both electric type charges (all
the fields we have considered in this text) and magnetic type charges. In
the SM we have no particles with magnetic hypercharge, so the boundary
term is trivial and the θY term can be safely set to zero.

Exercise 29.1 Write down explanations for each equality in (29.9). Work through any
index manipulations to make sure you understand.

What about in the nonabelian case? The form of the gluon field
strength (29.4) is more complicated, so it may be that the θ term is not a
total derivative in any case. However, it turns out that

G̃a
µνG

aµν = ∂αε
αβγδ

(
Aa

βG
a
γδ + gs

3 f
abcAa

βA
b
γA

c
δ

)
. (29.10)

Note that this reduces to what we found above in the abelian limit.

Exercise 29.2 Starting with the right-hand side, show that Eq. (29.10) is true.

Now, it turns out to be true that the volume integral∫
d4x∂αε

αβγδ
(
Aa

βG
a
γδ + gs

3 f
abcAa

βA
b
γA

c
δ

)
= 8π
αs

(n+ − n−) , (29.11)

where n− is the integer (called the winding number) that characterizes the
topology of the gauge fields at t = −∞ and n+ is the winding number of
the gauge fields at t = +∞. In other words, the possible gauge field con-
figurations of QCD can be classified, topologically, by an integer called the
winding number. Dynamics that change winding number are associated
with a nonzero θ term. In particular, the vacuum of QCD is contains con-
tributions from all possible winding numbers, so it seems we should include
this term in the Lagrangian and determine the value of θ experimentally.

One experimental measurement that is sensitive to θ is the electric
dipole moment of the neutron, de. That is, if θ = 0 then the neutron has
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no electric dipole moment, de = 0. Experimentally, the bounds on the
dipole moment are such that

|θ| < 10−10 . (29.12)

The strong CP problem is simply that we have no explanation of why θ
should be this small. One could simply say that θ = 10−12 and that’s
just the way things are, but the appearance of such a small number in the
Lagrangian is a bit unsettling. As with the possibility of small neutrino
Yukawa couplings, significant effort has gone into alternative explanations.

Subsection 29.1

Quark Mass Connection

The analysis above is correct, but misses an important aspect of the strong
CP problem. In Sec. 26 we mentioned that some classical symmetries of a
Lagrangian do not persist as symmetries of the fully quantum field theory.
Such symmetries are labeled anomalous. In that section we found that
the current associated with an anomalous symmetry is not conserved, see
Eqs. (26.6) and (26.7).

Further back, in Sec. 9.1 we found that chiral rephasing

ψ = eiθcγ5ψ′ , (29.13)

of massless fermions was a symmetry of the Dirac Lagrangian. This is not
a symmetry of the SM, because the quarks all get masses. But even in
the massless limit this symmetry is anomalous. In the massless limit, the
current Jµ associated with this symmetry satisfies

∂µJ
µ = θc

g2
s

16π2 G̃
a
µνG

aµν + θc
g2

16π2 W̃
a
µνW

aµν + θc
g′2

16π2 B̃µνB
µν , (29.14)

if the fermion field being rephased is charged under all of SU(3)c×SU(2)L×U(1)Y .
These contributions also appear in the massive limit. The consequence is
that if we include theta terms for all the SM gauge fields, then by making
chiral rephasing we can change the value of the thetas. In particular, it
can be shown that the SU(2)L and U(1)Y theta terms can be completely
removed by making chiral rephasings.

In the case of the quark we are not so free to rephase. In Sec. 24 we
discussed the quark mass matrices that result from electroweak symmetry
breaking

DLMdD + ULMuU + H.c . (29.15)

To reach the mass basis we made unitary transformations

UL → UuUL , DL → UdDL , UR → UUUR , DR → UDDR (29.16)
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for the components of the of left-handed and right-handed quark fields. We
can equivalently write all the quark mass terms as

ψqLMqψqR + H.c , (29.17)

where ψqL and ψqR are six-dimensional vectors of fermions containing all
left-handed and right-handed quark flavors. This six-by-six mass matrix
Mq can be diagonalized

Mq = V †
LMqVR , (29.18)

by using two six dimensional unitary matrices VL and VR.
These unitary matrices can be expressed as SU(6) matrices multiplied

by an overall phase

VL = eiϕLSL , VR = eiϕRSR . (29.19)

In general, we expect these two matrices to be different as well as the two
phases. However, rephasing the left- and right-handed fermions differently
corresponds to a chiral rephasing

ψ → ei(ϕR−ϕL)γ5/2ψ′ . (29.20)

Exercise 29.3 Show that the transformation

ψ = eiθcγ5ψ′ , (29.21)

leads to
ψL = e−iθcψ′

L , ψR = eiθcψ′
R . (29.22)

Then show that the transformations

ψL = eiϕLψ′
L , ψR = eiϕRψ′

R , (29.23)

amount to a total rephasing

ψ = ei(ϕR+ϕL)/2ψ′ , (29.24)

in addition to a chiral rephasing

ψ → ei(ϕR−ϕL)γ5/2ψ′ . (29.25)

The effect of the chiral rephasing that accompanies the mass diagonal-
ization is to produce a term in the Lagrangian

−2× 6ϕR − ϕL

2
g2

s

16π2 G̃
a
µνG

aµν , (29.26)

where the factor of 6 comes from the number of quark flavors. This means
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that the total term in the Lagrangian after the mass diagonalization is

[θ + 6 (ϕL − ϕR)] g2
s

16π2 G̃
a
µνG

aµν . (29.27)

However, this is usually, not how this term is expressed. Recall that
the diagonalized matrix Mq is completely real, so

arg (Det(Mq)) = 0 , (29.28)

where arg(reiϕ) = ϕ. This means that

0 =arg (Det(Mq)) = arg
(
Det(V †

LMqVR)
)

=arg
(
e−i6ϕLDet(S†

L)
)

+ arg (Det(Mq)) + arg
(
ei6ϕRDet(SR)

)
=− 6ϕL + arg (Det(Mq)) + 6ϕR . (29.29)

In other words,
6(ϕL − ϕR) = arg (Det(Mq)) , (29.30)

where Mq is the non-diagonal quark mass matrix. So, after making the
definition

θ = θ + arg (Det(Mq)) , (29.31)

we find that the term in the Lagrangian (in the mass basis) is

θ
g2

s

16π2 G̃
a
µνG

aµν . (29.32)

It is this quantity θ that is constrained by experiment to be very small, not
θ itself.

Subsection 29.2

The QCD Axion

There are many ways that the strong CP problem might be resolved. One
that has garnered a significant amount of attention is the axion [64, 65].
The idea is to introduce a new U(1) global symmetry (often called a Peccei-
Quinn [66] symmetry) that is spontaneously broken at some scale fa and is
explicitly broken by the chiral anomaly discussed in the above section. The
axion field a arises as the pNGB of the broken symmetry. It is convenient
to describe the axion as the phase of a pseudoscalar field

Φ(x) = r(x)eia(x)/fa , (29.33)
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similar to other nonlinear descriptions of pNGBs. Note that the theory if
invariant under shifts

a→ a+ 2πfa , (29.34)

so it is only meaningful to discuss field values up to 2πfa.
Because a is s pNGB, we expect its couplings all to involve derivatives,

like ∂µa, so that the theory is invariant under arbitrary shifts

a→ a+ c . (29.35)

However, because the U(1) symmetry is explicitly broken by the chiral
anomaly the Lagrangian contains one coupling without a derivative

a

fa

g2
s

16π2 G̃
a
µνG

aµν . (29.36)

This means that the Lagrangian contains the total coupling(
θ + a

fa

)
g2

s

16π2 G̃
a
µνG

aµν . (29.37)

At low energies, this leads to the effective potential

Va = −m2
πf

2
π

√√√√1− 4mumd

(mu +md)2 sin2
(
θ + a/fa

2

)
, (29.38)

where mu and md are the masse of the up- and down quarks, respectively.
The parameter mπ is the (neutral) pion mass and fπ ≈ 92 MeV is called
the pion decay constant.

Exercise 29.4 Show that Va has minima and maxima and determine what the value of
a is at the minima.

The exercise above shows that the potential has an extremum whenever

sin
(
θ + a

fa

)
= 0 . (29.39)

The minima turn out to be whenever

a = 2Nπfa − θfa , (29.40)

where N is an integer. The other extrema are maxima. Because we are only
interested in in field values less than 2πfa the minimum of the potential,
and the value of a’s vacuum expectation value, is

⟨a⟩ = −θfa . (29.41)
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If we expand the term in (29.36) about the axion VEV

a = ⟨a⟩+ δa , (29.42)

we find (
θ + −faθ

fa

+ δa

fa

)
g2

s

16π2 G̃
a
µνG

aµν . (29.43)

This means that the effective constant coefficient of this terms is zero, which
explains why there has been no experimental measurement of a neutron
dipole moment, even if θ is not small.

While the neutron does not provide evidence of the θ term when there
is an axion field there are experimental signatures. The most obvious is the
pseudoscalar field δa which interacts with the gluon fields. Indeed, other
interactions with SM fields are also possible and provide opportunities to
discover the axion field. What are the aspects of this field? Well, it is easy
to determine of the mass of δa by

m2
a = d2Va

da2

∣∣∣∣∣
a=⟨a⟩

= m2
πf

2
πmumd

f 2
a (mu +md)2 . (29.44)

All of the scales involved are of the MeV or hundred MeV size, except
for fa which would need to be determined experimentally. In most cases,
experimental analyses require fa to be very large implying the axion mass
is very small. Still, there is a vigorous experimental program looking for
evidence of axions and axion-like-particles. In addition, a background axion
field could be responsible for all or part of the cosmological dark matter.

Section 30

Grand Unified Theories

In Sec. 21 we learned that larger gauge symmetries can be spontaneously
broken down to smaller gauge symmetries. One might then look at the
gauge structure of the standard model SU(3)c×SU(2)L×U(1)Y and wonder
if it might come from another, perhaps simpler, gauge structure at higher
energies. Pati and Salam [67] made the first steps in this direction by
considering a model with gauge structure SU(4)c×SU(2)L×SU(2)R. This
might be termed a partial unification.

Shortly thereafter, Georgi and Glashow [68] proposed a grand (in the
sense of complete) unification model. They pointed out that an SU(5)
gauge theory could undergo spontaneous symmetry breaking to produce
SU(3)×SU(2)×U(1). The authors made a very careful discussion of how
this might relate to the standard model. In this section we consider a few
of these issues. However, the full story of unification is vast and detailed,
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so this section should only be understood as a short introduction to some
of the salient ideas. More information can be found in [69, 70]

The symmetry breaking pattern SU(5)→SU(3)×SU(2)×U(1) is a very
interesting mathematical fact, but it is not sufficient to indicate that the
standard model might actually arise from such a process. Suppose that at
some high scale there is a fermion f that is charged under this SU(5) gauge
theory. The Lagrangian for the theory would include

if /Df , (30.1)

where the covariant derivative is given by

(Dµ)i
j = Ii

j∂µ + igGA
a
µ (T a)i

j , (30.2)

where gG is the grand unified coupling, the Aa
µ are the SU(5) gauge bosons,

and the (T a)i
j are the generators of the SU(5) group.

Let us focus on the gauge coupling. There is only one. That is part of
what the unification idea means. Instead of one coupling for hypercharge,
one for SU(2)L, and one for QCD there is just one coupling. That is a very
interesting suggestion, but at the energies we can probe the three couplings
are all very different, so it seems that they cannot be unified, right?
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Figure 29. Two-loop
running of the standard
model gauge couplings.
Data taken from Fig. 6.8
of [71].

The important idea to remember is that couplings run with energy
scale, they are not fixed. We can then ask the question, is there an energy
scale at which the couplings all become the same value? Figure 29 shows
how the three gauge couplings in the standard model change with energy
scale. These were calculated at the two-loop order and plotted in [71].
The combination αi = g2

i /(4π) is used because that is the combination
that often naturally appears in calculations. The quantity α−1

i is shown
because that is the quantity that naturally appears in the equations that
govern how the coupling changes scales.

The figure confirms that the hypercharge gets larger at higher energies,
while the other two couplings get smaller. The couplings do all get near to
each other at high energies, but they do not meet at a single point. Their
intersection triangle spans the energy range from 1013 GeV to 1016 GeV. In
the context of the plot this is only three orders of magnitude, but it is hard
to see it as true unification.

However, we should consider what assumptions have gone into this plot.
Perhaps the most important for this discussion is that we have assumed that
there are no particles beyond those already discovered. Experimentally, we
have explored very little of the energy scales on the plot. For certain kinds
of particles we have probed up to a few TeV (103 GeV) for others only a
few hundred GeV. In short, it is completely possible that there are as yet
undiscovered particles in nature that can affect how some or all of these
couplings run. For instance, in [71] it is shown that in some supersymmetric
extensions of the standard model the couplings really do seem to unify at
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about 1016 GeV. Of course, new particles might push toward or away from
unification. Perhaps all we can say is that unification of the gauge couplings
seems possible.

In addition to a single, unified coupling, if the high energy symmetry
structure of nature is a single group gauge theory then we would expect
the standard model particles to fit nicely into representations (or perhaps
even a single representation) of the fundamental gauge group. In order
to determine whether or not this is possible we need to be a little more
definite about the structure of SU(5).

The generators of SU(5) can be separated into four types. Remember
that the Lie group SU(N) has N2 − 1 generators, so SU(5) has 24. In
the fundamental representation we can express these generators as 5-by-5,
traceless, Hermitian matrices. Most of the entries are zeros. To help guide
the reader I have put lines into the matrices to separate it into blocks. For
instance, the first eight generators have the form

T 1,...,8
G =


1
2λ

1,...,8
0 0
0 0
0 0

0 0 0 00 0 0


, (30.3)

where the zero in the bottom right represents a 2-by-two matrix of zeros.
The 1

2λ
a are the 3-by-3 generators of SU(3) given in (39.125). The next 12

generators have very similar for. They are only nonzero in the off-diagonal
blocks. Each pair look similar to the first two Pauli matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
. (30.4)

For instance, we have

T 9
G = 1

2


0

1 0
0 0
0 0

1 0 0 00 0 0


, T 10

G = 1
2


0

−i 0
0 0
0 0

i 0 0 00 0 0


, (30.5)
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and

T 11
G = 1

2


0

0 1
0 0
0 0

0 0 0 01 0 0


, T 12

G = 1
2


0

0 −i
0 0
0 0

0 0 0 0
i 0 0


, (30.6)

which only have nonzero values in the first row and first column. Generators
T 13

G through T 16
G are similar, but with nonzero values in the second row and

second column while T 17
G through T 20

G have nonzero values in the third row
and third column.

Generators T 21
G through T 23

G are only nonzero in the bottom right, 2-
by-2 block. The matrices that make up the block are exactly 1

2σi, the
generators of SU(2)

T 2i
G =


0

0 0
0 0
0 0

0 0 0 1
2σi0 0 0


. (30.7)

The last generator is diagonal

T 24
G =

√
3
5


−1

3I
0 0
0 0
0 0

0 0 0 1
2I0 0 0


, (30.8)

where I denotes the appropriate identity matrix.

Exercise 30.1 Show that all the generators satisfy

Tr
(
TA

GT
B
G

)
= 1

2δ
AB . (30.9)

The fact that the SU(3) and SU(2) generators show up in blocks makes
it plausible that SU(5) can be broken into SU(3)×SU(2). However, it is
not guaranteed. Suppose that there is some scalar field Φ that is in the
fundamental representation 5 of SU(5) and has some potential that leads
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to a vacuum expectation value (VEV) of the form

⟨Φ⟩ =


0
0
0
0
v

 . (30.10)

Every generator for which

TA
G ⟨Φ⟩ = 0 , (30.11)

is not spontaneously broken. All the unbroken generators correspond to the
remaining symmetry group. Clearly, all of T 1,...,8

G are not broken. Neither
are T 9

G, T 10
G , T 13

G , T 14
G , T 17

G , and T 18
G . Finally, the linear combination

T 23
G +

√
5
3T

24
G , (30.12)

also satisfies (30.11). So, there are 15 unbroken generators, 8 of which
clearly produce an SU(3) group. We have not proven it, but these are ex-
actly the 15 generators of SU(4). In short, this is not the kind of symmetry
breaking pattern that might produce the standard model gauge groups.

Any scalar field in the fundamental representation that gets a VEV
leads to the same symmetry breaking pattern. So does any scalar field
in the conjugate representation 5. This leads us toconsider other (larger)
representations. The tensor product of two fundamental representations
can be decomposed into the symmetric tensor 15 and antisymmetric tensor
10 representations

5⊗ 5 = 15⊕ 10 , (30.13)

similar to the process considered in Eq. (39.243) for SU(3).
Suppose a field χij is in one of these tensorial representations. Here the

i and j indices label the five dimensions of the fundamental representation.
This implies that under a transformation in which a field in the fundamental
representation Φi transforms as

Φi → U i
j
Φj , (30.14)

that
χij → U i

ℓ
U j

k
χℓk . (30.15)

Recall that these transformations U i
j

have the form

U i
j

= δi
j − iθa (T a

G)i

j
+ . . . . (30.16)
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For the fundamental field Φi the covariant derivative included the term

igGA
a (T a

G)i

j
, (30.17)

which is clearly related to the first nontrivial correction to the identity of
U i

j
. The same holds true for higher tensor representations. To leading

order in θa we find

U i
k
U j

ℓ
= δi

kδ
j
ℓ − iθa

[
δi

k (T a
G)j

ℓ
+ δj

ℓ (T a
G)i

k

]
+ . . . , (30.18)

which implies that the covariant derivative for χij is

(Dµχ)ij =
[
δi

kδ
j
ℓ∂µ + igGA

a
(
δi

k (T a
G)j

ℓ
+ δj

ℓ (T a
G)i

k

)]
χkℓ . (30.19)

Let us take some time to understand the second term in the covariant
derivative. We can write the matrix part as(

δi
k (T a

G)j

ℓ
+ δj

ℓ (T a
G)i

k

)
χkℓ = χiℓ (T a

G)j

ℓ
+ (T a

G)i

k
χkj . (30.20)

The second term is already in the form of matrix multiplication. The first,
however, is not. We can bring it into the usual matrix multiplication form
by transposing one of the matrices. This leads to the the generalization
of (30.11) for a scalar χ in a tensorial representation is

⟨χ⟩ (T a
G)T + T a

G⟨χ⟩ = 0 , (30.21)

where we emphasize the generator is transposed in the first term. Any
symmetry whose generator satisfies this condition is not broken by the
VEV of χij.

If χij is in the symmetric representation then there are two distinct
VEV configurations. These are the trace of ⟨χ⟩ and any traceless part of
⟨χ⟩. The trace part can be expressed as

⟨χ⟩ST =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 v

 . (30.22)

Exercise 30.2 Show that a VEV of the form ⟨χ⟩ST above does not break the symmetry
associated with T 1

G through T 10
G , nor T 13

G , T 14
G , T 17

G and T 18
G . Finally, show

that

T 23
G +

√
5
3T

24
G , (30.23)

is also a preserved symmetry.
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The above exercise shows that a trace VEV produces the same SU(5)→SU(4)
breaking pattern observed with the fundamental field VEV. What about a
symmetric, traceless VEV? This has the form

⟨χ⟩S0 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 v
0 0 0 v 0

 . (30.24)

Exercise 30.3 Show that a VEV of the form ⟨χ⟩S0 above does not break the symmetry
associated with T 1

G through T 8
G, nor T 23

G . Argue that no linear combi-
nation (with real coefficients) of the other generators corresponds to an
unbroken symmetry.

The exercise above shows that a symmetric, traceless VEV breaks more
of the symmetry, leaving only SU(3)×U(1). This might be able to unify
parts of the standard model gauge group, but clearly not all of it. Seeing
as the symmetric tensor representation is not what we want, we turn to
the antisymmetric tensor representation. This has the form

⟨χ⟩A =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 v
0 0 0 −v 0

 . (30.25)

Exercise 30.4 Show that a VEV of the form ⟨χ⟩A above does not break the symmetry
associated with T 1

G through T 8
G, nor T 21

G , T 22
G , and T 23

G . Argue that no
linear combination (with real coefficients) of the other generators corre-
sponds to an unbroken symmetry.

This exercise shows that the antisymmetric VEV produces the symme-
try breaking pattern SU(5)→SU(3)×SU(2). Again, this looks like it might
account for part of the standard model gauge structure, but does not pro-
vide the full product group. What other representations might we try?
Especially representations whose dimension is not too large.

Instead of taking a tensor product of two fundamental representations,
we can consider the product of a fundamental and its conjugate. This
produces

5⊗ 5 = 24⊕ 1 . (30.26)

This 24 nothing other than the adjoint representation of SU(5). A scalar



Grand Unified Theories 210

field Σi
j

in the adjoint representation transforms according to

Σi
j
→ U i

k
Σk

ℓ
U †ℓ

j
= Σi

j
− iθa

[
(T a

G)i

k
Σk

j
− Σi

k
(T a

G)k

j

]
+ . . . . (30.27)

As we shown above for the tensor representations, this implies that con-
dition that a VEV ⟨Σ⟩ does not break a symmetry associated with T a

G is
that

T a
G⟨Σ⟩ − ⟨Σ⟩T a

G = [T a
G, ⟨Σ⟩] = 0 . (30.28)

This condition clarifies how we should proceed. We recall that any field
(and hence the VEV) in the adjoint representation can be expanded in the
basis of the generators

Σi
j

=
24∑

a=1
Σa (T a

G)i

j
. (30.29)

Any generator commutes with itself, so a residual U(1) symmetry is guar-
anteed to remain no matter what VEV we choose. By choose a VEV that
commutes with the upper-left 3-by-3 block we produce a residual SU(3). A
VEV that commutes with the lower-right 2-by-2 block produces a residual
SU(2). By glancing at the generators we see that a VEV that is along the
T 24

G direction produces exactly these characteristics.

Exercise 30.5 Show that a VEV of the form vT 24
G does not break the symmetry associ-

ated with T 1
G through T 8

G, nor T 21
G through T 23

G , nor T 24
G . Argue that no

linear combination (with real coefficients) of the other generators corre-
sponds to an unbroken symmetry.

The upshot is that a potential for Σi
j

which produces a VEV that can
be parameterized as

⟨Σ⟩i
j

= v
(
T 24

G

)i

j

, (30.30)

produces the symmetry breaking pattern SU(5)→SU(3)×SU(2)×U(1). This
is what Georgi and Glashow determined in a more systematic way. We can
now use this to determine how representations of SU(5) are decomposed
into the SU(3), SU(2), and U(1) subgroups. For instance, the fundamental
is decomposed as

5 =
(

3, 1, − 1√
15

)
⊕

1, 2,
1
2

√
3
5

 . (30.31)
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This means that a field in the fundamental of SU(5)

f =


f1
f2
f3
f4
f5

 (30.32)

can be thought of as two fields

g =

 f1
f2
f3

 , h =
(
f4
f5

)
, (30.33)

where g is in the fundamental of SU(3) and the singlet representation of
SU(2) while h is in the fundamental of SU(2) and singlet representation of
SU(3). The U(1) charges are obtained by acting on f with T 24

G . One finds
that g is multiplied by a factor of −1/

√
15 while h is multiplied by

√
3/5/2.

It is important to remember that the numerical value U(1) charges are not
physical, only their ratios. We can always absorb some factor into the
definition of the coupling. So, the physically meaningful statement we can
make is that

Yg

Yh

= −2
3 , (30.34)

where I am associating the U(1) charge Yi with our notation for hyper-
charge.

Exercise 30.6 Argue that we can write the decomposition of the 5 representation as

5 =
(

3, 1,
1√
15

)
⊕

1, 2, −1
2

√
3
5

 . (30.35)

You may find it useful to consider the discussion of the relationship be-
tween 2 and 2 discussed near Eq. (39.95).

We have reached the point where we can ask if the standard model
fermions can be understood in terms of representations of SU(5). If we
suspect that they are, it makes the most sense to write all the fields in terms
of the same representation of the Lorentz group. In Sec. 24 we defined fields
that were left-handed and those that were right-handed. However, we can
express all the right-handed fields in terms of left-handed ones by way of
the charge conjugation operator C. That is, if the right-handed up quarks
are in the representation

U ∼
(

3, 1,
2
3

)
, (30.36)
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then the left-handed charge conjugated field is in the representation

CU ≡ U c ∼
(

3, 1, −2
3

)
, (30.37)

where, of course, we have used the fact that 1 = 1. Writing all the standard
model fermions in terms of left-handed fields we have

Q ∼
(

3, 2,
1
6

)
, L ∼

(
1, 2, −1

2

)
, (30.38)

and

U c ∼
(

3, 1, −2
3

)
, Dc ∼

(
3, 1,

1
3

)
, Ec ∼ (1, 1, 1) . (30.39)

Exercise 30.7 Argue that Dc and L can belong to a single 5 representation. Can any
of the other fermion fields belong to a single 5 or 5 representation?

The result of this exercise is encouraging! We find that two of the
standard model fermion types can be unified into a single representation
of SU(5). Significantly, this representation is a combination of quark and
lepton fields, which is quite interesting and important. But, we also need
to find a representation for the other fermions.

Because we have determined how a fundamental representation is de-
composed we can determine the decomposition of larger representations.
In Eq. (30.40) we recorded how two fundamental representations can be
combined to make a symmetric tensor and an antisymmetric tensor. If we
put in our decomposition from above we find

5⊗ 5 =
[(

3, 1, −1
3

)
⊕
(

1, 2,
1
2

)]
⊗
[(

3, 1, −1
3

)
⊕
(

1, 2,
1
2

)]
.

(30.40)

In this relation we have used the parameterization of the U(1) charges
that agree with Dc and L filling out a 5. We can evaluate all the terms
in (30.40) by simply distributing the tensor product over the direct sum.
For instance, the tensor product of the first term in each direct sum is(

3, 1, −1
3

)
⊗
(

3, 1, −1
3

)
=
(

3⊗ 3, 1⊗ 1, −1
3 −

1
3

)
=
(

6⊕ 3, 1, −2
3

)
=
(

6, 1, −2
3

)
⊕
(

3, 1, −2
3

)
. (30.41)

The first term in this result is the symmetric part of 3⊗3 while the second
is the antisymmetric part. The correspondingly belong to the symmetric
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(15) and antisymmetric (10) parts of 5⊗ 5.

Exercise 30.8 Show that(
1, 2,

1
2

)
⊗
(

1, 2,
1
2

)
= (1, 3, 1)⊕ (1, 1, 1) , (30.42)

where the first term belongs the 15 of SU(5) and the second belongs to
the 10.

The cross terms are slightly more subtle. It is true that(
3, 1, −1

3

)
⊗
(

1, 2,
1
2

)
=
(

3, 2,
1
6

)
, (30.43)

and (
1, 2,

1
2

)
⊗
(

3, 1, −1
3

)
=
(

3, 2,
1
6

)
, (30.44)

but these are not clearly symmetric or antisymmetric. It can help to con-
sider the generated matrices in each case. We can express (30.43) as


a1
a2
a3
0
0

⊗


0
0
0
b1
b2

 =


0

a1b1 a1b2
a2b1 a2b2
a3b1 a3b2

0 0 0 00 0 0


, (30.45)

while (30.44) is


0
0
0
c1
c2

⊗

d1
d2
d3
0
0

 =


0

0 0
0 0
0 0

c1d1 c1d2 d1d3 0
c2d1 c2d2 d2d3


. (30.46)

The sum of these two fills out a matrix with 12 independent entries

M =


0

m14 m15
m24 m25
m34 m35

m41 m42 m43 0
m51 m52 m53


, (30.47)

which can be written as the sum of a symmetric matrix MS and an anti-
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symmetric matrix MA

MS = 1
2


0

m14 +m41 m15 +m51
m24 +m42 m25 +m52
m34 +m43 m35 +m53

m14 +m41 m24 +m42 m34 +m43 0
m15 +m51 m25 +m52 m35 +m53


,

(30.48)

MA = 1
2


0

m14 −m41 m15 −m51
m24 −m42 m25 −m52
m34 −m43 m35 −m53

−m14 +m41 −m24 +m42 −m34 +m43 0−m15 +m51 −m25 +m52 −m35 +m53


.

(30.49)

Each of these matrices has six independent components and each is in the(
3, 2,

1
6

)
, (30.50)

representation. So, the sum of (30.43) and (30.44) produces both a sym-
metric representation and an antisymmetric representation of this type.

In total then, we have shown that the symmetric representation is
decomposed as

15 =
(

6, 1, −2
3

)
⊕
(

3, 2,
1
6

)
⊕ (1, 3, 1) , (30.51)

while the antisymmetric representation is

10 =
(

3, 1, −2
3

)
⊕
(

3, 2,
1
6

)
⊕ (1, 1, 1) . (30.52)

The standard model does not include any fields in the 6 of SU(3)c, so we
cannot use the 15 to account for the known particles. The 10, however,
is just right to account for U c, Q, and Ec, which again groups quarks and
leptons together. Perhaps even more than in the above case, that these
fermions fit into this representation is quite remarkable! All the fermions
of the standard model can be accounted for in terms of two representations
(the 5 and the 10) of SU(5).

Though I do not discuss the details, SO(10) is often discussed in regard
to grand unified theories. This group can break as SO(10)→SU(5)×U(1),
which can then produce the standard model through the SU(5). Under this
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breaking the 16 of SO(10) is decomposed as

16SO(10) = 10SU(5) ⊕ 5SU(5) ⊕ 1SU(5) . (30.53)

From the analysis above we see that all the standard model fermions fit
into this representation of SO(10). One must also include a new fermion
field that is neutral under all the standard model gauge groups, which is
exactly what might be expected of a right-handed neutrino.

In addition to the approximate unification of the gauge couplings, this
structure of the standard model fermions is suggestive of unification at
the very least. Remarkably, experiment can probe this possibility. Each
of the SU(5) representations above contain both quarks and leptons. At
energies above the symmetry breaking scale, these particles are treated in
the same way. Below the symmetry breaking scale the particles appear
very different, but they are still connected by massive vector bosons Xµ

related to the broken symmetry generators. This is similar to the way the
left-handed quarks interact through the W±

µ bosons.
In short, in grand unified theories of this type, leptons and quarks can

change into one another. For instance, baryon number can be violated such
that the proton can decay into a pion and a positron.

p→ π0e+ . (30.54)

Very schematically, the decay width is given by

Γp ∼
g4

Gm
5
p

m4
X

, (30.55)

where mp ∼ 1 GeV is the proton mass and mX is the mass of the vec-
tor bosons associated with the broken symmetries. From Fig. 29 we can
estimate

gG ∼ 0.55 , mX ∼ 5× 1015 GeV . (30.56)

Exercise 30.9 Show that under the above assumptions that the proton decay width is
about

Γp ∼ 10−60 GeV , (30.57)

and that this corresponds to a lifetime of about

τp ∼ 2× 1028 years. (30.58)

The estimated lifetime above is very long, much longer than the 1.38×
1010 year age of the Universe. However, there are a lot of protons. The
experimental bounds [72] currently limit the lifetime from this process to

τp > 2.4× 1034 years, (30.59)
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which is about six orders of magnitude to large. Our estimate here was
very rough and using a specific model can increase the proton lifetime.
The general point is that even physics associated with very high energy
scales can sometimes be probed. In this case, the prediction of proton
decay is so radical (and we can collect a great many protons to observe)
that some very high scale effects can be excluded.

Section 31

Electroweak Hierarchy Problem

The Grand Unified Theories discussed in the above section introduced a
very high energy scale, about 1015 GeV, into beyond the standard model
explorations. In order to make precise predictions to compare with experi-
ment (such as the proton lifetime) physicists began to make quantum field
theory calculations that included these high scales (see for instance [73, 74]).
They found that when quantum field theory corrections were included that
scalar fields “generally” developed masses on the order of the high mass
scale. More specifically, when one calculates the value of the Higgs VEV
in a grand unified theory, one finds the VEV is near 1015 GeV, unless the
parameters are very finely adjusted.

This characteristic of grand unified theories was recognized to apply
more generally [75]. Unless there is some structure that prevents it, scalar
fields generally develop masses on the order of the highest scale they couple
to. In other words, scalar fields are generally sensitive to high physics
scales. We have not developed the quantum field theory required to show
this sensitivity. However, we can use a very general result to develop some
understanding.

Coleman and Weinberg [76] showed that the quantum corrections to
the potential U(ϕ1, ϕ2, . . .) of a scalar fields ϕi can be calculated in a very
general way. We can then simply use their calculation and apply it to a
variety of circumstances. They found that the contributions from a set of
scalars is

VS(ϕi) = Λ2

16π2 TrM2
S + 1

32π2 Tr
[
M4

S

(
lnM

2
S

Λ2 −
1
2

)]
. (31.1)

In this result Λ is a parameter with dimensions of energy (or mass) that
is known as the cutoff scale. It is the energy value at which the theory
must be significantly modified, say be the introduction of new particles or
dynamics. An example is Fermi’s theory of β-decay. In that case the cutoff
is mW , because at that scale we cannot neglect the effects of the W±

µ field.
The objectM2

S is a matrix of all the squared masses of the scalar fields.
However, the masses are taken to be functions of the scalars. For example,
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suppose our Lagrangian is

L = 1
2∂µϕ∂

µϕ+ 1
2∂µχ∂

µχ−
m2

ϕ

2 ϕ2−
m2

χ

2 χ2− κ2ϕ
2χ2− λϕ

4 ϕ
4− λχ

4 χ4 . (31.2)

The components of mass squared matrix are defined by taking derivatives
with respect to the scalar fields. For instance, the ϕϕ component is

(
M2

S

)
ϕϕ

= − ∂
2L

∂2ϕ2 = m2
ϕ + κχ2 + 3λϕϕ

2 . (31.3)

Exercise 31.1 Show that the off diagonal components of the scalar mass squared matrix
are

(
M2

S

)
ϕχ

=
(
M2

S

)
χϕ

= − ∂
2L

∂2ϕ2 = 2κϕχ , (31.4)

while the remaining diagonal term is

(
M2

S

)
χχ

= − ∂
2L

∂2χ2 = m2
χ + κϕ2 + 3λχχ

2 . (31.5)

The trace of this matrix is simply

TrM2
S =

(
M2

S

)
ϕϕ

+
(
M2

S

)
χχ

. (31.6)

Therefore, the contribution from the first term in (31.1) is

Λ2

16π2

[
m2

ϕ +m2
χ + ϕ2 (κ+ 3λϕ) + χ2 (κ+ 3λχ)

]
. (31.7)

These are the leading contributions to the scalar potential from quantum
effects. The first two terms are constants, so they are typically dropped.
The second and third terms contribute to the masses of ϕ and χ, respec-
tively. That is, the total mass term for ϕ, including the classical potential
and the leading one-loop corrections, is

M2
ϕ

2 ϕ2 = 1
2ϕ

2
[
m2

ϕ + Λ2

8π2 (κ+ 3λϕ)
]
. (31.8)

There are also contributions from the second term in (31.1), but we neglect
these for now.

Suppose that the cutoff for this theory is some very high scale, like
Λ ∼ 1015 GeV. The result in (31.8) shows that even if mϕ is at some low
scale (like 100 GeV) the quantum corrections to the scalar mass completely
dominate, and drag the physical mass up to the high scale. In the toy model
that we are considering here there are two contributions to this quantum
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mass term. One, with coefficient 3λϕ comes from ϕ’s interactions with
itself. The other, with coefficient κ, comes from its interactions with χ.

We could also include the remaining (leading) quantum corrections.
These include traces over

M4
S =M2

SM2
S , (31.9)

and
M4

S lnM
2
S

Λ2 . (31.10)

Evaluating the trace of the squared matrix is straightforward, but what are
we to make of this last object? Its trace is most easily understood in terms
of the eigenvalues of the mass squared matrix. The trace of any matrix is
independent of basis, and these is some basis in which

M2
S =

(
m2

+ 0
0 m2

−

)
, (31.11)

where m2
± are the eigenvalues of M2

S. In this same basis

M4
S =

(
m4

+ 0
0 m4

−

)
, (31.12)

and

lnM
2
S

Λ2 =
 ln m2

+
Λ2 0

0 ln m2
−

Λ2

 . (31.13)

Therefore, in any basis, we know that

TrM4
S lnM

2
S

Λ2 = m4
+ ln m

2
+

Λ2 +m4
− ln m

2
−

Λ2 . (31.14)

If the eigenvalues are near the electroweak scale m± ∼ 100 GeV and
the cutoff is near 1015 GeV then

ln m
2
+

Λ2 ≈ −25 . (31.15)

So, the first contribution to the ϕ mass in the Coleman-Weinberg potential
would go like 1030 GeV2 while the second is about 25× 104 GeV2, which is
clearly a small correction.

Exercise 31.2 Determine the complete quantum corrected mass for χ, including both
terms in the Coleman-Weinberg potential (31.1).

This first example has shown that a scalar field can receive large cor-
rections to its mass from other scalars. However, fermions and vectors also
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contribute to the quantum potential. From fermions we have

VF (ϕi) = − Λ2

8π2 TrM2
F −

1
16π2 Tr

[
M4

F

(
lnM

2
F

Λ2 −
1
2

)]
, (31.16)

and for vectors we have

VV (ϕi) = 3Λ2

16π2 TrM2
V + 3

32π2 Tr
[
M4

V

(
lnM

2
V

Λ2 −
1
2

)]
. (31.17)

Clearly, these are quite similar to the scalar contribution, but the signs and
coefficients of the terms can differ.

The contributions to a scalar mass follow a similar form to the above
analysis. An important aspect of the fermionic calculation is that for a set
of fermions fi we first calculate the fermion mass matrix

(MF )ij = − ∂2L
∂f i∂fj

. (31.18)

The mass squared matrix is then given by

M2
F =M†

FMF . (31.19)

For example, suppose a theory with two fermions f1 and f2 along with a
real scalar field ϕ. We take the Lagrangian to have the form

L = 1
2∂µϕ∂

µϕ−
m2

ϕ

2 ϕ2 − λϕ

4 ϕ
4 + f 1 (iγµ∂µ −m1) f1 + f 2 (iγµ∂µ −m2) f2

− λ1ϕf 1f1 − λ2ϕf 2f2 − λ12ϕf 1f2 + H.c. . (31.20)

Note that the Hermitian conjugation on the last line essentially implies
that λ1 and λ2 are real numbers. While this argument does not imply that
λ12 is real, by rephasing f1 and f2 we can effectively remove any imaginary
part.

Exercise 31.3 Show that
MF =

(
m1 + λ1ϕ λ12ϕ
λ12ϕ m2 + λ2ϕ

)
, (31.21)

and hence that

M2
F =

(
(m1 + λ1ϕ)2 + λ2

12ϕ
2 λ12ϕ (m1 +m2 + λ1ϕ+ λ2ϕ)

λ12ϕ (m1 +m2 + λ1ϕ+ λ2ϕ) (m2 + λ2ϕ)2 + λ2
12ϕ

2

)
.

(31.22)

By taking the trace ofM2
F we can find the leading quantum corrections

to the ϕ potential due to its interactions with the fermions. This does



Electroweak Hierarchy Problem 220

generate a mass term, but also we find a term linear in ϕ

−ϕ Λ2

4π2 (m1λ1 +m2λ2) . (31.23)

Such a contribution to the potential is very interesting, because the mini-
mum of the total potential is given by

0 = d

dϕ

(
m2

ϕ

2 ϕ2 + λϕ

4 ϕ
4 + VS(ϕ) + VF (ϕ)

)
. (31.24)

Before we considered the quantum correction the minimum of the ϕ poten-
tial was clearly ϕ = 0, which led to the vacuum expectation value ⟨ϕ⟩ = 0.
By including the quantum effects of the fermions we find that the minimum,
and hence the VEV, is shifted away from zero.

Exercise 31.4 Show that the leading contribution to the ϕ mass is

M2
ϕ

2 ϕ2 = 1
2ϕ

2
[
m2

ϕ + 3λϕ
Λ2

8π2 −
(
λ2

1 + λ2
2 + 2λ2

12

) Λ2

4π2

]
. (31.25)

The above exercise illustrates that the effects of the scalar self-interaction
and its interactions with the fermions give opposite sign contributions to
the scalar mass. One might immediately consider situations in which the
two quantum effects cancel. Clearly, they can cancel, but one has to choose
all of the couplings just right. This requires “tuning” the parameters, un-
less there is some other structure in the theory (such as a symmetry) that
ensures the two terms cancel.

Having developed some familiarity with the Coleman-Weinberg correc-
tions to scalar potentials, we can apply this to the Higgs field H of the
Standard Model. The relevant parts of the Lagrangian are

L = (DµH)† DµH + µ2|H|2 − λ|H|4

+ (λℓ)i
j LiHE

j + (λd)i
j QiHD

j + (λu)i
j QiH̃U

j + H.c. , (31.26)

where
DµH =

(
I∂µ + i

g

2σaA
a
µ + i

g′

2 IBµ

)
H , (31.27)

and the σa are the Pauli matrices. In calculating the various mass matrices
we must include something that has not come up in the simple examples
above. When calculating the terms in the mass matrices, all nonscalar
fields should be set to their vacuum expectation value (which is zero for
fields with spin) after the derivatives are taken. This is why this process
only produces a potential for the scalar fields. This is also why the other
parts of the standard model do not play a role in this calculation.
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Let us begin with the scalar contribution. We calculate

M2
S = − ∂2L

∂H†∂H
= −µ2 + 4λ|H|2 . (31.28)

There are not contributions from the vector fields that appear in the co-
variant derivative because these are set to their VEV, which is zero.

The vector contribution comes entirely from the covariant derivative of
the Higgs field. Note that

∂DµH

∂Aa
µ

= i
g

2σaH ,
∂(DµH)†

∂Aa
µ

= −ig2H
†σa . (31.29)

Exercise 31.5 Using the result above, show that

M2
V = 1

2


g2|H|2 0 0 0

0 g2|H|2 0 0
0 0 g2|H|2 0
0 0 0 g′2|H|2

 . (31.30)

The fermion mass matrix is the most intricate. In reality, there are a
great many fermions in the standard model, but they are usefully organized
into representations of gauge groups and into generations. We can define
a schematic fermion mass matrix with the rows labeled by the left-handed
fields and the columns by the right-handed ones. We find

MF =
(
λℓH 0 0

0 λdH λuH̃

)
, (31.31)

where the top row is the left-handed leptons and first column is the right-
handed leptons. The second column is the right-handed down-type quarks.
Each of the Yukawa terms is a matrix in the space of generations.

Exercise 31.6 Recall that
H̃ i = εijH†

j . (31.32)

Prove that
H†

i H̃
i = 0 , H̃†

iH
i = 0 . (31.33)

Keeping the results of the above exercise in mind, one find the mass
squared matrix is

M2
F =

λ
†
ℓλℓ|H|2 0 0

0 λ†
dλd|H|2 0

0 0 λ†
uλu|H|2

 . (31.34)

In this matrix each Yukawa matrix is three-by-three, so the full matrix
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here is nine-by-nine in generation space. The quark colors add additional
numbers of fermions. Recall that the trace of a matrix is simply the sum
of its eigenvalues. This means that, for instance,

Trλ†
ℓλℓ = λ2

e + λ2
µ + λ2

τ , (31.35)

the sum of the squares of the leptons Yukawa couplings.
Putting all of these contributions together we find that the leading

contribution to the Higgs potential includes the mass term

|H|2
[
−µ2 + Λ2

8π2

(
2λ+ 9

4g
2 + 3

4g
′2 − λ2

e − λ2
µ − λ2

τ

− 3λ2
d − 3λ2

s − 3λ2
b − 3λ2

u − 3λ2
c − 3λ2

t

)]
. (31.36)

Of all the quantum contributions, that of the top quark is the largest,
because its Yukawa coupling (and hence mass) is the largest. What we
have extracted from experiment is the total value, which we might call
µ2

Phy, of the term is square brackets. We have also measured the values of
all the couplings that appear within the parenthesis. The two quantities
we do not know experimentally are −µ2 and Λ. In fact, we do not even
know the sign of the classical potential term so it might be better to label
it ±µ2.

Suppose that the standard model is the correct model of nature up to
very high energies. How high might we imagine? Our analysis of gravity
suggests that it is an effective theory, but must be modified at energies
near the Planck scale MPl ≈ 2.435 × 1018 GeV. If we take this as our
largest possible cutoff then we schematically have

±µ2 − 3
8π2M

2
Pl = −µ2

Phy , (31.37)

where we have used λt ≈ 1. The only way for this to make any sense is to
choose the positive sign for the classical potential term and to have the two
terms very nearly cancel. However, this is a very mysterious cancellation.
Within the standard model (assuming no other structure) the mass term in
the classical Higgs potential and the other couplings of the standard model
Lagrangian are independent, they have no relation to each other. It seems
very odd that they would conspire to cancel with such amazing precision.

Just how amazing is this cancellation? We can get some idea by looking
at explicit number in the units of GeV2. Suppose that

3
8π2M

2
Pl × couplings ≈ 85597479329105728861697380041232880 GeV2

(31.38)
is the number produced by quantum effects (the digits are simply random
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numbers used to illustrate a point). Current measurement indicate the
standard model Higgs boson mass is about mh = 125 GeV and the Higgs
VEV is about v = 246 GeV. This implies

λ = m2
h

2v2 ≈ 0.13 , µ = mh√
2
≈ 88 GeV . (31.39)

So, we have that
µPhy ≈ 7813 GeV2 . (31.40)

The difference in the magnitudes of this number and (31.38) is conspicuous.
To satisfy the equation for µPhy in (31.37) the Lagrangian parameter µ2

must exactly match the first 31 digits of (31.38). While there is no logical
inconsistency with this level of agreement, the fact that these are expected
to be independent numbers make this cancellation seem highly improbable.

This apparent fine-tuning of parameters that seems to be required in
the above scenario has driven considerable effort in building extensions
of the standard model. One way to reduce the fine tuning, is simply to
reduce Λ to a much lower scale. For instance, if the Higgs field is not
elementary, but rather a composite of tightly bound fermions [75, 77] then
the confinement scale of this new force becomes the cut off of the model.
Of course, if the Higgs is a bound state, then we might expect other similar
bound states at about the same mass, which we have not seen any hint of.
A composite Higgs with a much lighter mass than the other bound states
is possible, and natural, if the Higgs is a pseudo-Nambu-Goldstone boson,
somewhat like the pions. This means that along with a new force to bind
new fermions, there is also some new approximate global symmetry.

The cut off may also be much lower than the Planck scale if there are
additional spatial dimensions beyond the large ones we are familiar with.
We might not presently be aware of these additional spatial dimensions,
which may be largely flat [78, 79] or warped [80, 81]. At low energies
(which include all the energies we have probed at colliders) we presently
see no sign of these additional dimension, though searches continue. It still
may be that these dimensions become apparent at a scale much lower than
the Planck mass, and have the potential to explain why the Higgs mass
parameter is so low.

Finally, symmetries can explain why the Higgs mass parameter is not
sensitive to high scales. We saw above that scalar and fermionic contri-
butions to the Higgs potential come with opposite sign. In supersymmet-
ric [71] theories the fermions in the standard model are related by super-
symmetry to scalars, which largely cancel the large corrections to the mass
parameter. A similar story applies to the pseudo-Nambu-Goldstone bo-
son Higgs theories mentioned above. In order for these models to explain
the observed hierarchy there must be symmetry partners of at least some
of the standard model fermions, and especially the top quark. That is
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why top partners have been carefully sought for experimentally. There are
several other interesting ideas that have been explored for explaining the
electroweak hierarchy, which are surveyed in [82].



PART

VIIIPhysics Prerequisites
Sec. 32. Variational
Methods
Sec. 33. Quantum Essen-
tials

This part of the text provides a minimal introduction to variational meth-
ods and quantum mechanics. It is meant to be enough to make the rest of
the book comprehensible but it is nowhere near a complete or comprehen-
sive treatment of these topics. Additional study is strongly recommended.

Section 32

Variational Methods

The calculus of variations is a powerful set of tools for determining the
equations that govern a physical system. Its power comes from the flexibil-
ity it allows for choosing coordinates. This makes variational methods the
preferred tool for many difficult problems. However, when first introduced
to this formalism it can seem unusual and mysterious. We attempt to show
that they are no more mysterious than Newton’s 2nd Law.

Remember that Newton’s 2nd law is often written as

m¨⃗x = −∇U(x⃗) , (32.1)

where the dot denotes a time derivative and x⃗(t) is the path of some object
through three-dimensional space as a function of time. The potential energy
U(x⃗) is a function of this trajectory and is related to the typical notion of
a force by

F⃗ = −∇U(x⃗) . (32.2)

In the index notation described in Sec. 35 Newton’s 2nd law is

mẍi = −∂iU(x) . (32.3)

What is the physical justification for this equation? Simply that it works.
In that sense it is a mysterious piece of information that we do not derive,
we simply use.

Definition With this in mind, we define a somewhat abstract quantity called the
action and often denoted by S. This quantity has dimensions of angular
momentum. It is often defined in terms of an integral

S =
∫ tf

ti

dt L , (32.4)
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where L is called the Lagrangian.

For the simple system we are considering, that of a particle moving
under the influence of a force, the Lagrangian is defined to be the kinetic
energy minus the potential energy:

L =1
2m

˙⃗x · ˙⃗x− U(x⃗)

=m2 ẋ
iẋi − U(x) . (32.5)

Notice that S is a number. Any specific function of time xi(t) produces
a number. This means that S[xi(t)] is a functional of xi(t), that is a
mapping from the space of functions to the space of numbers.

Suppose that we are interested in the value of the action at a special
trajectory xi

c(t) which we call the classical trajectory. This is the physical
path, the actual true path, the object takes from time ti to tf . We do not
yet know what this path is, but we can give it a name in the abstract. Of
course, this simply leads to

S[xi
c(t)] ≡ Sc =

∫ tf

ti

dt
(
m

2 ẋ
i
cẋci − U(xc)

)
. (32.6)

As a brief aside, suppose you were investigating some function f(x) and
were interested in knowing if a special point xc was an extremum, either a
maximum or a minimum of f(x). You might expand the function about xc

in a Taylor series

f(xc + δx) = f(xc) + δx
df

dx

∣∣∣∣∣
x=xc

+ 1
2 (δx)2 d

2f

dx2

∣∣∣∣∣
x=xc

+ . . . , (32.7)

where δx is some small deviation from xc. If xc is an extremum of f(x)
then df

dx

∣∣∣
x=xc

= 0. Then, to leading order in δx we find that

f(xc + δx) = f(xc) +O(δx2) , (32.8)

where the second term denotes all terms that are at least quadratic in δx.

Exercise 32.1 Remind yourself that the form of a Taylor series expansion of a function
of a vector f(xi

c + δxi) is

f(xi
c + δxi) = f(xi

c) + δxi∂if
∣∣∣
x=xc

+ 1
2 δx

iδxj∂i∂jf
∣∣∣
x=xc

+ . . . . (32.9)

We use this same way of thinking to examine the action. We define a
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function δxi(t) that is small, δxi(t)≪ 1 for all t. We also assume that

δxi(ti) = 0 , δxi(tf ) = 0 . (32.10)

Then the sum
xi

c(t) + δxi(t) , (32.11)

is a function that is close to the classical trajectory and equal to it at
the initial and final times. In essence we are considering trajectories that
begin and end at the same place but in between can vary a little from the
classical path. With this we can examine how the action responds to small
deviations away from the classical trajectory.

We are interested only in the leading order behavior, so we drop terms
of order δx2 and higher throughout the derivation. We find

S[xi
c(t) + δxi(t)] =

∫ tf

ti

dt
[
m

2
(
ẋi

c + ˙δxi
) (
ẋci + ˙δxi

)
− U(xc + δx)

]
=
∫ tf

ti

dt
[
m

2
(
ẋi

cẋci + 2ẋi
c

˙δxi +O(δx2)
)

−U(xc)− δxi∂iU(x)
∣∣∣
x=xc

−O(δx2)
]

=Sc +
∫ tf

ti

dt
(
mẋi

c
˙δxi − δxi∂iU(x)

∣∣∣
x=xc

)
+O(δx2) .

(32.12)

We can integrate the ˙δxi term by parts∫ tf

ti

dtmẋi
c

˙δxi = mẋi
cδx

∣∣∣tf

ti

−
∫ tf

ti

dtmẍi
cδxi . (32.13)

The boundary term vanishes because of the boundary conditions assumed
in Eq. (32.10). This leads to

S[xi
c(t)+ δxi(t)] = Sc−

∫ tf

ti

dt δxi
(
mẍi

c + ∂iU(x)|x=xc

)
+O(δx2) . (32.14)

The first derivative of a function vanishes at an extremum. We are
seeking a similar condition on S, that its first order variation vanishes at
the classical trajectory xi

c, or that

S[xi
c(t) + δxi(t)] = Sc (32.15)

for any δxi. This can only be the case for all deviations δxi if

mẍi
c + ∂iU(x)|x=xc

= 0 , (32.16)

which is exactly Newton’s 2nd law, (32.3).
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Let us pause to make clear what this derivation is supposed to mean.
We have shown that Newton’s 2nd law is equivalent to requiring that the
action evaluated at the classical trajectory is stationary, or that its small
variations vanish. This requirement is sometimes known as Hamilton’s
principle. This principle can then replace Newton’s 2nd law in more
complex situations.

Consider we simply have a physical system that we characterize by
some kind of coordinates qi(t). These coordinates can be nearly anything
we need them to be, which is where the power of this formalism comes from.
Assuming we can determine the correct form of the Lagrangian (which is
not obvious) we consider it as a function of these coordinates and their
time derivatives

L(qi, q̇i) . (32.17)

This function can be expanded to linear order in deviations of these coor-
dinates from the classical trajectory qi

c + δqi

L(qi
c + δqi, q̇i

c + δ̇q
i) = L(qi

c, q̇
i
c) + δqi ∂L

∂qi
+ δ̇q

i ∂L

∂δ̇q
i +O(δq2) . (32.18)

Exercise 32.2 Using the methods shown in the derivation above show that

S[qi
c(t) + δqi(t)] = Sc +

∫ tf

ti

dt δqi

(
∂L

∂qi
− d

dt

∂L

∂q̇i

)
+O(δq2) . (32.19)

Definition The exercise above shows that the action is stationary at the classical
trajectory qi

c(t) when
∂L

∂qi
= d

dt

∂L

∂q̇i
. (32.20)

These are known as the Euler-Lagrange equations. In practice, we
typically do not explicitly vary the action. We simply use these equations
to find the equations which determine the evolution of the system we are
interested in.

Example Let us use the Euler-Lagrange equations on the simple Lagrangian defined
in Eq. (32.5). To make explicit that this can be written as a function of
xi only (and not xi) we express the Lagrangian as

L = m

2 gijẋ
iẋj − U(x) , (32.21)

where gij is the metric of three dimensional Euclidean space. We then
find that

∂L

∂xk
= −∂kU(x) . (32.22)
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The choice of index should make the next steps a little clearer. Using the
product rule we also find

∂L

∂ẋk
= m

2 gij

(
δi

kẋ
j + ẋiδj

k

)
= mẋk . (32.23)

The Euler-Lagrange equations then yield

−∂iU(x) = d

dt
m ẋk = mẍk . (32.24)

This is (again) exactly Newton’s 2nd Law.

Exercise 32.3 Work through all the steps of the above example. In particular, make
sure that you can reproduce Eq. (32.23).

Example Consider a simple harmonic oscillator, such as a mass m attached to
a spring with spring constant k. With x defined as the distance the
spring has compressed or extended from equilibrium the usual equation
of motion (from Newton’s 2nd Law) is

mẍi = −k xi (32.25)

and leads to oscillations with angular frequency

ω =
√
k

m
. (32.26)

This is simply a specific example of the previous form of the above equa-
tions with

U(x) = 1
2k x

ixi , (32.27)

so the Lagrangian is
L = m

2 ẋ
iẋi −

k

2x
ixi . (32.28)

However, we can write this in terms of a new corrdinate

xi(t) = 1√
m
xi(t) , (32.29)

and find the new Lagrangian

L = 1
2 ẋ

i
ẋi −

ω2

2 xixi . (32.30)

This leads to exactly the same equations of motion.
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Exercise 32.4 Show that the Lagrangian above produces the correct equation for simple
harmonic motion with angular frequency ω.

Example Often complicated systems can be modeled as a combination of several
simple oscillators. In this example we consider motion of masses in one
dimension only. Suppose that between two walls we have a spring of
spring constant k1 attached to the left side of a mass m1. A second
spring with constant k2 connect the right side of this mass to the left
side of a second mass, m2, which is then connected to the right wall by
a spring with constant k3.

We are interested in modeling the motion of the masses. We define
two coordinates x1(t) and x2(t) that measure the deviations of m1 and
m2 from their equilibrium positions, positive x taken to be motion to the
right. The kinetic energy of the two masses is given by

T = m1

2 ẋ2
1 + m2

2 ẋ2
2 . (32.31)

The potential energy is similarly the sum of terms encoding how much
each spring is stretched or compressed

U = k1

2 x
2
1 + k2

2 (x1 − x2)2 + k3

2 x
2
2 . (32.32)

The only subtle point here is that spring two can be adjusted away from
equilibrium by changing the location of either mass.

Exercise 32.5 Find the Lagrangian as given by

L = T − U , (32.33)

and then find the equations of motion for each mass. Explain how these
equations agree with characterizing the system by forces and Newton’s
2nd Law.

Exercise 32.6 Show that the Lagrangian can be written in matrix form

L = 1
2 (ẋ1 ẋ2)

(
m1 0
0 m2

)(
ẋ1
ẋ2

)
− 1

2 (x1 x2)
(
k1 + k2 −k2
−k2 k2 + k3

)(
x1
x2

)
.

(32.34)
Note that the mass matrix M and the spring constant matrix K do not
commute

[M, K] ̸= 0 . (32.35)

This means that they cannot both be made diagonal in the same basis.
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However, make the transformations

x1 = 1
√
m1

x1 , x2 = 1
√
m2

x2 , (32.36)

to find

L =1
2 (ẋ1 ẋ2)

(
1 0
0 1

)(
ẋ1
ẋ2

)

− 1
2 (x1 x2)

(
ω2

1 + ω2
2,1 −ω2,1 ω2,2

−ω2,1 ω2,2 ω2
2,2 + ω2

3

)(
x1
x2

)
, (32.37)

where

ω1 =
√
k1

m1
, ω3 =

√
k3

m2
, ω2,1 =

√
k2

m1
, ω2,2 =

√
k2

m2
. (32.38)

These two matrices must commute, since the identity matrix commutes
with everything. This means that we can diagonalize the frequency ma-
trix.

Example Coupled Oscillators Continued: By going through the usual diago-
nalization procedure we find the transformation matrix

S = 1
√

2
√
ω2

+ − ω2
−

√
ω2

+ − ω2
− + ω2

1 − ω2
3 + ω2

2,1 − ω2
2,2

×

(
ω2

+ − ω2
− + ω2

1 − ω2
3 + ω2

2,1 − ω2
2,2 2ω2,1ω2,2

−2ω2,1ω2,2 ω2
+ − ω2

− + ω2
1 − ω2

3 + ω2
2,1 − ω2

2,2

)
(32.39)

where

ω2
± = 1

2

(
ω2

1 + ω2
3 + ω2

2,1 + ω2
2,2 ±

√(
ω2

1 − ω2
3 + ω2

2,1 − ω2
2,2

)2
+ 4ω2

2,1ω
2
2,2

)
.

(32.40)
Note that S is orthogonal, that is ST = S−1. This means we can write(

x1
x2

)
= SST

(
x1
x2

)
≡ S

(
x̃1
x̃2

)
, (32.41)

and therefore

L =1
2
(

˙̃x1 ˙̃x2
)( 1 0

0 1

)( ˙̃x1
˙̃x2

)
− 1

2 (x̃1 x̃2)
(
ω2

+ 0
0 ω2

−

)(
x̃1
x̃2

)
. (32.42)

The point of all these manipulations is that we began with a set of
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coupled oscillators and have ended with a set of independent oscillators.
To be sure, these oscillating modes have a complicated (though straight-
forward) relationship to the coordinates that describe the motion of the
masses. But this illustrates the power of the Lagrangian formalism. It
is flexible in what it can use as coordinates, allowing us to algebraically
reach a point where the differential equations are simple to solve.

Subsection 32.1

Hamiltonian Dynamics

Another manifestation of the variational techniques uses a function called
the Hamiltonian rather than the Lagrangian. We do not spend much time
on this rich subject, only introduce a few essentials. The Hamiltonian
formulation of classical physics is the language that most easily transitions
into quantum mechanics.

Definition Given a Lagrangian L(qi, q̇i), the conjugate momentum pi of the co-
ordinate qi is defined by

pi = ∂L

∂q̇i
. (32.43)

Note that while qi is a vector its conjugate momentum pi is a dual vector.

Example For a simple harmonic oscillator the Lagrangian is

L = m

2 ẋ
iẋi −

k

2x
ixi . (32.44)

The momentum conjugate to xi is

pk = ∂L

∂ẋk
= mẋk . (32.45)

In this simple case momentum is just the mass times the velocity.

Definition Given a Lagrangian L(qi, q̇i), the Hamiltonian H(qi, pi) is defined by

H = q̇ipi − L . (32.46)

The first term above does imply a sum over the repeated index. Because
we are considering the Hamiltonian to be a function of qi and pi we must
understand q̇i to be a function of these variables.
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Exercise 32.7 Show that the Hamiltonian for the simple harmonic oscillator is

H = 1
2mpipi + k

2x
ixi . (32.47)

We can now obtain Hamilton’s equations from this definition and the
Euler-Lagrange equations given in Eq. (32.20). In these derivations we take
q̇i(qi, pi) which requires using the chain rule. First,

∂H

∂qi
=∂q̇

j

∂qi
pj −

∂L

∂qi
− ∂q̇j

∂qi

∂L

∂q̇j

=∂q̇
j

∂qi
pj −

d

dt

∂L

∂q̇i
− ∂q̇j

∂qi
pj

=− d

dt

∂L

∂q̇i
= −ṗi . (32.48)

Next,

∂H

∂pi

=q̇j ∂pj

∂pi

+ pj
∂q̇j

∂pi

− ∂q̇j

∂pi

∂L

∂q̇j

=q̇jδi
j + pj

∂q̇j

∂pi

− ∂q̇j

∂pi

pj

=q̇i . (32.49)

Whereas the Euler-Lagrange equations are second order, Hamilton’s equa-
tions are a coupled set of first order equations. Hamiltonians have all of
the coordinate flexibility of Lagrangians and a little bit more. So-called
canonical transformations can mix the q’s and p’s which can be ex-
ploited to further simplify some systems. Essentially, any transformation
is allowed the preserves the form of the Hamiltonian equations above.

It can be shown that area preserving transformations are exactly what
is needed. If new coordinates Q(q, p) and P (q, p) are to be used then one
can construct the Jacobian matrix

J =


∂Q

∂q

∂Q

∂p
∂P

∂q

∂P

∂p

 . (32.50)

To be area preserving, and hence canonical, we require

Det(J) = 1 . (32.51)

Example A useful example of using canonical transformations can be applied to
the simple harmonic oscillator. We found above that the Hamiltonian is
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given by

H = 1
2mp2 + k

2x
2 , (32.52)

where we are keeping to one dimension for simplicity. Notice that we
could rewrite this as

H = 1
2

√
k

m

(
p2
√
km

+ x2
√
km

)
. (32.53)

This has a common factor out front and is then the sum of two squared
quantities, kind of like the radius of polar coordinates in two dimensions

x = r cos θ , y = r sin θ . (32.54)

If we can find the right canonical transformation, the hope is that we can
write the Hamiltonian in terms of a single variable that is kind of like the
radius in the space of x and p. The first transformation we might try is
(x, p)→ (r, θ) where

r =
√

p2
√
km

+ x2
√
km , θ = tan−1

(
p/(km)1/4

x(km)1/4

)
. (32.55)

Exercise 32.8 Show that the transformation given in (32.55) is not canonical. Then,
show that the related transformation (x, p)→ (N, θ)

N = 1
2

(
p2
√
km

+ x2
√
km

)
, θ = tan−1

(
p

x
√
km

)
, (32.56)

is canonical. Finally, show that the inverse of this transformation is

x =
√

2N
(km)1/4 cos θ , p =

√
2N(km)1/4 sin θ . (32.57)

Example Simple Harmonic Oscillator continued: The above exercise confirms
that (32.56) is a canonical transformation and hence is preserves the form
of Hamilton’s equations. It is easy to see that the Hamiltonian takes the
form

H = ωN , (32.58)

where ω =
√
k/m as usual. This is clearly a simple Hamiltonian. The
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resulting equations are

Ṅ = ∂H

∂θ
= 0 , θ̇ = −∂H

∂N
= −ω . (32.59)

This results show thatN is conserved, which also show that the Hamil-
tonian (and hence the energy E = ωN) is conserved. The second equation
can be solved

θ(t) = θ0 − ωt . (32.60)

This, in turn, implies that

x(t) =

√
2N(t)

(km)1/4 cos [θ(t)] =
√

2E
k

cos(θ0 − ωt) . (32.61)

We have found the standard motion for the simply harmonic oscillator.
This may feel like more work than simply solving the initial differential
equation, but the point was to show the method of canonical transfor-
mations. The form of the Hamiltonian also anticipates our quantum
mechanical analysis of the simple harmonic oscillator in Sec. 33.4.

In whatever coordinates we choose, as long as the produce the stan-
dard Hamilton equations, we can also calculate the time derivative of the
Hamiltonian

dH

dt
=∂H
∂qi

dqi

dt
+ ∂H

∂pi

dpi

dt
+ ∂H

∂t

=(−ṗi)q̇i + q̇iṗi + ∂H

∂t

=∂H
∂t

. (32.62)

This means that if the Hamiltonian does not depend on time explicitly,
meaning there are factors of t other than within qi and pi, then it is a
conserved quantity. This is usually equal to the energy of the system.

Definition There is one more structure related to the Hamiltonian formalism that
anticipates the form of quantum mechanics. The Poisson Bracket of
two functions f(q, p) and g(q, p) of the coordinates and their conjugate
momenta is given by

{f, g}P = ∂f

∂qi

∂g

∂pi

− ∂g

∂qi

∂f

∂pi

. (32.63)

Notice that the bracket is antisymmetric

{f, g}P = −{g, f}P . (32.64)
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Exercise 32.9 Use the definition of the Poisson bracket to show that{
qi, qj

}
P

= 0 , {pi, pj}P = 0 ,
{
qi, pj

}
P

= δi
j . (32.65)

The Poisson bracket reveals some interesting structure of Hamiltonian
mechanics. Note that for any function f(q, p, t), its total time derivative is

df

dt
= ∂f

∂qi

dqi

dt
+ ∂f

∂pi

dpi

dt
+ ∂f

∂t

= ∂f

∂qi

∂H

∂pi

+ ∂f

∂pi

(
−∂H
∂qi

)
+ ∂f

∂t

= {f, H}P + ∂f

∂t
. (32.66)

This implies that any conserved quantity F must satisfy

{H, F}P = ∂F

∂t
. (32.67)

In particular, if the conserved quantity does not depend on time explicitly,
then its Poisson bracket with the Hamiltonian vanishes. On the other
hand, for any quantity f(q, p) that does not depend explicitly on time, its
time evolution is encoded in its bracket with the Hamiltonian. The idea to
remember is that there is a close connection between the Hamiltonian and
time evolution.

Subsection 32.2

Field Theories

So far we have discussed the trajectories of local objects, something like a
particle or a planet. However, much of modern physics is more accurately
described in the language of fields.

Definition In contrast to a localized object which can be tracked through space
and time by a trajectory xi(t), a field ϕ(t, xi) takes values throughout
all space and time. In the local object case we specify a specific time
t0 and the trajectory tells us the location of the object in space xi(t0).
Mathematically this is a map from time to physical space, for example
R→ R3. In the case of the field both a time and a location in space need
to be specified t0 and xi

0, then the value of the field is given ϕ(t0, xi
0).

This a mapping from time and space to numbers, for example R4 → R.

Example The electric potential ϕ(t, xi) is an example of a scalar field. If we
are looking at the potential due to a fixed electric charge, then the field



Variational Methods Field Theories 237

does not depend on time. However, the further away from the charge we
measure the smaller value of the potential we find. At any point in space
there would be some specific value.

Example The electric field Ei(t, xi) is an example of a vector field. In this case,
once a time and location in space are specified the field does not return
just one number, but three, a vector of numbers. Again, considering
the case of a single charged particle, the field would not change in time,
but at any point in space one can measure the three components of the
electric field.

When using the language of fields we do not use the Lagrangian L, but
the Lagrangian density L which are related by

L =
∫
d3xL . (32.68)

As its name might suggest, the Lagrangian density is something like the
Lagrangian per unit volume. This means that the action is

S =
∫
dt d3xL ≡

∫
d4xL . (32.69)

The Lagrangian density is a function of fields and their derivatives in both
time and space

L(ϕ, ϕ̇, ∂iϕ) . (32.70)

We can find the correct Euler-Lagrange equations by considering

ϕ = ϕc + δϕ , (32.71)

where ϕc is the classical field configuration and δϕ is a small deviation. We
choose this deviation to vanish at the initial and final times (which may be
infinite) as well as the boundaries in space (which may be at infinity)

δϕ(tf,i, x
i) = 0 , δϕ(t,±∞) = 0 . (32.72)

The action can be expanded to first order in δϕ to find

S =
∫
d4x

L(ϕc, ϕ̇c, ∂iϕc) + ∂L
∂ϕ

∣∣∣∣∣
ϕ=ϕc

δϕ+ ∂L
∂ϕ̇

∣∣∣∣∣
ϕ=ϕc

˙δϕ+ ∂L
∂(∂iϕ)

∣∣∣∣∣
ϕ=ϕc

∂iδϕ

 .
(32.73)

The classical action is simply

Sc =
∫
d4x L(ϕc, ϕ̇c, ∂iϕc) , (32.74)
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and we can integrate by parts in time to find

∫ tf

ti

dt
∂L
∂ϕ̇

∣∣∣∣∣
ϕ=ϕc

˙δϕ = ∂L
∂ϕ̇

∣∣∣∣∣
ϕ=ϕc

δϕ

∣∣∣∣∣∣
tf

ti

−
∫ tf

ti

dt δϕ ∂t
∂L
∂ϕ̇

∣∣∣∣∣
ϕ=ϕc

, (32.75)

where the boundary term vanishes. The spatial integration by parts is
essentially the same, but has a slightly more complicated form
∫
d3x

∂L
∂(∂iϕ)

∣∣∣∣∣
ϕ=ϕc

∂iδϕ =
∫

∞
d2σi

∂L
∂(∂iϕ)

∣∣∣∣∣
ϕ=ϕc

δϕ−
∫
d3x δϕ ∂i

∂L
∂(∂iϕ)

∣∣∣∣∣
ϕ=ϕc

,

(32.76)
where the boundary term is an integral over the two dimensional sphere at
spatial infinity. The integration measure is a vector that points orthogo-
nally outward from the surface of the sphere. This integral is zero because
we have chosen δϕ to vanish at spatial infinity. Thus, we find

S = Sc +
∫
d4x δϕ

 ∂L
∂ϕ

∣∣∣∣∣
ϕ=ϕc

− ∂t
∂L
∂ϕ̇

∣∣∣∣∣
ϕ=ϕc

− ∂i
∂L

∂(∂iϕ)

∣∣∣∣∣
ϕ=ϕc

 . (32.77)

If we require the action to be stationary for any δϕ then it must be that

∂L
∂ϕ

= ∂t
∂L
∂ϕ̇

+ ∂i
∂L

∂(∂iϕ) , (32.78)

which are the Euler-Lagrange equations. The conjugate momentum fields
are defined to be

π(t, xi) = ∂L
∂ϕ̇

, (32.79)

and the Hamiltonian density is then

H = πϕ̇− L . (32.80)

Example A simple example in one spatial dimension is the Lagrangian density

L = 1
2 u̇

2 − c

2 (∂xu)2 , (32.81)

where u(t, x) is a function of time and one spatial dimension. The Euler-
Lagrange equations given in (32.78) lead to

0 = ∂tu̇− c ∂x∂xu (32.82)

or
ü− c ∂2

xu = 0 . (32.83)

This is simple the wave equation for a wave of speed c.



Variational Methods Symmetries and Noether’s Theorem 239

The conjugate momentum of u is

π = ∂L
∂u̇

= u̇ , (32.84)

so the Hamiltonian density is

H = π2 − 1
2π

2 + c

2 (∂xu)2 = 1
2π

2 + c

2 (∂xu)2 . (32.85)

This is associated with the energy density of the field u. Note that there
are two positive contributions: one from the field changing in time and
one from changes in u along the x direction. This means that a crinkled
field has more energy stored in it than a uniform field.

Exercise 32.10 Show that the Lagrangian density of the field ϕ(t, xi) in three dimensions

L = 1
2 ϕ̇

2 − c

2 (∂iϕ) ∂iϕ , (32.86)

leads to the three dimensional wave equation

ϕ̈− c ∂i∂
iϕ = 0 . (32.87)

Find the Hamiltonian density and comment on the various contributions
to the energy of a given field configuration.

Subsection 32.3

Symmetries and Noether’s Theorem

One reason that the Lagrangian formalism is so powerful was elucidated by
Emmy Noether. We have seen that the flexibility under coordinate trans-
formations (or field transformations) allows us to re-express the Lagrangian
in ways that may be simpler to solve. What if we find a class of nontrivial
transformations that leave the form of the Lagrangian unchanged?

Example Suppose we have a Lagrangian density with two fields ϕ1 and ϕ2 with

L = 1
2 ϕ̇1ϕ̇1 −

c

2 (∂iϕ1) ∂iϕ1 + 1
2 ϕ̇2ϕ̇2 −

c

2 (∂iϕ2) ∂iϕ2 . (32.88)

We then transform to new fields ϕ′
1 and ϕ′

2 according to

ϕ1 = cos θϕ′
1 − sin θϕ′

2 , ϕ2 = sin θϕ′
1 + cos θϕ′

2 . (32.89)
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We find that the Lagrangian now takes the form

L = 1
2 ϕ̇

′
1ϕ̇

′
1 −

c

2 (∂iϕ
′
1) ∂iϕ′

1 + 1
2 ϕ̇

′
2ϕ̇

′
2 −

c

2 (∂iϕ
′
2) ∂iϕ′

2 . (32.90)

We see that the functional form of the two equations is identical. For any
real number θ the two Lagrangians lead to exactly the same equations
of motion. We say that this Lagrangian has a continuous symmetry
because θ can take a continuum of values.

Exercise 32.11 Fill in the steps that lead to the Lagrangian in Eq. (32.90) in the previous
example.

In general, suppose that we have a Lagrangian density L(ϕ, ϕ̇, ∂iϕ) and
a transformation to a new set of fields

ϕ′(t, xi, θ) , (32.91)

such that ϕ′(t, xi, 0) = ϕ(t, xi). That is, the transformation from ϕ to ϕ′

depends on a continuous parameter θ such that when θ = 0 the fields are
identical. If this transformation is a symmetry of the Lagrangian, then we
have

L(ϕ, ϕ̇, ∂iϕ) = L(ϕ′, ϕ̇′, ∂iϕ
′) , (32.92)

for all θ. If we expand in a series expansion of θ then we would find
coefficients for every power. Because the symmetry holds for all θ we can
vary it arbitrarily and the symmetry still has to hold true. This implies that
coefficient of each power of θ must preserve the symmetry. In particular,
we can consider small values of theta, those with θ ≪ 1, to find constraints
from the θ1 term. To leading order in θ this means

ϕ′(θ) =ϕ′(0) + θ
dϕ′

dθ

∣∣∣∣∣
θ=0

+O(θ2)

=ϕ+ θ
dϕ′

dθ

∣∣∣∣∣
θ=0

+O(θ2) , (32.93)

where we have suppressed the field dependence on space and time for
brevity. Of course, if our continuous symmetry is invertible, and near to
θ = 0 it certainly is, then we can just as correctly write

ϕ(θ) =ϕ(0) + θ
dϕ

dθ

∣∣∣∣∣
θ=0

+O(θ2)

=ϕ′ + θ
dϕ

dθ

∣∣∣∣∣
θ=0

+O(θ2) . (32.94)

The expansions in Eqs. (32.93) and (32.94) must agree at linear order in θ.
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This implies that
dϕ′

dθ

∣∣∣∣∣
θ=0

= − dϕ

dθ

∣∣∣∣∣
θ=0

. (32.95)

We can then expand the Lagrangian to linear order in θ

L(ϕ, ϕ̇, ∂iϕ) =L(ϕ′, ϕ̇′, ∂iϕ
′) (32.96)

+ θ
dϕ

dθ

∣∣∣∣∣
θ=0

∂L
∂ϕ

+ θ∂t
dϕ

dθ

∣∣∣∣∣
θ=0

∂L
∂ϕ̇

+ θ∂i
dϕ

dθ

∣∣∣∣∣
θ=0

∂L
∂(∂iϕ) .

But, from our assumption that the field transformation is a symmetry we
have Eq. (32.92). This means that

dϕ

dθ

∣∣∣∣∣
θ=0

∂L
∂ϕ

+ ∂t
dϕ

dθ

∣∣∣∣∣
θ=0

∂L
∂ϕ̇

+ ∂i
dϕ

dθ

∣∣∣∣∣
θ=0

∂L
∂(∂iϕ) = 0 . (32.97)

Although it may not look like much, this result has some important conse-
quences. First, we define the following quantities

ρ = dϕ

dθ

∣∣∣∣∣
θ=0

∂L
∂ϕ̇

, J i = dϕ

dθ

∣∣∣∣∣
θ=0

∂L
∂(∂iϕ) . (32.98)

Note that, similar to the continuity equation you may have run across in
electrodynamics, we find

∂tρ+ ∂iJ
i = ∂t

dϕ

dθ

∣∣∣∣∣
θ=0

∂L
∂ϕ̇

+ dϕ

dθ

∣∣∣∣∣
θ=0

∂t
∂L
∂ϕ̇

+ ∂i
dϕ

dθ

∣∣∣∣∣
θ=0

∂L
∂(∂iϕ) + dϕ

dθ

∣∣∣∣∣
θ=0

∂i
∂L

∂(∂iϕ) . (32.99)

Then, using Eq. (32.97) we find

∂tρ+ ∂iJ
i = dϕ

dθ

∣∣∣∣∣
θ=0

(
−∂L
∂ϕ

+ ∂t
∂L
∂ϕ̇

+ ∂i
∂L

∂(∂iϕ)

)
=0 , (32.100)

where we have used the Euler-Lagrange equations (32.78). In four-vector
notation

Let’s pause for a moment to figure out what this means. We have shown
that if there is a continuous set of transformations that leave the functional
form of the Lagrangian unchanged (which we refer to as a symmetry of the
Lagrangian), there are quantities analogous to a charge density and vector
current density that satisfy the continuity equation as above. We define
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the total charge Q by integrating over the charge density

Q =
∫
d3x ρ . (32.101)

The essential characteristic of this charge is that it is conserved. That is,

dQ

dt
=
∫
d3x ∂tρ = −

∫
d3x ∂iJ

i =
∫

∞
d2σiJ

i = 0 , (32.102)

where we have used the continuity equation in the second equality and
Gauss’ Law in the third. The final equality holds under the assumption
that the fields go to zero at infinity.

Example We return to the Lagrangian density given in Eq. (32.88). It is straight-
forward to show that

ϕ1 = cos θϕ′
1 − sin θϕ′

2 , ϕ2 = sin θϕ′
1 + cos θϕ′

2 , (32.103)

so we find
dϕ1

dθ

∣∣∣∣∣
θ=0

= −ϕ2 ,
dϕ2

dθ

∣∣∣∣∣
θ=0

= ϕ1 . (32.104)

Therefore, we have

ρ = dϕ1

dθ

∣∣∣∣∣
θ=0

∂L
∂ϕ̇1

+ dϕ2

dθ

∣∣∣∣∣
θ=0

∂L
∂ϕ̇2

=ϕ2ϕ̇1 − ϕ1ϕ̇2 , (32.105)

and

J i = dϕ1

dθ

∣∣∣∣∣
θ=0

∂L
∂(∂iϕ1)

+ dϕ2

dθ

∣∣∣∣∣
θ=0

∂L
∂(∂iϕ2)

=ϕ2∂
iϕ1 − ϕ1∂

iϕ2 . (32.106)

Though it is not obvious from these results, the conserved charge de-
termined here is like physical charges such as baryon number or lepton
number. This connection is made clearer later in the text.

As we show later, electric charge is also related to a symmetry of the
Lagrangian density that describes quantum electrodynamics. Other con-
served quantities, like baryon number and lepton number are also related
to symmetries. Even when the equations of motion that result from a
Lagrangian are difficult (seemingly impossible) to solve exactly, determin-
ing the symmetries of that system lead to nontrivial predictions about the
resulting phenomena that can be checked experimentally.

To recap, we have shown (following Emmy Noether) that symmetries
of the Lagrangian correspond to conserved quantities in the description of
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the physical system. This a deep result and very powerful. Although we do
not take the time to show it here, this result allows us to connect familiar
conserved quantities to assumptions about physical laws. For instance,
if we assume that the laws of physics are independent of time, meaning
that no matter when a process occurs it will always occur according to the
same rules, then there is a conserved quantity, which we call energy. If
physics is the same everywhere along a direction in physical space we find
a conserved quantity, called momentum, along that direction in space. If it
does not matter how objects are oriented, that is, if system can be rotated
in space without changing the dynamics and results, then we find there is
a conserved quantity, called angular momentum.

What about the boost symmetry of special relativity? As shown in [15],
the conservation law that follows from this symmetry is the steady motion
of the center-of-energy. In essence, this is Newton’s 1st Law, the law of in-
ertia. You may remember that the conservation of momentum is equivalent
to Newton’s 3rd Law, that of equal and opposite reaction. This means that
Hamilton’s principle of stationary action, when combined with Noether’s
theorem, produces all three of Newton’s laws, including their rotational
forms, as well as the conservation of energy.

In fact, all of these spacetime symmetries can be neatly packaged in
terms of some a quantity called the stress-energy or energy-momentum
tensor Tµν , which is typically defined by

T µ
ν =

∑
ϕ

∂L
∂(∂µϕ)∂νϕ− δµ

νL , (32.107)

where the sum is over all fields that the Lagrangian density depends on.
One then finds that the energy is given by

E =
∫
d3xT 00 , (32.108)

and the conserved linear momenta are given by

P i =
∫
d3xT 0i . (32.109)

Section 33

Quantum Essentials

Quantum mechanics is a formalism for describing nature that is amazingly
consistent with experiment. While some of the predictions do not agree
with our day-to-day intuition about the natural world, those who study
nature on the smallest scales find agreement with these predictions time and
again. In this text we simply assume that nature is quantum mechanical.
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This introduction is only a brief one. There are many good undergraduate
texts that provide a more complete treatment, including [83–87]. More
advanced, but still quite readable, texts include [88–90].

The mathematical language for describing the state of a physics system
is taken to be a complex inner product space, more particularly a Hilbert
space, but the distinctions are not essential to this discussion. This inner-
product space is often infinite dimensional, so matrix representations can
be cumbersome. Vectors are often denoted by

|ψ⟩ , (33.1)

and are some times called Kets, being the latter part of a bracket. Dual
vectors are represented by

|ψ⟩† = ⟨ψ| , (33.2)

and are known as Bras, the first part of a bracket. The inner product
between two vectors |ψ⟩ and |ϕ⟩ is given by

⟨ψ|ϕ⟩ = ⟨ϕ|ψ⟩∗ , (33.3)

and is a complex number. However, the inner product of any vector with
itself satisfies

⟨ψ|ψ⟩ = ⟨ψ|ψ⟩∗ , (33.4)

and so must be a real number.
Complex numbers are useful mathematical objects but they cannot be

physical observables like the energy or momentum of a state. Consequently,
the inner product of two vectors cannot be directly interpreted as a phys-
ical quantity. However, a Hermitian operator H, (H† = H) always has
real eigenvalues and these can be associated with the results of physical
measurements. 2

To see that Hermitian operators have real eigenvalues, consider an
eigenvector |λ⟩ of H with eigenvalue λ

H|λ⟩ = λ|λ⟩ . (33.5)

Take the inner product of this equation with ⟨λ| to find

⟨λ|H|λ⟩ = λ⟨λ|λ⟩ . (33.6)

On the other hand, the Hermitian conjugate of Eq. (33.5) produces

⟨λ|H† = ⟨λ|H = λ∗⟨λ| . (33.7)
2In many quantum mechanics textbooks operators are distinguished by a hat, such

as Ĥ. We do not use this notation in this text because it is typical in quantum field
theory texts not to put hats on operators.
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Taking the inner product of this equation with |λ⟩ leads to

⟨λ|H|λ⟩ = λ∗⟨λ|λ⟩ . (33.8)

The only way both (33.6) and (33.8) can be true is if λ is a real number.
The eigenvectors of H with distinct eigenvalues are also orthogonal.

Consider two eigenvectors of H labeled by their eigenvalues |λ1⟩ and |λ2⟩.
Then consider that

⟨λ1|H|λ2⟩ = λ2⟨λ1|λ2⟩ (33.9)
= λ1⟨λ1|λ2⟩ , (33.10)

where in the top line we consider H acting on the vector to the right and
in the bottom line we consider H acting on the dual vector to the left. We
assumed at the outset that λ1 ̸= λ2. in this case, the above equalities can
only be satisfied if

⟨λ1|λ2⟩ = 0 . (33.11)

Thus, if two eigenvectors of H have unequal eigenvalues then the two vec-
tors are orthogonal.

The upshot of these characteristics of Hermitian operators is that the
eigenvectors of such an operator can be used as an orthonormal basis for
at least a part of the inner-product space. This means that any vector |ψ⟩
that is taken to describe a physical system can be expressed as a linear
combination of the eigenvectors of H

|ψ⟩ =
∑

i

ci|λi⟩ . (33.12)

Exercise 33.1 Find a formula for determining the ci coefficients by taking the inner
product of Eq. (33.12) with ⟨λj|.

Then the inner product is

⟨ψ|H|ψ⟩ =
∑

j

∑
i

λic
∗
jci⟨λj|λi⟩

=
∑

i

λi|ci|2 . (33.13)

Exercise 33.2 Supply the intermediate steps that lead to Eq. (33.13).

The interpretation of this result, initially put forward by Max Born,
is that if |ψ⟩ describes some physical system and H corresponds to some
observable quantity, energy for example, then when the energy of the state
is measured any of the values λi are possible, but no values other than the
λi. The probability of measuring the state to have energy λi is equal to
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|ci|2. Because the sum of all probabilities must equal one, we find that∑
i

|ci|2 = 1. (33.14)

Exercise 33.3 Show that the above interpretation requires

⟨ψ|ψ⟩ = 1 . (33.15)

This implies that we do not use the full inner-product space to describe
physical systems. Only normalized states are employed.

With this understanding in mind we can make a simple statement
about measurement. Suppose a physical system is described by a state
|ψ⟩. Suppose further that we are interested in making a measurement of a
quantity that is associated with an operator O, which has eigenstates |λ⟩
labeled by the eigenvalues λ. The probability of measuring the state |ψ⟩
and finding λ is

|⟨λ|ψ⟩|2 . (33.16)

Perhaps the oddest aspect of quantum mechanics is that measurement can
drastically change the state. If the state is measured and returns λ then
the state is changed into the state |λ⟩, assuming there is only one state
with eigenvalue λ. If there is more than one such state, meaning there is
a degeneracy in the eigenvalue spectrum, then after a measurement of λ
the original state is changed into a linear combination of the states with
eigenvalue λ.

Because the probabilities are given by the |ci|2, two states that are
related by a simple rephasing

|ϕ⟩ = eiθ|ψ⟩ , (33.17)

lead to the same probabilities. Therefore, we find that a given physical
state can be described just as well by either vector. This leads us to say
that we can always rephase a state without changing any of its physical
qualities. Note, however, that the relative phase between two parts of a
state is physical. It is only a phase that is applied to the whole state at
once is not determined.

Exercise 33.4 Consider a simple quantum state

|ψ⟩ = r1e
−iθ1|ψ1⟩+ r2e

−iθ2|ψ2⟩ , (33.18)

where |ψ1⟩ and |ψ2⟩ are not orthogonal. Show that ⟨ψ|ψ⟩ depends only
on θ1 − θ2.
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Subsection 33.1

Position and Momentum Operators

The Hermitian operators that correspond to physical observables may also
reveal important structure. In particular, the operators that represent two
different observables may not commute. If they do not commute then we
cannot find a basis in which both operators are diagonal. The prime exam-
ple the operators X̂ i and P̂i what correspond to position and momentum,
respectively. That is, a state of definite position in three dimensional space
satisfies

X̂ i|x⟩ = xi|x⟩ . (33.19)

Here, |x⟩ is a shorthand for |x(1), x(2), x(3)⟩, a vector in the inner product
space that is labeled by three components of position. A similarly defined
state of definite spatial momentum satisfies

P̂i|p⟩ = pi|p⟩ . (33.20)

Note that |x⟩ is a vector in the inner-product space and hence carries no
index, while xi is a vector in physical space.

Recall from Eq. (32.65) that in the Hamiltonian language the coordi-
nates and momenta have a nonvanishing Poisson bracket. In analogy to
this, we take the commutator of the position and momentum operators to
be [

X̂ i, P̂j

]
= iℏ δi

j Î , (33.21)

where Î is the identity operator on the Hilbert space. (Identity operators
such as this are often dropped for brevity.) By making this assumption
we can find the form of X̂ i in the momentum basis and vice versa. First,
we note that the normalization condition for a continuous basis set like
position or momentum is, for example,

⟨x|x′⟩ = δ3(x− x′) , (33.22)

where the delta function’s prime characteristic is that∫
d3x δ3(x− x′) f(x) = f(x′) . (33.23)

There are many ways to define the delta function, a useful example for a
one dimensional delta function is

δ(x− x′) = 1
2π

∫
dp eip(x−x′) . (33.24)
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Exercise 33.5 Using the definition of a delta function in one dimension, show that

δ3(x− x′) = 1
(2π)3

∫
d3p eipi(xi−x′i) . (33.25)

Formally we have that

δ(x) =
{
∞ x = 0
0 x ̸= 0 . (33.26)

This means that states of definite position (or momentum) cannot be phys-
ical because they do not have a norm of one. They have infinite norm

⟨x|x⟩ =∞ . (33.27)

Nevertheless, these states are useful as a basis that we can use to describe
physical states.

Beginning from Eq. (33.21) we find

⟨x|
[
X̂ i, P̂j

]
|x′⟩ =iℏ δi

j ⟨x|x′⟩

⟨x|
(
X̂ iP̂j − P̂jX̂

i
)
|x′⟩ =iℏ δi

j δ
3(x− x′)

⟨x|
(
xiP̂j − P̂jx

′i
)
|x′⟩ =iℏ δi

j δ
3(x− x′)

(xi − x′i)⟨x|P̂j|x′⟩ =iℏ δi
j δ

3(x− x′) . (33.28)

To understand this result we need to review some properties of delta
functions. In particular, we review how to understand the derivative of a
delta function. The essential observation is that because the delta function
acts extremely locally we can integrate by parts∫

d3x ∂jδ
3(x− x′)f(x) = −

∫
d3x δ3(xi − x′i)∂jf(x) = ∂jf(x′) . (33.29)

This implies that∫
d3x ∂jδ

3(xi − x′i)(xi − x′i)f(x)

=−
∫
d3x δ3(x− x′)

[
δi

jf(x) + (xi − x′i)∂jf(x)
]

=− δi
j

∫
d3x δ3(x− x′)f(x) . (33.30)

In short, we find that

(xi − x′i)∂jδ
3(x− x′) = −δi

j δ
3(x− x′) (33.31)

Exercise 33.6 Work through the steps above.
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When compared with Eq. (33.28), this result implies that

⟨x|P̂j|x′⟩ = −iℏ ∂jδ
3(x− x′) . (33.32)

Exercise 33.7 Show that
⟨x|P̂j|x′⟩ = iℏ ∂′

jδ
3(x− x′) , (33.33)

where
∂

∂x′j ≡ ∂′
j . (33.34)

Exercise 33.8 Using the normalization of the momentum basis

⟨p|p′⟩ = δ3(p− p′) , (33.35)

show that

⟨p|X̂j|p′⟩ = iℏ
∂

∂pj

δ3(p− p′) = −iℏ ∂

∂p′
j

δ3(p− p′) . (33.36)

We can also determine the overlap between position and momentum
eigenstates. Before we do we make one additional observation from linear
algebra. Given a complete orthonormal basis of states |λi⟩ we can write
the identity operator as

Î =
∑

i

|λi⟩⟨λi| . (33.37)

Exercise 33.9 Given an arbitrary vector

|ψ⟩ =
∑

i

ci|λi⟩ , (33.38)

show that Eq. (33.37) is the identity operator by showing that

Î|ψ⟩ = |ψ⟩ . (33.39)

If the basis is continuous, as with the position basis, then the sum
becomes an integral

Î =
∫
dx|x⟩⟨x| . (33.40)

Exercise 33.10 Given an arbitrary vector

|ψ⟩ =
∫
dx′c(x′)|x′⟩ , (33.41)
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show that Eq. (33.40) is the identity operator by showing that

Î|ψ⟩ = |ψ⟩ . (33.42)

We are now ready to determine the overlap between position states |x⟩
and momentum states |p⟩. We begin with the commutation relation given
in Eq. (33.21) and write

⟨x|X̂ iP̂j − P̂jX̂
i|p⟩ =iℏ δi

i ⟨x|p⟩
xipj⟨x|p⟩ − ⟨x|P̂jX̂

i|p⟩ =iℏ δi
i ⟨x|p⟩

⟨x|p⟩
(
xipj − iℏ δi

j

)
=⟨x|P̂jX̂

i|p⟩ . (33.43)

We focus on the right-hand side. By inserting the identity operator we find

⟨x|P̂jX̂
i|p⟩ =⟨x|P̂j ÎX̂ i|p⟩

=
∫
dx′⟨x|P̂j|x′⟩⟨x′|X̂ i|p⟩

=iℏ
∫
dx′∂′

jδ
3(x− x′)⟨x′|x′i|p⟩

=− iℏ
∫
dx′δ3(x− x′)∂′

j

(
x′i⟨x′|p⟩

)
=− iℏ

(
δi

j⟨x|p⟩+ xi∂j⟨x|p⟩
)
. (33.44)

We can then insert the result in Eq. (33.44) into Eq. (33.43) to find

⟨x|p⟩
(
xipj − iℏ δi

j

)
= −iℏ

(
δi

j⟨x|p⟩+ xi∂j⟨x|p⟩
)
. (33.45)

This is simplifies to
xi∂j⟨x|p⟩ = i

ℏ
xipj⟨x|p⟩ . (33.46)

Exercise 33.11 Show that this result implies that

⟨x|p⟩ = c e
i
ℏxipi , (33.47)

where we can use rephasing to ensure c is a real number. Then, using
the fact that

δ3(x− x′) = ⟨x|x′⟩ =
∫
d3p⟨x|p⟩⟨p|x′⟩ , (33.48)

show that
c = 1

(2πℏ)3/2 . (33.49)
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Subsection 33.2

Quantum Symmetries

This requirement that physical states are normalized has some important
consequences. First, it constrains how symmetries are represented in the
inner-product space. We typically think of symmetries as being related to
some mathematical group G, see Sec. 36 for a review of what groups are.
The elements of G must be represented in some way in the inner-product
space, which we may write

R̂(g) . (33.50)

Then the action of a symmetry on a physical state |ψ⟩ is

R̂(g)|ψ⟩ . (33.51)

The action on the dual vector is

⟨ψ|R̂(g)† . (33.52)

Then
1 = ⟨ψ|ψ⟩ , (33.53)

is mapped to
⟨ψ|R̂(g)†R̂(g)|ψ⟩ . (33.54)

We are interested in representations that preserve the unit norm of these
states so that probabilities are preserved by symmetry operations. This is
guaranteed if

R̂(g)† = R̂(g)−1 , (33.55)

meaning that the representation is unitary.
Now, consider another state |ϕ⟩ which is related to |ψ⟩ by a Hermitian

operator
|ϕ⟩ = Ĥ|ψ⟩ . (33.56)

Because both |ϕ⟩ and |ψ⟩ are physical states they must be affected by a
symmetry transformation according to Eq. (33.51). This means that after
the symmetry transformation we find

R̂(g)|ϕ⟩ = Ĥ ′R̂(g)|ψ⟩ (33.57)

where Ĥ ′ is the operator that Ĥ is mapped to by the symmetry transfor-
mation.

Exercise 33.12 Show that
Ĥ ′ = R̂(g)ĤR̂(g)−1 . (33.58)
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Then Ĥ ′† is
Ĥ ′† = R̂(g)−1†ĤR̂(g)† (33.59)

Symmetry transformations should leave the physical predictions, that is
the eigenvalues of the operators, invariant. A basic first step is that Ĥ ′

should be a Hermitian operator. Comparing (33.58) and (33.59) we see
that this also requires that R̂(g) be a unitary representation.

The groups are want to represent in this way are typically Lie groups,
which are reviewed in Sec. 37. Consequently, their elements have an expo-
nential form

g = eiθX , (33.60)

where X is an element of the associated Lie algebra. This form is also
inherited by the representations of the group and the representations of
the algebra.

Exercise 33.13 Show that if a unitary matrix has the form

U = e−iθH , (33.61)

that H must be a Hermitian matrix. You may find the discussion sur-
rounding Eq. (38.18) useful.

We have argued that Hermitian matrices play an important role in
quantum mechanics. These operators can be associated with observable
quantities. It is natural to consider what unitary operators the exponenti-
ation of these Hermitian operators lead to.

Exercise 33.14 Prove, using the power series expansion of the exponential, that

e− i
ℏαiP̂i |p⟩ = e− i

ℏαipi |p⟩ , ⟨p|e− i
ℏαiP̂i = ⟨p|e− i

ℏαipi , (33.62)

where αi is a constant vector.

A simple example of this exponentiation is to use the momentum op-
erator. We consider acting on a state of definite position with this expo-
nentiated operator

e− i
ℏαiP̂i |x⟩ , (33.63)

where αi is a constant vector with dimensions of length. We can then
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express the identity as an integral over momentum states to find

e− i
ℏαiP̂i |x⟩ =

∫
d3p |p⟩⟨p|e− i

ℏαiP̂i |x⟩

=
∫
d3p |p⟩⟨p|e− i

ℏαipi |x⟩

=
∫
d3p |p⟩e− i

ℏαipi⟨p|x⟩

=
∫
d3p |p⟩e− i

ℏαipi
1

(2πℏ)3/2 e
− i

ℏxipi

=
∫
d3p |p⟩ 1

(2πℏ)3/2 e
− i

ℏ (xi+αi)pi

=
∫
d3p |p⟩⟨p|x+ α⟩

= |x+ α⟩ . (33.64)

So, we find that exponentiating the momentum operator produces transla-
tion in space, the position xi was shifted by the vector αi.

Exercise 33.15 Act with the exponentiation of the position operator on a state of definite
momentum to show that

e− i
ℏ X̂iki |p⟩ = |p+ k⟩ , (33.65)

where ki is a constant dual vector with dimensions of momentum. This
shows that the exponentiation of the position operator produces an op-
erator that shifts the momentum by a constant amount.

Subsection 33.3

Time Evolution

We have just seen that there is a reciprocal relationship between the mo-
mentum and position operators. The exponentiation of one produces a
shift in the other. These operators are also related by the commutation
relations given in Eq. (33.21) that were related to the action of the Poisson
bracket of Hamiltonian mechanics Eq. (32.65). The Hamiltonian formula-
tion also relates the Poisson bracket of operators to their evolution in time,
see Eq. (32.66).

While not a proof, this motivates the form of the time evolution oper-
ator

e− i
ℏ Ĥ t , (33.66)

where Ĥ is the Hamiltonian operator, some function of the position and
momentum operators. This operator shifts a vector at some time t0 to the
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time t0 + t, or if we take t0 = 0

|ψ(t)⟩ = e− i
ℏ Ĥ t|ψ(0)⟩ . (33.67)

This form turns out to be correct as long as the Hamiltonian itself does
not depend on time.

Exercise 33.16 Use the definition of quantum time evolution to show that

iℏ
d

dt
|ψ(t)⟩ = Ĥ|ψ(t)⟩ . (33.68)

This makes clear the connection between time evolution and the Hamil-
tonian. When the state vector is expressed in position space this is called
the Schrödinger equation. In fact, this equation is typically taken as an
axiom of quantum mechanics and the results discussed above follow from
this assumption.

The eigenstates of the Hamiltonian can be denoted |Ei⟩ so that

Ĥ|Ei⟩ = Ei|Ei⟩ . (33.69)

We can then express any state vector (at what we define as t = 0) to be

|ψ(0)⟩ =
∑

i

ci|Ei⟩ , (33.70)

where the ci are given by

ci = ⟨Ei|ψ(0)⟩ . (33.71)

Acting with the time evolution operator leads to

|ψ(t)⟩ =
∑

i

cie
− i

ℏ tEi |Ei⟩ . (33.72)

This means that once we know the Hamiltonian of a system we can,
in principle, determine the energy eigenstates. Then any vector can be
expressed as a linear combination of those eigenstates. The time evolution
of any such vector is simple to understand, in the energy basis. Each
component evolves with a simple phase determined by the energy of the
eigenstate it corresponds to.

Subsection 33.4

Simple Harmonic Oscillator

An important example of many of these principles is the simple harmonic
oscillator. Recall from Sec. 32.1 that the classical Hamiltonian for simple
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harmonic oscillation in one dimension is given by

H = 1
2mp2 + k

2x
2 . (33.73)

In the quantum mechanical treatment we simply take the position and mo-
mentum to be operators that satisfy the standard commutation relations:

Ĥ = 1
2mP̂ 2 + k

2 X̂
2 ,

[
X̂, P̂

]
= iℏÎ . (33.74)

We are most interested in determining the eigenvalues and eigenvectors
of the Hamiltonian. To do this we define the operators

â =
√
mω

2ℏ

(
X̂ + iP̂

1
mω

)
, â† =

√
mω

2ℏ

(
X̂ − iP̂ 1

mω

)
(33.75)

where we have used the standard definition for the angular frequency of
the oscillator

ω =
√
k

m
. (33.76)

While the names may not be clear at this point, we call â a lowering op-
erator or annihilation operator and â† a raising operator or creation
operator.

Exercise 33.17 To see the connection between these operators and the Hamiltonian, show
that

â†â = Ĥ/(ℏω)− 1
2 Î . (33.77)

Exercise 33.18 Using the commutation relations amongst the position and momentum
operators show that [

â, â†
]

= Î . (33.78)

We can now write the Hamiltonian as

Ĥ = ℏω
(
â†â+ 1

2 Î
)
, (33.79)

which is similar to the simple form we found after making a canonical
transformation of the classical Hamiltonian (32.58). We define the energy
eigenstates of the Hamiltonian by

Ĥ|E⟩ = E|E⟩ . (33.80)
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We quickly find that

â†â|E⟩ =
(
E

ℏω
− 1

2

)
|E⟩ . (33.81)

In other words, the eigenvectors of Ĥ are also the eigenvectors of â†â, just
with a shifted eigenvalue.

We label the eigenvalues of â†â by

â†â|λ⟩ = λ|λ⟩ . (33.82)

Note that because the vector

â|λ⟩ ≡ |aλ⟩ , (33.83)

is related to
⟨λ|â† , (33.84)

by Hermitian conjugation we have

⟨λ|â†â|λ⟩ = ⟨aλ|aλ⟩ ≥ 0 , (33.85)

where the last inequality follows from the definition of the inner-product.
Because

⟨aλ|aλ⟩ = λ⟨λ|λ⟩ , (33.86)

we see that
λ ≥ 0 . (33.87)

Therefore, all the eigenvalues of â†â are non-negative.
We now consider the action of â†â on the vector â|λ⟩. Using the com-

mutation relations amongst the creation and annihilation operators we find

â†ââ|λ⟩ =
(
−â+ ââ†â

)
|λ⟩

= (−1 + λ) â|λ⟩ . (33.88)

In short, â|λ⟩ is also an eigenvector of â†â, but with eigenvalue λ− 1. This
is why it is called a lowering operator. However, because all eigenvalues
must be nonnegative, if λmin < 1 it must be the case that

â|λmin⟩ = |0⟩ , (33.89)

where |0⟩ is the zero vector of the vector space. That is, there is a minimum
eigenvalue. Because

â†â|λmin⟩ = λmin|λmin⟩ = |0⟩ , (33.90)

we see that this minimum eigenvalue is λmin = 0, because any vector multi-
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plied by the number zero produces the zero vector. In other words, we find
that the minimum energy eigenstate is |0⟩, which is not the zero vector but
a vector labeled by the number zero.

Exercise 33.19 Show that
â†ââ†|λ⟩ = (λ+ 1) â†|λ⟩ . (33.91)

This shows that â†|λ⟩ is an eigenvector of â†â with eigenvalue λ+1. This
is why it is called a raising operator.

Now that we have determined the minimum eigenvalue we can use the
raising operator to find all the states with larger λ. For instance,

â†|0⟩ ∝ |1⟩ . (33.92)

We only know that these states are proportional because we are assuming
all of the eigenvectors have been normalized. We determine this normal-
ization by defining

⟨n− 1|â|n⟩ = Nn . (33.93)

By taking the Hermitian conjugate we find

⟨n|â†|n− 1⟩ = N∗
n . (33.94)

We also know from the eigenvalue relation that

⟨n|â†â|n⟩ = n . (33.95)

As an aside, note that the operator

N̂ ≡ â†â , (33.96)

is often referred to as the number operator, because it simply returns
the number n that defines an energy eigenstate

N̂ |n⟩ = n|n⟩ . (33.97)

We can insert the identity (as a sum over the complete basis of states)
in the middle of Eq. (33.95) to find

⟨n|â†â|n⟩ = ⟨n|â†Î â|n⟩
=
∑
n′
⟨n|â†|n′⟩⟨n′|â|n⟩ . (33.98)

However, because we know the raising and lowering operators only change
the eigenvalues by one we have

⟨n′|â|n⟩ = δn′,n−1⟨n− 1|â|n⟩ . (33.99)
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This implies that

⟨n|â†â|n⟩ =
∑
n′
⟨n|â†|n′⟩⟨n′|â|n⟩

= ⟨n|â†|n− 1⟩⟨n− 1|â|n⟩
= |Nn|2 . (33.100)

From Eqs. (33.95) and (33.100) we find

|Nn|2 = n . (33.101)

Exercise 33.20 From Eq. (33.93) show that

⟨n+ 1|â†|n⟩ = N∗
n+1 . (33.102)

The result from Eq. (33.101) does not quite determine the normaliza-
tion factor. In principle we can have

Nn =
√
neiθn , (33.103)

for real phases θn. This implies that

â†|0⟩ =
√

1e−iθ1|1⟩ , (33.104)(
â†
)2
|0⟩ =

√
2e−i(θ1+θ2)|2⟩ , (33.105)(

â†
)3
|0⟩ =

√
6e−i(θ1+θ2+θ3)|3⟩ , (33.106)

and so on for any finite n. Keeping track of these phases is irritating and
they do not actually have any physical significance. The actual eigenvectors
|n⟩ are unchanged. To remove them we simply assume each raising operator
does not introduce a phase relative to the eigenstate. Having made this
choice we can write any element of the energy eigenbasis basis as

|n⟩ = 1√
n!

(
â†
)n
|0⟩ . (33.107)

To summarize, we have used purely algebraic means to completely
determine the spectrum of the a†a operator. This spectrum of the simple
harmonic oscillator Hamiltonian is similar. We have

Ĥ|n⟩ = ℏω
(
n+ 1

2

)
|n⟩ . (33.108)

We can express any vector in terms of this same basis

|ψ⟩ =
∑

n

cn|n⟩ , (33.109)
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with
cn = ⟨n|ψ⟩ . (33.110)

Time evolution of this state is given by Eq. (33.72), leading to

|ψ(t)⟩ =
∑

n

cne
−iωt( 1

2 +n)|n⟩ . (33.111)

In essence, once ω has been specified, we can completely predict the quan-
tum mechanical evolution of any state.
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This part of the text introduces mathematical structures that you may be
less familiar with. While you may be familiar with some of the topics here
it may be useful read over them quickly and see what is emphasized.

Section 34

Vector Spaces

The concept of a vector space may be the most widely used mathematical
construction in physics. We use finite-dimensional vector spaces to model
the physical space we observe and we use infinite-dimensional vector spaces
to describe the the solutions to the differential equations that describe how
various systems change in time or space. In particle physics we need to
keep track of several distinct vector spaces at once in order to accurately
describe nature’s structure. Because of this we rely heavily on index no-
tation (described in the following section) in order to keep track of these
various spaces.

We first give an abstract definition of a vector space and then examine
some examples.

Definition A vector space is a set V together with an Abelian group operation
which is denoted by + . The identity element is often denoted as 0. This
set is associated with a field F (for most of our purposes the fields of
interest are either the real numbers R or the complex numbers C) with
a multiplicative identity element typically denoted as 1 and an additive
identity denoted as 0. Elements of F act on elements of V , or there is a
map F × V → V . For all f ∈ F and v ∈ V this mapping implies that
fv ∈ V .

This mapping satisfies certain properties.

1. (f1 + f2)v = f1v + f2v

2. (f1f2)v = f1(f2v)

3. f(v1 + v2) = fv1 + fv2

4. 1v = v

5. f0 = 0

6. 0v = 0

260
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Example Euclidean Space in Two Dimensions: This vector space can be rep-
resented by elements v ∈ E2 of the form

v =
(
a
b

)
, (34.1)

where a, b ∈ R. This is a real vector space and the associated field is the
real numbers. The identity element is

0 =
(

0
0

)
. (34.2)

It should be clear that the two dimensional Euclidean vector space can be
easily generalized to N dimensions. For convenience in writing, however,
we often focus on the simple two dimensional case.

Exercise 34.1 Check that E2 satisfies all the conditions of a vector space.

Exercise 34.2 Generalize E2 to the complex vector space C2 where the elements of the
vectors are complex numbers. What is the associated field?

Example Polynomials: This vector space can be represented by elements of the
form

r0 + r1x+ r2x
2 + . . . , (34.3)

where ai ∈ R. This is a real vector space and the associated field is the
real numbers. This space has infinite dimensions. Many systems in the
physical sciences use this vector space. In other words, many physical
systems can be described by polynomials.

Example Fourier Series: This vector space can be represented by elements of the
form

a0 + a1 cos(θ) + b1 sin(θ) + a2 cos(2θ) + b2 sin(2θ) + . . . , (34.4)

where ai, bi ∈ R. This is a real vector space and the associated field is
the real numbers. This space has infinite dimensions. Many systems in
the physical sciences use this vector space. In other words, many physical
systems can be usefully described by series of sines and cosines. There are
many families of functions (Bessel, Legendre, etc) that similarly define
a useful vector space for describing the solutions to certain families of
problems.

An important property of vector spaces is the concept of linear inde-
pendence. A related concept is notion of a basis for the space.
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Definition A subset S of a vector space V is said to be linearly independent if
for fi ∈ F and vi ∈ S the equation

f1v1 + f2v2 + . . .+ fnvn = 0 , (34.5)

implies that
f1 = f2 = . . . = fn = 0 . (34.6)

That is the only linear combination of the vectors in S that produce the
zero vector is the trivial case where each element of S is multiplied by
the 0 of F .

Definition A subset S of a vector space V is said to span V if for all v ∈ V there
exist fi ∈ F such that for vectors si ∈ S it is true that

v = f1s1 + f2s2 + . . . (34.7)

Definition A subset S of a vector space V is said to be a basis for V if it is linearly
independent and spans V .

Example A basis for E2 is {(
1
0

)
,

(
0
1

)}
. (34.8)

Another is {(
1
1

)
,

(
1
−1

)}
. (34.9)

Exercise 34.3 Check that both of the above sets are indeed bases for E2.

Exercise 34.4 Find a basis for the space of polynomials and a basis for the Fourier series
space.

A given element v of a vector space V will be expressed in different
ways, depending on what basis is chosen. For instance(

a
b

)
= a

(
1
0

)
+ b

(
0
1

)
= a+ b

2

(
1
1

)
+ a− b

2

(
1
−1

)
. (34.10)

Any choice of basis is equally correct. Different bases may be more useful for
different analyses, just as some problems are simpler in polar coordinates
versus Cartesian coordinates. The physical system and its solution are
the same in any basis, but some are more convenient. This also makes
basis-independent quantities particularly important and useful.

If we are using a vector space to describe something about a physical
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system it is often important that we can model a process that takes vectors
in the space and maps them to other vectors in the space. For instance,
suppose we describe the position of a particle by its position in three di-
mensional space. If the particle moves in space as time evolves then we
must model time evolution as a process that maps one location (a three
vector) to another. Often, this can be done with linear transformations,
which we often refer to as operators on the vector space.

Definition A linear transformation M is a map from a vector space V to the
same vector space: M : V → V such that for vi ∈ V and fi ∈ F

M(f1v1 + f2v2) = f1Mv1 + f2Mv2 . (34.11)

Example A trivial example for E2 is

M =
(

1 0
0 1

)
. (34.12)

This simply maps a vector back to itself. Some slightly less trivial exam-
ples are (

−1 0
0 −1

)
, and

(
0 1
1 0

)
. (34.13)

Exercise 34.5 Check that the above matrices are indeed linear transformations. What
do each of these transformations do to a vector (or what vector do they
map to).

Example A linear transformation on the space of polynomials is the differential
operator d

dx
.

Exercise 34.6 Check that d
dx

does indeed map any polynomial to another polynomial.
Also check that it satisfies the requirements of being a linear transforma-
tion.

Like vectors, operators can be expressed in various bases. However,
there are certain properties that are basis-independent. Most of these are
tied to the eigenvalues of the operator.

Definition Given a linear transformation M from a vector space V to V , any vector
v ∈ V that satisfies

Mv = λv , (34.14)

where λ ∈ F , is called an eigenvector of M with eigenvalue λ.
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Example Consider E2 and the operator

M =
(

0 1
1 0

)
. (34.15)

It is simple to check that

M

(
1
1

)
=
(

1
1

)
, M

(
1
−1

)
= −

(
1
−1

)
. (34.16)

This shows that M has two eigenvalues, 1 and −1. The general meth-
ods of determining eigenvalues and eigenvectors for a given operator are
covered in most linear algebra courses and are not covered here.

Example We can also determine eigenvalues of d
dx

in the space of polynomials. Note
that by using the power series expansion that

ex = 1 + x+ x2

2! + x3

3! + . . . , (34.17)

is an element of the vector space. Then from

d

dx
eαx = αeαx , (34.18)

we see that eαx is an eigenvector of this operator with eigenvalue α.

Other basis-independent quantities can be determined if we add some
additional structure to the vector space and create an inner-product space.

Definition A vector space V over the field F is extended to an inner-product space
by defining a mapping from V × V → F , which we denote by ⟨ , ⟩, such
that for any v1 , v2 ∈ V

⟨v1 , v2⟩ = f (34.19)

for some f ∈ F . This product satisfies three properties:

1. Conjugation Symmetry: ⟨v1 , v2⟩ = ⟨v2 , v1⟩∗, where f ∗ is the
complex conjugate of f . Note that for real vector spaces this means
that the inner-produce is symmetric in its arguments.

2. Linearity in right argument: ⟨v , av1 + bv2⟩ = a⟨v , v1⟩+ b⟨v , v2⟩.

3. Positive Semi-Definite: For any v ∈ V we have ⟨v , v⟩ ≥ 0 with
equality only when v = 0.
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Exercise 34.7 From the definition above show that

⟨av1 + bv2, v⟩ = a∗⟨v1, v⟩+ b∗⟨v2, v⟩ . (34.20)

Example The usual vector dot product in Euclidean space is the most familiar
example of an inner product. In E2 for example(

a
b

)
·
(
c
d

)
= ac+ bd . (34.21)

Exercise 34.8 Show that for elements v1, v2 ∈ V in the vector space of Fourier series
an inner product can be defined by∫ 2π

0
dθ v1 v2 . (34.22)

With the inner-product we can make some choices that make vector
spaces feel more familiar. Assuming that V has a basis {s1, s2, . . .} we can
use the inner product to create a new basis {e1, e2, . . .} that is orthonor-
mal. That is, such that

⟨ei, ej⟩ =
{

1 i = j
0 i ̸= j

. (34.23)

This is done by, for instance, defining

e1 = 1√
⟨s1, s1⟩

s1 , (34.24)

to ensure that e1 is normalized. Then subtracting of any component of
the other basis vectors si with i ̸= 1 that lies in the direction of e1. For
example,

s′
2 = s2 − ⟨e1, s2⟩e1 . (34.25)

Then s′
2 can be normalized to define e2. This process can be enacted on

the entire basis without producing the zero vector 0 because the original
basis was linearly independent.

Exercise 34.9 Show that s′
2 and e1 are orthogonal, that is

⟨e1, s
′
2⟩ = 0 . (34.26)

Using any basis we can also define the matrix elements of a lin-
ear transformation M (often referred to as an operator) on V . These are
defined by

Mij = ⟨si, Msj⟩ . (34.27)
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The name of matrix element follows from the two dimensional array of
numbers this formula defines. Note that it may be a finite matrix or one
of infinite size.

With an inner-product in hand it is straightforward to define the con-
cept of a dual vector. This may seem abstract, but is very helpful in keeping
track of various aspects of physical systems. We also note that while dual
vectors can be defined more generally, we restrict our discussion to those
associated with the inner product.

Definition Given a vector space V and a field F , the dual vector space V † (read
V -dagger) is the collection of linear transformations from V to F . In this
text we define these transformations v† ∈ V † through the inner product
by

v† = ⟨v, ·⟩ . (34.28)

That is, the action of v† on some vector u ∈ V is

v†(u) = ⟨v, u⟩ . (34.29)

One can show that V † is a vector space. Thus, through the inner
produce we have defined a vector space V † that has a special relationship
to V .

Example The dual space to E2 is the set of row vectors

v† = (a, b) (34.30)

where a, b ∈ R. Note that through usual matrix multiplication these row
vectors acting on a column vector (and element of E2) produce a number.

Exercise 34.10 Show using matrix multiplication in E2 that

v†(v) = ⟨v, v⟩ . (34.31)

The operators that act on a vector space can also be related to operators
that act on the dual space. Suppose that an operator M maps the vector
v to the vector u, Mv = u. We define u† in the usual way

u† = ⟨u, ·⟩ = ⟨Mv, ·⟩ ≡ v†M † , (34.32)

where in the last definition we note that M † (the mapping from V † → V †)
is understood to act to the left on v† where as M acts to the right. The
notation here is very suggestive of taking the Hermitian conjugate (or
taking the complex conjugate and then the transpose) of a matrix. This is
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deliberate for the following reason. Consider the matrix elements of M

Mij = ⟨si, Msj⟩ , (34.33)

for some basis si of V . Then take the complex conjugate to find

M∗
ij = ⟨si, Msj⟩∗ = ⟨Msj, si⟩ = (M †)ji . (34.34)

As elements of a matrix, exchanging the indices is the same as exchanging
row with columns, or taking the transpose. Thus, we see that the matrix
elements of M † are the complex transpose of the matrix elements of M .

Finally, we end with a discussion of products of vector spaces. We can
form a tensor product of two vector spaces V1 and V2 which is denoted
V1⊗V2. This space contains vectors that belong to each of the two spaces,
but also tensors, which are objects that only live in the product of the
spaces. A tensor of rank 2 requires the product of two vector spaces and
tensors of arbitrarily large rank can be generated by combining more vector
spaces, or more copies of one vector space.

This tensor product is taken to be bilinear, that is, for ui ∈ U and
vi ∈ V

u⊗ (v1 + v2) = u⊗ v1 +u⊗ v2 , (u1 +u2)⊗ v = u1⊗ v+u2⊗ v . (34.35)

In this way the basis of V and the basis of U can be combined by ⊗ to
make a basis for the larger space U ⊗ V .

Example Suppose the vector space V is two dimensional with basis

B = {|s1⟩, |s2⟩} , (34.36)

and vector space V ′ is three dimensional with basis

B′ = {|s′
1⟩, |s′

2⟩, |s′
3⟩} . (34.37)

The basis elements of V ⊗ V ′ are

{|s1⟩ ⊗ |s′
1⟩, |s1⟩ ⊗ |s′

2⟩, |s3⟩ ⊗ |s′
2⟩, |s1⟩ ⊗ |s′

2⟩, |s2⟩ ⊗ |s′
1⟩, |s2⟩ ⊗ |s′

3⟩} .
(34.38)

The more concise notation

{|s1s
′
1⟩, |s1s

′
2⟩, |s1s

′
3⟩, |s2s

′
1⟩, |s2s

′
2⟩, |s2s

′
3⟩} . (34.39)

is often used.

If MU is a linear operator that acts on U and MV is a linear operator
that acts on V then we can create the tensor product MU ⊗MV which acts
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like
(MU ⊗MV ) (u⊗ v) = (MUu)⊗ (MV v) , (34.40)

for u ∈ U and v ∈ V . The operator MU ⊗MV can also be represented as
a matrix in the product space. In order to do this, a choice must be made
in how to order the basis elements.

Exercise 34.11 Suppose that in the two dimensional vector space V an operator M has
the matrix elements

M =
(
m11 m12
m21 m22

)
, (34.41)

in the basis
B = {|s1⟩, |s2⟩} . (34.42)

That is
mij = ⟨si, Msj⟩ . (34.43)

Suppose further that in the two dimensional vector space V ′ there is
an operator M ′ with

M ′ =
(
m′

11 m
′
12

m′
21 m

′
22

)
, (34.44)

in the basis
B′ = {|s′

1⟩, |s′
2⟩} . (34.45)

Show that If we order the basis elements of the product space V ⊗V ′

as
B1 = {|s1s

′
1⟩, |s1s

′
2⟩, |s2s

′
1⟩, |s2s

′
2⟩} , (34.46)

then the matrix elements of M ⊗M ′ are

M ⊗M ′ =


m11m

′
11 m11m

′
12 m12m

′
11 m12m

′
12

m11m
′
21 m11m

′
22 m12m

′
21 m12m

′
22

m21m
′
11 m21m

′
12 m22m

′
11 m22m

′
12

m21m
′
21 m21m

′
22 m22m

′
21 m22m

′
22

 . (34.47)

Then, show that if the basis elements are ordered as

B2 = {|s1s
′
1⟩, |s2s

′
1⟩, |s1s

′
2⟩, |s2s

′
2⟩} , (34.48)

that

M ⊗M ′ =


m11m

′
11 m12m

′
11 m11m

′
12 m12m

′
12

m21m
′
11 m22m

′
11 m21m

′
12 m22m

′
12

m11m
′
21 m12m

′
21 m11m

′
22 m12m

′
22

m21m
′
21 m22m

′
21 m21m

′
22 m22m

′
22

 . (34.49)
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Exercise 34.12 For the the cases covered in the previous exercise, suppose

I =
(

1 0
0 1

)
, I′ =

(
1 0
0 1

)
, (34.50)

and
σ1 =

(
0 1
1 0

)
, σ′

1 =
(

0 1
1 0

)
. (34.51)

Using basis B1 find the matrix forms of

I⊗ I′ , I⊗ σ′
1 , σ1 ⊗ I′ , σ1 ⊗ σ′

1 . (34.52)

Then, find the matrix forms of these operators using the basis B2. Com-
ment on similarities and differences.

Section 35

Index Notation

We now introduce a notation that often makes navigating vector spaces
easier. Consider the vector equation

F⃗ = ma⃗ . (35.1)

As written it appears to be one equation, but really we know it stands for
three Fx

Fy

Fz

 = m

 ax

ay

az

 . (35.2)

In fact, here we have assumed Cartesian coordinates to describe the vector
space E3, but we could use any other coordinates. In general, there are
simply three equations. In index notation this is written as

F i = mai , (35.3)

where F i is one of the components (the ith one) of the vector F⃗ . Similarly,
ai is the ith component of a⃗. This is another way to describe all three
equations.

We also know that the kinetic energy is

EK = 1
2mv⃗ · v⃗ , (35.4)

which involves the inner-product of the velocity vector with itself. In the
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notation used in the previous section we would write this as

v⃗ · v⃗ = ⟨v, v⟩ , (35.5)

and we know that in Cartesian coordinates that it is equal to

v⃗ · v⃗ = v2
x + v2

y + v2
z . (35.6)

In index notation we write the inner-product (for a real vector space) as

⟨v, v⟩ =
3∑

i=1

3∑
j=1

gijv
ivj . (35.7)

Sometimes the object gij is called the metric on the space as it defines
notions of distance. It is a two-index object, or a tensor of rank 2. Notice
that we can exchange the order of the sums and the order of the vector
components so

3∑
i=1

3∑
j=1

gijv
ivj =

3∑
j=1

3∑
i=1

gijv
jvi

=
3∑

i=1

3∑
j=1

gjiv
ivj . (35.8)

In the second line we have simply changed the labels we are using to track
the two sums. This does not matter because they are both only place
holders. By comparing the first and last sums we see that gij = gji, or that
the metric is a symmetric tensor.

Definition A rank two tensor Sij is symmetric if every component Sij is equal to
Sji. For instance, S12 = S21. Similarly, an antisymmetric tensor Aij is
one in which

Aij = −Aji . (35.9)

Note that this implies that any component of this tensor in which the
two indices are equal, like A11 must be equal to zero because A11 = −A11
by exchanging the two indices.

Exercise 35.1 By writing out all nine terms in the above sums, convince yourself that
each equality in (35.8) is true.

These formulas need to be generalized slightly for complex vector spaces.
In this case the norm of a vector va (in three complex dimensions) is

⟨v, v⟩ = |v1|2 + |v2|2 + |v3|2 =
3∑

i=1

3∑
j=1

gijv
∗ivj , (35.10)
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where the metric is still a real array.

Exercise 35.2 Show that the definition (35.10) leads to the usual behavior of complex
inner products

⟨u, v⟩ = ⟨v, u⟩∗ . (35.11)

The way we are defining things, sums over repeated indices always have
one index up and one down. The upper index indicates a connection to
the vector space, as employed above. A lower index is used to indicate a
connection to the dual vector space. For instance, the dual vector

v† = ⟨v, ·⟩ =
3∑

i=1
gijv

∗i ≡ v∗
j , (35.12)

is an object with one free index (an index that is not summed over) which
is a subscript index.

Let’s return to Eq. (35.7) before moving on. Note that it involves two
instances of the velocity vector vi, but that each instance uses a different
index. This corresponds to the two different sums being calculated, one
with index i and the other with index j. Note that these label names are
arbitrary, we could have used a and b or ℵ and ℶ. These are only used
to define the sum, so we say they are dummy indices. Dragging these
summation symbols ∑ around is bothersome. In the rest of this text they
are not written explicitly. However, whenever you see a repeated index with
one up and one down, then you know a sum is implied. This is sometimes
called the Einstein summation convention.

We can then write the inner product as

⟨v, v⟩ = gijv
∗ivj = v∗

j v
j . (35.13)

Written in this way we can recognize the metric as an object that maps
elements of the vector space V to elements of the dual space V †. We
sometimes speak loosely and say that we can use the metric to lower the
index of vi because

gijv
i = vj . (35.14)

Notice in this equation that the left hand side has one sum over a dummy
index and one free index while the right hand side only has a free index.
In any equation the number and label of the free indices must be the same.
To be very clear, we can express the exact same information by

gαzv
α = vz , (35.15)

though often using a different alphabet is used to signify something specific.
For instance, Greek indices are often used to denote the four dimensions
of space and time while Latin indices might be used only for the spatial
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components of an object.
We can actually write the same information in many other ways, be-

cause we are writing an equation relating components of vectors and ma-
trices. In particular, we have

gijv
∗ivj = v∗igijv

j = v∗ivjgij = gijv
jv∗i . (35.16)

Note that in the last equality we are assuming that the components of vi

commute with the components of v∗i. Sometimes in quantum mechanical
situations this is not the case, and the final equality would not hold. We
are also free to relabel any dummy index

v∗
i v

i = v∗
j v

j = v∗
ζv

ζ . (35.17)

Example In two dimensional Euclidean space E2 the metric is expressed as a two-
by-two matrix. In Cartesian coordinates (x, y) this matrix is

gij =
(

1 0
0 1

)
. (35.18)

In this orthonormal basis the unit vectors are sometimes expressed as

x̂ =
(

1
0

)
, ŷ =

(
0
1

)
. (35.19)

In polar coordinates (r, θ) the metric is

gij =
(

1 0
0 r2

)
. (35.20)

One immediately notices that the components of this matrix carry dif-
ferent units. This is an essential point, and has to do with our wanting
to do calculus simply as we move from one space to another. We return
to this in a moment, but for now let us proceed simply thinking about
orthonormal basis vectors.

We can determine the unit vector of the orthonormal basis using the
relations

x = r cos θ , y = r sin θ . (35.21)

A vector from the origin of length r =
√
x2 + y2 can be expressed in the

two systems
r⃗ = xx̂+ yŷ = rr̂ . (35.22)

Using (35.21) we immediately find that

r̂ = cos θx̂+ sin θŷ (35.23)
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To determine θ̂ we require

r̂ · θ̂ = 0 , θ̂ · θ̂ = 1 , (35.24)

and that when θ = 0 that θ̂ points in the counterclockwise direction in the
plane. So, for instance when θ = 0 we have θ̂ = ŷ. These requirements
lead to

θ̂ = − sin θx̂+ cos θŷ . (35.25)

Thus, for some vector v we find

vi = vrr̂ + vθθ̂ =
(
vr cos θ − vθ sin θ

)
x̂+

(
vr sin θ + vθ cos θ

)
ŷ . (35.26)

We can express a vector in either coordinate system

vi = vxx̂+ vyŷ = vrr̂ + vθθ̂ , (35.27)

and calculate the inner product of two vectors using the different metrics.
However, we find a mismatch. Using the Cartesian coordinates we find

δijv
ivj = vxvx + vyvy = vrvr + vθvθ , (35.28)

where we have used the relationships between the two sets of basis vectors
to find the last equality. But using the polar coordinates we find

δijv
ivj = vrvr + r2vθvθ . (35.29)

How can we reconcile this? The metric as it has been given actually
corresponds to a much simpler way of determining the components of
a vector in the two coordinate systems. If we are changing from one
coordinate system, which we can call xi = (x, y) to a new coordinate
system x′i = (r, θ) then the components transform as

vi = v′j ∂x
i

∂xj
. (35.30)

This leads to

vx =vr ∂x

∂r
+ vθ ∂x

∂θ
= vr cos θ − vθr sin θ (35.31)

vy =vr ∂y

∂r
+ vθ ∂y

∂θ
= vr sin θ + vθr cos θ . (35.32)

Note that with this definition if vx has dimensions of length, then so does
vr but vθ is dimensionless. Using these these relations it is easy to show
that

vxvx + vyvy = vrvr + r2vθvθ , (35.33)
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as the two metrics predict. The important lesson here is that to get
the calculus right when we introduce dimensionless coordinates like θ the
components of vectors need not have the same dimensions.

Example In three dimensional Euclidean space E3 the metric is expressed as a
three-by-three matrix. In Cartesian coordinates this matrix is

gij =

 1 0 0
0 1 0
0 0 1

 . (35.34)

While in spherical polar coordinates (r, θ, ϕ) the metric is

gij =

 1 0 0
0 r2 0
0 0 r2 sin2 θ

 . (35.35)

In any set of coordinates the inner product is given by

gijv
ivj (35.36)

Exercise 35.3 Using the metrics given above, find the inner product of a vector with
itself in both Cartesian and spherical polar coordinates. You may find it
useful recall that the coordinates are related by

x = r cosϕ sin θ , y = r sinϕ sin θ , z = r cos θ . (35.37)

Show that the value of the inner product is the same in each coordinate
systems.

So far, index notation may not seem any better than any other notation.
Let’s consider a more interesting example. Consider the equation that
describes how an external torque τ⃗ affects the motion of an object with
moment of inertia tensor ←→I :

τ⃗ =←→I α⃗ , (35.38)

where α⃗ is the angular acceleration. Note that our vector-like notation is
a little harder to deal with when a tensor is involved. This is because a
tensor space is the Cartesian product of vector spaces (or perhaps dual-
vector spaces). How this equation is often taught is that ←→I is a matrix. τx

τy

τz

 =

 Ixx Ixy Ixz

Iyx Iyy Iyz

Izx Izy Izz


αx

αy

αz

 . (35.39)
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This is true but sometimes cumbersome to use.
It is clear from the intent of the equation that τ⃗ and α⃗ are vectors in

the space that we are using to describe the rotating object. It must be that←→
I acts on α⃗ to produce τ⃗ , so it maps from the vector space to the vector

space. It is an operator, or a linear transformation on E3.
In index notation we write this as

τ i = I i
jα

j . (35.40)

The notation with one index up and one down on the inertia tensor does
not make much of a difference in Euclidean space with Cartesian coordi-
nates, however, in more general cases it is does carry essential information
relating the dual space to the vector space. Note that we have use the
summation convention and that there is only one free index on either side
of the equality. In index notation we can also write this as

τ i = αjI i
j , (35.41)

because this is an equation relating components of arrays, not a vector
equation. If, however, we want to recover the correct order for matrix mul-
tiplication we must use (35.40). In short, matrix multiplication corresponds
to the summed indices being adjacent.

The moment of inertia tensor is an example of how to express an oper-
ator on a vector space in index notation. There is, of course, one operator
that is always defined. This is simply the identity operator that maps a
vector to itself.

Definition Kronecker delta: This operator is defined by

δi
j =

{
1 i = j
0 i ̸= j

, (35.42)

independent of any choice of coordinates.

Exercise 35.4 By explicitly writing out the sums, show that

vjδi
j = vi , vjδ

j
i = vi . (35.43)

We can use the Kronecker delta to define the inverse metric gij by

gikgkj = δi
j . (35.44)

Exercise 35.5 Find the inverse metric of E3 in both Cartesian and spherical polar co-
ordinates.
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We can use the inverse metric to raise indices

gijvj = vi . (35.45)

In other words, the inverse metric is a mapping from the dual vector space
to the vector space. It is the inverse map of the metric, hence the name.
It also acts as the inner product on the dual space

gijv∗
i vj . (35.46)

Exercise 35.6 Show that
gijv∗

i vj = gijv
∗ivj . (35.47)

We also need to specify how taking the Hermitian conjugate (or the
transpose) acts on operators using index notation. For vectors and dual
vectors we have shown that(

vi
)†

= v∗
i = v∗jgji , (vi)† = v∗i = v∗

j g
ji . (35.48)

The action of an operator Oi
j on a vector vj is a vector. We also know that

taking the Hermitian conjugate of an operator gives an object that maps
dual vectors to dual vectors. This implies the form(

Oi
jv

j
)†

= v∗
jO

∗j
i . (35.49)

By equating the results of Eq. (35.48) to the vector ui = Oi
jv

j and Eq. (35.49)
we find (

ui
)†

=u∗
i

v∗
m

(
Oi

m

)†
=O∗k

jv
∗jgki

=O∗kℓgℓjg
jmv∗

mgki

=v∗
mgikO

∗kℓδm
ℓ

=v∗
mO

∗m
i

=v∗
mO

†m
i (35.50)

This shows that (
Oj

i

)†
= O∗i

j = O†i
j . (35.51)

In short, we must keep track of where the † is and the order of the indices.

Exercise 35.7 Use index notation to prove that for any two matrices A and B that

(AB)† = B†A†. (35.52)
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There is another object that takes the same value in any coordinate
system, and is therefore of special interest.

Definition Levi-Civita Tensor: This object is anN rank tensor (actually a pseudo-
tensor), where N is the dimension of the vector space. In an orthonormal
basis its components are either 0, 1, or −1 and in general it is completely
antisymmetric. This means that the exchange of any two of its indices
changes the value by a minus sign.

Example In a two dimensional space the Levi-Civita is a rank two tensor given by

εij =
(

0 1
−1 0

)
(35.53)

This object is antisymmetric in that εij = −εji. This implies that when
any two indices take on the same value the component must be zero. Any
of its indices can be raised using the metric.

Exercise 35.8 Assuming the Cartesian metric of E2 show that

εij =
(

0 1
−1 0

)
(35.54)

and then that

εijεmn = δi
mδ

j
n − δi

nδ
j
m , εikεjk = δi

j , εijεij = 2 (35.55)

Example In a three dimensional space the Levi-Civita is a rank three tensor εijk

with nonzero components

ε123 = ε231 = ε312 = 1
ε132 = ε213 = ε321 = −1 (35.56)

This object is antisymmetric in that

εijk = −εjik = −εkji = −εikj . (35.57)

One can show that
εijkεmnk = δi

mδ
j
n − δi

nδ
j
m , (35.58)

and
εimkεjmk = 2δi

j . (35.59)

It is the Levi-Civita tensor that defines the cross product in E3:

A⃗× B⃗ = εijkA
iBj . (35.60)
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Note that the resulting object is actually a dual vector. This does not
have much of an effect in Euclidean space with Cartesian coordinates as
raising the the index by the metric amounts to multiplication by the identity
matrix.

Exercise 35.9 To get some idea of the utility of index notation consider that

A⃗× B⃗ × C⃗ = εijkA
iBjgkℓεℓmnC

m . (35.61)

Use the identities above to prove that

A⃗× B⃗ × C⃗ = B⃗
(
A⃗ · C⃗

)
− C⃗

(
A⃗ · B⃗

)
. (35.62)

Now that cross and dot products have been defined we can translate
nearly any vector equation in to index notation. The only remaining quan-
tities to translate involve the ∇ operator. We define this by first expressing
the coordinates used in E3 as the components of a vector xi. Then, we de-
fine

∇ = ∂

∂xi
≡ ∂i . (35.63)

Note that this operator is also defined as a dual vector. In general, a
derivative with respect to a vector is a dual vector. However, we also
define

∂i = gij∂j , (35.64)

which gives the correct vector version of the operator.

Example We can now write Maxwell’s equations (Heavyside-Lorentz units)

∇ · E⃗ = ρ ∇ · B⃗ = 0 (35.65)

∇× E⃗ = −1
c

∂B⃗

∂t
∇× B⃗ = 1

c
J⃗ + 1

c

∂E⃗

∂t
(35.66)

as

∂iE
i = ρ ∂iB

i = 0 (35.67)

εijk∂
iEj = −1

c
∂tBk εijk∂

iBj = 1
c
Jk + 1

c
∂tEk (35.68)

Exercise 35.10 In a popular undergraduate text on electromagnetism, proving the fol-
lowing identity is said to be an exercise “only for masochists.”

∇(A⃗ · B⃗) = A⃗× (∇× B⃗) + B⃗× (∇× A⃗) + (A⃗ ·∇)B⃗+ (B⃗ ·∇)A⃗ . (35.69)

Beginning with the right-hand side, use index notation to prove the iden-
tity nearly immediately.
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We end this section with a discussion of how certain operations that
can be defined on operators are indicated in index notation. The simpler
of these is the trace of an operator M i

j.

Definition The Trace of an operator M i
j is determined by summing over the diag-

onal elements of the operator

Tr(M) = M i
i , (35.70)

where the sum is implied as usual. Though we do not prove it here, this
quantity is equal to the sum of the eigenvalues of M i

j and as such is
independent of basis.

Note that this means that the trace of the product of two operators is

Tr(AB) =Ai
jB

j
i

=Bj
iA

i
j

=Tr(BA) . (35.71)

This is straightforward to generalize the product of any number of matrices.

Exercise 35.11 Show that
Tr(ABC) = Tr(CAB) = Tr(BCA) . (35.72)

Definition The Determinant of an N dimensional operator M i
j is obtained from

εi1i2...iN
M i1

j1M
i2

j2 . . .M
iN

jN
= Det(M)εj1j2...jN

. (35.73)

The determinant turns out to be equal to the product of the eigenvalues
of M , so it is also independent of basis.

Example For a two dimensional matrix the definition of the determinant is easy to
check. Consider an arbitrary matrix

M =
(
a b
c d

)
. (35.74)

The left-hand side of the determinant formula is

εijM
i
kM

j
ℓ =ε12M

1
kM

2
ℓ + ε21M

2
kM

1
ℓ

=1M1
kM

2
ℓ − 1M2

kM
1
ℓ (35.75)
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This is a two by two array which we can write as(
M1

1M
2
1 −M1

1M
1
1 M

1
1M

2
2 −M2

1M
1
2

M1
2M

2
1 −M2

2M
1
1 M

1
2M

2
2 −M2

2M
1
2

)
= (ad− bc)

(
0 1
−1 0

)
.

(35.76)
This is exactly the right-hand side of the determinant definition.

Exercise 35.12 Use the above definition of the determinant to calculate the determinant
of a three by three matrix and check that it agrees with the standard
formula.

Note that we can use this definition to evaluate the determinant of the
identity operator in any vector space. We have

εi1i2...iN
δi1

j1δ
i2

j2 . . . δ
iN

jN
= Det(IN)εj1j2...jN

, (35.77)

where IN is the identity operator in an N dimensional vector space, which
in index notation is simply a Kronecker delta. But by simply using the
Kroncker form the left-hand side immediately becomes

εi1i2...iN
δi1

j1δ
i2

j2 . . . δ
iN

jN
= εj1j2...jN

, (35.78)

which proves that Det(IN) = 1 for all N .
We can also prove another useful property of determinants. Consider

the determinant of the product of two matrices

εi1i2...iN
Ai1

k1B
k1

j1A
i2

k2B
k2

j2 . . . A
iN

kN
BkN

jN
= Det(AB)εj1j2...jN

. (35.79)

Using the definition of the determinant for one matrix we can rewrite the
left-hand side as

εi1i2...iN
Ai1

k1B
k1

j1A
i2

k2B
k2

j2 . . . A
iN

kN
BkN

jN

=Det(A)εk1k2...kN
Bk1

j1B
k2

j2 . . . B
kN

jN

=Det(A)Det(B)εj1j2...jN
. (35.80)

This proves that
Det(AB) = Det(A)Det(B) . (35.81)

Exercise 35.13 By using the fact that Det(IN) = 1 and Eq. (35.81), prove that for any
invertible matrix M that

Det
(
M−1

)
= 1

Det(M) . (35.82)
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Section 36

Groups

In this section we introduce the mathematical definition of a group. Before
making these definitions let me motivate why. Groups are some of the
simplest, but nontrivial, algebraic systems. Their simplicity is also their
power. In physical systems, and certainly in particle physics, one often
hears how important symmetries are. In most cases these symmetries are
identified with specific mathematical groups. By identifying these groups
we can learn much about a system, even when its complexity makes precise
calculations all but impossible.

The ingredients of a group, sometimes abstractly denoted as G, are a
set of objects and an operation that acts on pairs of those objects.

Definition A group is defined to be a set G along with a binary operation · that
maps G×G→ G. This operation · is a “multiplication” of two elements
of G and must satisfy two properties.

1. The set G is closed under the multiplication. In notation, for all
a, b ∈ G, it is true that a · b ∈ G.

2. The multiplication is associative. That is for all a, b, c ∈ G it is
true that (a · b) · c = a · (b · c).

In addition, the following two conditions regarding the elements of G
under the multiplication must hold:

1. The set G must include an identity element, often denoted e. Any
element multiplied by the identity produces the same element back.
That is, for all a ∈ G we have a · e = e · a = a.

2. Every element of G has an inverse. An element multiplied by its
inverse produces the identity. In notation, for each a ∈ G there
exists an element a−1 ∈ G such that a · a−1 = a−1 · a = e.

This definition is very broad, which is why general results about groups
are powerful. However, it is useful to consider a few examples. Let’s start
with the first and somewhat trivial example.

Example The Trivial Group: This group has one element, the identity.

G = {e} . (36.1)

Note that all the requirements for being a group are satisfied, but in an
unsatisfying way. That is, e · e = e, e · (e · e) = (e · e) · e, e ∈ G, and
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e−1 = e.

A less trivial example, but still quite simple, is a group known as Z2.

Example Z2: This group has two elements

Z2 = {e, a | a · a = e} . (36.2)

This reads that the group has two elements with the constraint that
a · a = e.

Exercise 36.1 Demonstrate that Z2 satisfies all the conditions of a group. What is a−1?

These examples may still seem quite abstract. In fact, this is something
of the point. Manifestations of various groups can be recognized in many
situations within the sciences (and of course mathematics) if you know how
to spot them. However, in most occurrences it is a particular represen-
tation of a group that appears. Formal definitions of representations are
discussed in Sec. 39 but are more general than we need in this section.
Loosely speaking, a representation of a group is formed by mapping the
abstract group into some space we are interested in.

Consider two different representations of Z2.

Example The set {1, −1} under the standard multiplication of real numbers is one
representation of Z2. This representation is one-dimensional.

Example The set {(
1 0
0 1

)
,

(
0 1
1 0

)}
(36.3)

under matrix multiplication is a representation of Z2. This representation
is 2-dimensional.

Exercise 36.2 Check that the two example sets above have all the characteristics of Z2.

Example ZN : The cyclic groups are straightforward generalizations of Z2. It has
N elements each of which is a power of some basic element, or generator,
which we denote as a.

ZN =
{
e, a, a2, . . . , aN−1 | aN = e

}
(36.4)

In defining the properties of a group we have been careful not to as-
sume that the elements of the group commute, that is that a · b = b · a.
While some elements of a group always commute, the identity commutes
with every element and any element commutes with its inverse, in general
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elements need not commute with each other. In the very simple examples
shown above the elements do commute and such groups are said to be
Abelian. Nonabelian groups include elements that do not commute. The
group of symmetries of an equilateral triangle is an example.

Figure 30. Three of the
elements of D6.

Example The Dihedral Group of Order 6: This is sometimes denoted as D3
or D6. It has six elements, but is associated to the symmetries of an
equilateral triangle. Consider the figure to the right. (The numbering
of the vertices is for convenience, they are not intended to be part of
the triangle itself.) What actions leave the triangle looking the same?
The identity element is simply to do nothing, but what about nontrivial
transformations?

The equilateral triangle looks identical under a rotation by 2π/3 ra-
dians and by 4π/3 radians. A rotation by 2π radians is identical to no
rotation at all, which is the identity element of the group. The trian-
gle also has three reflection axes, one from each vertex that intersects
the opposite face perpendicularly. Reflection about each of these axes is
an element of the group. And acting with the same reflection twice is
equivalent to the identity.

Let’s denote the rotation by 2π/3 by a and the reflection about the
vertices by b1, b2, and b3, where we imagine labeling the top vertex as 1
and then proceed clockwise around the triangle labeling 2 and 3. This
labeling can be thought of as fixed while the triangle moves. We can then
write the group as

D6 =
{
e, a, a2, b1, b2, b3

}
. (36.5)

We must now choose how to denote the order of actions. We choose to
put a second action to the left of the first. For example, acting with a and
then b1 is denoted by b1a. (Note here that we have dispensed with the
“·” to show multiplication. This is often left as implied when confusion
is unlikely.) This choice of ordering anticipates the action of operators in
vector spaces which is central to this text.

Exercise 36.3 Using a triangle with vertices labeled 1, 2, and 3 as outlined above, show
that

b2 = b1a = a2b1 , (36.6)

and
b3 = b1a

2 = ab1 . (36.7)

From these results conclude that

b1 = ab1a . (36.8)

Figure 31. The three re-
flection elements of D6.
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Exercise 36.4 The results of the preceding exercise show that all of the elements of D6
can be generated by two basic elements a and b1 ≡ b. Show that the
group can be expressed as

D6 =
{
e, a, a2, b, ba, ab

}
. (36.9)

The final result of the above exercise makes clear that ab ̸= ba, or that
D6 is not an Abelian group. Something else to notice is that D6 has several
subgroups.

Definition A subgroup H of a group G is a nonempty subset of G that is closed
under the group multiplication of G and for every h ∈ H it is also true
that h−1 ∈ H.

Note that the other requirements of being a group as inherited from G
or follow from these requirements.

Exercise 36.5 Show that each of{
e, a, a2

}
, {e, b} , {e, ba} , {e, ab} , (36.10)

are subgroups of D6. Each of these groups is a manifestation of groups
we have already introduced. Identify the group that corresponds to each
subgroup.

As shown the previous exercise a given group may have several different
subgroups. Every group contains the trivial subgroup {e}, but this is not
very interesting. Similarly, by the definition given above the entire group
G is technically also a subgroup of G. Again, this is not very interesting.
Sometimes the term proper subgroup is used to refer to subgroups other
than these two uninteresting cases. In this text we will typically simply use
the term subgroup to refer to proper subgroups to be a little more concise.
Much about groups can be understood by determining their subgroups and
the aspects of those subgroups. It is, however, beyond the scope of this
text.

We do, however, discuss one topic that pertains to symmetry breaking.
A subgroup H of a group G can be used to partition G into sets. These
sets turn out to have a group structure of their own. To see this we first
define cosets of a subgroup.

Definition The left coset and right coset of any group element g ∈ G of a subgroup
H of G are given by

gH and Hg , (36.11)

respectively. Here g is taken to act to the left or right (respectively) of
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each element in H, resulting in a set of group elements. This is set is
often only a subset, not a subgroup, of G.

Figure 32. Partition of
G by cosets of normal
subgroup H.

Example Consider the subgroup
H = {e, b} (36.12)

of D6. We are interested in finding all the right cosets of H. By explicit
calculation we find

He = {e, b} , Hb = {e, b} , Ha = {a, ba} , (36.13)
Ha2 =

{
a2, ab

}
, Hba = {a, ba} , Hab =

{
a2, ab

}
. (36.14)

Note here that the elements of the cosets are not ordered. We can see
that there are three right cosets

E = {e, b} , A = {a, ba} , A2 =
{
a2, ab

}
. (36.15)

Note that these cosets are disjoint (they have no elements in common)
and that A and A2 are not subgroups. Note also that all of the elements
of G belong to exactly one of the cosets. It is in this sense that these
cosets are a partition of G.

These cosets have been suggestively labeled because they form a group
structure. We take

EA (36.16)

to mean each element of E multiplied by each element of A. We then
find that

EA = AE = A , EA2 = A2E = A2 , AA = A2 , AA2 = A2A = E .
(36.17)

In short, the right cosets of H furnish a representation of Z3. The fact
that the cosets form a group is actually a special property that only
occurs because H is a normal subgroup of G.

Definition A subgroup N of G is called a normal subgroup if

gN = Ng (36.18)

for all g ∈ G. In other words, the left and right cosets of N are equal.

Exercise 36.6 Find the left cosets of
H = {e, b} , (36.19)

and determine if H is a normal subgroup of D6.
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Exercise 36.7 Determine whether or not

{e, ba} and {e, ab} (36.20)

are normal subgroups of D6.

Exercise 36.8 Show that
G =

{
e, a, a2

}
(36.21)

is a normal subgroup of D6. What group structure does its cosets mani-
fest?

Remember that G is simply the group Z3. This relationship between
D6, its normal subgroup, and the group structure of the resulting cosets
is written as

D6/Z3 ∼= Z2 . (36.22)

This is read as D6 mod Z3 is isomorphic to Z2. (Two groups that are
isomorphic are “the same.” It means there is a bijective map between the
two groups.) We also call D6/Z3 a quotient group.

The final topic of this introduction to groups is the concept of the
product of groups. That is, how one might combine the action of two or
more groups being present in a given system. We provide the definition for
the direct product of two groups, but this extends easily to the direct
product of any finite number of groups.

Definition The direct product (or sometimes Cartesian product) of two groups
G1 and G2 with binary operations ·1 and ·2, respectively, is denoted by
G1 ×G2. It is composed of all ordered pairs of the form

(g1, g2) , (36.23)

where g1 ∈ G1 and g2 ∈ G2. The group multiplication law is defined by

(a1, a2) · (b1, b2) = (a1 ·1 b1, a2 ·2 b2) . (36.24)

It is worth highlighting that the multiplications of the two groups need
not be the same or even similar in any way to define this product group
structure. For finite groups it is also easy to see (check this yourself if
not seen immediately) that the number of elements in a product group is
simply the product of the number of elements in each group.

Exercise 36.9 Show that the direct product of two groups does indeed satisfy all the
requirements of being a group.
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Exercise 36.10 Explicitly construct the product group Z2×Z2. How many elements does
this group have? Is it abelian or nonabelian? Is this group equivalent to
Z4? Why or why not?

While this completes our introduction to mathematical groups, please
be aware that we have not even begun to cover the richness of this topic.
This is merely meant to provide a minimal introduction. Group theory
plays an important role in many physical models in addition to mathematics
and further study is highly recommended. A classic text that is focused on
physics applications is [25].

Section 37

Lie Groups

In this section we discuss a special and incredibly useful class of groups,
called Lie (pronounced Lee) groups. If you are not familiar with groups,
review Sec. 36. As with other sections, we barely scratch the surface of this
rich subject, but this should provide a useful starting point. A very useful
reference for Lie group, Lie algebras (Sec. 38) and how they are represented
in vector spaces (Sec. 39) is [91]. A classic text focused on particle physics
is [92]. Lie groups are infinite dimensional; in fact they can be (and are)
discussed as manifolds and topological spaces. (For our purposes a manifold
is a space in which calculus can be defined.) Many important Lie groups
can be represented by groups of matrices (or numbers) and so we restrict
our definition to matrix Lie groups for simplicity.

Definition A Matrix Lie Group is a set G of invertible (do you understand why?)
matrices (of any dimension) such that any sequence Mn of matrices in G
converges either to an element of G or to a matrix that is not invertible.
This last point is a technicality that we usually do not need to deal
with. Typically the sets we encounter are simply closed (under matrix
multiplication) sets of matrices.

Example U(1): The unitary group of dimension one. A matrix U is unitary if

U † = U−1 , (37.1)

or if its complex transpose (Hermitian conjugate) is equal to its inverse.
One-by-one matrices are simply numbers. The Hermitian conjugate of a
number is just its complex conjugate. So, this group is the set of numbers
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whose complex conjugate is equal to their inverse

z∗ = 1
z
. (37.2)

In other words z∗z = 1. These are exactly numbers of the form

z = eiθ , (37.3)

where θ ∈ [0, 2π). (Remember that ei2πN = 1 for any integer N .) The
multiplication law for this group is the usual multiplication of numbers.
Note that this set has an infinite number of elements, because we can
choose any particular θ.

Exercise 37.1 Check that the U(1) group defined in the above example satisfies all the
requirements of being a mathematical group given in Sec. 36.

Example U(N): Unitary Groups. Unitary matrices of any dimension N also form
a Lie group. This group also has an important subgroup SU(N). The
S here denotes a “special” matrix, which means its determinant is equal
to one.

Exercise 37.2 Check that the U(N) group defined above satisfies all the requirements
of being a mathematical group. It may be useful to use the property that
for any matrices U1 and U2 that

(U1U2)† = U †
2U

†
1 . (37.4)

Also, check that SU(N) is a subgroup. It may help to use the property
that for any matrices U1 and U2 that

Det (U1U2) = Det (U1) Det (U2) . (37.5)

Unitary groups are extremely important in quantum mechanics. Time
evolution and the action of most symmetries are represented by unitary
operators acting on the vector space of possible states. It is these oper-
ators that ensure that probabilities are preserved under the action of the
operator.

Example O(N): Orthogonal Groups. Orthogonal matrices O satisfy

OT = O−1 , (37.6)

where OT denotes the transpose of the matrix. Such matrices, of any
dimension N , also form a Lie group. This group also has an important
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subgroup SO(N). The S again denotes determinant equal to one. The
proof that these sets are indeed groups is nearly identical to the exercise
above.

There is another way of writing the condition defining orthogonal ma-
trices. We employ index notation to write

OTO = I ⇒ OT i
kO

k
j = δi

j . (37.7)

The index notation relationship for operators under transposition, see Eq. (35.51),
allows us to write

δn
j =O n

k Ok
j

=gkℓO
ℓ
mg

mnOk
j . (37.8)

We then lower the n index on both sides

gniδ
n
j =gkℓO

ℓ
mg

mngniO
k
j

gij =gkℓO
ℓ
mδ

m
i O

k
j

gij =gℓkO
ℓ
iO

k
j . (37.9)

For the usual orthogonal matrices the metric gij on the vector space is
simple the Euclidian metric that is an identity matrix, just the number
one for each diagonal element and zeroes everywhere else. However, if the
this metric is generalized to a diagonal matrix with N entries that are
the number one and M entries that are negative one, then the matrices
that satisfy Eq. (37.9) are elements of the group O(N,M). The metric
that governs special relativity is preserved by the Lorentz group, O(1, 3),
which is discussed in much more detail in Sec. 7.

There are many other Lie groups, but these are the ones that appear
most often in particle physics. We mentioned above that unitary groups
are essential to quantum mechanics. Orthogonal groups are closely tied
to rotations in physical space. For instance, the proper rotation of a two
dimensional plane are described by elements of SO(2). These matrices can
be expressed as

O =
(

cos θ − sin θ
sin θ cos θ

)
. (37.10)

Exercise 37.3 Show that the matrix given above is orthogonal.

Exercise 37.4 Consider the action of O an a vector v in the x-y plane

v′ =
(
x′

y′

)
=
(

cos θ − sin θ
sin θ cos θ

)(
x
y

)
(37.11)
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Describe how v′ relates to the original vector v.

Similarly, SO(3) is related to proper rotations in three dimensional
space. The groups O(2) and O(3) allow for proper rotations and reflections
about the origin x, y → −x,−y. These last are related to the idea of
parity. These types of transformations are sometimes called improper
rotations. They are easy to recognize because the determinant of the
matrix that represents them is always −1.

It is also worth knowing that some of these Lie groups are closely
related or even identical. For instance, we see above that the group SO(2)
is determined by one parameter θ. Recall that the group U(1) is also
parameterized by a single parameter. Imagine a mapping M :U(1)→SO(2)
which is defined by

M
(
eiθ
)

=
(

cos θ − sin θ
sin θ cos θ

)
. (37.12)

It is easy to see that each element of U(1) is mapped to exactly one
element of SO(2) and that no element of SO(2) is missed by the map-
ping. We say that this map is bijective. If the map preserves the group
multiplication law, that is if for any two elements z1 and z2 in U(1) we have

z1z2 = M(z1)M(z2) , (37.13)

then we say the mapping is a homomorphism. If a homomorphism be-
tween to groups is bijective it is an isomorphism. Two groups that are
isomorphic (related by an isomorphism) are essentially “the same.”

Exercise 37.5 Show that the mapping between U(1) and SO(2) given above is an iso-
morphism.

It turns out that SU(2) and SO(3) are almost isomorphic. It can be
shown that there is a two-to-one mapping from SU(2) into SO(3). While
these groups are not exactly the same, many of the their properties are
identical, as determined by their Lie algebras.

Section 38

Lie Algebras

The simplest Lie group we discussed was U(1), in which every group element
has the form

eiθ , (38.1)
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for a real number θ. The product of any two elements

eiθ1eiθ2 = ei(θ1+θ2) , (38.2)

illustrates how the product of group elements leads to a sum of parameters
in the exponential. Because of the exponential form, all of the group mul-
tiplication structure can be expressed by the sum of terms in the exponent.
This is essentially the connection between Lie groups and Lie algebras. All
Lie group elements can be expressed in an exponential form. The objects
that are exponentiated are elements of the associated Lie algebra.

As we have focused on matrix Lie groups one may wonder what is expo-
nentiated to produce a matrix? The answer is that one must exponentiate
a matrix to produce a matrix. This is defined through the power series
definition of an exponential.

Definition The exponentiation of a square matrix M is defined by

eM =
∞∑

n=0

Mn

n! , (38.3)

Though we do not prove it, this series converges for square matrices with
real or complex entries.

The exponentials of numbers have useful properties and many of these
also apply to the exponential of matrices. However, there are some impor-
tant differences. Many of these are quite simple to prove from the power
series definition.

Exercise 38.1 Prove that
e0N = IN , (38.4)

where 0N is the N by N matrix with all entires equal to zero and IN is
the N by N identity matrix.

Exercise 38.2 Prove that for any N by N matrix X(
eX
)†

= eX†
. (38.5)

Remember that taking the Hermitian conjugate of a product of matrices
is equal to the product of Hermitian conjugates in reverse order

(M1M2 · · ·Mn)† = M †
nM

†
n−1 · · ·M

†
1 . (38.6)
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Exercise 38.3 Prove that for any N by N matrix X and invertible N by N matrix S

eSXS−1 = SeXS−1 . (38.7)

Considering that matrices like S are often used to diagonalize other ma-
trices through

SXS−1 = D , (38.8)

where D is a diagonal matrix. We see that the same matrix that diago-
nalizes X also diagonalizes its exponentiation.

In standard courses in linear algebra one learns to diagonalize matri-
ces through similarity transformations S, as in Eq. (38.8). These are
essentially changes of basis in a vector space. For many operators there
exists a basis in which the operator is diagonal, with the diagonal elements
given by the eigenvalues of the matrix.

Exercise 38.4 Prove that the exponential of a diagonal matrix is a diagonal matrix.
From this result conclude that if a diagonalizable matrix X has eigenval-
ues vi, then the matrix

eX , (38.9)

has eigenvalues evi .

We can now prove a useful identity for diagonalizable matrices. It
uses several properties of the determinant and trace which can be found in
Sec. 35. Given an N by N matrix X with eigenvalues vi that is diagonalized
by the similarity transform S, we find that

Det
(
eX
)

= Det (S) Det
(
eX
)

Det
(
S−1

)
= Det

(
SeXS−1

)
=

N∏
i=1

evi = e
∑N

i
vi

= eTr(SXS−1) = eTr(XS−1S)

= eTr(X) . (38.10)

In short, the determinant of the exponential of a matrix is equal to the
exponential of the trace of that matrix.

One of the essential characteristics of matrices is that generally the
product of two matrices X and Y satisfies

XY ̸= Y X . (38.11)

In other words, matrix multiplication does not commute. To characterize
how much two matrices do not commute we use the commutator of two
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matrices
XY − Y X ≡ [X, Y ] . (38.12)

Note that
[X, Y ] = − [Y, X] (38.13)

and that if [X, Y ] = 0 it means that X and Y commute, or XY = Y X.
Though we do not prove it here, it is true that

eXeY = eY eX = eX+Y if [X, Y ] = 0 . (38.14)

Or, in general
eXeY = eX+Y +terms that depend on [X, Y ] . (38.15)

Exercise 38.5 Using the power series definition of the matrix exponential show that

eXeY = 1 +X + Y + 1
2 (X + Y )2 + 1

2 [X, Y ] + . . . , (38.16)

where the terms that have been neglected involve products of at least
three matrices. The general proof of Eq. (38.14) follows this line of ar-
gument, but for general terms in the power series.

Exercise 38.6 Using Eq. (38.14) prove that for any square matrix X(
eX
)−1

= e−X . (38.17)

Note that this proves that every exponential of a matrix has an inverse.

Exercise 38.7 Prove that for any square matrices X and Y and complex numbers θ1
and θ2 that

eθ1Xeθ2Y = eθ1X+θ2Y , (38.18)

if [X, Y ] = 0.

Definition Lie Algebra: Given a matrix Lie group G, the matrix Lie algebra g is
the set of all matrices X such that

eiθX ∈ G (38.19)

for any real number θ.

Example The Lie algebra for the group U(1) is simply the number 1. This is
because all elements of U(1) are of the form

ei×1×θ , (38.20)
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for a real number θ.

Example The Lie algebra for the group U(N) with N greater than one are the
matrices X such that

U = eiX , (38.21)

is a unitary matrix. Note that

U † = e−iX†
, U−1 = e−iX . (38.22)

Since unitary matrices satisfy U † = U−1 we see that

X† = X , (38.23)

or that X is Hermitian. Thus the Lie algebra u(N) corresponding to the
Lie group U(N) is the set of all N by N Hermitian matrices.

Exercise 38.8 Determine the Lie algebra for the group O(N) of orthogonal matrices.
That is, matrices O with OT = O−1.

Further restrictions can be placed on the Lie algebras related to SU(N)
and SO(N) by making use of the identity

Det
(
eX
)

= eTr(X) . (38.24)

In short, if the Lie group elements are to have unit determinant then the
Lie algebra matrices must be traceless.

Example A specific example is the algebra so(2). The previous exercise shows that
the elements of this algebra are two dimensional, antisymmetric, pure
imaginary matrices. In other words, they are Hermitian matrices that
are purely imaginary. Such matrices are all of the form

X =
(

0 −iθ
iθ 0

)
, (38.25)

where θ is a real number.
We expect elements of the group SO(2) to be of the form

eiX , (38.26)

which we evaluate using the power series definition. This can be evaluated
exactly by first noting that

(iX)n =
{
θnI2(−1)n/2 n even
θn−1iX(−1)(n−1)/2 n odd , (38.27)
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where I2 is the two by two identity matrix. This allows us to split the
exponential power series into two, one over even n = 2m and one over
odd n = 2m+ 1:

eiX =I2

∞∑
m=0

(−1)m θ2m

(2m)! + iX
∞∑

m=0
(−1)m θ2m+1

(2m+ 1)!
= I2 cos θ + iX sin θ

=
(

cos θ sin θ
− sin θ cos θ

)
. (38.28)

These are the elements of SO(2) as expected.

While we have determined what the sets of objects are that belong to
a Lie algebra, we have not yet justified the ‘algebra’ label. First notice that
from the definitions given above is X is in the Lie algebra then so is θX
where θ is a real number. We do not prove it, but it is also true that if X
and Y are in the Lie algebra then so it X + Y . This is straightforward to
show when X and Y commute, but it is actually true in general.

Exercise 38.9 Let X and Y be elements of a Lie algebra which commute, that is
[X, Y ] = 0. Prove that X + Y is also in the Lie algebra.

These two properties are enough to show that the Lie algebra is a vector
space. The step from vector space to algebra requires a mapping that takes
two elements of the space and produces an element of the space. For Lie
algebras the commutator is exactly this mapping. While we do not prove
it, if X and Y are in a Lie algebra i [X, Y ] is also in the Lie algebra.

Exercise 38.10 Prove that the commutator is bilinear, that is

[αX + βY, Z] =α [X, Z] + β [Y, Z] (38.29)
[Z, αX + βY ] =α [Z, X] + β [Z, Y ] . (38.30)

Exercise 38.11 Prove that the commutator satisfies the Jacobi identity:

[X, [Y, Z]] + [Y, [Z, X]] + [Z, [X, Y ]] = 0 . (38.31)

Exercise 38.12 Show that the commutator satisfies a kind of product rule

[XY, Z] = X [Y, Z] + [X, Z]Y . (38.32)

Because the Lie algebra of a group is a vector space it is spanned
by a set of basis elements. Because every element in the algebra can be
expressed as a linear combination of the basis elements, once we know the
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commutators of the basis elements we know everything, in principle, about
the entire algebra.

Definition For a Lie algebra g with basis set{
X1 X2, . . . , Xn

}
(38.33)

we define the structure constants fabc of g for that basis by[
Xa, Xb

]
= ifabcXc , (38.34)

where a summation is implied over the repeated c index. Once the struc-
ture constants are known, then the commutator of any two elements of
the algebra can be calculated. The basis elements of the algebra can al-
ways be chosen such that the structure constants are real and completely
antisymmetric in their indices.

Exercise 38.13 Use the Jacobi identity in Eq. (38.31) to show that

f bcdfade + f cadf bde + fabdf cde = 0 . (38.35)

Example The simplest nontrivial example of the full structure of a Lie algebra is
probably su(2). It also is quite important for physics applications so we
work things out in some detail. From the above discussion we know that
this Lie algebra must be composed of traceless, Hermitian, two-by-two
matrices.

Exercise 38.14 A general complex two-by-two matrix has four complex entries, and hence
is specified by eight real numbers. We would then expect the real vector
space of such matrices to be eight dimensional. Show that requiring the
su(2) matrices to be Hermitian

X† = X, (38.36)

and traceless puts five constraints on these eight real numbers, reducing
the dimension of the vector space to three real dimensions.

Example su(2) continued: The exercise above implies that the algebra can be
spanned by a basis of three elements. Which we denote as τa where a
is an index that runs from one to three. It is sometimes convenient to
normalize the matrices (rescale them) so that

Tr(τaτ b) = 1
2δ

ab . (38.37)
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The basis most often used for su(2) is

τa = 1
2σ

a , (38.38)

where the σa are the Pauli matrices.

Definition The Pauli matrices are defined to be

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (38.39)

These matrices often show up in discussions of spin-1/2 particles.

Exercise 38.15 Show by explicit calculation that

σiσj = I2δij + iεijkσk , (38.40)

where I2 is the identity matrix in two dimensions.

Exercise 38.16 Show that
Tr(τaτ b) = 1

2δ
ab , (38.41)

for
τa = 1

2σ
a . (38.42)

Then, show that [
τa, τ b

]
= iεabcτ c . (38.43)

This defines the structure constants for su(2). Note that they are both
real and antisymmetric.

Now that we have determined the Lie algebra we can check to make
sure that exponentiation leads to elements of the correct group.

Exercise 38.17 Check that elements of the Lie group SU(2) can be expressed as

U(x) = eiτaθa(x) , (38.44)

where the θa are real numbers.
First, show that

θaσ
a =

(
θ3 θ1 − iθ2

θ1 + iθ2 −θ3

)
≡M (38.45)
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satisfies
Mn =

{
θ⃗ nI2 n even
θ⃗ n−1M n odd

. (38.46)

Where we have used the notation

θ⃗ 2 = θ2
1 + θ2

2 + θ2
3 . (38.47)

Use the fact that

U(x) = eiτaθa(x) =
∞∑

n=0

1
n!

(
i

2

)n

Mn (38.48)

to show that

U(x) = I2 cos
 |θ⃗|

2

+ i

|θ⃗|
M sin

 |θ⃗|
2

 . (38.49)

Finally, check that this matrix is unitary and has unit determinant.

The point of all this is that we are now able to translate products of
SU(2) matrices into linear combinations of the Pauli matrices. These are
quite simple to manipulate, making them a powerful tool for understanding
the Lie group.

Example Consider so(3), whose associated Lie group SO(3) is related to proper
rotations in three dimensional space. The elements of this algebra are
three-by-three, real valued, antisymmetric matrices. They are also trace-
less, but any antisymmetric matrix is traceless. (Prove this to yourself.)
A real three-by-three antisymmetric matrix is specified by three real num-
bers, so the basis for this algebra has three elements. We take them to
be

T 1 =

 0 0 0
0 0 −i
0 i 0

 , T 2 =

 0 0 i
0 0 0
−i 0 0

 , T 3 =

 0 −i 0
i 0 0
0 0 0

 . (38.50)

Exercise 38.18 Show that
Tr(T aT b) = 2δab , (38.51)

and that [
T a, T b

]
= iεabcT c . (38.52)

Note that these are the same structure constants as we found for su(2)!

It is because the structure constants for su(2) and so(3) can be chosen
to be identical that they are sometimes loosely said to be the same algebra.
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However, the groups they generate are subtly different. This difference
appears as we consider representations of these groups in physical systems.

Finally, we note that a subalgebra of some algebra is composed of a
subset of the algebra elements that satisfy all the mathematical require-
ments of being an algebra. This means that there is some subset of the
basis elements that are closed under commutation.

Example The simplest subalgebra is restrict to a single generator. Because the
commutator of any matrix with itself vanishes

[T, T ] = 0 , (38.53)

restricting to a single generator is a closed subgroup. The group elements
are clearly only specified by one parameter

g = e−iT θ , (38.54)

so the subgroup can be identified as a representation of U(1).

As in the example above, whatever set of generators make up a sub-
algebra of the Lie algebra can be exponentiated to produce a Lie group.
This group is a sub-group of the Lie group generated by the full algebra.
Consequently, when we are interested in finding sub-groups of a Lie group
we often consider the simpler process of finding sub-algebras of the Lie
algebra.

Section 39

Representations

Much of our discussion so far has been abstract. However, the reason be-
hind all this is to use these tools to model physical systems and processes.
These models often use various vector spaces to characterize the dynamics
of a physical system. Therefore, we need to know how groups are repre-
sented in these vector spaces. As with Lie groups both [91] and [92] provide
additional explanation, results, and applications.

The first important point is that the structure of a given group can be
represented in more than one way in a given vector space. These different
representations of groups lead to physically distinct situations.

Definition A representation R of a group G is a homomorphism, a mapping R :
G→ V that preserves the group multiplication structure as in

R(g1)R(g2) = R(g1g2) , (39.1)
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from the group into operators acting on a vector space V . A mapping that
is one-to-one, that is, for every element of the group there is a distinct
operator, is called a faithful representation.

Example A trivial example is the trivial representation. This representation
maps every element of G to the identity operator acting on V . You can
check that this does satisfy all the requirements of a representation, but
it is not a very interesting one. Sometimes we say that an object (like a
quantum field) that is unaffected by the action of a group is a singlet.
This simply means that it is acted upon only by the trivial representation
of a group.

A few simple representations of finite groups were given in Sec. 36.
We do not discuss them much further other than to list a few important
properties. Before we do this, however, we need to introduce two more
ideas.

Definition Two representations R1 and R2 of a group G are said to be equivalent
if they are related by a similarity transformation

R2 = S−1R1S . (39.2)

As we have discussed, similarity transformations amount to expressing
an operator, or matrix, in a new basis. Such transformations may appear
to change the representation, but they are not different representations
for most purposes.

Exercise 39.1 Given a representation R of a group we can always define another repre-
sentation, denoted R by complex conjugation:

R(g) = R(g)∗ . (39.3)

Show that this is in fact a representation of the group. This represen-
tation is called the complex conjugate representation or sometimes
just the conjugate representation.

We are often interested in combinations of objects that are invariant
(do not change) under the action of a group transformation. For example,
consider a vector va in a vector space V . We want the inner-product of the
vectors va and ua to be invariant under symmetry transformation. This
inner product can be written as

⟨u, v⟩ = u∗
av

a = u∗agabv
b , (39.4)

where gab is the metric that relates vectors to dual vectors. Suppose these
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vectors are acted upon by the action of a group, through a representation
R

ua → Ra
bu

b , va → Ra
bv

b . (39.5)

Then we have

u∗agabv
b →R∗a

cu
∗cgabR

b
dv

d

=u∗cR†a
c gabR

b
dv

d . (39.6)

The action of the symmetry preserves the inner product if

R†a
c gabR

b
d = gcd , (39.7)

which is the requirement that R be a unitary matrix. Thus, unitary rep-
resentations are of particular interest. In real vector spaces orthogonal
matrices play a similar role.

Definition A representation R of a group G on the vector space V is said to be
reducible if there is a subspace V1 of V such that for all vectors v ∈ V1
and g ∈ G

R(g)v ∈ V1 . (39.8)

In other words, if there is a collection of vectors within the vector space
that is closed under the action of the representation. We typically only
care about subspaces that are not all of V or just the zero vector. Any
representation that is not reducible is irreducible.

What does this definition mean? It means that in regard to this repre-
sentation of G the vector space splits up into two subspaces V = V1 ⊕ V2.
Here the ⊕ symbol denotes a direct sum. If V has dimension N then the
dimensions of V1 and V2 must satisfy N1 +N2 = N . We can always decide
to think about a vector space in this way, as the direct sum of smaller sub-
spaces, but the essential point is that the reducible representation never
mixes these two spaces, they remain separately closed under R. In fact, R
is equivalent to a representation that is block diagonal

N

N R =

N1 N2


N1 R1 0

N2 0 R2

, (39.9)

which we write as R = R1 ⊕R2. In other words, the representation breaks
up into two smaller representations that each only act on one, distinct
subspace. If either R1 or R2 is reducible then this process can continue until
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R has be broken up into a direct sum or irreducible representations. The
irreducible representations of a group are the most interesting. Any other
representation can be created by taking direct sums of these fundamental
elements.

Example Consider the finite group Z2. Recall that this has just two elements, the
identity e and an object a with a2 = e. The trivial representation R0 is
given by

R0(e) = 1 , R0(a) = 1 . (39.10)

A one dimensional, faithful representation R1 is given by

R1(e) = 1 , R1(a) = −1 . (39.11)

A two dimensional, faithful representation R2 is given by

R2(e) =
(

1 0
0 1

)
, R2(a) =

(
0 1
1 0

)
, (39.12)

Clearly, the one dimensional representations are irreducible; they are
already in block diagonal form with only a single block. However, R2 is
reducible. To justify this claim consider the subspace of two dimensional
vectors of the form

v =
(
x
x

)
. (39.13)

Note that R2(a)v = v, (and of course R2(e)v = v) so this subspace is left
invariant by R2, meaning it is reducible.

We can reduce R2 explicitly by making a similarity transform to R′
2

with
R′

2 = S−1R2S , (39.14)

using the transform

S = 1√
2

(
1 1
1 −1

)
. (39.15)

This is determined by following the standard methods for diagonalizing
R2(a). This leads to

R′
2(e) =

(
1 0
0 1

)
, R′

2(a) =
(

1 0
0 −1

)
, (39.16)

In other words,

R′
2 =

(
R0 0
0 R1

)
. (39.17)

We have shown that R2 is equivalent to a representation that is a direct
sum of R0 and R1. So, we may write R2 = R0 ⊕R1.
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Of importance to continuous groups, it can be proven that all irre-
ducible representations of Abelian groups are one dimensional.

Exercise 39.2 Show that the representation of Abelian Lie group SO(2) defined by

R2(θ) =
(

cos θ − sin θ
sin θ cos θ

)
(39.18)

is reducible by diagonalizing the matrix to find

R′
2(θ) =

(
e−iθ 0

0 eiθ

)
. (39.19)

This is a block diagonal form of two representations of U(1), which we
remember is isomorphic to SO(2).

A particularly interesting set of representations are those that preserve
an inner product on the vector space. If the space is real then these are
typically orthogonal transformations and if the space is complex they are
unitary transformations. We refer to these collectively as unitary operators.

Definition A representation U of the group G in the vector space V is said to be
unitary if for every g ∈ G

U(g)† = U
(
g−1

)
. (39.20)

Since
U
(
g−1

)
U(g) = U

(
g−1g

)
= U(e) = I , (39.21)

this simply means that U is a unitary operator in V .

Though we do not prove it, all finite irreducible representations of finite
groups are equivalent to unitary representations [25]. We are, of course,
very interested in Lie groups, which are infinite. The adjoint representation
is an important representation that is always defined for Lie groups.

Definition The adjoint representation of a Lie group G with algebra g is of partic-
ular importance in particle physics. It is a mapping from G to g, or in
other words a representation of the Lie group in the vector space of the
Lie algebra. For any A ∈ G and X ∈ g the mapping is

AdA(X) = AXA−1 . (39.22)

This mapping can be understood by remembering that the product
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of elements of G is also an element of G, so

AeiXA−1 , (39.23)

is an element of the group. Consequently, it is associated to some element
of the Lie algebra Y ∈ g by

AeiXA−1 = eiY . (39.24)

Note that from Eq. (38.7) we know that

AeiXA−1 = eiAXA−1
, (39.25)

which implies that Y = AXA−1, or that AXA−1 ∈ g. This means that
AdA is a mapping g→ g.

We must check that this mapping is a group homomorphism, that is,
that it preserves the group multiplication law. Suppose A and B are two
elements of G. Then

AdB(AdA(X)) =AdB(AXA−1) = BAXA−1B−1 = (BA)X (BA)−1

=AdBA(X) (39.26)

which is clearly the BA adjoint map. This confirms that this is indeed a
group homomorphism and therefore that this defines a representation of
G on g.

It is probably no surprise that just as Lie groups have various repre-
sentations, so do Lie algebras. What is more, these representations are
related by the exponential relationship between the group and algebra. In
short, if R1 is a representation of G on the vector space V , then there is a
representation r1 of g on V with

R1
(
eiθX

)
= eiθr1(X) . (39.27)

The relation between the two representations can be made clearer by noting
that

−i d
dθ
R1
(
eiθX

)∣∣∣∣∣
θ=0

= r1 (X) . (39.28)

While we do not prove it here, it is true that R1 is irreducible if and
only if r1 is irreducible. Similarly, if two group representations R1 and
R2 are equivalent the associated Lie algebra representations r1 and r2 are
also equivalent. These relationships between representations are useful be-
cause they allow us to focus on the, often simpler, case of Lie algebra
representations. Once these representations have been determined we can
immediately determine the Lie group representations by exponentiation.
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The representations of a Lie algebra must satisfy the defining features
of the algebra, including[

r(Xa), r(Xb)
]

= i fabcr(Xc) . (39.29)

Exercise 39.3 The complex conjugate representation of a given group representa-
tion (39.3) also leads to a complex conjugate representation of the cor-
responding Lie algebra. Show that given a representation r of the Lie
algebra there is another representation, often denoted r with

r(X) = −r(X)∗ . (39.30)

This additional representation is called the complex conjugate repre-
sentation of r (or sometimes just the conjugate representation). Though
the complex conjugate representation always exists, it may or may not
be equivalent to another representation.

Example The adjoint representation of a Lie group is associated with an adjoint
representation of the corresponding Lie algebra. The adjoint representa-
tion of X is given by

eiθYXe−iθY (39.31)

for some group element eiθY . We then use Eq. (39.28) to find

−i d
dθ

(
eiθYXe−iθY

)∣∣∣
θ=0

=− i
(
iY eiθYXe−iθY − eiθYXe−iθY iY

)∣∣∣
θ=0

=Y X −XY = [Y, X] . (39.32)

Or, we use the notation

adY (X) = [Y, X] . (39.33)

Note how this mapping preserves the commutator.

adZ(adY (X)) =adZ([Y, X]) = [Z, [Y, X]] , (39.34)
adY (adZ(X)) =adY ([Z, X]) = [Y, [Z, X]] . (39.35)

From the Jacobi identity (38.31) we have that

[Z, [Y,X]]− [Y, [Z,X]] = [[Z, Y ], X] . (39.36)

Therefore, we find

adZ(adY (X))− adY (adZ(X)) = ad[Z,Y ](X) . (39.37)

Thus, we see that the adjoint representation of the Lie algebra is tied
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to the commutator. Remember that the adjoint representation of the
group is on the vector space associated with the algebra and hence the
dimension of the vector space (which is equal to the number of generators)
is the dimension of the representation. So, we should expand X and Y
in this vector space

X = xiT
i , Y = yjT

j , (39.38)

where the T i are the chosen basis of the algebra with i ∈ [1, N ] where N
is the dimension of the vector space. The adjoint representation leads to

[Y, X] = yj xi[T j, T i] = yj xi i f
jikT k . (39.39)

The output of this commutator can be viewed in a few ways. We can
think of it as a vector in the vector space with the kth coefficient given
by iyjxif

jik. But note that for a fixed k that f ijk is an N by N matrix,
exactly the size we are expecting for a representation of the Lie algebra in
this space. As obtained in the following exercise, the structure constants
themselves provide a representation of the Lie algebra.

Exercise 39.4 Apply the Jacobi Identity given in Eq. (38.31) the basis elements T i, T j,
and T k of a Lie algebra to show the structure constants satisfy

f ijℓf lℓm + f jkℓf iℓm + fkiℓf jℓm = 0 . (39.40)

Define matrices (
T (k)

)ij
= −if ijk , (39.41)

where the index in parentheses labels the matrix, and show that
Eq. (39.40) implies [

T (i), T (j)
]

= if ijkT (k) . (39.42)

Remember that the structure constants are completely antisymmetric.
In other words, the structure constants furnish a representation of the
Lie algebra, which is the adjoint representation.

The adjoint representation is special because the generators of the al-
gebra can be considered both as states in the vector space∣∣∣T i

〉
, (39.43)

and as operators acting on that vector space

T j
∣∣∣T i
〉
. (39.44)

Of course, this means that a linear combination of basis vectors can be
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written as a single state

α
∣∣∣T i
〉

+ β
∣∣∣T j

〉
=
∣∣∣αT i + βT j

〉
. (39.45)

We can evaluate Eq. (39.44) by using the fact that the structure constants
themselves give the matrix elements of the generators. In short, we can
rewrite Eq. (39.41) as 〈

T i
∣∣∣T k

∣∣∣T j
〉

= −if ijk . (39.46)

This allows us to evaluate

T j
∣∣∣T i
〉

=IT j
∣∣∣T i
〉

=
∣∣∣T k

〉 〈
T k
∣∣∣T j

∣∣∣T i
〉

=− ifkij
∣∣∣T k

〉
=if jik

∣∣∣T k
〉

=
∣∣∣if jikT k

〉
T j
∣∣∣T i
〉

=
∣∣∣[T j, T i

]〉
. (39.47)

This is the meaning of the connection between the adjoint representation
and the commutator. The action of an operator on a state is to produce a
state given by the commutator of the two elements of the algebra.

Example We now spend some significant space determining the finite representa-
tions of SU(2). This group is essential to much that follows and provides
a simple, but nontrivial, example of the concepts of this section. At the
same time, it is often taught in quantum mechanics under the heading
of “angular momentum” so it is helpful to use the quantum mechanical
notation.

Our first step is to consider representations of su(2), with the un-
derstanding that once these have been determined the representations
of SU(2) immediately follow. As outlined above, we choose the basis of
su(2) to be {τ 1, τ 2, τ 3} where[

τa, τ b
]

= iεabcτ c . (39.48)

It is this structure that is preserved by every representation of su(2).
That is, by definition of being a representation, any r must satisfy[

r (τa) , r
(
τ b
)]

= iεabcr (τ c) . (39.49)

Because this is true for all representations, we drop the explicit use of
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r(τa) but the results should be understood as applying to any particular
representation.

We begin by defining an operator on the space

(τ)2 = τaτa = τ 1τ 1 + τ 2τ 2 + τ 3τ 3 . (39.50)

We also define the operators

τ± = τ 1 ± iτ 2 . (39.51)

Exercise 39.5 Show that [
(τ)2, τa

]
= 0 . (39.52)

This means that the (τ)2 operator can be diagonalized by the same basis
as any chosen τa. Next, show that[

τ 3, τ±
]

= ±τ± , (39.53)

and [
τ+, τ−

]
= 2τ 3 . (39.54)

Example Representations of su(2) continued: We choose a basis in which (τ)2

and τ 3 are diagonal. This means we can choose a basis for (at least part
of) the vector space V composed of the eigenvectors of (τ)2 and τ 3. We
now employ the notation of quantum mechanics for this vector space. A
vector v and its dual v† are denoted by

v = |v⟩ , v† = ⟨v| . (39.55)

The inner product of two vectors v and u is given by

⟨v|u⟩ . (39.56)

It is convenient to label these vectors by their eigenvalues under (τ)2

and τ 3. We begin by labeling the vectors as |λ, m⟩ with

τ 3|λ, m⟩ = m|λ, m⟩ , (τ)2|λ, m⟩ = λ|λ, m⟩ . (39.57)

We choose these vectors to be normalized, that is

⟨λ, m|λ, m⟩ = 1 . (39.58)

Remember that τ±|λ, m⟩ is a vector in V because τ± is an operator on
V . We discover that these vectors are also eigenvectors of τ 3. By using
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the commutation relation in Eq. (39.53) we find

τ 3
(
τ±|λ, m⟩

)
=
(
τ±τ 3 ± τ±

)
|λ, m⟩

=τ±
(
τ 3 ± 1

)
|λ, m⟩

=τ±(m± 1)|λ, m⟩
=(m± 1)

(
τ±|λ, m⟩

)
. (39.59)

This shows that τ±|λ, m⟩ is an eigenvector of τ 3 with eigenvalue m± 1.
In other words, either

τ±|m⟩ ∝ |λ, m± 1⟩ , (39.60)

or
τ±|m⟩ = |0⟩ , (39.61)

which is the zero vector.

Exercise 39.6 Show that
(τ)2 −

(
τ 3
)2

= 1
2

[
τ+
(
τ+
)†

+
(
τ+
)†
τ+
]
. (39.62)

Remember that the τa are Hermitian, or that (τa)† = τa . Also show
that

τ±τ∓ = (τ)2 −
(
τ 3
)2
± τ 3 . (39.63)

Example Representations of su(2) continued: Remember that in an inner
product space for any vector |v⟩ we have ⟨v|v⟩ ≥ 0, with equality only if
v is the zero vector. This means that a vector of the form O|v⟩, where O
is an operator will satisfy

⟨v|O†O|v⟩ ≥ 0 . (39.64)

Using Eq. (39.62) this implies that

⟨λ, m|
[
(τ)2 −

(
τ 3
)2
]
|λ, m⟩ ≥ 0(

λ−m2
)
⟨λ, m|λ, m⟩ ≥ 0 . (39.65)

Because ⟨λ, m|λ, m⟩ ≥ 0 this implies that

λ ≥ m2 . (39.66)

This constraint is very important when combined with action of τ±

on the |λ, m⟩ states. In Eq. (39.60) we saw that τ± either raise or lower
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the value of m. This is why they are typically referred to as raising
operators or lowering operators. However, Eq. (39.66) implies that
the process of raising or lowering cannot continue indefinitely. For a given
λ, there must be some state |λ, mmax⟩ where (mmax + 1)2 > λ. The only
way all the results we have found so far can hold is if

τ+|λ, mmax⟩ = |0⟩ . (39.67)

Any operator acting on the zero vector equals the zero vector so it follows
that

τ−τ+|λ, mmax⟩ =|0⟩[
(τ)2 −

(
τ 3
)2
− τ 3

]
|λ, mmax⟩ =|0⟩(

λ−m2
max −mmax

)
|λ, mmax⟩ =|0⟩ , (39.68)

where we used Eq.(39.63) in the second line. This implies that

λ = mmax (mmax + 1) . (39.69)

Exercise 39.7 Using a method similar to what is done above, show that

λ = mmin (mmin − 1) . (39.70)

Example Representations of su(2) continued: Equations (39.69) and (39.70)
imply that either mmin = mmax + 1 (which violates the meanings of max-
imum and minimum) or that

mmin = −mmax . (39.71)

Finally, the process of raising m or lowering m changes the value by one.
This means that the number of raising or lowering steps to go from mmax
to mmin must be an integer N . Therefore, we find that

mmax −mmin = 2mmax = N . (39.72)

This implies that for every representation of su(2) we have the constraint

mmax = N

2 . (39.73)

This last relation is what differentiates representations of su(2), which
are labeled by mmax. In quantum mechanics the label ℓ is used instead
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of mmax and states are labeled as |ℓ, m⟩. That is,

τ 3|ℓ, m⟩ = m|ℓ, m⟩ , (τ)2 |ℓ, m⟩ = ℓ(ℓ+ 1)|ℓ, m⟩ . (39.74)

The representations might be denoted rℓ, but are usually simply referred
to by ℓ.

We can also determine the action of the raising and lowering operators.
In general we must have

τ+|ℓ, m⟩ = c+(ℓ, m)|ℓ, m+ 1⟩ , (39.75)

with c+ a potentially complex number. This implies that

⟨ℓ, m+ 1|τ+|ℓ, m⟩ = c+(ℓ, m) . (39.76)

Taking the Hermitian conjugate of this equation we find

⟨ℓ, m|τ−|ℓ, m+ 1⟩ = c∗
+(ℓ, m) , (39.77)

which immediately leads to

⟨ℓ, m|τ−τ+|ℓ, m⟩ = |c+(ℓ, m)|2 . (39.78)

Exercise 39.8 Use Eqs. (39.63) and (39.78) to show that

|c+(ℓ, m)|2 = ℓ(ℓ+ 1)−m(m+ 1) . (39.79)

Conclude that

τ+|ℓ, m⟩ =
√
ℓ(ℓ+ 1)−m(m+ 1)|ℓ, m+ 1⟩ , (39.80)

τ−|ℓ, m⟩ =
√
ℓ(ℓ+ 1)−m(m− 1)|ℓ, m− 1⟩ . (39.81)

Notice that τ+|ℓ, ℓ⟩ = 0 and τ−|ℓ, −ℓ⟩ = 0 as expected.

Example Representations of su(2) continued: Notice that each representation
has a different dimension, as can be seen from the number of eigenvectors
of τ 3:

ℓ =0 |0, 0⟩ (39.82)
ℓ =1

2 |12 , −
1
2⟩ , |

1
2 ,

1
2⟩ (39.83)

ℓ =1 |1, −1⟩ , |1, 0⟩ , |1, 1⟩ (39.84)

That is, the ℓ = 0 representation is one-dimensional, the ℓ = 1
2 rep-

resentation is two-dimensional, and so on. In general the dimension of
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the representation is 2ℓ + 1 and some times this is used to refer to a
representation, for example

ℓ = 0→ 1 , ℓ = 1
2 → 2 , ℓ = 1→ 3 . (39.85)

Though we have not proved it, these are all the inequivalent, irreducible
representations of su(2). They generate the representations of SU(2) by
exponentiation.

But how do we get from the above results to actual matrix represen-
tations of the Lie algebra? Remember that we have chosen the vectors
above to be eigenvectors of τ 3. They can also serve as a basis for vector
space that the Lie algebra is defined on. As we discuss in Sec. 33 these
eigenvectors are orthogonal, so we can use them to define an orthonormal
basis. In such a basis we can find the element of a matrix Mij from

Mij = ⟨i|M |j⟩ , (39.86)

where |i⟩ is the ith basis vector. In the case of the 1 representation there
is only one basis element. Note that

⟨0, 0|τ 3|0, 0⟩ = 0 . (39.87)

Since
τ 1 = 1

2
(
τ+ + τ−

)
, τ 2 = − i2

(
τ+ − τ−

)
, (39.88)

we also find that

⟨0, 0|τ 1|0, 0⟩ = 0 , ⟨0, 0|τ 2|0, 0⟩ = 0 . (39.89)

Thus, in the 1 representation the basis of the Lie algebra is simply com-
posed of the zero vector. The exponentiation of zero matrices gives the
identity matrix. Thus, every group element is mapped to the identity
matrix. This is the trivial representation, sometimes called the singlet
representation.

Exercise 39.9 Using the method given above, show that the 2 representation of the
algebra has

τ 1 = 1
2

(
0 1
1 0

)
, τ 2 = 1

2

(
0 −i
i 0

)
, τ 3 = 1

2

(
1 0
0 −1

)
. (39.90)

The 2 is sometimes called the fundamental representation as it is the
smallest dimension, faithful representation. In quantum mechanics this
is often called the spin-1/2 representation.
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Example The fundamental representation 2 of su(2) is pseudoreal. We can form
the conjugate representation 2 from the fundamental representation (see
Eq. (39.30)) and find

τ 1 = −1
2

(
0 1
1 0

)
, τ 2 = 1

2

(
0 −i
i 0

)
, τ 3 = −1

2

(
1 0
0 −1

)
. (39.91)

This representation is equivalent to the 2 if the generators can be related
by a similarity transform

τa
2 = U †τa

2U , (39.92)

where U is a unitary matrix. (The similarity transformation employs
a unitary matrix in this case because both representations are already
unitary.) This leads to a similarity transform between the group repre-
sentations. If

R = eiαaτa

, R∗ = eiαaτa

, (39.93)

then we have

R∗ =eiαaτa

=eiαaU†τaU

=U †eiαaτa

U

=U †RU . (39.94)

Exercise 39.10 Show that taking
U = σ2 , (39.95)

satisfies Eq. (39.92). This shows that the 2 and 2 representations of su(2)
are equivalent. This not generally the case for fundamental representa-
tions of su(N) algebras.

Example The fundamental representation 2 of su(2) is pseudoreal continued:
The previous exercise shows that the conjugate representation is equiva-
lent to the fundamental representation. This means the 2 representation
is either real or pseudoreal. The two cases are distinguished by the
combinations of vectors that can be made invariant.

We showed in Eq. (39.6) that the inner product of two vectors is
preserved by unitary representations of a group. That is

u∗agabv
b , (39.96)
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is invariant. In a real representaiton

uaSabv
b , (39.97)

is also invariant, where Sab = Sba is a symmetric matrix. In a pseudo-real
representation

uaAabv
b , (39.98)

is invariant, where Aab = −Aba is an antisymmetric matrix.

Exercise 39.11 Show that for vectors ua and va that transform under the fundamental
representation of SU(2)

uaεabv
b , (39.99)

where εab is the Levi-Civita tensor in two dimensions, is invariant under
fundamental representations of SU(2) transformations. This shows that
the 2 representation is pseudo-real.

Exercise 39.12 Using the same method used for the 2 representation, show that the 3
representation of the algebra has

τ 1 = 1√
2

 0 1 0
1 0 1
0 1 0

 , τ 2 = 1√
2

 0 −i 0
i 0 −i
0 i 0

 , τ 3 =

 1 0 0
0 0 0
0 0 −1

 .

(39.100)
In quantum mechanics this is referred to as the spin-1 representation.

Exercise 39.13 Recall that the Lie algebra for so(3) is identical to su(2). Take the basis
for so(3) given in Eq. (38.50) and diagonalize T 3. Transform the Lie
algebra into the basis with diagonal T 3 and show that it matches the
spin-1 basis of su(2). This a manifestation of the fact that every integer
ℓ representation of su(2) is a representation of so(3).

Exercise 39.14 Find the generators of the representation conjugate to the 3 representa-
tion. Show that the two representations are equivalent and that 3 is a real
representation with Sab simply the metric of three dimensional Euclidean
space. (Hint, use the results of the previous exercise.)

Example The 3 representation is also the adjoint representation of the Lie alge-
bra obtained in Eq. (39.33). This can be seen by using the formula in
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Eq. (39.41):

T 1 = −iεij1 =

 0 0 0
0 0 −i
0 i 0

 (39.101)

T 2 = −iεij2 =

 0 0 i
0 0 0
−i 0 0

 (39.102)

T 3 = −iεij3 =

 0 −i 0
i 0 0
0 0 0

 (39.103)

Notice that these are exactly the generators from Eq. (38.50). From an
above exercise we know these are equivalent to the 3 representation of
su(2).

The final topic of this section is the combination of representations.
For instance, in a quantum mechanical system of two electrons, each of
which is in the spin-1/2 (or 2) representation of su(2), the total system is
in the 2⊗2 representation. How does this product of representations relate
to the categorization of representations that we just worked through?

First, we need to understand how representations and tensor products
work together. For two Lie groups G1 and G2 with representations R1 and
R2 the tensor product works as you might expect. There is a representation
R1 ⊗R2 of the product group G1 ⊗G2 defined by

R1 ⊗R2 (g1 ⊗ g2) = R1(g1)⊗R2(g2) . (39.104)

Consider what this means for the representations of the Lie algebra of this
product group. Effectively, the exponentiation turns the tensor product
into a sum, the direct sum. In particular, if g1 and g2 are the Lie algebras
associated associated with G1 and G2 (respectively), then the Lie algebra
of G1 ⊗G2 is

g1 ⊕ g2 . (39.105)

We still speak of the tensor product r1 ⊗ r2 of Lie algebra representa-
tions, but because the algebra space is a direct sum of the two algebras the
correct composition rule, for X ∈ g1 and Y ∈ g2, turns out to be

(r1 ⊗ r2) (X ⊗ Y ) = r1(X)⊗ I2 + I1 ⊗ r2(Y ) , (39.106)

where I1 and I2 are the identity elements of their respective vector spaces.
While we have used language that allows for two distinct groups G1

and G2 we can also consider two distinct representations, R1 and R2, of
a single group G on two distinct vector spaces V1 and V2. We then have
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R1 ⊗R2 as a representation of G on V1 ⊗ V2 with

R1 ⊗R2(g) = R1(g)⊗R2(g) , (39.107)

for all g ∈ G. The associated rule for elements X ∈ g of the Lie algebra of
G is

r1 ⊗ r2(X) = r1(X)⊗ I + I ⊗ r2(X) . (39.108)

Notice that this form requires that we be careful with products of operators
acting on the total g⊕ g vector space. As an important example, consider
(τ)2.

Example For any individual Lie algebra generator τa we have product operator

(τ ⊗ τ)a , (39.109)

the index and parentheses are simply indicating that the index is the
same for both operators. Then we define

(τ)2
T = (τ ⊗ τ)a (τ ⊗ τ)a , (39.110)

where we are summing over the repeated index.

Exercise 39.15 Show that

(τ)2
T (|1⟩ ⊗ |2⟩) = (τ)2 |1⟩ ⊗ |2⟩+ |1⟩ ⊗ (τ)2 |2⟩+ 2τa|1⟩ ⊗ τa|2⟩

= (τ)2 |1⟩ ⊗ |2⟩+ |1⟩ ⊗ (τ)2 |2⟩+ 2τ 3|1⟩ ⊗ τ 3|2⟩
+ τ+|1⟩ ⊗ τ−|2⟩+ τ−|1⟩ ⊗ τ+|2⟩ . (39.111)

Example 2⊗ 2: We can now consider the tensor product of the spin-1/2 represen-
tations of su(2). The basis for each two dimensional 2 is

|12 , −
1
2⟩ , |

1
2 ,

1
2⟩ . (39.112)

The total basis is has four elements

|12 , −
1
2⟩ ⊗ |

1
2 , −

1
2⟩ , |

1
2 , −

1
2⟩ ⊗ |

1
2 ,

1
2⟩ ,

|12 ,
1
2⟩ ⊗ |

1
2 , −

1
2⟩ , |

1
2 ,

1
2⟩ ⊗ |

1
2 ,

1
2⟩ . (39.113)

The operators on the product space are

τ 3
T = τ 3 ⊗ τ 3 , τ±

T = τ± ⊗ τ± , (39.114)

along with (τ)2
T , which is defined in Eq. (39.111) Using Eq. (39.106) we

can evaluate the action of these operators on the basis set. For instance,
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we find

τ 3
T

(
|12 ,

1
2⟩ ⊗ |

1
2 ,

1
2⟩
)

=τ 3|12 ,
1
2⟩ ⊗ |

1
2 ,

1
2⟩+ |12 ,

1
2⟩ ⊗ τ

3|12 ,
1
2⟩

=1
2 |

1
2 ,

1
2⟩ ⊗ |

1
2 ,

1
2⟩+ 1

2 |
1
2 ,

1
2⟩ ⊗ |

1
2 ,

1
2⟩

=1
(
|12 ,

1
2⟩ ⊗ |

1
2 ,

1
2⟩
)
. (39.115)

So, this product state is an eigenvector of the product operator.

Exercise 39.16 Show that the other basis elements are also eigenvectors of τ 3
T with eigen-

values of 0, 0, and −1. Determine which basis vectors are also eigenvec-
tors of (τT )2 and find the eigenvalues.

Example 2 ⊗ 2 continued: The above exercise shows that the basis vectors are
eigenvectors of τ 3

T , but those with m = 0 are not eigenvectors of (τT )2.
To determine these we can act with the lowering operator on the m = 1
state. (We could also use the raising operator on the m = −1 state.) We
find

τ−
T

(
|12 ,

1
2⟩ ⊗ |

1
2 ,

1
2⟩
)

=τ−|12 ,
1
2⟩ ⊗ |

1
2 ,

1
2⟩+ |12 ,

1
2⟩ ⊗ τ

−|12 ,
1
2⟩

=|12 , −
1
2⟩ ⊗ |

1
2 ,

1
2⟩+ |12 ,

1
2⟩ ⊗ |

1
2 , −

1
2⟩ . (39.116)

Now, the initial state had ℓ = 1 and m = 1. This means that the
lowering operator, from Eq. (39.81), produces the ℓ = 1 and m = 0 state
multiplied by

√
2. So, the normalized basis vector is

1√
2
(
|12 , −

1
2⟩ ⊗ |

1
2 ,

1
2⟩+ |12 ,

1
2⟩ ⊗ |

1
2 , −

1
2⟩
)
. (39.117)

Exercise 39.17 Act on the state given in Eq. (39.117) with the (τT )2 operator to confirm
it is an eigenvector with eigenvalue 1. Next, Use the lowering operator
on the state and show that it produces

|12 , −
1
2⟩ ⊗ |

1
2 , −

1
2⟩ . (39.118)

Example 2 ⊗ 2 continued: We have now shown that we can choose a basis in
which three of the basis elements are eigenvectors of the product space
τ 3

T and (τT )2 operators. These vectors span an ℓ = 1 representation. The
last element of the basis (if we want it to be an orthonormal basis) must
be

1√
2
(
|12 , −

1
2⟩ ⊗ |

1
2 ,

1
2⟩ − |

1
2 ,

1
2⟩ ⊗ |

1
2 , −

1
2⟩
)
. (39.119)
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This is also an eigenstate of both τ 3
T and (τT )2. This means the complete

orthonormal basis is{
1√
2
(
|12 , −

1
2⟩ ⊗ |

1
2 ,

1
2⟩ − |

1
2 ,

1
2⟩ ⊗ |

1
2 , −

1
2⟩
)
, |12 ,

1
2⟩ ⊗ |

1
2 ,

1
2⟩

1√
2
(
|12 , −

1
2⟩ ⊗ |

1
2 ,

1
2⟩+ |12 ,

1
2⟩ ⊗ |

1
2 , −

1
2⟩
)
, |12 , −

1
2⟩ ⊗ |

1
2 , −

1
2⟩
}

(39.120)

Exercise 39.18 Show that the state given in Eq. (39.119) is normalized (its inner product
with itself is one) and orthogonal to the other basis vectors. Show that
it is also an eigenstate of τ 3

T and (τT )2 with eigenvalue 0 and that the
actions of raising and lowering operators produce the zero vector.

Exercise 39.19 Using the basis given in Eq. (39.120) show that the operators take the
form

τ 3
T =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 −1

 , (τT )2 =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , (39.121)

and

τ 1
T = 1√

2


0 0 0 0
0 0 1 0
0 1 0 1
0 0 1 0

 , τ 2
T = 1√

2


0 0 0 0
0 0 −i 0
0 i 0 −i
0 0 i 0

 . (39.122)

Example 2 ⊗ 2 continued: The results of the previous exercises show that the
product space is a representation of su(2). However, it is a reducible one.
We can make a basis transformation to an equivalent basis in which rep-
resentation separates into a block diagonal form. The upper-left corner
is the trivial representation 1 and the bottom-right, three-by-three bock
is the ℓ = 1 or 3 representation. This is typically expressed as

2⊗ 2 = 1⊕ 3 . (39.123)

Note that the notation is helpful in that 2 × 2 = 1 + 3, which is simply
a statement about the dimension of the two spaces.

While we do not prove it, this is a specific example of a more general
result. The tensor product of an ℓ1 and ℓ2 representation, which have
dimensions 2ℓ1+1 and 2ℓ2+1, respectively, can be put in a block diagonal
form. The blocks begin with ℓ = |ℓ1 − ℓ2| and increase by one until they
reach ℓ1+ℓ2. For instance, the tensor product of two ℓ = 1 representations
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is
3⊗ 3 = 1⊕ 3⊕ 5 (39.124)

which includes ℓ = 0, ℓ = 1, and ℓ = 2 blocks.

The ideas described here are used frequently throughout what follows.
They are often used in courses on quantum mechanics as well, though they
are not always discussed in this language. I hope that this discussion will
make such textbook treatments a little less mysterious.

Subsection 39.1

Representations of SU(3)

A slightly more interesting group is SU(3). It provides a calculable demon-
stration of a more general method for determining the representations of a
Lie group. It is also of physical significance as the strong nuclear force is
tied to an SU(3) symmetry of nature and the quarks and gluons transform
in particular representations of SU(3).

The associated Lie algebra su(3) has eight generators. These are often
expressed in terms of the Gell-Mann matrices

λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 , λ3 =

 1 0 0
0 −1 0
0 0 0

 ,

λ4 =

 0 0 1
0 0 0
1 0 0

 , λ5 =

 0 0 −i
0 0 0
i 0 0

 , λ6 =

 0 0 0
0 0 1
0 1 0

 ,

λ7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 = 1√
3

 1 0 0
0 1 0
0 0 −2

 . (39.125)

The actual generators of the algebra are

T a = 1
2λ

a , (39.126)

similar to Pauli matrices for SU(2). The prefactors are chosen so that

Tr
[
T aT b

]
= 1

2δ
ab . (39.127)

This normalization is referred to as the Killing form of the generators.
Note that this normalization is chosen only for this particular representa-
tion. For a general representation

Tr
[
r(T a)r(T b)

]
= T (r)δab , (39.128)
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where T (r) is the index of the representation. Note that if we sum over
the algebra indices a and b we find

Tr [r(T a)r(T a)] = Tr(r)× dim(Ad) , (39.129)

where dim(Ad) is the number of basis elements in the Lie algebra (8 for
SU(3)) which is also equal to the dimension of the adjoint representation.

Exercise 39.20 Determine the structure constants of su(3) for these generators. (Feel
free to use your favorite software.) You should find

f 123 =1 , f 147 =1
2 , f 165 =1

2 , f 246 =1
2 ,

f 257 =1
2 , f 345 =1

2 , f 376 =1
2 , f 458 =

√
3

2 , f 678 =
√

3
2 . (39.130)

All other nonzero structure constants are related to these by the complete
antisymmetry of fabc.

Exercise 39.21 Use the structure constants above to show that for SU(3) where we have
chosen the Killing form in the defining representation that

fabcfabc = 24 . (39.131)

Note that a sum is implied over every repeated index. Note also that
the complete antisymmetry of the structure constants implies that many
terms in these sums are the same.

Note that the first three generators produce an su(2) subalgebra[
T a, T b

]
= iεabcT c . (39.132)

Exercise 39.22 Show that {
T 4, T 5,

1
2T

3 +
√

3
2 T 8

}
, (39.133)

and {
T 6, T 7, −1

2T
3 +
√

3
2 T 8

}
, (39.134)

are each su(2) subalgebras.

One convenient aspect of the Gell-Mann matrices is that both λ3 and λ8

are diagonal, and consequently they commute (their commutator vanishes).
The above exercises show that T 3 and T 8 do not commute with any of T 4,
T 5, T 6, and T 7. It is true that T 8 commutes with T 1 and T 2. However,
these matrices do not commute with T 3 or with each other. Consequently,
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we have at most only two mutually commuting generators.
The algebra spanned by the largest group of commuting generators of

a given Lie algebra is called the Cartan subalgebra. Because the Cartan
subalgebra is composed of commuting generators, in a given representa-
tion of the Lie algebra the matrices that correspond to these generators
also commute. This means we can choose a basis for the vector space this
representation acts on in which each element of the Cartan subalgebra is
diagonal. (The Gell-Mann matrices have already done this for the funda-
mental representation of SU(3).) The basis vectors in this representation
are all eigenvectors of each of the generators that make up the Cartan
subalgebra.

In other words, suppose |ψ⟩ is one of the basis states of some represen-
tation of SU(3). Then we have

T 3|ψ⟩ = µ1|ψ⟩ , T 8|ψ⟩ = µ2|ψ⟩ , (39.135)

where the eigenvalues µ1 and µ2 are real numbers because T 3 and T 8

are represented by Hermitian matrices. These eigenvalues are called the
weights of the state. In the general case when there are n elements of the
Cartan subalgebra then the weights can be written as an n-dimensional
vector, called the weight vector of the state.

Example The trivial representation of SU(3) simply maps every generator to a
matrix of zeros. For any basis element v we then have

T 3v = 0 , T 8v = 0 . (39.136)

In this case the weight vector for each basis state is (0, 0).

Exercise 39.23 The Gell-Mann matrices correspond to the fundamental representation
of SU(3). The basis states are

f1 =

 1
0
0

 , f2 =

 0
1
0

 , f3 =

 0
0
1

 . (39.137)

Show that the weight vectors for these states are

f1 :
(

1
2 ,

1
2
√

3

)
, f2 :

(
−1

2 ,
1

2
√

3

)
, f3 :

(
0, − 1√

3

)
. (39.138)

Exercise 39.24 Recall that the complex conjugate representation of the fundamental rep-
resentation is given by Eq. (39.30). Show that the weight vectors for this
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representation are

f1 :
(
−1

2 , −
1

2
√

3

)
, f2 :

(
1
2 , −

1
2
√

3

)
, f3 :

(
0, 1√

3

)
. (39.139)

The fact that these are different weight vectors can be used to show that
this representation is distinct from the fundamental representation, even
though both are three dimensional.

Definition There is another special operator made from the group generators that
commutes with the Cartan subalgebra. This called the Casimir opera-
tor and is defined by

(T )2 ≡ T aT a , (39.140)

with the usual implied sum over the gauge index.

Exercise 39.25 Show that for any Lie algebra[
T a, T b

]
= ifabcT c , (39.141)

with completely antisymmetric structure constants fabc that[
(T )2, T a

]
= 0 . (39.142)

The previous exercise implies that the Casimir operator commutes with
every generator, including those that comprise the Cartan subalgebra. This
means that it can be diagonalized along with the Cartan subalgebra gen-
erators. Also, due to a result called Schur’s lemma the Casimir operator
must be proportional to the identity operator in any representation.

(T )2 = C(r) I . (39.143)

The proportionality constant C(r) depends on the representation. By tak-
ing the trace of this equation we find

Tr [T aT a] = C(r)× dim(r) , (39.144)

where dim(r) is the dimension of the representation in question. If we
compare this to the index equation in Eq. (39.129) we find

C(r)× dim(r) = T (r)× dim(Ad) . (39.145)

Exercise 39.26 Use Eq. (39.145) for the defining representation given by the Gell-Mann
matrices to find

C(r) = 4
3 , (39.146)
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for this representation.

Exercise 39.27 Note that Eq. (39.145) implies that in the adjoint representation that
T (r) is equal to C(r). We can evaluate the index in the adjoint represen-
tation by making use of Eq. (39.47)

C(Ad)× dim(Ad) = Tr [T aT a] = ⟨T b|T aT a|T b⟩
=
〈[
T a, T b

]∣∣∣[T a, T b
]〉

= fabcfabc . (39.147)

Supply all the missing steps in this sequence of equalities. Then, using
Eq. (39.131) conclude that

C(Ad) = 3 . (39.148)

Another special representation is the adjoint representation, with adY (X) =
[Y,X] for X, Y ∈ g. Remember that the adjoint representation is on the
vector space g that the Lie algebra acts on. The generators of the algebra
are taken to be the basis vectors of this vector space. In other words, we
can write the basis states as

|T a⟩ . (39.149)

Thus, any state in the adjoint representation is taken to be a linear com-
bination of the generators.

The adjoint representation is special in that the generators act as both
operators on the vector space and as states of the vector space. From
Eq. (39.47) we have

T b |T a⟩ =
∣∣∣[T b, T a

]〉
. (39.150)

This means that in the adjoint representation we can find the weight vectors
corresponding to each generator belonging to the Cartan subalgebra:

T 3 : (0, 0) , T 8 : (0, 0) . (39.151)

In fact, the weights of the adjoint representation are of special importance
and so are given the name of roots. The structure constants of su(3) make
clear that the remainder of the generators are not eigenvectors of T 3 and
T 8. This simply means that this basis is not the one in which these two are
diagonal. The other states |Xα⟩ with root vectors α = (α1, α2) are defined
by

T 3|Xα⟩ = α1|Xα⟩ , T 8|Xα⟩ = α2|Xα⟩ . (39.152)

Note that this means that[
T 3, Xα

]
= α1Xα ,

[
T 8, Xα

]
= α2Xα . (39.153)
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Exercise 39.28 Show that we can take the Hermitian conjugate of the prevous relations
to find [

T 3, X†
α

]
= −α1X

†
α ,

[
T 8, X†

α

]
= −α2X

†
α . (39.154)

This shows that X†
α = X−α .

While the Xα are states in the adjoint representation, they correspond
to operators in any representation. This is useful for the following rea-
son. Consider a state |µ⟩ with weight vector µ = (µ1, µ2). We can then
act on this state with Xα and determine how the elements of the Cartan
subalgebra act on this state. We find

T 3Xα|µ⟩ =
(
T 3Xα −XαT

3 +XαT
3
)
|µ⟩

=
[
T 3, Xα

]
|µ⟩+XαT

3|µ⟩
= α1Xα|µ⟩+ µ1Xα|µ⟩
= (α1 + µ1)Xα|µ⟩ . (39.155)

Exercise 39.29 Show that
T 8Xα|µ⟩ = (α2 + µ2)Xα|µ⟩ . (39.156)

The point of these calculations is to show that the Xα operators act
like raising or lowering operators on vectors with weights. This is true in
any representation and so leads to restrictions on what representations are
allowed. In particular, it is true in the adjoint representation. This allows
us to evaluate

Xα |X−α⟩ = |[Xα, X−α]⟩ , (39.157)

which must have a root of α − α = (0, 0). But, having a zero root vector
means this state commutes with both elements of the Cartan subalgebra.
In other words, [Xα, X−α] is a state which must be a linear conbination of
T 3 and T 8 because these are the only states with a root vector of (0, 0).
(If there was another state with this property then the Cartan subalgebra
would have to be expanded to include this new operator.) Though we do
not prove it here it turns out that

[Xα, X−α] = α1T
3 + α2T

8 . (39.158)

This leads to three special operators related to the root vector α. We
have Xα, X−α and α1T

3 + α2T
8. Notice that from Eq. (39.153)[

α1T
3 + α2T

8, X±α

]
= ±

(
α2

1 + α2
2

)
X±α . (39.159)
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We define |α| =
√
α2

1 + α2
2 and then

X±
α ≡

√
2
|α|

X±α , X3
α ≡

1
α2

(
α1T

3 + α2T
8
)
. (39.160)

Exercise 39.30 By comparing with the su(2) raising and lowering operators in Eq. (39.51)
and considering the relations in Eqs. (39.53) and (39.54), show that
X±

α , X
3
α constitute an su(2) subalgebra.

Okay, what has been accomplished in this. We have assumed a general
representation of su(3). Using the Cartan subalgebra (maximal set of com-
muting algebra generators) we have chosen a basis in which this subalgebra
is diagonal. This means that for an N dimensional representation there are
N basis vectors (or states) which are eigenvectors of the full Cartan subal-
gebra. These eigenvectors are characterized by a weight vector (the vector
of eigenvalues). In the adjoint representation, whose dimension n is equal
to the number of generators of the Lie algebra, the weights of the n basis
vectors are called roots. What is more the basis vectors with nonzero roots
come in pairs, one with a positive root and the other with a negative root
of equal magnitude. These, along with a linear combination of elements of
the Cartan subalgebra, make up an su(2) subalgebra.

This is significant because we already know everything about su(2) rep-
resentations. The fact that all these su(2) subalgebra exist puts stringent
constraints on what representations are possible in su(3). For instance,
though we do not prove it here, this su(2) implies that if α is a root then
no multiple of α, other than −α, is a root.

Example The roots of su(3) are determined by the commutation relations of the
generators. From the structure constants (39.130) of the algebra we can
isolate all the commutators with T 3 and T 8 (the basis for the Cartan
subalgebra)

f 123 = 1 , f 345 = f 376 = 1
2 , f 458 = f 678 =

√
3

2 . (39.161)
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The second and third equalities imply that[
T 3, T 1

]
=iT 2 ,

[
T 3, T 2

]
=− iT 1 , (39.162)[

T 8, T 1
]

=0 ,
[
T 8, T 2

]
=0 , (39.163)[

T 3, T 4
]

= i

2T
5 ,

[
T 3, T 5

]
=− i

2T
4 , (39.164)

[
T 8, T 4

]
=i
√

3
2 T 5 ,

[
T 8, T 5

]
=− i

√
3

2 T 4 , (39.165)[
T 3, T 7

]
= i

2T
6 ,

[
T 3, T 6

]
=− i

2T
7 , (39.166)

[
T 8, T 7

]
=− i

√
3

2 T 6 ,
[
T 8, T 6

]
=i
√

3
2 T 7 . (39.167)

Exercise 39.31 Show that[
T 3,

1√
2
(
T 1 ± iT 2

)]
=± 1√

2
(
T 1 ± iT 2

)
, (39.168)[

T 8,
1√
2
(
T 1 ± iT 2

)]
=0 , (39.169)[

T 3,
1√
2
(
T 4 ± iT 5

)]
=± 1

2
1√
2
(
T 4 ± iT 5

)
, (39.170)[

T 8,
1√
2
(
T 4 ± iT 5

)]
=±

√
3

2
1√
2
(
T 4 ± iT 5

)
, (39.171)[

T 3,
1√
2
(
T 6 ± iT 7

)]
=∓ 1

2
1√
2
(
T 6 ± iT 7

)
, (39.172)[

T 8,
1√
2
(
T 6 ± iT 7

)]
=±

√
3

2
1√
2
(
T 6 ± iT 7

)
, (39.173)

This shows the vectors
1√
2
(
T 1 ± iT 2

)
,

1√
2
(
T 4 ± iT 5

)
,

1√
2
(
T 6 ± iT 7

)
(39.174)

have the root vectors

(±1, 0) , ±
(

1
2 ,
√

3
2

)
, ±

(
−1

2 ,
√

3
2

)
. (39.175)

Note that T 3 and T 8 both have the root vector (0, 0). This also implies
that any linear combination of T 3 and T 8 have root vector (0, 0).
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Definition We give two of these roots a special designation as positive simple
roots:

α(1) =
(

1
2 ,
√

3
2

)
, α(2) =

(
1
2 ,−
√

3
2

)
. (39.176)

In general, positive simple roots are roots with the property that all the
other roots of the algebra can be expressed as a linear combination of
them with integer coefficients. In addition, these coefficients are either
all greater than or equal to zero or else all less than or equal to zero.

Example The roots of the su(3) are

±α(1) , ±α(2) , ±
(
α(1) + α(2)

)
. (39.177)

Now what can we do with these root, weights, and su(2)s? Consider the
action of X3

α as an operators acting on a general representation. Consider
a state |µ⟩ with a weight vector µ. Acting with X3

α we have

X3
α|µ⟩ = 1

α2

(
α1T

3 + α2T
8
)
|µ⟩ = α1µ1 + α2µ2

α2 |µ⟩

≡α · µ
α2 |µ⟩ . (39.178)

This gives a geometric-like feel to the roots and weights. The weight vectors
in any representation are eigenvectors of each X3

α. But, because X3
α acts

like the z-component of angular momentum, remember that is is part of
a representation of su(2), its eigenvalues are integer or half-integer. This
means that for any representation and any weight µ and for all roots α it
must be that

2α · µ
α2 , (39.179)

is an integer. This is a highly constraining requirement.

Exercise 39.32 Show that the constrain in Eq. (39.179) is satisfied for the root vectors
of the adjoint representation.

Recall also that
X±

α |µ⟩ ∝ |µ± α⟩ . (39.180)

This means that the raising and lowering operators relate vectors with
weight µ to vectors with weight µ ± α. And, because representations of
su(2) have a highest and lowest eigenvalue of X3

α there must be vectors
with a lowest and highest weight in our general representation of su(3).

For the notion of highest weight to make any sense we need to be able
to compare weights. Given two weights µ1 and µ2 we say that µ1 > µ2 if
and only if

µ1 − µ2 =
∑

α(i)ai , (39.181)
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with ai ≥ 0. By taking the negative of both sides it is easy to see what it
means to have µ2 < µ1, the sum must have no positive coefficients. But,
you may notice that if neither of these conditions are met then we may
have weights that are not ordered in this way.

Example For instance α(1) − α(2) does not fit the definition given above, so we
cannot order the two simple roots. Conversely,

α(1) − (−α(1)) = 2α(1) (39.182)

so we have
α(1) > −α(1) . (39.183)

Exercise 39.33 Show that for su(3) the highest root (weight of the adjoint representation)
is

α(1) + α(2) , (39.184)

and that the lowest root is

−α(1) − α(2) . (39.185)

The action of the raising and lowering operators can move us among
the weights. This may bring us toward the highest weight or away from it.

Example For the adjoint representation we have

X±
12 ≡

1√
2
(
T 1 ± iT 2

)
, (39.186)

X±
1 ≡

1√
2
(
T 4 ± iT 5

)
, (39.187)

X±
2 ≡

1√
2
(
T 6 ∓ iT 7

)
. (39.188)

The labeling here refers to how the simple roots relate to the roots of
these operators. The choice of sign for X±

2 is such that the + operator
moves in the positive direction along α(2). We find that

[
X+

12, X
−
2

]
= 1√

2
X+

1 ,
[
X−

12, X
+
2

]
= − 1√

2
X−

1 , (39.189)

and [
X+

12, X
+
2

]
=
[
X−

12, X
−
2

]
= 0 . (39.190)
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Exercise 39.34 Show that[
X−

12, X
+
1

]
= 1√

2
X−

2 ,
[
X+

12, X
−
1

]
= − 1√

2
X+

2 , (39.191)[
X+

12, X
+
1

]
=
[
X−

12, X
−
1

]
= 0 , (39.192)

and [
X+

1 , X
+
2

]
= 1√

2
X+

12 ,
[
X−

1 , X
−
2

]
= − 1√

2
X−

12 , (39.193)[
X+

1 , X
−
2

]
=
[
X−

1 , X
+
2

]
= 0 . (39.194)

These results illustrate the raising operator behavior. We have that

X+
12|X−

2 ⟩ ∝ |X+
1 ⟩ , (39.195)

and (
X+

12

)2
|X−

2 ⟩ ∝ X+
12|X+

1 ⟩ = |0⟩ . (39.196)

In other words, X+
12 acts like a raising operator taking |X−

2 ⟩ into |X+
1 ⟩.

However, in this case trying to raise it further leads to the zero state. Note
that this can be seen from the weights themselves

−α(2) +
(
α(1) + α(2)

)
= α(1) . (39.197)

If we again add α(1) + α(2) we do not obtain one of the roots we have
identified and, in fact, it would have a higher weight than α(1) +α(2) which
we already identified as having the highest weight.

Exercise 39.35 What state is
X+

12X
+
1 X

−
2 X

−
12X

−
1 X

+
2 |X+

1 ⟩ , (39.198)

proportional to?

Exercise 39.36 Evaluate
X−

2 X
−
1 |X+

12⟩ , (39.199)

and
X−

1 X
−
2 |X+

12⟩ . (39.200)

Show that these two states are linearly independent and both have root
vectors of (0, 0). This shows that more than one distinct state may have
the same root or weight vector.

We also see that the action of both X+
1 and X+

2 on X+
12 vanish. This

means that X+
12 has the highest weight in this representation because the

actions of all the raising operators produce the zero vector.
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In a general representation there is some integer p ≥ 0 such that for
state with weight µ (

X+
α

)p
|µ⟩ ∝ |µ+ pα⟩ ̸= |0⟩ , (39.201)

and (
X+

α

)p+1
|µ⟩ = |0⟩ . (39.202)

We then have that

E3
α

(
X+

α

)p
|µ⟩ = α · (µ+ pα)

α2

(
X+

α

)p
|µ⟩ . (39.203)

But, because this is the highest weight of an su(2) representation we have
that

α · (µ+ pα)
α2 = j , (39.204)

for some half-integer j. Recall from our discussion of representations of
su(2) that the eigenstates of E3 for j representation have eigenvalues from
−j to j in integer steps. The value j is the highest eigenvalue and −j is
the lowest.

This means that there is some integer q ≥ 0 such that(
X−

α

)q
|µ⟩ ∝ |µ− qα⟩ ̸= |0⟩ , (39.205)

and (
X−

α

)q+1
|µ⟩ = |0⟩ . (39.206)

The E3
α value of this lowest weight is

α · (µ− qα)
α2 = −j . (39.207)

Exercise 39.37 From Eqs. (39.204) and (39.207) show that

q + p = 2j , q − p = 2α · µ
α2 . (39.208)

These results are especially powerful in the adjoint representation. In
this case the weight µ is also a root, so perhaps we should call it β. Then
there are two non-negative integers p and q such that

q − p = 2α · β
α2 , (39.209)

and there are two other non-negative integers r and s such that

s− r = 2β · α
β2 . (39.210)
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We can multiply these two equations to find

4(α · β)2

α2β2 = (q − p)(s− r) . (39.211)

Recall from the standard definition of a dot product that α·β = |α| |β| cos θαβ.
This implies that

cos2 θαβ = 1
4(q − p)(s− r) . (39.212)

So, geometrically, we find only a few possibilities for the angles between
two roots, thought of as vectors. The roots are unique, so the possibility
of θαβ = 0 for α ̸= β is impossible. We also know that for any root α there
is a root −α obtained by taking the Hermitian conjugate of the generator.

Exercise 39.38 Show that for β = −α that

θαβ = π . (39.213)

Exercise 39.39 Show that, besides θαβ = 0, π, the only values that produce a cos2 θαβ

which is an integer divided by four are

θαβ =
{
π

6 ,
π

4 ,
π

3 ,
2π
3 ,

3π
4 ,

5π
6

}
. (39.214)

Here we do not consider angles larger than π. In other words, we find
the the smallest angle between the vectors. Note that these are the only
angles allowed for the roots of any Lie Algebra. This is closely tied to
the categorization of Lie algebras, though we do not pursue that in these
notes.

Exercise 39.40 Recall that the roots of su(3) are

α(1) + α(2) = (1, 0) , α(1) =
(

1
2 ,
√

3
2

)
, α(2) =

(
1
2 , −

√
3

2

)
, (39.215)

find θ12,1, θ12,2, and θ1,2 . To what representation of su(2) (what j) do
actions of the raising and lowering operators correspond to?

While we do not prove it in these notes, the irreducible representa-
tions of Lie algebras are specified by unique highest weights. So, if we can
determine what the possible highest weights are we can determine what
representations are allowed. We work this out for the su(3) case, but the
generalization of other groups is quite similar.

Suppose in some irreducible representation the highest weight is µ1. It
must be that acting with either of X+

1 or X+
2 on the highest weight state

must lead to the zero vector. If not there would be another state with
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higher weight. This means that the µ1 state must be at the top of some
su(2) representation along α(1) at the top of another su(2) representation
along α(2). In other words

α(1) · µ1

(α(1))2 = j(1) ,
α(2) · µ1

(α(2))2 = j(2) , (39.216)

with the j(i)s non-negative, half-integers. Every choice of j(i) specifies a
representation of su(3), which is sometimes labeled as (2j(1), 2j(2)). The
work now is to determine the characteristics of those representations. A
trivial example is taking both j(i)s equal to zero. This simply leads to the
trivial representation of the algebra.

Example Consider the fundamental representation, denoted 3, of su(3). Recall
from Eq. (39.138) that the three weight vectors with weights

µ1 =
(

1
2 ,

1
2
√

3

)
, µ2 =

(
−1

2 ,
1

2
√

3

)
, µ3 =

(
0, − 1√

3

)
(39.217)

are

f1 =

 1
0
0

 , f2 =

 0
1
0

 , f3 =

 0
0
1

 . (39.218)

These correspond to three points in a plane. We can move from one
vertex to another by acting with one of the raising or lowering operators.
For instance to go from µ2 to µ1 we act with X+

12 because

µ2 + α(1) + α(2) = µ1 . (39.219)

We also find that

µ2 + α(2) = µ3 , µ3 + α(1) = µ1 . (39.220)

This implies that µ1 is the highest weight and µ2 is the lowest. Thus,
we expect that the actions of X+

12, X
+
1 , and X+

2 on the µ1 state to all
vanish. Using the Gell-Mann matrices (39.125) we find

X+
12 = 1√

2

 0 1 0
0 0 0
0 0 0

 , X+
1 = 1√

2

 0 0 1
0 0 0
0 0 0

 , X+
2 = 1√

2

 0 0 0
0 0 0
0 1 0

 ,

(39.221)

X−
12 = 1√

2

 0 0 0
1 0 0
0 0 0

 , X−
1 = 1√

2

 0 0 0
0 0 0
1 0 0

 , X−
2 = 1√

2

 0 0 0
0 0 1
0 0 0

 .

(39.222)



Representations Representations of SU(3) 333

We find that

X+
12f1 = X+

1 f1 = X+
2 f1 =

 0
0
0

 . (39.223)

This confirms that f1 (with weight µ1) has the highest weight.
We next calculate

2α
(1) · µ1

(α(1))2 = 1 , 2α
(2) · µ1

(α(2))2 = 0 , (39.224)

Thus, we can label this representation as (1,0). This also lets us go the
other way. The (1,0) signifies that that this highest weight is at the top
of a spin-1/2 representation along α(1) and in the trivial representation of
α(2). This means there should be exactly one state moving in the −α(1)

direction from the highest weight. Also, as α(1) + α(2) = j1 + j2 = 1/2
the highest weight is also at the top of a spin-1/2 representation in the
α(1) + α(2) direction. This completely accounts for and determines the
three states that make up this representation. This weight system is
plotted in Fig. 33. -0.5 0.5

-0.5

0.5

Figure 33. Root system
of the fundamental repre-
sentation of SU(3).

Exercise 39.41 By acting with the lowering operators find all the other weight vectors of
the fundamental representation.

Example To see how things work from the other direction, we construct the (0,1)
representation. This means that for the highest weight µh

α(1) · µh

(α(1))2 = 0 , α(2) · µh

(α(2))2 = 1
2 , (39.225)

If we take the highest weight to have the form

µh = (c1, c2) , (39.226)

then the above constraint imply that

c1 = 1
2 , c2 = − 1

2
√

3
. (39.227)

The previous example makes clear an important point for any repre-
sentation. Suppose we are in the (m, n) representation. Then we have
that

α(1) · µh

(α(1))2 = m

2 ,
α(2) · µh

(α(2))2 = n

2 (39.228)
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for the highest weight µh. This means that the highest weight is given by

µh =
(
m+ n

2 ,
m− n
2
√

3

)
. (39.229)

Exercise 39.42 Being the highest weight means that neither of

µh + α(1) , µh + α(2) , (39.230)

are states. Find the minimum norm of these two vectors for the (m,n)
representation. This value squared is an upper bound on the value of the
Casimir C(r) for this representation. Evaluate this bound for the funda-
mental representation, its conjugate, and the adjoint representation.

Exercise 39.43 By acting with the lowering operators find all the other weight vectors
of the (0,1) representation. The number of weight vectors corresponds
to the dimensionality of the representation. You should find that this
representation is three dimensional. How do the weights relate to the
weights of the (1,0) representation?

The representation just constructed is the conjugate representation of
the fundamental, often referred to as 3. The generators are

T a = −1
2λ

a∗ , (39.231)

where the λa are the Gell-Mann matrices (39.125). Show that the weights
you have discovered correspond to the basis vectors

f1 =

 1
0
0

 , f2 =

 0
1
0

 , f3 =

 0
0
1

 . (39.232)

Compare this weight system (plotted in Fig. 34) with the fundamental
representation (shown in Fig. 33).

Notice that Eq. (39.229) can also be written as

µh = m

(
1
2 ,

1
2
√

3

)
+ n

(
1
2 , −

1
2
√

3

)
. (39.233)

This is simple m times the the highest weight of the fundamental repre-
sentation added to n times the the highest weight of the conjugate of the
fundamental representation.

-0.5 0.5

-0.5

0.5

Figure 34. Root sys-
tem of the conjugate of
the fundamental repre-
sentation of SU(3).
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Exercise 39.44 Construct the (1,1) representation. What dimension is this representa-
tion? Note that there are two distinct states with weight vector (0, 0).

That the weights of the 3 or (0,1) representation are the negatives of
the 3 or (1,0) representation weights is a specific example of a general re-
sult. The conjugate of a (m,n) representation is the (n,m) representation.
When n ̸= m they have different highest weights and consequently lead
to distinct, inequivalent, representations. Note that the adjoint represen-
tation, or (1,1) or 8, always includes roots and their negatives, as seen in
Fig. 35. Hence, the conjugate representation of the adjoint representation is
again the adjoint representation. In other words, the adjoint representation
is a real representation.

-1 1

-1

1

Figure 35. Root system
of the adjoint representa-
tion of SU(3). The circle
around the center denotes
a second state.

Exercise 39.45 Construct the weights for the (2,0), or 6, representation.

Exercise 39.46 Construct the weights for the (3,0), or 10, representation.

Exercise 39.47 Construct the weights for the (2,1), or 15, representation. Note that
three of the weights correspond to two distinct states.

Exercise 39.48 Check that all of the representations (m,n) considered so far have a
dimensionality given by

1
2 (m+ 1) (n+ 1) (m+ n+ 2) . (39.234)

Using this formula find the dimension of the (2,2) representation.

Finally, we can consider the tensor product of representations. As we
saw with su(2), these products of representation usually are not irreducible
representations themselves, but they can be expressed as the direct sum of
irreducible representations. And as before the dimension of the represen-
tations can be a useful constraint. However, we also have to be aware that
many representation have conjugates that are inequivalent, but have the
same dimension.

Example Consider 3⊗ 3. By simple multiplication we know that the total dimen-
sion of this product group is nine. But, from the representations we have
catalogued above we can see that there is no dimension nine irreducible
representation. However, the highest weights of the two representations
are (1, 0) and (0, 1). It turns out that the highest weight in the prod-
uct group is the sum of these, or (1, 1). This is the 8. Only the singlet
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representation 1 can make up the difference in dimension so we have

3⊗ 3 = 8⊕ 1 . (39.235)

Another way to argue that this had to be the result is to consider the
conjugate representation, which is simply 3⊗3. This equal to the original
representation, or in other words this product representation is real. This
means that all the terms in the direct sum must be real representations.
The only real representations with dimension less than nine are 8 and 1.

Exercise 39.49 Use logic similar to the previous example to argue that

6⊗ 6 = 27⊕ 8⊕ 1 . (39.236)

What about 3 ⊗ 3? This is also (1, 0) ⊗ (1, 0) so we know it must
contain (2, 0) from our understanding of highest weights. So, we have

3⊗ 3 = 6⊕ . . . . (39.237)

The missing representation on the right-hand side must be dimension three,
but is it 3 or 3?

To answer this question we need to do a bit more work. This also
leads us to more general methods for determining what makes up these
direct sums. There is a sense in which the fundamental and antifundamen-
tal (conjugate) representations are the basic building blocks of the other
representations. If we consider some matrix U in SU(3) the a state v in the
fundamental representation (3) transforms like

vi → U i
jv

j . (39.238)

To determine how a state v† that transforms in the antifundamental
representation (3) we simply take the Hermitian conjugate of (39.238)

v†
i → v†

jU
†j

i . (39.239)

It is significant that states in the fundamental representation have an index
up, while those in the conjugate representation have a lower index. We can
then construct various tensors by simply taking an outer produce of states.
For instance, a state in the 3⊗ 3 representation would be something like

viu†
j . (39.240)

This has the form of a three-by-three matrix. In general, it has nine com-
plex components.
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Exercise 39.50 Show that the trace of (39.240)

viu†
i , (39.241)

is invariant under SU(3) transformations. This shows that this particular
combination of the matrix components is in the singlet representation 1.

Exercise 39.51 Show that the trace of
viu†

j −
1
3δ

i
jv

ku†
k , (39.242)

is zero. How does this object change under SU(3) transformations? By
comparing with Eq. (39.22) show that it transforms in the adjoint repre-
sentation 8.

Considering we can write

viu†
i =

(
viu†

j −
1
3δ

i
jv

ku†
k

)
+ 1

3δ
i
jv

ku†
k , (39.243)

we have another illustration of 3⊗ 3 = 8⊕ 1.
We can now use these methods to consider 3⊗ 3. This is represented

by something like
viuj . (39.244)

This again seems like a three-by-three array. But we argued earlier from
highest weight considerations that the 6 must appear in the direct sum.
Remember that any matrix or tensor can be expressed as the sum of a
symmetric piece and an antisymmetric piece. You can convince yourself
that a symmetric three-by-three tensor has six unique components, which
matches the 6.

Exercise 39.52 By using the identities near Eq. (35.58) show that

viuj − vjui = εijkεmnkv
mun . (39.245)

Exercise 39.53 By using Eq. (35.73) show that under an arbitrary SU(3) transformation
U

εmnkv
mun → εmnℓv

munU †ℓ
k . (39.246)

This shows, by comparing with Eq. (39.239), that this object transforms
in the 3 representation
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We can then write

viuj =1
2
(
viuj + vjui

)
+ 1

2
(
viuj − vjui

)
=1

2
(
viuj + vjui

)
+ 1

2ε
ijkεmnkv

mun . (39.247)

We have already identified the first term with the 6 representation. From
the exercise above the antisymmetric terms is in the 3 representation. We
conclude that

3⊗ 3 = 6⊕ 3 . (39.248)

This trick of rewriting a 3 index as the antisymmetric combination of two
3 indices means that we can express every tensor product in terms of 3
indices. For instance, consider 3 ⊗ 6. This is a combination of (1, 0) and
(2, 0), so the highest weight is (3, 0) or the 10. Taking vi to be in the 3
representation and sjk = skj to be in the 6 the product is

visjk = 1
2
(
visjk + vjsik

)
+ 1

2
(
visjk − vjsik

)
. (39.249)

The first term is completely symmetric. This is the 10.

Exercise 39.54 Show that a tensor T ijk that is completely symmetric (the exchange of
any two indices gives the same value) has at most 10 distinct components.

The second term in Eq. (39.249) is composed of one 3 index and an
antisymmetric pair. This is equivalent to one 3 index and one 3 index.
From Eq. (39.243) we see that this must be the 8. Therefore, we have

3⊗ 6 = 10⊕ 8 . (39.250)

One more example, which illustrates another important concept, is 3⊗ 6.
This is (0, 1) ⊗ (2, 0) so it has highest weight (2, 1) which is the 15. We
can write the 6 as sij = sji and we can write the 3 as vmn = −vnm. The
product is

sijvmn = 1
2
(
sijvmn + simvjn

)
+ 1

2
(
sijvmn − simvjn

)
. (39.251)

The first term, the symmetric product, is the highest weight term, the
15. (You can convince yourself that a rank four tensor in three dimensions
that has three symmetric indices and one antisymmetric one has at most 15
distinct components.) The last term has three completely antisymmetric
indices. This must be proportional to εijk which is a gauge singlet or the
1. This leaves one remaining 3 index. Thus, we have

3⊗ 6 = 15⊕ 3 . (39.252)
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Finally, we can find more than two terms in the decomposition of the
tensor product. Consider 3 ⊗ 8. This is (1, 0) ⊗ (1, 1) so it has highest
weight (2, 1) which is the 15. We also have that

3⊗ 3⊗ 3 =3⊗ (8⊕ 1)
= (3⊗ 8)⊕ 3 . (39.253)

But, from the associative property of the tensor produce we can also write
this as

3⊗ 3⊗ 3 = (6⊕ 3)⊗ 3
= (6⊗ 3)⊕ (3⊗ 3)
=15⊕ 3⊕ 6⊕ 3 . (39.254)

By comparing Eqs. (39.253) and (39.254) we see that

3⊗ 8 = 15⊕ 6⊕ 3 . (39.255)

Exercise 39.55 Show that
3⊗ 3⊗ 3 = 10⊕ 8⊕ 8⊕ 1 . (39.256)

Exercise 39.56 Show that
8⊗ 8 = 27⊕ 10⊕ 10⊕ 8⊕ 8⊕ 1 . (39.257)

There is a systematic way to find how all tensor products of repre-
sentations are represented as direct sums of irreducible representations.
However, I do not take the time to outline it here. Those looking for more
information can look up Young’s Tableaux. The examples here should pro-
vide a strong foundation to understand where the procedures using those
methods come from.

Subsection 39.2

Representations of Subgroups

It is sometimes the case that one symmetry group of a system is broken,
but that a subgroup of the symmetry is preserved. To understand these
situations we need to know what subgroups exist and how representations
of the larger group transform under the representations of the subgroup.

This type of breaking is often accomplished by a scalar field developing
a nonzero vacuum expectation value (VEV). While the full theory may ex-
hibit a large symmetry the VEV may only preserve some smaller symmetry.
When this occurs we say the symmetry is spontaneously broken.

As a simple example consider SU(2). This group has three generators.
Any of these, by itself, generates a U(1) subgroup. We can check that this
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is a subgroup from the Lie Algebra condition

[T a , T a] = 0 , (39.258)

for a single generator. By similar analysis it is simple to see that no two
generators of SU(2) produce a subalgebra because no two generators pro-
duce a closed set under commutation.

Exercise 39.57 Show that no two generators of SU(2) produce a subalgebra of su(2).

This means that there are only two symmetry breaking possibilities.
Either all of the symmetry is broken, SU(2)→ 0, or a single U(1) symmetry
remains, SU(2)→U(1). This last case is the interesting one. In such a situ-
ation we can choose a basis in which the remaining symmetry generator is
diagonal. Since we have already taken T 3 to be diagonal in earlier portions
of these notes we assume, without loss of generality, that this generator
describes the remaining symmetry.

An aspect of a theory that is in the j representation is then given by
the diagonal matrix

e−iT 3 =


e−i j

. . .
ei j

 . (39.259)

This shows that when the symmetry breaks the j representation breaks into
a direct sum of 2j + 1 representations of U(1) each specified by the eigen-
values of T 3. Note that the dimension of the original SU(2) representation
determines how many one-dimensional representation of U(1) appear.

To see how such a symmetry breaking might occur consider a scalar
field ϕ(x). If ϕ is in the trivial representation of SU(2) then if it get a VEV

⟨ϕ⟩ = v , (39.260)

the symmetry of the theory is unaffected. Consider instead that ϕ is in the
fundamental representation and its VEV is

⟨ϕ⟩ =
(
v
0

)
. (39.261)

Exercise 39.58 Act with the generators of su(2) in the fundamental representation on
the VEV of ϕ given above. Show that only T 3 preserves the VEV. This
means that only the abelian subgroup generated by T 3 is preserved by
this VEV.



Contour Integration 341

Exercise 39.59 Suppose the VEV of ϕ is

⟨ϕ⟩ =
(

0
v

)
. (39.262)

Show that the VEV is an eigenvector of T 3. What is the eigenvalue?
This VEV also preserves the U(1) symmetry generated by T 3, but has
charge under this U(1) given by this eigenvalue.

Finally, we consider breaking a nonabelian group down to smaller non-
abelian subgroup. As an example, we consider SU(3)→SU(2). We first note
that SU(3) contains several SU(2) subgroups, see Exercise 39.22. None of
these are disjoint sets, so at most one of them can be a subgroup. (In
particular, there is no SU(2)× SU(2) subgroup.) However, there can be an
additional U(1) group along with the SU(2).

Exercise 39.60 Suppose a field ϕ is in the fundamental representation of SU(3) and de-
velops a VEV of

⟨ϕ⟩ =

 0
0
v

 . (39.263)

Show that this VEV preserves an SU(2)×U(1) subgroup generated by
{T 1, T 2, T 3, T 8}. What is the charge of the VEV under the U(1) part.

Section 40

Contour Integration

In this section we provide the briefest of introductions to contour integra-
tion of complex functions. This is a very useful tool in many circumstances.
We only use it a very little in these notes. It is a part of the very rich sub-
ject of complex analysis, which we do no justice to. Further study if highly
recommended.

Any complex number z can be expressed in terms of two real numbers.
Sometimes this is expressed as

z = x+ i y , (40.1)

where x and y are real numbers and i =
√
−1. Other times it is more

convenient to write
z = reiθ , (40.2)

where r is the magnitude or modulus of the complex number ( kind of like
its length in the complex plane) and θ is the phase. Because one complex
number is specified by two real numbers, the set of complex numbers can
be conceptualized as a two-dimensional region called the complex plane.
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It is important to note, however, that complex numbers are not simply
two dimensional vectors. They have other algebraic qualities. For instance,
we define complex conjugation by

z∗ = x− i y = re−iθ . (40.3)

That is, complex conjugation takes i→ −i. This means that we can write
the real and imaginary parts of a complex number as

x = 1
2 (z + z∗) , y = −i2 (z − z∗) . (40.4)

Any function of the complex numbers f(z, z∗) can be understood as a
mapping from some part of the complex plane to some part of the complex
plane. Derivatives can be defined in terms of limits, just like for functions of
real numbers. In that case the derivative is only said to exist at some point
x0 if the limit from below x0 equals the limit from above x0. Similarly, for a
a function of a complex number the derivative with respect to z only exists
if the limits along every direction in the complex plan are equal. It can
be shown that this is equivalent to f being a function of z only. Roughly
speaking, a function that is differentiable at a point is said to be analytic
at that point. If a function is not analytic at some point, it is said to be
singular.

Functions of complex numbers can be integrated over regions of the
complex plane. We are often interested in one dimensional paths C through
the complex plane. These can be denoted by∫

C
dz f(z, z∗) . (40.5)

If the beginning point and ending point of the path are the same (that is,
the path is a closed loop) then the integral is written∮

C
f(z, z∗) , (40.6)

and the direction of integration is taken to be counterclockwise. Both of
these types of integral are called contour integrals, but the closed contour
case is often more useful. This is because of some powerful theorems re-
garding closed contour integrals. For instance, if f(z) is analytic over some
contour C and all the points contained within it then∮

C
f(z) = 0 . (40.7)

Example Let’s consider a very simple illustration of this point. Consider the func-
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tion
f(z) = z . (40.8)

This is analytic everywhere in the complex plane. Let’s integrate around
a rectangular contour of length L and width W centered on the origin,
C1. The integration is over dz = dx + idy, but with one of dx or dy
zero on each side of the rectangle because only one of the variables is
changing. We can write the integral as∮

C1
dz z =

∫ L/2

−L/2
i dy

(
W

2 + iy
)

+
∫ −W/2

W/2
dx
(
x+ i

L

2

)
+
∫ −L/2

L/2
i dy

(
−W2 + iy

)
+
∫ W/2

−W/2
dx
(
x− iL2

)
, (40.9)

where the first term corresponds to the right side of the rectangle, starting
from the bottom right corner, the next term is the top and so on. These
one-dimensional integrals can be combined in pairs∮

C1
dz z =i

∫ L/2

−L/2
dy
(
W

2 + iy + W

2 − iy
)

+
∫ W/2

−W/2
dx
(
x− iL2 − x− i

L

2

)
=iW

∫ L/2

−L/2
dy − iL

∫ W/2

−W/2
dx = iWL− iWL = 0 . (40.10)

Note that this holds for any (positive) values of L and W .
Let’s try another family of contours. This time circles of radius R

centered on the origin, C2. The integration is over

dz = eiθdr + ireiθdθ , (40.11)

but as the radius is fixed only the second term contributes. This means
that ∮

C2
dz z =

∫ 2π

0
iR dθ Reiθ = iR2

∫ 2π

0
dθ e2iθ

= = iR2

2i
(
e4πi − 1

)
= 0 . (40.12)

Here we have used that e2πi = 1. Again, this holds for any value of R.

Exercise 40.1 Evaluate contour integrals of f(z, z∗) = z ± z∗ over the two families of
contours used in the above example. Comment on what you find.

Another integration identity is that if the point z0 is contained within
the region bounded by some closed contour C then

f(z0) = 1
2πi

∮
C
dz

f(z)
z − z0

, (40.13)
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where the contour is traversed in the counterclockwise direction. Similarly,
derivatives of f are given by

dnf

dzn

∣∣∣∣∣
z=z0

= n!
2πi

∮
C
dz

f(z)
(z − z0)n+1 . (40.14)

Just like functions f(x) of the real numbers can be expanded about
come point x0 in a Taylor series

f(x) =
∞∑

n=0

(x− x0)n

n!
dnf

dxn

∣∣∣∣∣
x=x0

=f(x0) + (x− x0)
df

dx

∣∣∣∣∣
x=x0

+ 1
2(x− x0)2 d

2f

dx2

∣∣∣∣∣
x=x0

+ . . . , (40.15)

a function f(z) can be expanded in a Taylor series within any region in
which it is analytic. What is more, there is also a series expansion, called
a Laurent series, about singular points

f(z) =
∞∑

n=−∞
(z − z0)nan . (40.16)

The important difference here is the inclusion of negative powers of z− z0.
The coefficients of the non-negative powers are given by the same formula
as the Taylor series. The an with n < 0 are given by

an = 1
2πi

∮
C
dz

f(z)
(z − z0)n+1 , (40.17)

which is well defined for n < 0.
A function that has nonzero an with n < 0 has a singular point, or a

pole, at z = z0. If only the pole only comes from the a−1 term, then the
function is said to have a simple pole at z = z0. The residue of a pole is
the coefficient a−1. This term is special because

a−1 = 1
2πi

∮
C
dz f(z) . (40.18)

That is, the integral of a singular function over some contour is related to
the residues of the poles within the contour. Or, more precisely the value
of the integral of any function around some closed contour is given by∮

C
dz f(z) = 2π i

∑
Residues , (40.19)

where the sum is over all the poles enclosed by the contour C. So, if we
can extract the residues of the poles of some function we can evaluate a
great many contour integrals of that function. If a function has only a
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simple pole at z0, a simple way to find the residue of the function at z0 is
to evaluate the limit

lim
z→z0

(z − z0)f(z) . (40.20)

Example As a simple example consider the function

f(z) = 1
z
. (40.21)

It is easy to see that this function is analytic everywhere except at the
point z = 0 where it has a simple, isolated pole. If we expand the function
about the pole at z = 0 (which is just the function) we see the residue
is equal to one. We can simple evaluate the contour integral round the
circular contour of radius R as∮

C
dz

1
z

= iR
∫ 2π

0
dθ

eiθ

Reiθ
= i

∫ 2π

0
dθ = 2πi . (40.22)

This is indeed 2πi times sum of the residues.

Exercise 40.2 Find the poles and residues of the function

f(z) = z2 + 1
z(z − 2i) . (40.23)

There is much that can be done with the results we already have, but
there are also many applications that make use of Jordan’s Lemma. This
has to do with contours that are circular sections CR of radius R centered
at the origin, in the upper half of the complex plane. If we define the
integral

IR> =
∫

CR

dz f(z)eiαz , (40.24)

for α > 0 a real number and if the function f(z) goes to zero at least as
fast as |z|−1 in the region of the plane spanned by the contour then

lim
R→∞

IR> = 0 . (40.25)

Similarly, if the circular section is in the lower half of the complex plane
then integrals of the type

IR< =
∫

CR

dz f(z)e−iαz , (40.26)

with α > 0 vanish as R→∞. These results allow us to use closed contours
that are very large and know that certain parts of the integration (the large
circular sections) vanish. Then, if there are poles within the contour region
we can be confident that the nonzero integrations come from the noncircular
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parts of the contour.

Example Consider the real integral ∫ ∞

−∞
dx

sin x
x

, (40.27)

We might first consider the related complex integral∮
C
dz

sin z
z

. (40.28)

Does this have any poles? It looks like it might have one at z = 0.
However, we can find the residue there by evaluating

Res = lim
z→0

z
sin z
z

= 0 . (40.29)

This shows that there is no residue of z = 0 and hence all contour integrals
vanish. If we consider a contour that traverses the real line from −R to R
and then closes in the upper half-plan with a semi-circular arc or radius
R the we might write

0 =
∮

C
dz

sin z
z

=
∫ R

−R
dx

sin x
x

+
∫

CR

dz
sin z
z

. (40.30)

The last term on the right does not satisfy the requirements of Jordan’s
Lemma, so we do not know what it does as R→∞.
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Figure 36. Contour that
includes the pole at z = 0.

In order to use Jordan’s Lemma we instead consider the complex
integral ∮

C
dz

eiz

z
. (40.31)

This has a pole at z = 0. We extract the residue by evaluating

Res = lim
z→0

z
eiz

z
= 1 . (40.32)

Now, what contour should we use to isolate the real integral that we
want? One option is the contour shown in Fig. 36. In the limit R →∞
the large circular arc in the upper half-plan goes to zero by Jordan’s
Lemma. Most of the integral we want then comes from the part of the
contour that lies on the real line. However, because the pole at z = 0 is
also on the real line we must choose a contour that avoids it. In Fig. 36
this is done by making a small circular arc of radius ε that ensures the
pole is included within the contour. In order to get to the real integral
that we want, we take the limit ε→ 0.
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By the integral theorem we know that

2πi =
∮

C

eiz

z
=
∫ π

0
iR dθ eiθ e

−iθ

R
exp

[
iReiθ

]
+
∫ −ε

−R
dx

cos x+ i sin x
x

+
∫ 2π

π
iε dθ eiθ e

−iθ

ε
exp

[
iεeiθ

]
+
∫ R

ε
dx

cos x+ i sin x
x

.

(40.33)

Note that that limits of integration for the two θ integrals are different.
The first begins as θ = 0 and ends at θ = π the second begins at θ = π
and ends at θ = 2π. Note also that by making the change of variables
x→ −x one can show that∫ −ε

−R
dx

cos x
x

= −
∫ R

ε
dx

cos x
x

, (40.34)

so the two cosx parts of the integral cancel. We are left with

2π =
∫ π

0
dθ exp

[
iReiθ

]
+
∫ −ε

−R
dx

sin x
x

+
∫ 2π

π
dθ exp

[
iεeiθ

]
+
∫ R

ε
dx

sin x
x

,

(40.35)

for all R and ε. We then take the limit R→∞ and by Jordan’s Lemma
the first term goes to zero. We can also take the limit ε → 0 without
introducing any singular behavior because the cos x terms have already
cancelled. This leads us with

2π =0 +
∫ 0

−∞
dx

sin x
x

+
∫ 2π

π
dθ +

∫ ∞

0
dx

sin x
x

=2π − π +
∫ ∞

−∞
dx

sin x
x

. (40.36)

In other words, we have that∫ ∞

−∞
dx

sin x
x

= π . (40.37)
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Figure 37. Contour that
excludes the pole at z =
0.

Exercise 40.3 Evaluate the contour integral for the contour shown in Fig. 37 that does
not include the pole at z = 0. Show that this contour also leads to∫ ∞

−∞
dx

sin x
x

= π . (40.38)

Exercise 40.4 Use a contour whose large circular section is in the lower half of the
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complex plan to show that ∫ ∞

−∞
dx

sin x
x

= π . (40.39)

Section 41

Green Functions

Green function methods are quite useful in solving difficult differential equa-
tions. They are often the place to start when using perturbative methods.
In this section we give only the smallest introduction and taste of what
they are and how they can be used.

The general idea is simply that often in physics we come across equa-
tions of the form

Dxf(x) = S(x) , (41.1)

where Dx is some differential operator, f(x) is the trajectory or field con-
figuration we want to know, and S(x) is some kind of source. If you showed
this problem to sufficiently confident young students, who had learned some
algebra but did not yet know differential equations, and asked them to solve
for f(x) they might come up with

f(x) = 1
Dx

S(x) . (41.2)

This answer is essentially correct, once we have determined how to make
sense of

1
Dx

. (41.3)

It is this inverse of a differential operator that we call a Green function.
Let us try this out on a very simple differential operator: a single

derivative
d

dx
f(x) = S(x) . (41.4)

To solve this equation for f(x) we simply integrate∫ x

dx′ d

dx′f(x′) =
∫ x

dx′ S(x′) . (41.5)

The result is
f(x) =

∫ x

dx′ S(x′) + c0 , (41.6)

where c0 is some constant that can be determined from some boundary
condition for f(x).
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Let’s write this same process in a different way that generalizes. We
write

f(x) =
∫
dx′ G(x, x′)S(x′) . (41.7)

In this equation the Green function G(x, x′) must be a function of both
x and the integration variable x′. This formal solution needs to produce
Eq. (41.4) so we have

d

dx
f(x) =

∫
dx′ S(x′) d

dx
G(x, x′) = S(x) , (41.8)

This shows that our Green function must satisfy

d

dx
G(x, x′) = δ(x− x′) . (41.9)

This implies that the Green function is not continuous at x = x′. In fact,
by integrating over a small region we find∫ x′+ϵ

x′−ϵ
dx

d

dx
G(x, x′) =

∫ x′+ϵ

x′−ϵ
dxδ(x− x′)

G(x′ + ϵ, x′)−G(x′ − ϵ, x′) =1 . (41.10)

This holds in the limit of ϵ→ 0 showing that the Green function is discon-
tinuous by exactly one at x = x′.

Finally, let’s consider boundary conditions. Suppose that f(x) is de-
termined by a Dirichlet boundary condition

f(x0) = c . (41.11)

If we impose this upon the formal solution in Eq. (41.7) we find

f(x0) = c =
∫
dx′ G(x0, x

′)S(x′) . (41.12)

Example Now, let’s try this out on a very simple problem. Newton’s second law
relates the momentum as a function of time p(t) to the acceleration a(t):

dp

dt
= a(t) . (41.13)

We would like to determine how the momentum evolves with time p(t)
given an initial momentum of p(0) = p0.

The Green function is defined by

d

dt
G(t, t′) = δ(t− t′) . (41.14)
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For all t ̸= t′ this is simply

d

dt
G(t, t′) = 0 , (41.15)

which has the solution

G(t, t′) =
{
c<(t′) t < t′

c>(t′) t > t′
. (41.16)

The discontinuity relation in Eq. (41.10) implies that

c>(t′)− c<(t′) = 1 . (41.17)

This leads to
G(t, t′) =

{
c<(t′) t < t′

c<(t′) + 1 t > t′
. (41.18)

The full solution is then

p(t) =
∫ t

0
dt′ [1 + c<(t′)] a(t′) +

∫ ∞

t
dt′ c<(t′) a(t′)

=
∫ t

0
dt′ a(t′) +

∫ ∞

0
dt′ c<(t′) a(t′) . (41.19)

Our initial condition is

p0 = p(0) = 0 +
∫ ∞

0
dt′ c<(t′) a(t′) , (41.20)

so we can write the full solution as

p(t) =
∫ t

0
dt′ a(t′) + p0 . (41.21)

Of course, for this simple case we might have obtained this solution by
simply integrating the initial equation. But this still provides simple
illustration of the methods.

Exercise 41.1 Use the result in Eq. (41.21) to determine the the momentum as a func-
tion of time for a constant acceleration

a(t) = a0 , (41.22)

and for an exponentially falling acceleration

a(t) = a0e
−t/τ . (41.23)

Do the results match your intuition for what you expect to occur?
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Example A slightly less trivial example is the simple harmonic system(
d2

dt2
+ ω2

0

)
x(t) = f(t) . (41.24)

In this case the Green function satisfies(
d2

dt2
+ ω2

0

)
G(t, t′) = δ(t− t′) . (41.25)

Let’s use this starting point to investigate what happens near t = t′. We
integrate in t from t′ − ϵ to t + ϵ and then take the limit of ϵ→ 0. This
produces

lim
ϵ→0

∫ t′+ϵ

t′−ϵ
dt′
(
d2

dt2
+ ω2

0

)
G(t, t′) = lim

ϵ→0

∫ t′+ϵ

t′−ϵ
dt′ δ(t− t′)

lim
ϵ→0

[
dG

dt

∣∣∣∣∣
t=t′+ϵ

− dG

dt

∣∣∣∣∣
t=t′−ϵ

]
+ ω2

0 lim
ϵ→0

∫ t′+ϵ

t′−ϵ
dt′G(t, t′) = 1 . (41.26)

We see that at least one of the terms on the left-hand side must be
nonzero.

If the second term were nonzero then the Green function itself would
have a discontinuity at t = t′ which would tend to imply its derivative
(the first term) would also be nonzero. Another, simpler, possibility is
that the Green function is continuous, but there is a discontinuity in its
first derivative. In this case we find

lim
ϵ→0

[
dG

dt

∣∣∣∣∣
t=t′+ϵ

− dG

dt

∣∣∣∣∣
t=t′−ϵ

]
= 1 . (41.27)

That is, we take the Green function to be continuous at t = t′ and to
have a discontinuity in its first derivative at t = t′ as given above.

Away from t = t′ we simply solve the homogeneous equation. This
produces

G(t, t′) =
{
A(t′)eiω0t +B(t′)e−iω0t t < t′

C(t′)eiω0t +D(t′)e−iω0t t > t′
. (41.28)

From continuity at t = t′ we find

A(t′)eiω0t′ +B(t′)e−iω0t′ = C(t′)eiω0t′ +D(t′)e−iω0t′
, (41.29)

which can be written as

[A(t′)− C(t′)] eiω0t′ = [D(t′)−B(t′)] e−iω0t′
. (41.30)
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The discontinuity relation in Eq. (41.27) produces

iω0 [C(t′)− A(t′)] eiω0t′ − iω0 [D(t′)−B(t′)] e−iω0t′ = 1 . (41.31)

Combining these two we find

2iω0 [C(t′)− A(t′)] eiω0t′ = 1 , (41.32)

or
C(t′) = A(t′) + e−iω0t′

2iω0
. (41.33)

Similarly, we find

D(t′) = B(t′)− eiω0t′

2iω0
. (41.34)

Putting this all together we may write the Green function as

G(t, t′) =A(t′)eiω0t +B(t′)e−iω0t + Θ(t− t′)
2iω0

(
eiω0(t−t′) − e−iω0(t−t′)

)
=A(t′)eiω0t +B(t′)e−iω0t + Θ(t− t′)

ω0
sin [ω0(t− t′)] , (41.35)

where the Heavyside function is defined to be

Θ(x) =
{

1 x > 0
0 x < 0 (41.36)

The function we wish to find is then

x(t) =
∫ ∞

0
dt′
(
A(t′)eiω0t +B(t′)e−iω0t

)
f(t′)

+ 1
ω0

∫ t

0
dt′ sin [ω0(t− t′)] f(t′) . (41.37)

Note that
x0 = x(0) =

∫ ∞

0
dt′ [A(t′) +B(t′)] f(t′) , (41.38)

and
v0 = dx

dt

∣∣∣∣∣
t=0

= iω0

∫ ∞

0
dt′ [A(t′)−B(t′)] f(t′) . (41.39)

Make sure you understand why the second term does not contribute.
These two results imply that∫ ∞

0
dt′ A(t′)f(t′) = x0 − iv0/ω0

2

∫ ∞

0
dt′ B(t′)f(t′) = x0 + iv0/ω0

2 .

(41.40)
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Finally, we arrive at

x(t) =e
iω0t

2

(
x0 + v0

iω0

)
+ e−iω0t

2

(
x0 −

v0

iω0

)
+ 1
ω0

∫ t

0
dt′ sin [ω0(t− t′)] f(t′)

=x0 cos(ω0t) + v0

ω0
sin(ω0t) + 1

ω0

∫ t

0
dt′ sin [ω0(t− t′)] f(t′) .

(41.41)

Note that without a driving function f(t) = 0 we simply recover the usual
harmonic motion.

What is more useful is that we can also include the effects of any type
of driving. Let’s consider the case of sinusoidal driving at some frequency
Ω

f(t) = κ sin(Ωt) . (41.42)

The driving term in x(t) is then

κ

ω0

∫ t

0
dt′ sin [ω0(t− t′)] sin(Ωt′) = κ

ω0

Ω sin(ω0t)− ω0 sin(Ωt)
Ω2 − ω2

0
. (41.43)

Note that when Ω → ω0 this term grows linearly with time. That is,
driving this system at its characteristic frequency ω0 leads to a very large
response. This is an example of a resonance.

The previous example also makes connection with the form of many
Green functions that appear in quantum field theory. Suppose we define
the function x(t) in terms of its Fourier transform x̃(ω) by

x(t) =
∫ ∞

−∞

dω

2π e
−iωtx̃(ω) . (41.44)

We can similarly write the source term f(t) in terms of its Fourier transform
f̃(ω). The differential equation in (41.24) becomes(

−ω2 + ω2
0

)
x̃(ω) = f̃(ω) . (41.45)

It is then algebraically simple to write

x̃(ω) = f̃(ω)
ω2

0 − ω2 . (41.46)

Similarly, the Green function G̃(ω) can be defined by

G(t, t′) =
∫ dω

2π e
−i(t−t′)ωG̃(ω) . (41.47)
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Because the delta function can be written as

δ(t− t′) = 1
2π

∫ ∞

−∞
dω e−iω(t−t′) , (41.48)

we find that the equation that defines the Green function (41.25) becomes
the frequency space equation(

−ω2 + ω2
0

)
G̃(ω) = 1 . (41.49)

In other words, the frequency space Green function is

G̃(ω) = 1
ω2

0 − ω2 = 1
2ω0

( 1
ω0 − ω

+ 1
ω0 + ω

)
. (41.50)

This shows that simply dividing by the transformed differential operator
in Eq. (41.46) does, in fact, lead to the correct Green function.

We can then find the Green function in time be evaluating

G(t, t′) =
∫ dω

2π e
−i(t−t′)ω 1

ω2
0 − ω2 . (41.51)

Unfortunately, this integral has a problem. There are singularities at ω =
±ω0. Otherwise, it looks like an integral that we might evaluate using
contour integration. Consider for instance∫

dω e−i(t−t′)ω 1
ω0 − ω

→
∮

C
dz e−i(t−t′)z 1

ω0 − z
. (41.52)

This function has the right form to use Jordan’s Lemma, allowing us to
drop circular sections of the contour as R → ∞. Note however that we
need to use a contour in the lower half plane when t > t′—see (40.26)—and
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t→ > t

Figure 38. Contour in
the upper half plane for
pole at z = ω + iε. This
yields a nonzero result.
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t > t→

Figure 39. Contour in
the lower half plane for
pole at z = ω + iε. This
integral is zero because
there is no pole contained
within the contour.

To evaluate this integral we might try a contour that avoids the pole
z = ω0 by simply going around it in a small semi-circle of radius ε. However,
this is tricky to evaluate because the semi-circle is not centered at the origin.
Instead, we modify the function slightly. For instance,∮

C
dz e−i(t−t′)z 1

ω0 + iε− z
, (41.53)

has a pole at z = ω0 + iε, where we assume 0 < ε≪ 1 . The residue of this
pole is

Res(ω0 + iε) = e−iω0(t−t′)e−ε(t′−t) . (41.54)

This implies that∫ ∞

−∞
dω e−iω(t−t′) 1

ω0 + iε− ω
= 2πiΘ(t′ − t)e−iω0(t−t′)e−ε(t′−t) , (41.55)
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there the Θ(t′ − t) appears because the pole in only included within the
contour when we use the upper half plane contour, which is when t′ > t.
Similarly, we find∫ ∞

−∞
dω e−iω(t−t′) 1

ω0 − iε− ω
= 2πiΘ(t− t′)e−iω0(t−t′)e−ε(t−t′) , (41.56)

because the pole is on the lower half plane in this case.

Exercise 41.2 Show that for the pole at ω = −ω0 that∫ ∞

−∞
dω e−iω(t−t′) 1

ω0 + iε+ ω
=2πiΘ(t− t′)eiω0(t−t′)e−ε(t−t′) (41.57)∫ ∞

−∞
dω e−iω(t−t′) 1

ω0 − iε+ ω
=2πiΘ(t′ − t)eiω0(t−t′)e−ε(t′−t) . (41.58)

Recall that these two terms came from one denominator
1

ω2
0 − ω2 . (41.59)

This means we should either take +iε for both poles or take −iε for both.
In effect, we define two Green functions

G±(t, t′) =
∫ dω

2π e
−i(t−t′)ω 1

(ω0 ± iε)2 − ω2
. (41.60)

Our calculations have shown that

G+(t, t′) = i

2ω0

[
Θ(t′ − t)e−iω0(t−t′) + Θ(t− t′)eiω0(t−t′)

]
(41.61)

= i

2ω0
cos [ω0(t− t′)] + 1

2ω0
sin [ω0(t− t′)] [Θ(t′ − t)−Θ(t− t′)]

G−(t, t′) = i

2ω0

[
Θ(t′ − t)eiω0(t−t′) + Θ(t− t′)e−iω0(t−t′)

]
(41.62)

= i

2ω0
cos [ω0(t− t′)]−

1
2ω0

sin [ω0(t− t′)] [Θ(t′ − t)−Θ(t− t′)]

where we have taken ϵ→ 0.

Exercise 41.3 Show the steps the go form the first equality to the second in the above
descriptions of G±(t, t′).

We can then find the position as a function of time, given a driving
function f(t) as

x±(t) =
∫ ∞

0
dt′ G±(t, t′)f(t′) . (41.63)
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This leads to

x±(t) = i

2ω0
e∓iω0t

∫ ∞

t
dt′ e±iω0t′

f(t′) + i

2ω0
e±iω0t

∫ t

0
dt′ e∓iω0t′

f(t′) ,
(41.64)

and

ẋ±(t) = ±1
2e

∓iω0t
∫ ∞

t
dt′ e±iω0t′

f(t′)∓ 1
2e

±iω0t
∫ t

0
dt′ e∓iω0t′

f(t′) . (41.65)

This means the initial values are

x±(0) = i

2ω0

∫ ∞

0
dt′ e±iω0t′

f(t′) , ẋ±(0) = ±1
2

∫ ∞

0
dt′ e±iω0t′

f(t′) .
(41.66)

This clarifies the meaning of the different sign possibilities. They corre-
spond to different boundary conditions, or different initial values. In this
case they denote an object that is moving in the positive or negative direc-
tion when t = 0.

Exercise 41.4 Show that, using the definitions x±(0) ≡ x0 and ẋ±(0) ≡ v0 that

x±(t) = x0 cos(ω0t)+
v0

ω0
sin(ω0t)∓

1
ω0

∫ t

0
dt′ sin [ω0(t− t′)] f(t′) . (41.67)

As the exercise above shows, the Fourier transform method produces
the same results as in the direct calculation case. Often one or the other is
better suited for a specific problem. For this simple system we can calculate
in both ways and show that they match exactly.

Example An important example is the Helmholtz operator ∇2 +k2
0. We would like

to find the Green function that satisfies the equation(
∇2 + k2

0

)
G(x⃗, x⃗′) = δ3(x⃗− x⃗′) . (41.68)

Our first step is to consider the Fourier transform of G(x⃗, x⃗′)

G(x⃗, x⃗′) =
∫ d3k

(2π)3G(k⃗)ei(x⃗−x⃗′)·⃗k . (41.69)

When this is inserted into the Helmholtz equation we find

(−k2 + k2
0)G(k⃗) = 1 , (41.70)

where k⃗ · k⃗ = k2. In other words, we see that

G(k⃗) = −1
k2 − k2

0
. (41.71)
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We then find the Green function is

G(x⃗, x⃗′) = −
∫ d3k

(2π)3
ei(x⃗−x⃗′)·⃗k

k2 − k2
0
. (41.72)

To evaluate this integral we first orient the vector k⃗ so that x⃗ − x⃗′ lies
along the polar axis of spherical polar coordinates. Then the result

(x⃗− x⃗′) · k⃗ = |x⃗− x⃗′| k cos θ , (41.73)

uses the same θ as the measure of the integral

d3k = dk d(cos θ) dϕ k2 . (41.74)

This means that we have

G(x⃗, x⃗′) = −1
(2π)3

∫ ∞

0
dk

k2

k2 − k2
0

∫ 1

−1
d(cos θ)ei|x⃗−x⃗′|k cos θ

∫ 2π

0
dϕ (41.75)

The integral over ϕ simply produces a factor of 2π. The integral over
cos θ can be evaluated exactly to produce

G(x⃗, x⃗′) = −1
(2π)2

∫ ∞

0
dk

k2

k2 − k2
0

1
i|x⃗− x⃗′|k

(
ei|x⃗−x⃗′|k − e−i|x⃗−x⃗′|k

)
= −1

(2π)2i|x⃗− x⃗′|

[∫ ∞

0
dk

k2

k2 − k2
0

1
k
ei|x⃗−x⃗′|k −

∫ ∞

0
dk

k2

k2 + k2
0

1
k
e−i|x⃗−x⃗′|k

]

= −1
(2π)2i|x⃗− x⃗′|

[∫ ∞

0
dk

k

k2 − k2
0
ei|x⃗−x⃗′|k +

∫ 0

−∞
dk

k

k2 − k2
0
ei|x⃗−x⃗′|k

]

= −1
(2π)2i|x⃗− x⃗′|

∫ ∞

−∞
dk

k

k2 − k2
0
ei|x⃗−x⃗′|k , (41.76)

where in the second to last line we have taken k → −k in the second
integral.

The final integral that we have found satisfies the requirements of
Jordan’s lemma (40.24), where we close the contour in the upper half
of the complex plane. This means that we can use the residue theorem
to evaluate the integral. One complication, however, is the poles are at
k = ±k0, which is on the contour. To deal with this we allow k0 to have
a small imaginary part, k = ±k0 ± iε. We note that

k

k2 − (k0 ± iε)2 = k

2k

( 1
k + k0 ± iε

+ 1
k − k0 ∓ iε

)
. (41.77)

From this we see that there are two possibilities for having a pole in the
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upper half plane. When we take k = −k0 + iε the residue of the pole is

1
2e

−i|x⃗−x⃗′|k0 , (41.78)

where we have safely taken the ϵ → 0 limit. When we instead take
k = k0 + iε the residue is

1
2e

i|x⃗−x⃗′|k0 . (41.79)

Using the residue theorem we then have two results

G±(x⃗, x⃗′) = −1
(2π)2i|x⃗− x⃗′|

2π i12e
±i|x⃗−x⃗′|k0

= − 1
4π

1
|x⃗− x⃗′|

e±i|x⃗−x⃗′|k0 . (41.80)

These two results correspond to two different boundary conditions.
The function G+(x⃗, x⃗′) is associated with outgoing spherical waves while
G−(x⃗, x⃗′) is associated with ingoing spherical waves.

Exercise 41.5 Follow a similar method to the example above to find the Green function
for the differential operator

∇2 −m2 . (41.81)

Show that there is only a single Green function

G(x⃗, x⃗′) = − 1
4π

1
|x⃗− x⃗′|

e−|x⃗−x⃗′|m . (41.82)

Note that in the m→ 0 limit this implies the famous result

∇2 1
|x⃗− x⃗′|

= −4πδ3(x⃗− x⃗′) . (41.83)

A generalization of the Laplacian that leads to wave solutions is the
D’Alembertian

∂2
t −∇2 . (41.84)

What we are interested is is the Green function that depends on both space
and time G(x, x′) with(

∂2
t −∇2 +m2

)
G(x, x′) = δ4(x− x′) , (41.85)

where x stands in for the full t, x, y, z. It is again useful to consider the
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Fourier transform

G(x, x′) =
∫ d4p

(2π)4G(p)e−iptt+ix⃗·p⃗ , (41.86)

which leads to (
−p2

t + p2 +m2
)
G(p) = 1 , (41.87)

or
G(p) = 1

−p2
t + p2 +m2 . (41.88)

To find the Green function in position space we evaluate

G(x, x′) =
∫ d3p

(2π)3 e
i(x⃗−x⃗′)·p⃗

∫ dpt

2π
e−ipt(t−t′)

p2 +m2 − p2
t

(41.89)

=
∫ d3p

(2π)3 e
i(x⃗−x⃗′)·p⃗

∫ dpt

2π
e−ipt(t−t′)

2
√
p2 +m2

(
1√

p2 +m2 − pt

+ 1√
p2 +m2 + pt

)

The inner integral looks like the one in Eq (41.51) and can be evaluated in
exactly the same way. We again shift the poles off the real axis and find

G±(x, x′) =
∫ d3p

(2π)3 e
i(x⃗−x⃗′)·p⃗ i

2
√
p2 +m2 (41.90)[

θ(t′ − t)e±i
√

p2+m2(t′−t) + θ(t− t′)e±i
√

p2+m2(t−t′)
]
.

Notice, that the integral would vanish if not for the singularities, the poles
in the momentum. Therefore, it is the values

p2
t = p2 +m2 , (41.91)

that dominate this integral.

Section 42

Statistics and Uncertainty

In this section we provide a very brief introduction of some basic statistical
ideas. As with most of these reviews there is a great deal which is not
covered. Further information can be found in [93] and a very nice treatment
focused on collider experiments is found in [7].

Much of this text describes detailed mathematical models. In order to
gain confidence that these models have something to do with the actual
structure of nature we must compare these to experimental data. In order
to understand how such data may or may not support a given model we
must understand something of statistics. As with many other sections in
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this text, this is the briefest of introductions and should be supplemented
by further study.

A central issue of comparing experimental data with a physical model
is uncertainty. While models are typically exact in their predictions the
realities of measurement are not so simple. Any measurement can only
provide limits on a “true” value of something. For instance, if you measure
your weight by standing on a scale the scale gives you back a number. We
often take this number to be our true weight. Most scales used for this
purpose, however, are only accurate to some fraction of a kilogram.3 So,
while a true weight might be

77.085093831484846058282775276072537649857336 . . . kg . (42.1)

the scale might simply display a weight of 77.1 kg. A more useful recording
of this might be 77.1±0.05 kg. This indicates that the scale is confident
that the true value is between 77.15 kg and 77.05 kg, but cannot be any
more precise than that. This ±0.05 kg is admission that the measurement
is uncertain. Note that uncertainty is not the same as saying we know
nothing, rather it is a way of being honest about the limits of what we
know.

Of course, there could be other issues that confound this measurement.
The scale might not be calibrated correctly, making it read 5 kgs too high
or 3 kg too low. This is part of getting the machine to work right. But
even when working correctly, there is an intrinsic limit to how precise a
measurement can be. This is an example of a systematic uncertainty.
It is an uncertainty related to the actual measurement device. These are
difficult to determine and part of the hard work of doing real experiments.

Another source of uncertainty can come from asking different types of
questions. Instead of “What is my weight?” one could ask “Is this a fair
coin?” What does it mean to be a fair coin? Although classical physics is
perfectly deterministic (the outcomes are predicted exactly by the initial
conditions) the variations in the initial conditions that lead to different
outcomes in a coin flip are so small, smaller than a flipper can control, the
outcomes are random for all practical purposes. It is perhaps worth em-
phasizing that this is qualitatively different from the uncertainties inherent
in quantum mechanics. Within standard interpretations, the probabilistic
nature of quantum measurements are simply a part of nature, the different
outcomes simply are not fully determined by the initial state.

In the case of a classical coin, the system is assumed to be fully de-
termined by the initial state, but we do not have the ability to reliably
replicate that state. Therefore, a fair coin is one for which the probabil-

3Some readers may complain that kilograms are a measure of mass, not weight. I am
using kilograms because they are somewhat more familiar than Newtons as far as the
reading of home scales are concerned.
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ity of coming up heads is equal to the probability of coming up tails, and
both of these probabilities are 50%. Of course, there is a third option, that
the coin lands on edge and this must truly be a possibility for a three-
dimensional coin. But, in practice, this probability is so small that it is
neglected.
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Figure 40. Histograms
of simulated coin flip data
for 10 (top), 100 (middle)
and 1000 (bottom) total
flips.

In short, the fair coin is an idealized model. And it is reasonable to
compare that model to any particular coin. How might we do this? We
can flip the coin once, but that single piece of data is insufficient to address
the question with any confidence. If the coin comes up heads then I cannot
tell if it is fair or always comes up heads. What we are really after is a
statement about many coin flips. While the above definition of what it
means to be fair is in terms of a probability, that either heads or tails is
equally likely for one flip, checking whether or not a coin is fair requires
many flips.

In Fig. 40 we show what this coin flip data might look like. After 10
flips (top panel) one might record 4 heads and 6 tails, so the percentages are
40% and 60%, respectively. Is this evidence that the coin is fair? After 100
flips (middle panel) there are 55 heads and 45 tails, or percentages of 55%
and 45%. Performing 1000 flips (bottom panel) produces 495 heads and
505 tails, or percentages of 49.5% and 50.5%. None of these percentages
are equal to the perfect fair coin, so what can we conclude?

The formal idea is that if we could perform an infinite number of coin
flips the percentages would converge to exactly 50% for each outcome. No
finite number of flips can ever prove that a coin is fair, but after some finite
number we can ask how probable our data are if the true model is the
fair coin. This is done by first calculating the absolute probability of the
outcomes. This can be done by way of the binomial distribution. If the
true probability of an event occurring is P (which means that probability
that event does not occur is 1−P ) then the probability pk,N that the event
occurs k times in N trials is

pk,N = P k(1− P )N−k N !
k!(N − k)! . (42.2)

Examples of distributions for finding a certain number of heads flips for 10,
100, and 1000 coin flips are given in Fig. 41.
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Figure 41. Probability
distributions that a cer-
tain number of heads flips
occur for 10 (top), 100
(middle) and 1000 (bot-
tom) total flips.

Notice that the absolute probability for most likely scenario gets smaller
as the number of trials goes up. This is simply a consequence of their being
more possible outcomes, each of which has some nonzero probability. So
the absolute probability of a given outcome is not so useful in checking how
likely our results are if we are assuming a fair coin model. What is more
useful is asking how far away our results are from the mean (or average) of
the distribution.

As is obvious from the figure, the mean of the binomial distribution is
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simply
kN = NP . (42.3)

So, for 10 throws the average number of heads is 5. But how can we
quantify what it means to be close or far from this average? This is done
by way of the standard deviation, which is a measure of how peaked the
distribution is about the average and typically denoted by σ. Sometimes
the variance (which is simply σ2) is used in a similar way, but we only
discuss the standard deviation in this section. For the binomial distribution
the standard deviation is

σN =
√
NP (1− P ) . (42.4)

So, for a given experimental data set, we can compute how many stan-
dard deviations our results are from the mean of the distribution. That
is, we assume a model, determine the probability distribution of the re-
sults, calculate the mean and standard deviation, and then interpret the
experimental results.

For example, in the 10 flip case shown in Fig. 40 the standard deviation
is σ10 =

√
10/2 ≈ 1.6. The distance of the data (4 heads) from the mean

(5 heads) was 0.63σ10, less than one standard deviation away. Similarly,
we find that

σ100 =
√

100/2 = 5 , σ1000 =
√

1000/2 ≈ 15.8 . (42.5)

This means that the 100 flip data of 55 heads is exactly one standard
deviation away from the mean and the 1000 flip result of 495 heads is
only 0.32 standard deviations from the mean. Because the increasing the
number of events tends to produce data that is closer (in terms of standard
deviations) to the mean we begin to be more confident that the fair coin
model is correct.

Suppose we were to compare to an unfair coin model, in which heads
has a 60% probability on each flip. In this case the predicted mean value
is k = 0.6N and the standard deviation is

σN =
√
N × 0.24 . (42.6)

Compared to this model the 10 flip data is 1.3 standard deviations away
from the mean, the 100 flip data is 1.02 standard deviations away and the
1000 flip data is 6.8 standard deviations away. This shows that increasing
the data eventually indicates that this particular unfair coin model is less
likely to be the correct one. Our data are, of course, logically possible given
such a coin, but this way of considering the data gives us confidence that
this unfair coin model is less likely.
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Exercise 42.1 Using the data illustrated in Fig. 40 determine the largest deviation from
a fair coin model that is still consistent with the 1000 flip data. First
use limit of 2 standard deviations to define consistent, then consider 3
standard deviations and finally 5 standard deviations.

Unlike coin flips, we are often interested in physical systems for which
there is a continuous probability distribution f(x), where x is the contin-
uous variable that the probability depends on. For instance, suppose we
are measuring the angle of deflection of an alpha particle by a gold nu-
cleus. This value could be anything from 0 to 2π radians. But the total
probability of scattering through all angles would need to be one so∫ 2π

0
dθ f(θ) = 1 . (42.7)

In general, our function f(x) must integrate to one over whatever domain
of x is allowed. We can then use this same function to determine the
probability that the a specific outcome is between two values of x

P[a,b] =
∫ b

a
dx f(x) . (42.8)

Going back to our scattering example, we could ask what the probability
is that an alpha particle’s deflection angle is between π/6 radians and π/3
radians. This would be given by

P[π/6,π/3] =
∫ π/3

π/6
dθ f(θ) . (42.9)

Note that this implies that the probability of measuring an exact value,
like θ = π/4, is zero because the integration region is zero. This is not
actually an issue because we can never measure something exactly, we can
only bound it. Any bounding region will lead a finite probability.
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Figure 42. Histograms
the number of heads pro-
duced in 100 separate 100
coin flip runs. The top
(bottom) plot uses a bin
width of 5 (2).

The coarse grained nature of physical measurements also motivates
how continuous probability distributions often appear in physical data.
Typically, the range of the continuous parameter is divided up into several
subregions, which we call bins. Often these bins are of equal length, but
they do not have to be. When the data are recorded the number of events
that belong to a particular bin are recorded and displayed as a histogram.
The form of the histogram is taken to be an approximation of the true
continuous probability distribution.

For example, in Fig. 42 we record two histograms of 100 simulated 100
coin flip runs. That is, we simulated the flipping of 100 coins and recording
the number of heads event, and this complete process was done a total to
100 times. In the top histogram the histogram bin width was chosen to be
5 while in the bottom plot the bin width is 2. Both of these histograms
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can be compared to the middle distribution in Fig. 41. Both have a rough
agreement, but neither looks like an exact fit. We can see that the different
bin widths affect how the distribution appears.
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Figure 43. Histograms
the number of heads pro-
duced in 1000 separate
100 coin flip runs. The
top (bottom) plot uses a
bin width of 5 (2).

For comparison, in Fig. 43 we present similar histograms, but in this
case 1000 runs of 100 flips each were made. We see that the greater number
of runs has allowed both of the distributions to look more like the ideal
distribution in Fig. 41. In addition, we find that the smaller bin widths
allow the histogram to exhibit more of the shape of the ideal distribution.

In general, a histogram includesNtotal measurements. In Fig. 42Ntotal =
100, while in Fig. 43 Ntotal = 1000. These measurements are spread over
some number of bins. The number of events in the ith bin is denoted Ni. Of
course, the total in all the bins must be the total number of measurements∑

i

Ni = Ntotal , (42.10)

which can be rewritten as
∑

i

Ni

Ntotal
= 1 , (42.11)

which reminds us of the integration of the probability distribution, as
in (42.7). This form also shows that the probabilities associated with each
bin are

Pi = Ni

Ntotal
. (42.12)

The integral, however, includes a measure like dx. This should be asso-
ciated with bin width, which we might denote ∆x. In other words we
have ∑

i

∆x Ni

Ntotal∆x
= 1 , (42.13)

which implies that the value of the probability distribution at some point
x0 is approximately

f(x0) ≈
N0

Ntotal∆x
= P0

∆x , (42.14)

where N0 is the number of measurements in the bin that contains x0. Note
that this matches the our understanding of f(x) as a probability density,
the amount of probability per x. This approximation becomes an equality
in the formal limit of Ntotal → ∞ and ∆x → 0, while Ntotal∆x remains
finite.

Of course, in practice we can never take Ntotal → ∞. Given a finite
Ntotal we might wonder how close our histogram is to the true probability
distribution. As long as we can assume that each contribution to the his-
togram is independent, we can use the binomial distribution to determine
the likelihood of some number k events contributing to a specific histogram
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bin. First, we determine the probability to measure a value within the ith
bin

Pi =
∫ xi+∆x

xi

dxf(x) . (42.15)

Here xi is the value of the continuous parameter x at the left edge of the
ith bin. Then, the probability of finding Ni = k is

pi,k = P k
i (1− Pi)Ntotal−k Ntotal!

k! (Ntotal − k)! . (42.16)

While this is the correct answer, factorials are often cumbersome to use.
A useful approximation to use is the Poisson distribution which is the
limit of the binomial in the large Ntotal limit. In this limit

pi,k →
(NtotalPi)k

k! e−NtotalPi . (42.17)

The mean of the Poisson distribution is

kNtotal = NtotalPi = Ntotal
Ni

Ntotal
= Ni , (42.18)

and the standard deviation is

σNtotal =
√
NtotalPi =

√
Ni . (42.19)

This means that, accepting the standard experience that results typically
fall within one standard deviation of the mean, that we expect the number
of events in a bin will be within

√
Ni of Ni. Of course, this is not going to

be the case for all bins. There will be larger fluctuations from the average
expectation with some regularity. Nevertheless, this is a useful heuristic.

We end with some idea of how likely being some number of standard
deviations (or some number of σ) away from the predicted average is. We
have asserted that being multiple σ away is less likely, but it would be
useful to make precise what “less likely” really means. In doing so we use
neither that binomial distribution nor the Poisson distribution, but instead
the normal distribution (or Gaussian distribution). It is true that in the
limit of a large number of trials both the binomial and Poisson distributions
approach the normal distribution, so it is useful to use it for the general
case.

The normal distribution

f(x) = 1√
2πσ

exp
[
−(x− x)2

2σ2

]
(42.20)

is completely defined by its mean x and standard deviation σ. The proba-
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bility of being within aσ of the mean is simply

Paσ =
∫ x+aσ

x−aσ
dx

1√
2πσ

exp
[
−(x− x)2

2σ2

]
. (42.21)

Exercise 42.2 Show by changing variables that

Paσ = 2√
π

∫ a/
√

2

0
dz e−z2

. (42.22)

The exercise above shows that the probability of being within aσ of
the mean is equal to erf(a/

√
2) where the error function is defined by

erf(x) = 2√
π

∫ x

0
dz e−z2

. (42.23)

Then the probability of being outside of the aσ region around the mean
is 1 − Paσ. However, what we are typically interested in is not the total
probability of being either aσ above or aσ below. Instead, if there is a
measurement that is higher than we expected we want to know only the
probability of it being aσ high. If it is low we want to know the probability
of it being aσ low. Therefore, the probability PaσDev of seeing a aσ deviation
is

PaσDev = 1
2

[
1− erf

(
a√
2

)]
. (42.24)

It is these values that we typically assign to observed deviations in
histograms or other data. While the error function is not simple to evaluate
exactly, it can be done numerically. With this formula we find that 1σ
deviations occur 15.9% of the time while 2σ deviation occur 2.3% of the
time. Note that this implies that if one looks at hundreds of systems that
two sigma deviations are expected to occur several times. A 3σ deviation is
less likely, only about 0.13% of the time, while a 4σ deviation occurs in only
about 0.0032% of cases. In particle physics the standard threshold used to
claim discovery is a 5σ deviation which should only occur by random chance
in something like 0.00003% of circumstances.
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